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1. Introduction

In this work, we study the local and global existence and uniqueness of ‘non-Lipschitz’
solution for a class of abstract ordinary differential equations with state-dependent
argument (SDA) of the form

u'(t) =Au(t) + F(t,u(o(t,u(t)))), t€l0,al, (1.1)
uw(0) =z € X, (1.2)
where (X, || - ||) is a Banach space, A : D(A) C X — X is the generator of an ana-

lytic semigroup of bounded linear operators (T'(t));>o on X and F(-), o(-) are suitable
continuous functions.

© The Author(s), 2023. Published by Cambridge University Press on Behalf

of The Edinburgh Mathematical Society. 305

()]

Check f
https://doi.org/10.1017/50013091523000160 Published online by Cambridge University Press Updates.


https://orcid.org/0000-0002-4279-8570
mailto:lalohm@ffclrp.usp.br
mailto:denisf@yorku.ca
mailto:akbarzada@uop.edu.pk
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0013091523000160&domain=pdf
https://doi.org/10.1017/S0013091523000160

306 E. Hernandez, D. Fernandes and A. Zada

The literature on differential equations with SDA is extensive and recent. To begin,
we mention the pioneer work by Driver [6] that introduces and studies a class of neutral
ordinary differential equations with state-dependent delay. Always in the context of ODEs
with state-dependent delay, we mention the works [7, 8, 11, 12, 14, 15, 27] and the
excellent survey by Hartung et al. [19]. For the case of ordinary differential equations
with SDA similar to Equations (1.1)—(1.2), we cite the early papers by Cooke [5], Dunkel
[9], Eder [10] and Oberg [36]. Concerning abstract problems with applications to Partial
differential equations (PDEs), we cite the pioneer papers [13, 24], our recent works [21,
22, 23-26] and the interesting papers [28-30, 34, 35].

To clarify the contributions of our paper to the field of abstract differential equations
with SDA in infinite-dimensional spaces, it is convenient to include some comments about
the associated literature. To begin, we note that in [13, 24|, possibly the first works on
this type of problems, are introduced two different technical approaches, which have been
extensively used in the literature. The existence of solution for a class of abstract differ-
ential equations with state-dependent ‘delay’ using the Schauder’s Fixed Point Theorem
is studied in Hernandez et al. [24]. The existence and ‘uniqueness’ of solution for a prob-
lem similar to Equations (1.1)—(1.2) using the contraction mapping principle is studied
in Ciprian [13]. The results in the interesting paper [13] are proved assuming a condition
on the nonlinear term F(-) (see the condition H3) , what can be understood as a ‘spatial
regularizing property’. A simple manner to understand this observation is noting that the
function H(-) in the example in [13] is a function defined from L?(Q) into W (£2). The
approach in [13] was introduced to lead with the lack of the Lipschitz continuity of the
map u — u(o(-,u(+))) in spaces of continuous functions. The aforementioned condition
allowed the authors to work on a ‘space of Lipschitz functions’, where an inequality of
the form

| F'(u(o(ul(+) = F(o(a(0()))) lleqob:xa)
< [Flog,, 1+ e, (ouix,_plolop,)
| w—v [leqop;:xa) (1.3)

is satisfied. In this inequality, which ‘appear implicitly’ in the proof of [13, Theorem 2.2],
X o is the domain of the fractional power (—A)“ of A endowed with the graph norm, X, _;
is the dual space of X;_, and [F]CLip, [’U]CLip([O’b]?on—l) and [J}CLip are the Lipschitz
semi-norm of F(-), v(-) and o(+).

The approach in Ciprian [13] has been extensively used in the literature concerning the
existence and uniqueness of a ‘Lipschitz’ solution for abstract problem with SDA, see, for
example, [1-3, 16-18, 31, 32]. A similar regularizing property is used by Rezounenko et al.
in [30, 38| to study the existence and ‘uniqueness’ of a ‘Lipschitz’ solution for abstract
problems with state-dependent delay. Assuming, basically, that F(-) is a Lipschitz func-
tion from [0, a] x X into X, in [20-22, 23-26], we also study the existence and uniqueness
of a ‘Lipschitz’ solution for some different models of state-dependent delay differential
equations.

In comparison to the early works [13, 24] and the papers [1-4, 13, 16-18, 21, 22, 23-26,
31, 32], we present several novelties. To begin, we prove the existence and ‘uniqueness of
a non-Lipschitz’ solution for Equations (1.1)—(1.2). In addition, to prove our results, we
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assume that the functions F'(-) and o(-) are LP-Lipschitz from [0, a] X X,, into X and from
[0,a] X X, into [0, a], respectively, which simplify significantly the Condition H3 in [13].
We remark that the class of LP-Lipschitz functions include the class of locally Lipschitz
functions and that a LP-Lipschitz function is not necessarily a locally Lipschitz function
(see Definition 2.1). We also study the local and global existence and uniqueness of
solution and the existence of solution for the case o(0,xg) > 0, an interesting, non-trivial
and unconsidered problem in the literature.

This work has four sections. In the next section, we introduce some notation, concepts
and results used in this paper. In particular, we include the concept of LP-Lipschitz
functions, see Definition 2.1, and we present some simple examples, see Remark 2.1. In
§ 3, we study the local and global existence and uniqueness of mild solution assuming that
F(-) and o(-) are LP-Lipschitz functions. The local existence and uniqueness of solution
for the case (0,x0) = 0 is established in Theorem 3.1 and Proposition 3.1. We observe
that both results are proved working on spaces formed by functions in C([0,b]; X, ),
with a > 0, such that supy_.,, 50[U]CLip([5,b];XQ) < 00, where [U]CLip([s,b];Xa) denotes the
Lipschitz semi-norm of u(-) on [e,b]. From the ideas in the proofs of Theorem 3.1 and
Proposition 3.1 are deduced several propositions and corollaries concerning the local and
global existence and uniqueness of solution for the problems in Equations (1.1)—(1.2),
see for example, Corollary 3.1, Corollary 3.2, Corollary 3.4 and Corollary 3.5. In § 3.2,
we study the case o(0,¢(0)) > 0. This case, unconsidered in the associated literature, is
particularly interesting because it is necessary to guarantee the existence of solution on
some interval containing the interval [0, (0, »(0))]. The existence of solution defined on
[0,00) is studied in § 4. Proposition 4.4 and Proposition 4.5 are deduced from the proofs
of Theorem 3.1 and Proposition 3.1. The used approach in the other results of § 4 is
different and based in the study of the existence and qualitative properties of maximal
solutions. Finally, motivated by the applications in some recent works and by some PDEs
arising in the theory of population dynamics, in § 5, we present some examples of PDEs
with SDA.

2. Preliminaries

Let (Z,| - |lz) and (W,] - |lw) be Banach spaces. In this work, for >0 and z € Z,
we use the symbol B, [z, Z] for the closed ball B,[z,Z] = {z € Z;|| z — z ||z< r}.
The open ball is denoted by B,(z,Z). In addition, we use the notation L(Z, W)
for the space of bounded linear operators from Z into W endowed with the uni-
form norm denoted by | - |zzw). For convenience, we write || - [/zz) in the
place of || - |lz(z,z) and || - || for the norm [ - |[/zx). The spaces C([b,c];Z)
and Crip([b,c]; Z) are usual, and their norms are denoted by || - [[¢(p,q;2) and ||
g (v.as2), respectively. We remark that || - lloy, (.ei2) = - lep.eiz) +op b.eiz),

where [ﬁ]cLip([b,c];Z) = Supt,se[b,c],t;és%~ In addition, we use the notation

Clip,loc(Z; W) for the space formed by the functions G € C(Z;W) such that
IG(x) -G
(Gl (Br(0.2):W) = SUP4ty 2 ye By 0,2] WH?JZW < oo for all 7> 0.

As pointed, A : D(A) C X — X is the generator of an analytic Co-semigroup (T'(¢))¢>0
on X. For simplicity, we assume that 0 € p(A). For n > 0, we use the notation (—A)"” and
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X, for the n-fractional power of A and for the domain of (—A)” endowed with the norm
| z ||,=]|| (—A)"z ||. We also suppose that C;,Co,, (i € NU{0}, n € (0,1)) are positive
such that || A*T(t) |< C;t~% and || (—A)"T(t) ||< Co,,t " for all t € (0, al.

For positive numbers 6, « and b, we use the notation Cp;p ¢((0,b]; X,,) for the space

CLip.0((0,0]; Xa) = {u € C([0,8]; Xa) : [ulcy,, y(0):x0) = Osugbge[ Jerip (eblixa) < 00},

endowed with the norm || - [|¢([0,);x4)- In addition, Crip e,1((0,00); Xo) is the space

{u e C([0,00); Xo) : u € CLip,0((0, 1];Xa),u|[17oo) € Crip([1,00); Xa)}

l10,1]

Concerning the problem
u'(t) = Au(t) + &£(t), t€]0,a], u(0)=z€X, (2.1)

we remark that the function u € C([0,b]; X) given by u(t) = T(¢t)z + fot T(t — s)&(s) ds,
is called a mild solution of Equation (2.1) on [0,b]. A function v € C([0,b]; X)
is said to be a strict solution of Equation (2.1) on [0,b] (respectively, a classical
solution of Equation (2.1) on [0,8]) if v € C1([0,b]; X) N C([0,b]; X1) and v(-) satis-
fies Equation (2.1) on [0, b] (respectively, v € C((0,b]; X)NC((0,b]; X1) and v(-) satisfies
Equation (2.1) on (0, b]).

For convenience, we include the following result on regularity of mild solutions. In this
result, for 6 € (0,1), C?([0,b]; Z) denotes the space formed by all the continuous functions

& :10,b] — Z such that [g}cg([b 3:7) = SUPt selb,c] ts w is finite, endowed with

the norm H : ||09([b,c];Z):|| : ”C([b,c];X) +[']C‘9([b,c];Z)'

Lemma 2.1. Assume that u € C([0,b]; X) is the mild solution of Equation (2.1). If
€(0,1), T(-)z € Crip([0,b]; X,,) and & € C([0,b]; X), then uw € C*=7([0,b]; X,,) and

Crity | Coy
[Wlo1— o.01:x,) < T t0.6:x) 07+ 1 € loqo.n:x) <7(1 ot )

For additional details on Cy-semigroups and the problem Equation (2.1), we cite
[33, 37].

As noted in the introduction, our results on the existence and uniqueness of solutions
are proved without assuming that F(-) and o(:) are locally Lipschitz. From [22], we
remark the next concept.

Definition 2.1. Let (i, | - |lv;), i = 1,2, be Banach spaces and p > 1. We say
that a function P : [c,d] x Y1 — Y3 is an Lp Lipschitz function if P(t, )Y = Ys s
continuous a.e. fort € [c,d], there exists an integrable function [P] e, d]x[e,d] — R

and a non-decreasing function Wp : RT — R such that [P], 6 LP([c,t];RT) and
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[P](..c) € LP([c, t];RT) for all t € (c,d] and

| P(t,2) = P(s,y) |y, < We(max{|[ = [lv;; [ ¥ vy DIPles ([t =s [+ 12 =y v),

forallz,y € Y1 and ¢ < s <t < d. Next, Lfip([c, d] x Y1;Y3) denotes the set formed by
this type of functions.

Remark 2.1. For completeness, we include some simple examples concerning
Definition 2.1. Next, for p > 1, we use the notation p for the number p’ = p/(p — 1).

(1) Tt is obvious that Crip([0,a] x Y1;Y2) C L7,;,([0,a] x Y1;Y2) and that L7,
Y71;Y3) is a vectorial space.

(2) For p>1, the function f : [0,a] — R given by f(t) = {/t belongs to L1, ([0,a];R)

([0,a] x

1
for all ¢ € (1,p'). In fact, for ¢ > 0, | f(£) — £(0) |< t?» 't and from the mean value

1
Theorem, it follows that | f(t) — f(s) |< %S_(l_ﬁ) |t—s|for0<s<t<a,
(1-3)

which shows that f(-) is a L%ip function for ¢ € (1,p’), with [f]¢ s = %57

1
[flit.0) =P~ and [f](0,0) = 0.

(3) Let f € L{; ([a,b] : R), G € C(X;X) and assume that for all r> 0, there is
Lg(r) > 0 such that || G(z) — G(y) ||I< Lg(r) || « —y || for all z,y € B.[0,X]. If
H(s,xz) = f(t)G(x), for t,s € [a,b] and z,y € B, [0, X], we note that

| H(t,z) = H(s,y) |
() = F()G (@) | + [ f(s)(G(z) = G(y)) |
Ao [t=sll G@) [ +1f(s) [ Lalr) |z -yl
(fes [t =5 Lal) 2]+ 11 GO) D+ 1 f legan
I La(r) 1z =y |
< (st 1 leam)(La(r)r+ | G(O) || +La(r))
(It=sl+lz=yl,

INIAIA

which shows that H € L7, ([a,b] x X; X).

(4) Assume that H(t,z) = ((t)G(t,x), where G € CLip([0,a] x X;X) and ¢ €
C([0,a];R). Suppose that ((-) is differentiable a.e. on [0, a], and there is a func-
tion & : [0, a] x [0,a] — R such that |¢(t) —((s)] < ¢'(§u.s)|t — | and s < &) <2
for all 0 < s <t < a and that the function [(]...) = ¢'(§.,.)) belongs to L9(U) for
some ¢ > 1, where U = {(t,s) € [0,a] x [0,a],s < t}. Then H € L{; ([0,a] x X;X)
with [0y = [Clioy+ | £(5) | and Wir(r) = [Gluipla+ 7+ 1)+ || G(0,0) |.

(5) Assume that H(t,z) = ((t)G(t,x), where G € L{,; ([0,a] x X; X), ¢ € LT;,([0,a];R)

and % + % < 1. If the functions G(-) and ((-) are continuous, then H €
Ly ((0,a] x X; X) with [H](t.e) = (Gl (e | C(s) ) and Wi (r) =

Wea(r)(a+r+1).

To work with L%ip functions and SDA, it is convenient to include the following useful
Lemma. We omit the proof.
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Lemma 2.2. Assume that o € Li; ([0,a] x Xo;(0,0]) for a >0 and 0 < b < a and
that u,v € C([0,b]; X4 ).

(a) Ifu € Crip([0,b]; Xo), then

| u(o(t +h,u(t+h))) —ulot, u®)) o
< [uleg, (0.01x0) [l n Weo (p1) (14 [uleg i (0.61:x0) )
[ u(o(t,u(®) = v(o(t,v(t)) [l < (1+ [uleg, (0.p:xa) [0 Wa(p2) | v =2 lleqosixa)

for all t,h € [0,b] with t + h € [0,b], where p1 =|| u ||c(j0,5];x4) and p2 = max{||
ulleqop:xa) 1o lleqo.bxa)}- ,
(b) Ifu e CP([0,b]; X,) and o(-) is Lipschitz, then u(o(-,-)) € CP([0,b]; X,) and

8 _ 2
(o (D] op2 o410y = WeB 00130 0l0ry, (677 + [l s 0,41 x0)) "1

3. Existence and uniqueness of solution

In this section, we study the local and global existence and uniqueness of solution for the
problem (1.1)—(1.2). To begin, we introduce the following concepts of solution.

Definition 3.1. A function v € C([0

,0; X), 0 < b < a, is called a mild solution of
(1.1)-(1.2) on [0,b] if u(0) = xg, o(t,u(t))

€ [0,b] for allt € [0,b] and
u(t) =T (t)xo + /o Tt —s)F(s,u’(s))ds, vt e 0,b],

where u? (+) is the function u? : [0,b] = X given by u’ (t) = u(o(t, u(t))).

Definition 3.2. A function u € C(]0,b]; X), b > 0, is said to be a classical solution
of Equations (1.1)-(1.2) on [0,b] if u(0) = =, Uy € C((0,0]; X1) N C((0,b]; X),
a(t,u(t)) € [0,b] for all t € [0,b] and u(-) satisfies Equation (1.1) on (0,b]. If u(-)
is a classical solution on [0,b], Uy € C([0,b]; X1) N C*([0,b]; X) and u(-) satisfies
Equation (1.1) on (0,b], then we say that u(-) is a strict solution on [0,b].

To develop our studies, we include the next conditions.

HY .(Y1;Y2) = (Vi || - [lv;), i = 1,2, are Banach spaces, a >0, 7,q € [1,00],
%Jr% <1, F e L{;([0,a] xY1; Y2)NC([0, a] x Y1; Ya) and o (+) belongs to Li; ([0, a]
Y1;[0,a]) N C([0,a] x Y7;[0,al).

Hr,a(Y15Y2) = (Y, | - lly;), @ = 1,2, are Banach spaces, a > 0, the function
F(-) belongs to C([0,a] x Y1;Y2), and there are integrable bounded functions p; :
[0,a] = RT, i = 1,2, and a non-decreasing function Kz : [0,00) — RT such that
| F(s,2) |y < Kr(|] © [|y;)o1(s) + 02(s), for all s € [0,a] and z € Y.
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In order to work on spaces similar to Crip,¢((0,5]; Xo) and to simplify the exposition,
we introduce the following condition.

Condition Hg:;’a(Yl, Y): the conditions H%’;@(Yl; Y2) and Hr a(Y1; Y2) are
satisfied, 0 < o < v < 1+4a, and there is a non-decreasing function £ € C([0, a]; RT)
such that 0 < &(t) < o(t,x) < ¢t for all (t,z) € (0,a] x Y7 and the functions
Flan ool 1n,) [Fl ool
(tf-)a£2(1+a_'7)(-) and (t_.)agl-‘ra—'y(,)
h>0 witht+h <a.

are integrable on [0,¢] for all ¢t € [0,a] and

Remark 3.1. To avoid additional notation, independent of the spaces Y ;, we use the
same notation for the functions [F]. ), [o]...), 0i(-), WF(-), Ws and £(-) in the conditions
HYT (Yl,Yg) and HF)a(Y]_;Yz).

F,o,a

Notation 1. If the condition Hg? (Yy,Y2) is satisfied and A(r) = (1 +

F,o,a

1/(&2=7(7))) for b € (0,a] and r > 0, we use the following notation

Wi(b,7) = |l o1 oo (o) Kr(r)+ [l 02 Lo (0,01
Wa(b,r) = [l o1 1 oery Kr(r)+ 1 02 lL1 0,01y

t
o) = sup / Flrsnn (1+ [0](rsny)A2(7) dr,
t,he[0,b],t+h<bJ0

b
0, (b) = / Flirmy (1 + [0y )A(r) d,

t
F T T
O5(b) = sup / [hi*";j(u[a]wm))/\?(ﬂdﬂ
t.he[ob]t+h<bJo (t—T)

= su ti[F](T’T) o 7)dr
0ut) = s [T (14 ol ) A

O5(b) = sup /Ot ([F](T’O) dr

t€[0,0] t—r7)~

Remark 3.2. Concerning the above conditions and notation, it is useful to make
some observations. As pointed out in the introduction, an important contribution of our
work is related to our studies and results about the existence and uniqueness of non-
Lipschitz solution for the problem (1.1)—(1.2). Our different results about it, see, for
example, Theorem 3.1, Proposition 3.1 and the associated corollaries, are proved using
the contraction mapping principle on subsets of spaces of the form Clip 0((0, b]; Xg) with
B > 0 endowed with the uniform norm || - ||C([07b];Xﬁ), see, for instance, the space

S“’O = {u S OLip,1+o¢7'y((07 b}; Xa) : u(O) = xo,max{H u HC([O,b];Xa)V [u]CLip,1+a77} S R}

in the proof of Theorem 3.1. Evidently, the use of the contraction mapping principle
requires different estimates involving (directly or indirectly) the seminorm [']CLip T
This simple fact is the justification for the introduction of the above conditions and
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the definitions of the functions ©;(-) in Notation 1. In particular, we observe that the
definitions and the properties of the functions ©4 (-) and ©4(+) are introduced to estimate
the seminorm [1"u}CLip’1+aMY and || T'u — T [|¢(j0,5]; x4, Tespectively, where I'(-) denotes
the associated solution operator.

We divide the remainder of this section into four parts. To begin, we study the case in
which ¢(0,%9) = 0.

3.1. The case 0(0,%x9) =0

In this section, we establish and prove several results related to the existence and
uniqueness of solution for the case 0(0,xg) = 0. The ideas and the technical framework
used to study this case are fundamental for the development of the next sections.

To establish our first result, we need the next simple and useful lemma.

Lemma 3.1. For0<a <vy<1l+a and zg € X,,

Co1+a—
I (=A)*T()xo — (=A)*T(s)zo [I< % [zolly It =5l Vt>s>0,

T()xo € Crip1ta—/((0,a; Xa) and [T()zoley 1,0y (0aixa) < Cotta— | 20 |y
for all a>0.

Proof. We only note that for s € (0,a] and t € (s, al,

I (=A)*T(t)xo — (=A)*T(s)zo || < / I (=A)'FT(E) (= A) o || dE

Coira
< / ey 1A w0 | dé

C’O 14+oa— ~0,1+a—y ||(

< SRR | (Ao | £ s |

O

We can now prove our first result on the existence and uniqueness of the solution for
Equations (1.1)—(1.2).

Theorem 3.1. Suppose that the condition H%Z o(Xa,Xq) is satisfied, that the func-
tions ©;(-), i = 1,2, are well defined and bounded and that z9 € X, for some
v € (o,1 + ). Then there exists a unique mild solution v € Crip.14a— 7((0 b; Xo) of

the problem (1.1)-(1.2) on [0,b] for some 0 < b < a.

Proof. From Lemma 3.1, we can select R > Co || o [la +[T()zolcy;, 1,0 (0.aiXa)-

From the assumptions and noting that ¥s(c, R) — 0 and ©2(c) — 0 as ¢ — 0, we choose
0 < b < a such that
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Co [l zo lla +[T()zolersy 1 4oy T CoPa(b, R) + b I Co Wy (b, R)

+CoWro(R) [(1+ R)*b'T*770(b) + (1 4+ R)O2(b)] <R, (3.1)
where Wp,(R) = Wp(R)(1 + W,(R)), and we write []

[.]CLip,l—i-a—»y((Oab]?Xa)'
Let Sy, be the space

ClLipita_y N place of

Szg = {U € CLip,1+a—~((0,0]; Xa) : u(0) = 2o, max{]| u [|c(jo,b];xa)- [U]OLip’Haﬂ} < R},

endowed with the metric d(u,v) =| u — v [[¢(o,5];x4) and ' = Sz = C([0,b]; X) be the
map given by

Tu(t) = T(t)xo + /Ot T(t—s)F (s,u(s)) ds, for t € [0,b]. (3.2)

Let u € S;,. Noting that xo € X, and that F(-,u?(-)) € C([0,b]; X, ), it is trivial to
see that T'u € C([0,b]; X,,). In addition, from condition Hr »(Xa; X ), we note that

| F(s,u”(5) la<Il 01 oo (o,6)) Kr(R)+ || 02 lLoeosn < Wa(b, R), Vs € (0,43.3)

Using this estimate, for ¢ € [0, b] we have that

I Tu(t) flo < /0 Co [| (=A)*F(r,u (7)) || d7 + Co || 2o o

< Co([l o1 ||L1([o,b]) Kr(R)+ | o2 ||L1([o,b])) + Co || 7o |a
< Co\Ifg(b, R) + Cy || xo Ha§ R. (34)

In addition, for s € (0,b) and h € (0,b] with s + h € (0,b], we note that
| F(s +h,u(s +h)) = F(s,u%(s)) |l
< Flatn s Wr(R)(ht [ u”(s + h) = u®(s) [la)

< [Fl(s+h,s)Wr(R) <h+ WW (R)[o](s4h,s)

[Wleyip1ta
<h+ Cpracs,

< [Fl(ssnoWr(R) (h + m (] (s+h.) (h * 51+R—vh>>

[O-](s+h7s)

< WER)L+ WalR)(+ RY Ly (14 gt

1
(1 + 81+a—'y)) h
1

< WF,U(R>(1 + R)Q[F](s+h,s)<1 + [0](s+h,s)) (1 + m
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1
(1+W>)h

< WeaRL+ RPFlon L+ o) (14 e )

1
(1 + 51+D"Y> h, (35)

and hence,

I F (s + h,u (s + h)) = F(s,u7 ()l a < Wra (R) (L + R)*[Fl(sin,s(1+ [U](s+h,s))/\2((§)gl)-

From Equation (3.6), for ¢t € (0,b] and h € [0,b] with ¢ + h € [0,b], we get

[ Tu(t + ) —Tu(t) ||
h h
< 00l oy grress + [, 1T+ R =D I F(ra () o dr
—|—/ Co || F(t+ h,u’(t+ h)) — F(r,u’ (7)) || dT
0

h
< [T()zolerip 1 pa S jFa= T Co (Il o1 llzoo(o,6)) Kr(R)+ || 02 IlLooo,0))) 2

Wi (R)(1 + R)2Cy /O Flirsnn (1+ [0](rsnn)A2(r)hdr

<[T(-)x + CoWy (b, R)h + CoWr o (R)(1 + R)?0:(b)h,

(3.7)

]CLlp 1+a— fytlJra ¥

and hence,

Culop, 1 ian < [TO@0lopy 1 a s + Cob" T~ 7(Wy (b, R) + Wr»(R)(1 + R)*01(b))
<R. (3.8)

From Equations (3.4) and (3.8), we conclude that I'(-) is a S, -valued function.
In order to estimate || I'u — T'v [|¢(jo,5:x4)> fOr ©,v € Sy and s € (0, b], we note that

[ u?(s) =v7(s) [la < | ulo(s,u(s))) —v(o(s,u(s) lla + || v(o(s, u(s))) —v(o(s,v(s))) [la

<l =vlleqosixa) +MI (s,u(s)) — a(s,v(s))|

gt (s)

< R[U](S,S)WO'(R)
< lu=vlewsxa) +—gramg — Te = v lownixa

R[J](S,S)WU(R)
< (1 + W | u—wv ||C((0,b];Xa)
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1
< (U4 Rl W) (14 oy ) v Do

< (L4 R) L+ Wo(R) (L + [0)0s)AW) || u = [oqomxe) - (3:9)

Using this inequality, for ¢ € (0, 0], it is easy to see that
[ Tu(t) = Tv(t) oo, xa)

< CoWr(R) / Flrmy | 47 (1) = 07(7) [la dr

t
< Co(1+ R)WF,U(R)/O [Frmy (14 [0)z7)A(T) AT || v — v [[o(0,6:xa)
< Co(1+ R)Wr o (R)O2(b) || u — v [|c((0,6):X ) (3.10)

which implies, see Equation (3.1), that I'(-) is a contraction from S, into S,,. Thus,
there exists a unique mild solution u € Clip,14a—~((0,b]; Xo) of the problem (1.1)—(1.2)
on [0, b]. O

Remark 3.3. Let u(-) be the mild solution in Theorem 3.1 and 0 < € < b. From
the definition of Crip11a—~((0,0]; Xa), it is obvious that uj. s € CLip([e,b]; Xo) and
[U]CLip([ab];Xa) < [U]CLip,1+a77((07b}%Xa)5_(1+0‘_7)' Moreover, if o(-) is Lipschitz, by using
that o(t,x) > £(t) > &(e) > 0 for all t € [,b] and Lemma 2.2, we obtain that

[UU]CLip([fab]§Xa) < [u]CLip71+a_»y((07b]§Xa)£_l (6) [U]CLip (1+[U]CLip,1+a—7((Ovb];Xoe)E_(lJra_’Y))'

From the above, we have that u. ;) and uﬁg b) belongs to Crip([e, b]; Xo) forall 0 < e < b.

Notation. For convenience, in the remainder of this work, if non-confusion arise, we

write simply [] in place of []

CLip,14-a—y ClLip,14a—ny((0:biXa)

From the proof of Theorem 3.1, we infer the next results on the existence of solution
defined on [0, a].

Corollary 3.1. Assume that the condition Hy'? (X4, Xy ) is satisfied that the func-

F,o,a

tions ©;(+), i = 1,2, are well defined and bounded and that o € X. Let P, : [0,00) — R
be the function given by

Pa(z) = Co || o [la +[T(')IO]CLip71+a_7((0,a];Xa) + CoV2(a, ) + CoVi(a, l’)aHaﬂ
+ CoWro(z) [(1 + 2)%a'* 7701 (a) + (1 + 2)O2(a)] — =,

where Wg »(0) = Wg(0)(1 + W, (0)). If P,(R) < 0 for some R>0, then there exists a
unique mild solution u € Crip 14+a—~((0,a]; Xa) of Equations (1.1)-(1.2) on [0, al.

Proof. The condition P,(R) < 0 implies that the inequality (3.1) is satisfied with

a’ in place ‘b’, which allows us to complete the proof arguing as in the proof of
Theorem 3.1. g
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If the functions F'(-) and o(+) are Lipschitz, we get the following:
Corollary 3.2. Let the condition Hg'! (X, X,) hold. Assume that F(-) and o(-)

F,o,a
are Lipschitz, that A%(-) is integrable on [0,a] and let P, : [0,00) — R be the function
given by

Pa(l’) = CO H ZTo ||a +[T()SEO] 0,a); X o) + CQ\I/Q((I,JZ) + C()\Ifl(a, JZ)CLIJFQ*A/

CLip,1+a—’y((
+ 2[F]CLip(1 + [O-]CLZ‘p)CO ((1 + x)za’l-i_a_’Y || A2 HLI([O,a])

+(1+a) | A ||L1([07a])) o
=0+ (L+2)°m+(1+z)n — 2.

If P,(R) < 0 for some R>0, then there exists a unique mild solution
u € CuLipit+a—~y((0,a]; X) of the problem (1.1)-(1.2) on [0,a]. In particular, if
P((1 —2n1 —n2)/2m) < 0 and P() has a positive root, then there exists a unique mild
solution u € Crip,1+a—~((0,a]; X) of (1.1)-(1.2) on [0, a].

Proof. The first assertion follows from Corollary 3.1 using Wr(0) = W,(0) = 1,
(Fle,s) = [F]CLip and [0](;,5) = [G]CLip' In addition, if P((1—2n —n2)/2m) < 0 and
R; > 0is a positive roof of P,(+), by noting that (1 — 2n; — 12)/2n; is the global minimum
point of P(-), it follows that there exists R between (1 — 21 — 72)/2m; and Ry such that
P(R) < 0, which allows us to prove the assertion. O

Remark 3.4. For convenience, in the remainder of this work, if the condition
Hy? . (Y1,Y2) is satisfied, we assume that the functions in Notation 1 are well defined

and bounded.

Concerning Corollary 3.3 below, which is an obvious consequence of Theorem 3.1, we
alert that the objective of this result modifies some parts of the proof of Theorem 3.1 in
order to develop our studies on the existence and uniqueness of solution on [0, 00) using
the idea in Corollary 3.1. Specifically, we want to modify the definition of the map P,(-)
in Corollary 3.1.

Corollary 3.3. In addition to the conditions in Theorem 3.1, assume that ©1(c) — 0

as ¢— 0 and that Cy || 01 ||zo0((0,q]) limsup,._, ., Kr() < 1. Then there exists a unique
mild solution w € Crip 14a—~((0,0]; Xqo) of (1.1)-(1.2) on [0,b] for some 0 <b < a.

Proof. To begin, we select R > 0 such that

B> Co [l zo lla +[TC)wolegs, 140~ (0alixa) + Colll o1 oo 0.a)) Kr(R)

+ [l o2 [lLoe fo,a1)
=Co || Lo HOZ +[T(')‘TO}CLip71+a_7((O,a];Xa) + CO\IIl(a7R)' (311)

Using the assumptions on the functions ©;(-) and the fact that Us(c, R) — 0 as ¢ — 0,
we select 0 < b < min{a, 1} such that
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Co [ zo la +[T()zolcrsy 1 4o r(©.a)iXa) + Co¥i(a; R)
+CoVs(b, R) + CoWr,o(R) (1 + R)*©1(b) + (1 + R)O2(b)) < R, (3.12)

where Wpﬂ(e) =Wr(0)(1 +W,(0)).

Let Sy, and I'(-) be defined as in the proof of Theorem 3.1. A review of the proof of
Theorem 3.1 allows us to infer that the inequalities (3.4) and (3.6) remain valid, which
implies that || Tu(t) ||o< R for all ¢t € [0, )] and that

[FU]CLip,lJra—'y < [T(')xO]CLip,1+a7'y + b1+a*’YC’0\I/1(b, x) + C()WFJ(R)
(14 R)%'°70, (b)
< [T(-)xo] + CoW1(b,x) + CoWro(R)(1+ R)?01(b) < R
(3.13)

CLip,lJraf'y

because 0 < b < 1. This proves that I'(-) is an Sy,-valued function. We also note that
the estimates (3.9) and (3.10) are also satisfied, which allows us to infer that I'(-) is a
contraction. This allows us to finish the proof. O

Corollary 3.4. Assume that the conditions in Corollary 3.3 are satisfied and let P, :
[0,00) — R be the function defined by

Pa(z) = Co [ o [la +[T()zol oy, 1 4o (0.a:xa) + Co(Vi(a, ) + Us(a, z))
+ CoWro (2)((1 + 2)°01(a) + (1 + 2)O2(a)) — z, (3.14)

where Wrg »(0) = Wg(0)(1 + W, (0)). If P,(R) < 0 for some R>0, then there exists a
unique mild solution u € CLrip 1+a—~((0,a]; X) of (1.1)-(1.2) on [0, a].

Proof. If a < 1, from the definition of P,(-), we have that the inequality (3.12) is
satisfied with ‘a’ in place of ‘b’, which allows us to use the proof of Corollary 3.3 to prove
the assertion. -

Suppose a > 1. Let Sy, be the space

§; = {u € CLip,14+a—~((0,a]; X4) : u(0) = z0, || u leqo,a:xa) < R,

[Ulerip 1oy (©1x0) < B [uleg (1aixa) < R} (3.15)

endowed with the metric d(u,v) =[ u — v [|¢(0,a;xq) and T : gr\o — C([0,a]; X) be
defined as in the proof of Theorem 3.1.

Using that P,(R) < 0, it follows that the inequality (3.12) is satisfied. In addition,
observing that the estimates (3.3) and (3.6) are satisfied with ‘a’ in place of ‘b’ it
is easy to show that Equations (3.4) and (3.7) are also satisfied. In particular, from
Equation (3.7), for ¢ € (0,a] and h > 0 with ¢+ h € [0, a], we have that
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h
| Tu(t +h) —Tu() o < [T()z ]CLlp 1o~y ((0aiXe) Tfa—y T Co¥1(a, R)h
+ Weo(R)(1+ R)*Co©1(a)h. (3.16)

Using this inequality, it is easy to see that

[Fu]cLip,l—‘ra—’y((O)l]?Xa) < [T(')IO}CLiP’l_i_a_,Y((O,a];Xa) + CoVi(a, R)
+Wro(R)(1+ R)*Co©1(a) < R. (3.17)

Moreover, from Equation (3.16), for ¢ € [1,a] and h > 0 with ¢t + h € [1, a], we have that
[ Tu(t +h) = Tu(®) o < [T()olcry, 14 oy (©a:xa)h + CoVila, R)A (3.18)

+Wr o (R)(1 + R)*CoO1(a)h, (3.19)
which implies that

TCulep (i,alixa)
<[TC)zoloyy 1y (Oa:xa) + Co¥i(a, R) + Wi o (R)
(1+ R)*Cp.001(a) < R. (3.20)

From Equations (3.17) and (3.20), it follows that T'(-) is an %—Valued function.
Moreover, from the estimates in the last part of the proof of Theorem 3.1, we infer
that Equations (3.9) and (3.10) are satisfied with ‘a’ in place of ‘b’, which shows that
I'(-) is a contraction. This completes the proof. O

Considering the ideas in the proofs of the previous results, next we study the existence
of solution for the case in which the condition Hy'? (X, X) is satisfied with o> 0

F,0,a
because the case in which the condition H% Ja(X7X) holds follows from Theorem 3.1.

For completeness, we include a short proof of the next results.

Proposition 3.1. Assume that the condition Hy! (X, X) is satisfied with o> 0,

F,o,a
zo € Xy for some v € (a,1 + @) and F(0,-) € CLlp loc(Xa; Xa). If ©4(c) — 0 as
c— 0, then there exists a unique mild solution u € Crip,14+a—~((0,0]; Xo) of the problem
(1.1)—(1.2) on [0,b] for some 0 < b < a.

Proof. Let R > Cy || o [|a +[T(-)z0 ]CLlp | +a—~((0,a1iXa)- Remarking that the func-

tions O3(+),O5(-) are bounded on [0, a], from the assumption on O4(-), we can select
0 < b < a such that

Co Il 2o lla HT)zolcgyy 10 (Olixa)
+Comas{b, BT} (| F(0,20) [la +2RIF(O, ey (550xa)x)
+Coa Wi (R)BOs (B) + b7 Ch o (Wi (R)O5(b) + Wi (R)(1L + R)?05())
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+Co,aWro(R)(1+ R)O4(b) <R, (3.21)
where Wr »(R) = Wr(R)(1 + W, (R)).

Let S;, and T'(:) be defined as in the proof of Theorem 3.1 and u,v € S,,. To begin,
for ¢ € [0, b], we note that

I (=A)*Tu(®) |

IN

| TO0 o+ [ T = )(~4)F(0,0) | dr
0
+ [ 1T =94 P0.0 () ~ (-4 FO.20) | ar
# [ AP ()~ FO.w ) | dr
+ Co || 2o [lo +Cob([] F(0,20) llo +2R[F(0,-)]cy, (BR(0.Xa)iXa))

b O
+ [ G W (Bl ar

+ Co || 2o [la +Cob(|] F(0,20) llo +2R[F(0,)]cy, (BR(0.Xa)iXa))
+ CouWr(R)HOs(b) < R, (3.22)

IN

IN

which implies that T'w € C([0,0]; X,) and that || Tu |04 x0) < R-
On the other hand, noting that the estimate (3.6) is satisfied and proceeding as in the
estimates (3.22) and (3.7), for ¢t € (0,b] and h > 0 with ¢ + h € [0,D], we get

| Tt + ) — Tut) [l
h h
< [T('>$0]0Lip,1+a7vt1+7&*’¥ +/0 Co || F(0,0) [la dT
h
+ / Co || F(0,u® (7)) — F(0,20) [la dr
0

h 00704 o _ g
Jr/o TThone | F(r,u’ (7)) — F(0,u’ (7)) || dr

K COoz a
+/0 =) | F(r 4+ h,u’(t 4+ h)) — F(r,u’ (7)) || dr

<[T()z +Co || F(0,20) [[a b

]CLlp 1+a— 'y-tl—&-oz o

h
Co,a
+ CY()[Pj(O7 .)}CLip(BR(O’XO‘);XO‘)2Rh + / ( 0, WF(R) [F](ﬂo)'r dT
0

t+h—71)

+Wr o (R)(14+ R)*Co o /0 W(l + [U}(TJrh’T))AQ(T)h dr

]CL1p 1+a— ’yt1+o¢ o +OO(|| F(O xO) ”a
+[F(0,)leg, (Br(0.Xa)ixa) 2R)A

<[T()x
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+ Co,aWr(R)O5(b)h + Wro(R)(1 + R)*Co,aO3(b)h, (3.23)
and hence,
[FU]CLip,Ha—v < [T(')xo]CLip,H—a—’y +Cod" (|| F(0,0) |la
+ [F(O’ ')]Clip(BR(O,X(x);Xa)2R)
V't Ch 0 Wr(R)Os5(b) + Wro (R)(1+ R)?03(b)) < R.  (3.24)
From Equations (3.22) and (3.24), it follows that I'(-) has values in Sg,.
To finish, noting that the inequality (3.9) is satisfied and arguing as in the estimate
(3.10), for t € (0,b], we get

| Tu(t) = Tu(t) loo,b):xa)

¢ [F](T T)
< Cop,aW R/ : w’ (1) — v (1) ||o d7
0eWe () [ 2 () =) |
" [Flr
< o1+ RWio (B) | 725801+ ol A a7 [ u = st
< Coa(l+ R)Wr,o(R)O4(b) [| u— v [lc(0,0):xa) (3.25)

which implies (see Equation (3.21)) that I'(-) is a contraction on S, and that there exists
a unique mild solution v € Crip,14+a—~((0,8]; Xo) of (1.1)—-(1.2) on [0, b]. O

Remark 3.5. Concerning the assumptions in the last result, assume that F(t,z) =
f()xo+G(t, x), where G € L{; ([0, a] x Xo; X)NC([0, a] x Xo; X) and f € L{; ([0, a]; R).
If G(0,-) =0 and f(0) € {0,1}, then F(-) verifies the conditions in Proposition 3.1.

On the other hand, concerning the condition on ©4(+), it is interesting to note that

F
integrability of the functions 7 — [( tl(:)g) (14 [o](r,7))A(T) on [0, ] does not implies that

©4(b) — 0 as b — 0. About it, assume that F(-) and o(-) are Lipschitz, a € (0,1), v = 2¢,
and there is § € (0,1) such that 7 < {(7) < 7 for all 7 € [0, a]. From the estimates

F.
R+ A Loy
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(1))
< [F}CLip (1 + [U]CLip) <1 i - (alo‘ + 611—04) + i?)
(ﬂFl('.’jL (14 [01.0) AC) 1o,y | F]omp<1+[ Jersy) / (

2 [F}CLlp CL'Lp (/0 t . 7_ ;

> [Fleg, (14 [@loy, (i i ltla_G)la
(1) [ -(3))

> [Fleygg, <1+[ ]CLlp) [ 11—oz - 2aa_1] ,

Bl
\_/
T
Q
+
wﬁ
—~
N
SN—"
Rl A
Rl
T
Q
N———

F
we have that the function [( ]() ) (1+[o](.,.))A(-) belongs to L'([0,¢]) for all ¢ € [0, a], that

©4(+) is bounded on [0, a] and that ©4(c) does not converge to 0 as ¢ — 0. We also note
that similar observations hold concerning other results and functions, see for example,
Proposition 4.6, Corollary 3.6 and Proposition 4.6.

Similar to the corollaries associated to Theorem 3.1, from the proof of Proposition 3.1,
we can prove the next results. We omit the proofs.

Corollary 3.5. Assume that the conditions Hy) (X, X) is satisfied, zo € X, for

F,o,a

some vy € (a, 14+ a) and F(0,-) € Crip,1oc(Xa; Xa).
(a) Let P, :[0,00) — R be the function given by

Fa(x) = Co || o [la +[T()Toler, 140y (0alixa)
+ Comax{a,a'**=7}(|| F(0,20) [la +22[F(0, )eip (B (0.Xa)iXa))

+ Co,u Wr(2)aOs(a) + a1+a_“’C'0,a (Wp(x)@5(a) + Weo(z)(1 + $)2@3(a))
+ Co,uWr.o(2)(1 + 2)O4(a) —

where Wg »(0) = Wp(8)(1+W,(9)). If P,(R) < 0 for some R >0, then there exists
a unique mild solution u € Crip 1+a—~((0,al; Xo) of (1.1)-(1.2) on [0, al.

(b) Assume, in addition, that F' € Crip([0,a] X Xq; X) and o € Crip([0, a] x X430, al),
and let P, : [0,00) — R be the function defined by

a2—o¢

Pa(®) = Co || 20 lla HT)0)ey 1y (@) + CoalFloyy T—
+ Comax{a, a "7 (|| F(0,20) o +22[F(0,)lcp;, (B2(0,Xa)iXa))
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al—a

O ([Floy 1+ 20Fley 1+ ooy )1+ 2°85(a)

+2C0 0l Floy,, (1+ [0]eg;, ) (1 +2)O4(a) —

where Og(a) = SUPc(0,a] ft (A T)a dr and O4(a) = SUPyc(0,q] fg(tA_(%))adT. If
P,(R) < 0 for some R>0, then there exists a unique mild solution u €
Clip,1+a—~((0,a]; Xo) of the problem (1.1)-(1.2) on [0, a).

Similar to the results in the first part of this section, to study the existence of solution
on [0,00) using the ideas in the proof of Proposition 3.1, it is convenient to introduce
some modifications to the proof of this proposition. It is the objective of the next results.

Corollary 3.6. Suppose that the conditions in Proposition 3.1 are satisfied and
that ©;(c) — 0 as ¢— 0 for i = 3,4,5. Then there exists a unique mild solution
u € CLip,1+a—~((0,b]; Xo) of (1.1)-(1.2) on [0,b] for some 0 < b < a.

Proof. The proof follows combining the ideas in the proof of Corollary 3.3 and
Proposition 3.1. For completeness, we include some details. To begin, we select R > 0
large enough such that

R > Co || 20 o +{TC)0)0y 1 o (0.5 )

From the assumptions on the functions ©;(-), i = 3,4,5, we select 0 < b < min{a, 1}
such that

Co || o [la +[T()Zolersy, 1 4 s (©alixa)
+Co max{b, b7 (|| F(0,20) la +2RIF(0, oy, (80, Xa)xe) + CoaVr(R)bO5(b)
+Co.0 Wr(R)O5(b) + Weo(R)(1 + R)*O3(b) + Wr,o(R)(1 4 R)O4(b)) < R,

and Wp,(0) = Wr(0)(1 + W,(0)). Let Si, and I'(-) be defined as in the proof of
Theorem 3.1.

Arguing as in the proof of Proposition 3.1, it is easy to see that I'u € C([0,b]; X,)
and that the inequalities (3.22) and (3.25) remain valid. In addition, noting that
Equations (3.23) and (3.24) are satisfied, we obtain that

Tuleyy 1y < TOZlog, 1san + Coll FO,20) lla HFO, Yy, (570.xa)0x02R)

Co.o (Wr(R)Os(b) + Wr o (R)(1+ R)?03(b)) < R

because 0 < b < 1. From the above remarks, we obtain that I'(-) is a contraction on

S O

The proof of the next result follows arguing as in the proof of Corollary 3.4, but using
the estimates in the proof of Proposition 3.1 in place of the estimates in the proof of
Theorem 3.1. We omit the proof.
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Corollary 3.7. Suppose that the condition Hy) (X, X) is satisfied, zg € X, for

F,0,a

some vy € (a,1+ ) and F(0,-) € Crip,ioc(Xa; Xa)- Let P, : [0,00) — R be the function
defined by

Pa(®) = Co || 20 lla +TC)e0logy 1o (0o
+ Comax{a, a" > }(|| F(0,20) la +22[F(0, Y]y, (2(0xa)xa)

+ Co,aWr(2)aOs(a) + Co.o (Wp(x)@5(a) + Wro(z)(1 + x)2@3(a))
+ Co,aWro(z)(1 4+ 2)B4(a) — z, (3.26)

where Wpg »(0) = Wr(0)(1 + W, (0)). If P,(R) < 0 for some R>0, then there exists
a unique mild solution u € Cripita—~((0,al; Xa) of (1.1)-(1.2) on [0,a]. Moreover,
[u|[071]]CLip,1+a—y((0’11?Xa) < R and [ul[La]]CLip([l’C’O);Xa) < Rifa>1.

3.2. The case 0(0,%x¢) > 0

The case 0(0,xg) > 0 is qualitatively different to the case o(0,29) = 0 because it is
necessary to establish the existence of solution on an interval [0,b] with b > o(0, zo).
Noting that this case is an unconsidered problem in the literature, next we study the
existence and uniqueness of a Lipschitz mild solution (the case T'(-)z¢ € CLip ([0, al; X4))
and of a non-Lipschitz mild solution (the case, T'(-)zo € CLip,1+a—~((0,a]; Xa)).

3.2.1. Euxistence of a non-Lipschitz solution, the case T(-)xg € Crip,14+a—~((0,a]; Xq).

The next result follows from the ideas in Theorem 3.1, see also Corollary 3.1.

Proposition 3.2. Assume that the conditions H%’J 2(Xa;Xeo) and He o(Xa; Xa) are

satisfied, o(-) is Lipschitz, vo € X, a > 0(0,z9) > 0 and there is a non-decreasing
function & € C([0,b]; RT) such that 0 < &(t) < min{o(¢,x),t} for all (t,z) € [0,a] X X,.
Let P :[0,00) x [0,a] — R be the function given by

Pz, 5) :=Co || o lla +[T()zolcrs, 140y (©0alixa) + CoWals,z) + s'TOTIC (s, 2)
+2Wr()Co (1+ [oley,, ) (142254 761(s) + (14 2)Bs(s)) — o,

where ©1(s) = SUD; pe(0,s],t4+h<s fOt[F](H_h,T)A (7)dr and O(s = [ [FlrmA(T)dr and
Alr) = (1—|— W) If there are b > 0(0,xz9) and R>0 such that P(R,b) < 0
and [O’]CLip(b + 2R) + 0(0,z09) < b, then there exists a unique mild solution u €
CLip,1+a—~((0,0]; Xo) of (1.1)-(1.2) on [0,b]. In particular, if there is R>0 such that
P(R,a) <0 and [U]CLip (a+ R+ || o ||la) + 0(0,20) < a, then there exists a unique mild
solution u € Crip,1+a—~((0,a]; Xo) on [0, al.

Proof. Assume P(R,b) < 0. From the definition of P(-), we have that the inequality
(3.1) is satisfied. If S, is the set defined in the proof of Theorem 3.1 and u € S, for
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s € (0,b], we get
o(s,u(s)) | o(s,u(s)) —o(0,20) | +0(0,x0)
Jopp (s+ [l u(s) — zo [la) + (0, 20)
< [olep, (0+ [ uls) lla + Il zo [[a) + (0, 20)
Jers( )

ip

opip (04 2R) + o(0,z0) < b, (3.27)
which implies that o(s,u(s)) € [0,b]. From this fact, we have that the map I'(:) in the
proof of Theorem 3.1 is well defined on S;,. Moreover, arguing as in the cited proof, we
can show that I'(+) is a contraction on S, which implies that there exists a unique mild

solution u € Sy. The last assertion follows from the above remarks. O

3.2.2. Euistence of a Lipschitz solution, the case T(-)zo € Crip([0, al; Xa).

To develop the studies in this section, it is convenient to introduce some notation.

Notation 3. In this section, we assume that the condition HF” _(X,;X) is satisfied,

F,o,a
. [F1(.0) (Fl(.4n,) .
that the functions =57 (1+ [o].,0)) and W(l + [0](.+n,.)) are integrable on [0, ]

for all ¢ € [0,a] and we use the notation ®;, i = 1,2, for the functions ®; : [0,a] — R,
1 =1,2, defined by

t
F S S
®q(b) := sup / [](7+ha)(l + [0](s4h,s)) ds, (3.28)
t,hel0,b],t+h<bJo  (t—5)
t

Fls
Dy(b) := sup / L’O()l(l—|—[0](5’0))ds. (3.29)

tejop) Jo (t—5)

Proposition 3.3. Assume that the condition HE”" (X,;X) is satisfied, T(-)zo €

F,o,a

CLip([0,a]; Xo), @ > 0(0,29) > 0 and that the function F(0,-) takes bounded set of X,
into bounded sets of X,. Let P : [0,00) x [0,a] — R be the function given by

P(x,s) == [T(-)xol oy (0.5xa) T sup | (=A)*T(-)F(0,y) [l zoo(f0,s):x)
yEBP(wvs)[O’XQ]
+(1+2)*Wr(p(, 5)) (1 + Wo(p(, 5)))Co,a (P1(s) + Pa(s)) — =,
where p(z,s) = xs+ || o |la- If there are b > o(0,20) and R>0 such that P(R,b) < 0

and 0 < o(s,x) < b for all s € [0,b] and || = |la< p(R,b) = Rb+ || 2o ||a, then there
exists a unique mild solution u € Cr;ip([0,b]; Xo) of the problem (1.1)-(1.2) on [0, ).

Proof. From the assumptions on P(-), we have that
[T()xol o, ((0.b1:xa) T sup [ (=A)*T()F(0,9) l|lLooo.61:x)
vEBp(R b 10-Xe]

+(1+ R)*Wro (p(R, b)) Co,a (@1(b) + @2(b)) < R, (3.30)
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where Wr ,(8) = Wgr(6)(1 + W, (6).
Let S(R,b) be the space

S(R,b) = {u € C([0,b]; Xa) : u(0) = 20, [ulcy 01:x0) < R,

endowed with the metric d(u,v) = u—v [[c(j0,);xq) and ' : S(R, b) = C([0,b]; X4 ), the
function defined using Equation (3.2).

For u € S(R,b) and t € [0,0], || u(t) [la<[l u(t) = u(0) [la + [ u(0) [a< RO+ || 20 ||=
p(R,b), which implies that o(t, u(t)) € [0, b] and that the functions u(o(-, u(-))) and T'u(-)
are well defined.

Let u,v € S(R,b). Proceeding as in the estimate (3.5) and remarking that || u(s) ||o<
p(R,b) for all s € [0,b], for s,h € [0,b] with s + h € [0,b], we get

| F(s+ h,u’(s+h)) — F(s,u’(s)) ||

[Fl(s+h,sWr(p(R, b)) (h+ || u” (s + h) — u”(s) [la)

[Fl(s+n,s)Wr (p(R, 0)) (h + [u]cp s (0.61:x0) Weo (p(R, D)) [0] (s4h.)
(1 [uleg, (0.61:x0) ) 2)

< [Fl(s+h,9)Wr(p(R,0))(1 + RWo(p(R, b)) [0](s41,5) (1 + R)))h

< WF(p(Ra b))(l + Wﬂ(p(Ra b)))(l + R)2[F](s+h,s)(1 + [0](s+(h?,)s§)1};

<
<

< Wro(p(R,0)) (1 + R)*[Fl(syn,s) (1 + [0](s1n,0) ) (3.32)
Moreover, proceeding as above, we obtain that
| F(s,u7(s)) = F(0,u(0(0,20))) |< (1 + R)*Wro (p(R, b))[F5,0) (1 + [0]5,0))43.33)
From the above inequalities, for h,t € [0,b] with ¢t + h € [0, 0], we see that
I Tu(t +h) = Tu(t) |la
< [T(')xo}CLip([o,b];Xa)th /Oh | (=A)*T(t+h—s)F(0,u(c(0,20))) || ds

h
+/O I (=A)T(t+h = s) Il F(s,u”(s)) = F(0,u(o(0,20))) || ds

+/O | (=A)*T(t —s) ||| F(s+ h,u’(s+h)) — F(s,u(s)) || ds
< [T()zoleg, (obixa)h +Co sup | (=A)*T()F(0,v(e(0,20)))
vES(R,b)
| oo [0,67:x) P
+ (14 R)*Wr o (p(R,b))Co,a(P1(b) + P2(b))h

< [TC)wolep, qovixa)t + sup | (=A)*T()F(0,y) |lLoe(o,:x) b
yeBp(R,b){O’XO‘]

https://doi.org/10.1017/50013091523000160 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000160

326 E. Hernandez, D. Fernandes and A. Zada
+ (14 R)*We» (p(R, 1)) Co o (®1(b) + Po(b))A, (3.34)

which implies that [FU]CLip([O,b];Xa) < R. This shows that I'(:) is an S(R,b)-valued
function.
To finish, using Lemma 2.2, for u,v € S(R,b) and ¢ € [0, ], it is easy to see that

| Tu(t) = To(t) ||

< CoaWrlp(R.8) | T (14 R lol) | 0= oo 0

< (1 ROVl RO)1+WolplR0)Co [ 11+ o)

u = l[ego.b:xa)
< (L4 R)Wro(p(R,))Co,a®1(b) [| v — v [lc(o,5);xa): (3.35)

which proves that I'(+) is a contraction on S(R,b) and that there exists a unique mild
solution u € CLip([0,b]; X,) of the problem (1.1)—(1.2) on [0, b]. O

Corollary 3.8. Suppose that the condition H%’Ua(Xa,X) is satisfied, o(-) is
Lipschitz, T(-)zg € Crip([0,a]; Xa), a > 0(0,2z9) > 0 and that F(0,-) takes bounded

set of X, into bounded sets of X,. Let P :[0,00) x [0,a] — R be the map defined by

Pz, s) == [T(-)xo] oy, (0.51xa) T sup | (=A)*T()F(0,9) |z (0,5 x)
YEB (2, 6)[0:Xal

21+ 2P Wr(p(e, ) Co.a(1 + [oley,) (B1(5) + Ba(s)) —

= t [F]
where ®1(c) 1= SUDy pe(o,o]t+h<e fo st Py(c) = SUDse0,4 Jo %ds and

p(z,8) =| o ||a +xs. If there are b € (0(0,20),a] and R>0 such that P(R,b) < 0 and
[a]cLip(l—i—R)b—l—U(O, xo) < b, then there exists a unique mild solution u € Crip([0,D]; X4)

of (1.1)—(1.2) on [0,0].

Proof. Let S(R,b) and T'(-) be defined as in the proof of Proposition 3.3. For u €
S(R,b) and t € [0, d],

lo(t,u®) | < [o(t,u(t)) = o(0,20)) | +0(0,20)
[oley, (4 1 ult) — 2o [la) + o (0, 20)

[ ]CLlp(l + R)b + O—(vaO) <,

ININIA

which shows o(t,u(t)) € [0,b] and that the functions u(o(-,u(-))) and Tu(-) are well
defined. From this fact, we can use the proof of Proposition 3.3 to prove the assertion. [

The next result is an obvious consequence of Corollary 3.8.

Corollary 3.9. Assume F € Crip([0,a] x Xo;X), 0 € Crip([0,a] x Xa;[0,al),
0(0,z9) > 0, T(-)zo € Crip([0,a]; Xo) and that F(0,-) = 0. Let P : [0,00) x [0,a] — R
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be the function given by

Sl—a

P(x, S) = [T(')xO]CLip([U»SLXa) + 4[F]CLip(1 + [U]CLip)Co,am(l + x)2 — .
If there is b > 0(0,20) and R >0 such that P(R,b) < 0 and [J]CLip(b+R) +0(0,20) < b,
then there exists a unique mild solution u € Cyip([0,0]; X) of the problem (1.1)-(1.2)
on [0, b].

4. Existence and uniqueness of solution on [0, c©)

In the first part of this section, we study the existence of solution on [0,00) using
the basic ideas in Corollary 3.4 and Corollary 3.5. In the second part, we use a
different approach based in the study of the existence and qualitative properties
of maximal solution. Next, we use use the notation [T(')x(ﬂCLip,1+a77((0700);Xa) =

SUPg>0 [T(')IO]CLipJ_i_a_,y((Oﬂ];Xa) .

4.1. The case [T(')mo]CLip,l—‘r-a—'y((O’w);Xa) < o0

To prove the results in this section, we assume that the conditions in Theorem 3.1 or
the conditions in Proposition 3.1 are satisfied for all a > 0. For convenience, we introduce
some notation.

Notation 4. In this section, we assume F' € C([0,00) x X,;X) and o € C([0,00) X
X4;[0,00)). Depending on the result, next we assume that the condition H%:Z@(ch, Xa)
or that the condition Hy! (X4, X) is satisfied for all a > 0. Considering it, next we use
the notation Wy, (-) and We4(-) for the functions Wp(t,s) : {(t,s) : t > s > 0} X
[0,00) = [0,00) and Wg : [0,00) = [0,00) defined by Wr,(t,s) = [Fls) (1 + [0],s)
and Wr ,(z) = Wp(x)(1+Ws(x)). In addition, for b > 0 and = > 0, we consider the next
notation.

Xyoo(@) = sup | T(s) [l e1()Kr (@) + 02() o o0
Xo (b, ) := Sup 7@ =) | or()Cr () + 02() 11 (0,09

D1(b) := sup T =) | e+ hy )A2C) L1 0.)
t,h€[0,b],t+he[0,b]

Da(b) = sup [ T(t =) | Oro (s )AC) 110,09

)

Us(b) = sup ] (=A) T =) | Oro -+ Ry ), A2C) 1o,
t,he[0,b],t+h<b

V4(b) = sup [ (=A)*T(t =) | Yro (s )AC) 10,0
t€(0,b]

U5(b) = sup ||| (=A)*T(E =) [l [Fl¢0) 210,45
t€(0,b]
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= s [ CATE ) | Flardr
te(0,b]
Xo,00(T) 1= sup x, (b, ), V00 :=sup¥;(b), i=1,...,6.
b>0 b>0

We can establish now the first result of this section.

Proposition 4.4. Assume that the conditions in Theorem 3.1 are satisfied for all
a>0, the functions ;(-) are bounded on [0,0), ¥; 0o < 00 and x, «o(x) < o0 fori=1,2
and all > 0. Let Q : [0,00) — R be the function given by

Qoo(x) := Co || 2o lla +[T()Toley;, 110~ ((0,00):Xa) F (Xq.00(2) + Xg.00(7))
+ W ()1 +Ws(2)) (1 +2)?91,00 + (1 + 2)92.00) — 2.

If Qu(R) < 0 for some R>0, then there exists a unique mild solution u(-) of
(1.1)-(1.2) in Crip,i+a—~,1((0,00); Xo) such that [ul[O,l]]CLip,1+a7'y((0’1];Xa) < R and
[ul[Loo)]CLip([LOO);Xa) <R.

Proof. For a>1, let Q,(-) be the function @, : [0,00) — R given by

Qa(x) := Co [l 2o lla +[T)wolers, 110~ (000):Xa) + (X (a:7) + X, (a, 7))
+ Wr(2)(1 + We(2)) (14 2)?91(a) + (1 + 2)92(a)) — =

From the definition of Q4 (+) and Qoo (-), we note that Q,(x) < Qoo(x) for all z > 0, which
implies that Q,(R) < Qo (R) < 0. Moreover, using that Q,(R) < 0 and proceeding as
in the proofs of Theorem 3.1 and Corollary 3.4, we can prove that there exists a ‘unique’
mild solution Uy € CLip,1+a—~((0,al; Xo) of the problem (1.1)-(1.2) on [0, a] such

]
that [u\a[o,l]]CLip,lJraf'y((O’l];Xa) < R and [uﬁLa]]CLip([La];XQ) < R. From the uniqueness

of the solution u“(-), it follows that the function w : [0,00) — X, defined by w(t) =
u®(t) for t € [0, a] is a mild solution of (1.1)—(1.2) on [0, 00). Moreover, from the above
remarks and the proof of Corollary 3.4, we have that u € Crip,1+a—~,1((0,00); Xq),
that [u\[o,u]CLip,l-s-a—»y((Ovl];Xa) < R and that [u\[o,m)}CLip([lm);Xa) < R. The proof is
complete. O

The proof of Proposition 4.4 is done combining the ideas in the proofs of Corollary 3.4
and Theorem 3.1. In a similar way, but using Corollary 3.7 and Proposition 3.1, we can
prove the existence of a solution on [0, 0o) for the case in which F' € C([0, 00) X X4; X). In
the next result, we assume that F(0,-) € CLip joc(Xa; Xo) and we use the next notation:

X5 (8) =] (=A)*F(0, zo) || /O IT(E=s) 1l ds,  Xg00 = SUPX5 (1),

t
X4(t7.’IJ) = 2‘%.[F(07 ')]CLip(Bx(O,Xa);Xa)/ || T(t - S) || ds and X4,oo(x) = igg X4(t7.’IJ).
0 2
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Proposition 4.5. Assume that the conditions in Proposition 3.1 are satisfied for all
a>0, that ¥; oo < 00 fori=3,4,5,6, X3,00 < 00 and X, o0(z) < o0 for all x>0, and let
Qoo : [0,00) = R be the function given by

Qoo(x) = Co || o lla +[T()xoley;, 110 y(0.aliXa) T (Xg.00 T Xy.00(2))
+ Wr(2)6,00 + (Wr(2)05,00 + Wro (2)(1 + 2)°93,50)
+Wro(2)(1+ )04 00 — ,

where Wp »(0) = Wr(0)(1 + W, (0)). If Qs(R) < 0 for some R >0, then there exists a
unique mild solution u € Crip 14+a—~((0,00); Xo) of (1.1)-(1.2) on [0, 00).

Proof. To prove the assertion, we use the argument in the proof of Corollary 3.7 and
Proposition 3.1. Let a > 0. Considering the definition of the function P,(-) in the proof
of Corollary 3.7, see (3.26), we introduce the function @, : [0,00) — R defined by

Qa(x) == Co || Zo lla +[T()o]ey, 1 40s(@aixa) + (Xz(a) + X, (a, 7))
+ Wr(2)96,00 + (Wr(2)05,00 + Wro (2)(1 4 2)°93,50)
+ Wro ()1 + 2) 0400 — 2.

Noting that Qu(R) < Quo(R) < 0 and that the term (x,(a) + x,(a,z)) has the same
sense that the term Comax{a,a'™* 7}(|| F(0,2z0) |la +22[F(0, ')}CLip(Bm(O,Xa);Xa)) in
the definition of P,(-), it follows that we can use the same argument in the proof of
Corollary 3.7 to prove that there exists a unique mild solution u* € Clip,14a—~((0,a]; Xa)
of the problem (1.1)—(1.2) on [0,a] such that [u“l[o 1]]CLip,1+a—~/((0’1]?Xa) < R and

[uil[1 a]]CLip([lla];Xa) < R. To finish, we only note that the function u : [0,00) — X,

given by u(t) = u®(t) for ¢t € [0, a] satisfies the conditions in the assertion. We omit extra
details. O

We believe it is interesting to make some observations concerning the viability of the
assumptions in last propositions. For sake of brevity, we only consider an example related
to Proposition 4.4. In the next example, we assume that « € (0,1) and there are [ € N
and > 0 such that t > o(t,x) > t! for all (t,z) € [0,1] x [0,00), o(t,x) < t for all
(t,z) € [0,00) X [0,00),y =14+ a—cand 1 — 2le > 0.

In addition to the above, we suppose F € Crip([0,00) X X;X), 0 € CLip([0,00) X
X; [0, 00)), that both functions are bounded and that the semigroup (7'(¢))¢>0 is uniformly
exponentially stable. Specifically, we assume that there are 3> 0 and constants Dy g > 0
such that || (=A)PT(t) | < Do,ge Ptt? for all t > 0 and 6 > 0. Under these conditions, we
can assume that Wro(2) <2, [Flt,5)(1+[0],s)) = [Floy, (L+[o]ey,,) forall t > s >0
and z > 0 and that £(s) = s for s € (0,1] and £(s) =1 for s > 1.

In order to estimate ¥ , for ¢ > 0 and h > 0, we note that

[T 1 A o)) ds
: G (3 ’

https://doi.org/10.1017/50013091523000160 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000160

330 E. Hernandez, D. Fernandes and A. Zada

t oBt—s)

< DoolFleg, (1 +[olegy,) ; gQ(T_w(s)dS

T dS T —B(T—s
SDO,O[F1cLip<1+[o1cmp><sup | Gt s [ >ds>
refo,1]Jo S T€[1,00) J1

1 1
< DO,O[F]CLip(1 + [O]CLiP) (12l5 + 5) ’

which implies that ¥1 o < DO,O[F]CMP(I + [U}CLip) (17—1%€ + %) In a similar way, we
can prove that ¥ < DO,O[F]CLip(l + [O’]CLip) (ﬁ + %) In addition, noting that
F(-) is bounded, we can assume that the functions g;(+), i = 1,2, are given by 01 (t) =||
F(,*) lleqo,00)x x:x) and g2(t) = 0. From the above, for b> 0 and = > 0, we get

X100 (@) < Do || F(-,-) lle(o,00)x x;%)

t

B(i—s D

Xa,00(2) < Doyo sup / e P ds|| F(,) llooooyxx:x) S —22 || F () lloqo.00xx:x) -
te[0,b] JO ﬂ

From Lemma 3.1, we also note that [T(')xo]CLip,1+a7'y((0’oo)§XO¢) < Doita—y |
(—A)Yzo || if zgp € D(AY) for some v € (a,a + 1). From the above remarks, it fol-

lows that under the current conditions, the function Q. (-) in Proposition 4.4 is well
defined.

4.2. Maximal and global solutions

In the previous results on the existence of solutions on [0,00), we use the ideas in
the proof of Corollary 3.4 and Corollary 3.7. Next, we consider a different approach
based on the study of the existence and qualitative properties of maximal solutions. This
approach can be also used to study the global existence and uniqueness of a Lispchitz
solution and is a novelty in this type of study. Considering the above comments, next we
study separately the global existence of Lipschtz and non-Lipschitz solution.

To establish and prove the next results, we include the following condition.

Hyl g >1,0€(0,1),8€ (a,1), F € L, ([0,a] x X1;Xg) N LY, ([0,a] x Xa; X)

and o € CpLip([0,a] x Xo;RT).

4.2.1. FEuxistence and uniqueness of a Lipschitz solution on [0, 00)

To begin, we study the existence and qualitative properties of maximal solutions. In

the next results, we assume that the condition HE” , (Xq; X) is satisfied and that o(-) is

Lipschitz. In addition, for ¢ € (0, a], we use the notation </I\>i’c, i = 1,2, for the functions
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;. : [c,a] — R given by

= ¢ F t F
B1.(d) = Sup/ Fleo) 4r and pod)=  sup /[]wmdr
t€le,d] Je (t_T) t.hele,d) t+h<d Je (t_T)oc

The proof of the next proposition follows from the proof of Proposition 3.3 or from
the results in [22]. However, to develop our next results, it is convenient to include some
details of the proof.

Proposition 4.6. Assume that the condition HE', ,(Xa;X) is satisfied, that o(-) is
Lipschitz, T(- )xo € C’Llp([O al; Xo), F(0,z9) € X, and 0 < o(s,x) < s for all (s, x) €
[0,a] x X,. If o, o(b) + <I>270(b) — 0 as b—0, then there ezists a unique mild solution
u € Crip([0,0]; Xo) of (1.1)-(1.2) on [0,b] for some 0 < b < a.

Proof. Let R > [T(')zO]CLip([07a];Xa)+ H T()F(O,IEQ) ”LDO([O,a];Xa) and 0 < b < a
such that
[T()zoloyy (0.51xa)+ I TCF(0,20) [[Loo((0,a1:Xa)

+(1+ R)*Wr(o(R, b))(l n [a]%p)cw (cpl,o(b) + ig,o(b)) <R,  (4.36)
where p(R,b) := Rb+ || 20 |lo- Let S(R,b) and T'(-) be defined as in the proof of
Proposition 3.3.

Let u,v € S(R,b) and ¢, s € [0,b]. Noting that || u?(s) ||o<|| w7 (s) — 2o ||a + || 2o ||a<
p(R,b) and that u(c(0,xz0)) = u(0) = o, from the proof of Proposition 3.3, it is easy to
infer that

| (s + h,u® (s + h) = F(s,u’(s)) | < Wr(p(R.5))[Flstn,s) 1+ R)* 1+ [o]eg, ),
I F(s,u”(s)) = F(0,20) || < (14 R)*Wr(p(R,0)[Fl(s,0)(1 + [0]cyy, )5,
for all s,h € [0,b] with s + h € [0,b]. From the above and arguing as in the proof of
Proposition 3.3, see (3.34) and (3.35), for h,t € [0,b] with ¢t + h € [0, b], we get

h
[ Tu(t + h) = Tu(?) [lo < [T(')xo]cmp([o,b};xa)h+/0 [ T(t+h—s)(=A)"F(0,z0) || ds
h
+/ 1 (=A)*T(E+h—s) ||| Fs,u”(s)) = F(0,z0) || ds

/ | (ATt — 5) | s+ h,u” (s + h))
— F(s,u%(s)) | ds
< [TC)zoleps, qoixa) it | TEF0,20) l|zooo,a:x0) P

+ (14 R)*Wr(p(R,b))(1 + [U]cLip)(‘ﬁl,O(b) + By 0(b))h
< Rh,
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and

' [Fliss
I Tu(t) = Tolt) || £ CoaWelp(RD) | 290+ Rldley,) | u = o) ds

< (1+ R)Wr(p(R,))Co.a(1 + [0o]eg;, ) 2.0(b) | u = v e (0. Xa):
(4.37)

which shows that T'(:) is a contraction from S(R,b) into S(R,b). This completes the
proof. O

B

o,a’

In order to use the condition 7—[; we remark the next result on strict solution.

Proposition 4.7. [22, Proposition 3.2] Assume that the conditions in Proposition 4.6
are satisfied, xo € D(A) and let u(-) be the mild solution in Proposition 4.6. If
| [Fles,y Npts—psy— 0 as p L 0 uniformly for s in bounded subsets of [0,a], or
SUDPse[0,q] I [F s, HL’I([O,a]) is finite, or F' € Crip([0,a]x; Xq : X), then u(-) is a strict
solution of (1.1)-(1.2) on [0,b].

The next result is concerning the existence of a maximal strict solution.

Proposition 4.8. Assume that the assumptions in Proposition 4.6 and that the con-
dition H%ga are satisfied. Suppose in addition, zo € D(A), limg). ®; (d) =0 fori=1,2
and every ¢>0 and that F(-) satisfies some of the conditions in Proposition 4.7. Then
there exists a unique mazimal strict solution u € C(Iymax; Xo) of (1.1)-(1.2). Moreover,

Imax = [0,a] if [U]CLip(Imax;on) is finite.

Proof. Let u € Crip([0,5]; Xo) be the mild solution in the Proposition 4.6, R be the
number in the proof of the cited result and assume b < a. To begin, we study the existence
and uniqueness of solution for the problem

v'(t) = Av(t) + F(t,v(a(t,v(t)))), t € b, al, (4.38)
v(0) = u(h), 6 €1[0,0]. (4.39)

Noting that u(-) is a strict solution on [0, b], see Proposition 4.7, from condition Hf‘i”gya,
we obtain that F(-,u(-)) € C([0,b]; X3). Using this fact, we have that

b
| (=A)Fu®) | < || (=)™ T (b || +/0 | (=A)T b —s) ||| (—A)°
F(s,u?(s)) || ds

b
C _
1+a 0,14+a—4 o
< AT |+ [ G | P () leqoig 0
po—e
B—a’
(4.40)

< | (=A™ T(b)xo || + || F(u’ () HC’([O,b];Xﬁ) Cota—p
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which implies that u(b) € D((—A)**+?).

From the above, T'(- — b)u(b) € CrLip([b,al; Xo) and F(b,u’(b)) € X,, which allows
us to use the same argument of the proof of Proposition 4.6 to study the existence of
solution for the problem (4.38)—(4.39). Let

Ry >R+[T(-— b)u(b)]CLip([bﬂ];Xa)-i- | T(-)F(b,u” (b)) || o0 ([0,a]: Xar) -

From the assumptions on the functions @i,b(), 1 = 1,2, there exists § > 0 such that

RA+[T(- = b)u®d)]oy, (aixa)T | TCFDu” (b)) l[oo(0,a1:X0)
+(L+ R1)*Wr (p(R1))Co.a(1 + [olcy;) (cfu,(b +6) + Boy(b+ 5)) < Ry, (4.41)

where p(R1) := Ria+ || w(b) ||o. Proceeding as in the proof of Proposition 4.6, we define
the space

S(R1,0+06) = {v € C([0,b+0]; X) = vy = ws [logg, (bora)ixa) < Bk,

endowed with the metric d(w,v) =|| w — v [|¢(jp,p+6];x4)- In addition, we define the map
I': S(Ry,b4+6) = C([0,b+ 0]; X) by Tw(t) = u(t) for t € [0,b] and

Tw(t) = T(t — b)u(b) + /bt T(t— s)F (s,v7(s)) ds, for t € [b,b+ 4].

Arguing as in the proof of Proposition 4.6, we can prove that I'(+) is a contraction, which
implies that there exists a unique mild solution v € Crip([0,b+ 6]; Xo) of (4.38)—(4.39).
Moreover, using Proposition 4.7, it is easy to infer that v(:) is the unique X ,-valued
Lipschitz strict solution of (1.1)—(1.2) on [0,b + 4].

From the above remarks and the Zorn’s Lemma, we infer that there exists a unique
maximal ‘locally Lipschitz’ strict solution w € C(Iyax; Xo) of Equations (1.1)—(1.2).

To complete the proof, assume by, = sup Imax < a and that [w}CLip(lmax;Xa) < 00.
Using that [w]CLip(Imax;Xa) < 00, it follows that X qo-lim¢ b, w(t) exists and it is easy
to see that the function @ : [0,b,,] — X, defined by w(#) = w(f) for § < b, and
W(bgy) = limy—p,, w(t) is a mild solution of Equations (1.1)~(1.2) on [0,b4] and that
W € CLip([0,bsy]; Xo). Moreover, from Proposition 4.7, we have that w(-) is also a strict
solution on [0,b,,]. Noting that w(-) is a maximal locally X,-valued Lipschitz strict
solution, we infer that w(-) = w(:) and that In.x = [0,bs,]. Using now the condition

Hgga and proceeding as in the estimative (4.40), we obtain that w(bs,) € X141, and
F (b, w? (bey)) € Xp C Xa-

From the above, T'(- — bz Ju(bzy) € CLip([bzy, a]; Xa) and F(by,, w? (b)) € X5 C X,
which allows us to use the argument in the first part of this proof to prove that there
exists 0; > 0 and a unique strict solution z € Crip([0, by, + d1]; Xo) of (1.1)-(1.2) such
that z(+) = w(-) on Iax, which is absurd because w((+) is a maximal solution. This proves

that b, = a if [w]CLip( ImaxiXa) < 00. The proof is complete. O
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In the next result, we establish the existence of an X ,-Lipschitz strict solution on [0, a].

Proposition 4.9. Suppose the conditions in Proposition 4.8 hold. If xg € D((—A)'*?)
and F(-) is Lipschitz, then there exists a unique strict solution u € Crip([0,al; Xo) of

(1.1)-(1.2).

Proof. Let u € C(Imax; Xo) be the unique maximal strict solution in Proposition 4.8
and bgEO = sup Imax. For t € I,.x, we have that

t
[e% @ Co»a o
| (=A)%u(t) || < Co || (—A)%0 || +/0 G—sp | Fi(s,u’(s)) — F(s,0) || ds
11—«
+ [l £(-,0) HC([O,be);X) Co,a?
< Cy || (—A)zg || +Co.a[F] ' ”“”C(Mds
=~ “0 0 0, CLip o (t — S)a
11—«
+ 1 F(0) lleqo.bag)ix) CO,ozla;O "

and using that the function s —|| u [|¢(jo,s); x,) 1s non-decreasing, we obtain that

t
u s):
I oy < Co | (~A)Fa0 | +CoalFly, [ Lglesel o
[

11—

(0 oy Coo =20 4.42
+ 1 F,0) lleqoag)x) Coar— (442)

which implies (see [39]) that || v ||c(rmax;xa)< 00
We estimate now || Au ||¢(rpay;x)- From Lemma 2.1 and Lemma 2.2, we infer that

u € C'¥(Iax; Xo) and u” € -0 (Imax; Xo)- From the above, for ¢ € Iax, we get

I Au(t) | < Co || Azo | +/0 I ATt = ) [IIl F(s,u”(s)) = F(t,u”(8)) || ds

| A / T(t - $)F(t, v (1)) ds |

t Cl [F]CL 2
<ol A S Cp o _ y(1-a)
— CO ” Lo || +A (t — 8) ((t 8) + [u ]C(l_a)2(1max;Xa)(t S) )dS

+ | T@)F(t,u(t) — F(t,u” (1)) |
piL=?

17a)2(1max;Xa) (1 — 04)2
+(Co+1) | F(,u?()) lleqo,bey)ix) (4.43)

S Co || Al‘o || +01 [F]CLiprO + 01 [F]CLip [UU]C(

which implies that || Au || ¢ (rpaex) < 00
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Using now the condition ’H;ﬁ:g,a, we have that || F/(-,u?(+)) HC(Imax;Xg)< 0o, and noting
that 8 > «, we get

I (=A)Fu(t) || < Co || (=A) Tz | +/0 | (=A) =T (t —5) |

I (=A)7F(s,u’(s)) || ds

B—a
[e3% [ea a
< Co |l (=)o | + [ F(,u”()) e (rmaxix ) Crta-pg—o
(4.44)

which shows that u(-) is an X 4-valued function and that || Au || (ryax;x4)< 00 Using
the previous estimates and that u/(+) is a strict solution, we obtain that

|| ul ||C(Imax§Xa)§|| Au HC(Imax;Xa) + || F('7ua(')) ||C(Imax§Xo¢)7

which implies that [u] Crip(ImaxiXa) is finite and that Ina.x = [0, a], see Proposition 4.8. O

The next result is an immediate consequence of Proposition 4.9.

Corollary 4.10. If the conditions in Proposition 4.9 are satisfied for all a>0, then
there exists a unique locally X, -Lipschitz strict solution u € C(]0,00); X4) of the problem

(1.1)-(1.2).

4.2.2. FEuistence and uniqueness of non-Lipschitz solutions on [0, o)

The results in this section follow combining Proposition 4.8, Proposition 4.9 and
Remark 3.3. In Proposition 4.10 below, we use the ideas in the proof of Proposition 4.8.

Proposition 4.10. Suppose the conditions in Theorem 3.1 hold. Assume that the con-
dition HEP s satisfied, zo € D(A), limg). ®;.(d) =0, i = 1,2, for every a > ¢ > 0 and

F,0,a
that F(-) satisfies some of the conditions in Proposition 4.7. Then there exists a unique

mazimal classical solution u € C(Inay; Xo) such that U € CLip.1+a—~((0,c]; Xo) and
Ul g € Curip([e,d]; Xo) for all 0 < & < ¢ and d < by, = sup Imax < a. Moreover, if
[U]CLip([C’bro)?Xa) < 00 for some 0 < ¢ < by, then Inax = [0, a].

Proof. Let u € CLip1+a—~((0,0]; Xo) be the mild solution in Theorem 3.1. From
Remark 3.3, we note that v (5] € CLip([3,0]; X4), which in turn implies that (0 b1 €
LN

) »b]
CLip( [%, b]; X4 ). Moreover, it is easy to see that u is a mild solution of the problem

[¢($)]
w'(t) = Aw(t) + F(t,w(o(t,w(t)))), te Bb} , (4.45)
w(s) =u(s), se€ [5 (g) ;’] . (4.46)
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Let p(b) :=|| u [|c((0,p): Xa)- For t € (4,b], we see that

b

Il Auo) < AT (1= 3 )u(5) 1+ [, 1ATC =8 | Flsu(9) = F.w ) | ds
2

2

+ | Aﬁ T(t—s)F(t,u’(t)) | ds

2

< | AT (t —~ g) u (;’) [ +ﬂ W[F]<t,s>

(1+[UG]CL1p %,b 7Xo¢ ) t—S

| TOF (a7 (8) = F(t,u”
< | AT(t—Z) (‘2’) | +CoWe (o®) 1| TFe) llz1 o
(10 ()
t,u

+(Co+ 1) [| B@,u (1)) | (4.47)

which implies that u(t) € D(A) for all t € (%,b]. Moreover, noting that the same argument

b.b], we infer that u (%) € D(A) and that

can be used on [3,

b
I 4 oy < Coll Au (3 ) 1 HCWEGO) s 1Pl Loy

(1 e, ([59) m)) |

+(Co+ D I FCO) g o

From the above and the condition HFUa, we obtain that F(~7UU('))|[,) b] S
2
C([2,b]; X). Using this fact and proceeding as in the estimate (4.44), for t € [2,b],
we see that
1+« 1+« b b
(=A% u@) [ < | (AT {5 Julz )
b
+ [ (AT = 5) (|| (-A)F(s,u”(s)) || ds
2
14+ b b o bﬂia
<l T (5 ) (3) 1+ 1) logg g Coto-rg—m:
(4.48)

which shows that u(b) € X14q4.
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From the above, T'(- — b)u(b) € Crip([b,al; Xo) and F(b,u’(b)) € X,, and arguing
as in the proof of Proposition 4.8, we can prove that there exists a maximal locally
X o-Lipschitz strict solution v € C'(Imax; Xa), With Inax C [£(b), a], of the problem

W' (t) = Aw(t) + Pt wlo(tw(t), ¢ € [bal, (4.49)
w(s) = u(s), s € [£(b), b)]. (4.50)

Defining z : [0,b] U Ijmax — Xao by 2(8) = u(f) for 6 € [0,b] and z(0) = v() for 0 € Inax,
we obtain a maximal classical solution of the problem (1.1)-(1.2) in Crip 14a—~([0,b] U
Imax; Xa)- O

We complete this section with the following two results.

Proposition 4.11. If the conditions in Proposition 4.10 are satisfied and F(-), o(-)
are Lipschitz, then there exists a unique classical solution u € Crip,1+a—~((0,a]; Xa) of

(1.1)~(1.2).

Proof. The assertion follows from the proof of Proposition 4.10. We only note that
under the current conditions, from Proposition 4.9, it is possible to infer that the maximal
strict solution v(-) of the problem (4.49)—(4.50) belongs to Crip[€ (%), a]; Xa), which
implies that the maximal classical solution z(-) is defined on the whole interval [0,a]. O

The next corollary is an immediate consequence of Proposition 4.11.

Corollary 4.11. If the conditions in Proposition 4.11 are satisfied for all a>0,
then there exists a unique classical solution u € Crip,14+a—~((0,00); Xo) of the problem

(1.1)~(1.2).

5. Examples

In this section, we study the existence of solutions for some PDEs with SDA. Next, A
is the Laplacian operator with domain D(A) = H%(Q) N H}(Q) in X = L*(Q), where
Q C RY is an open bounded set with smooth boundary. It is well known that A is the
generator of an analytic Cy-semigroup (7'(¢))¢>0 on X. Next, for the semigroup (7(¢))¢>0,
we adopt all the notation used in the previous sections.

Motivated by the theory of differential equations associated to the Fisher—Kolmogoroff
equation, see for example [25, Example 1]; next we study the diffusion type problem

' (t,z) = Ault,z) + C(t)u(o(t,u(t)), z)[1 — u(o(t, u(t)), z)], (t,x) € [0,a] x (E,5 )
u(t,-) log = 0, t €10,al, (5.2)
u(0,y) =z0(y),  yeEQ, (5.3)

where o(t,y) = p()o(|| v ||) for t>0 and y € X, p € CLip([0,al;(0,qa]), 0 €
Chip([0,00);[6, 00)) for some 1 > ¢ > 0 and ¢ € C([0, a];R) is the function in the fourth
example of Remark 2.1.
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To represent the problem (5.1)—(5.3) in the form (1.1)-(1.2), we select o € (0,1)
such that X, < C(Q) and we define the map F : [0,a] x X, — X by F(t,u)(z) =
¢(t)u(x)[1 —u(z)]. From the previous assumptions, it is obvious that o(-) is Lipschitz. To
show that F € Liip([O7 a]x Xo; X), we use the notation || ic || £(xq;c()) and [ ic |£(xq:x)
for the norm of the inclusion map from X, into C(©;R™) and from X, into X. For r > 0,
0<s<t<aandu,v € B,[0,X,], we get

I E(t,u) = F(s,0) |
< 1¢t) = <) u@ =) |+ ¢(s) [l u—v—(u® =2%) |
< s lt = s+ [ ullo@) Tull + 1) [l u—v]l
(It ullew + v llew)
< [Ceslt = s+ [ ic lecxasc@pll v lla) I|ie lexasoll v lla
+1¢) Il e lexaoll w =2 lla A [l ie lcxasc@) (Tulla + 1o la))
< s lt = s+ [lie loxaic@) 1) e lecxaix) 7
+1C) I = v llallll ie lecxaix) (e le(xaic@) 2r)
< ([Ceesyt 166) D e Necxasxy (T2 e llexascn) (1 +1)?
(It = s+ [l u=wva)-
This shows that F'(-) belongs to L{, ([0, a] x X4; X) with [F]; ) = ([Cl(r.)+ | {(s) |) and
We(r) =314 || ic [l z(xa;c@) + e l2(xasx))?(1 4 )% Moreover, from the definition
of F(-), it is easy to see that || F(t,u) ||<] ¢(¢) ||| ic [lz(xa:x) (r +72), and hence, the
condition H a(Xa;X) is satisfied with Kp(x) =] ic |£(xq:x) (@ +2?), 01(t) = ((t) and
02(t) = 0. In addition, from the current assumptions, we can assume that the functions
&(-) and A(+) in condition Hg? .(Y1,Y2) and Notation 1 are given by &(t) = u(t)d
_ 1
and A(T) - (1 + (5u(7_))1+0¢—'y)
HE", ,(Xo; X) and Hr o(Xa; X) are satisfied. Moreover, for the sake of simplicity, next
we assume that p~2(1T2=7) ¢ LP([0,a]) for some p > 1 and for all a > 0. In this case, we
have that the functions A(-) and A2(-) also belongs to LP([0,a]) for all a > 0.

. From the above remarks, we have that the conditions

Remark 5.1. In the remainder of this section, we use the same functions ¢(-), o(-),
p(+) and o(-) introduced above.

In Proposition 5.1 below, we said that u € C([0,b]; X) is a mild solution of (5.1)—(5.3)
on [0,b] if u(-) is a mild solution of the associated problem (1.1)—(1.2). A similar
nomenclature is used for the other examples of this section.

Proposition 5.1. Assume that the above conditions are satisfied, xg € X~ for some
v € (a,a + 1) and xo[l — o] € Xq.

(a) Let a>0. If % + % + ﬁ =1, 1 - ar(qg,p) > 0, SUDy he(0,a],t+h<a I
[Cl4ny lzaqogy< oo and ((0) = 0, then there exists a unique mild solution

u € CLip,1+a—~((0,b]; Xo) of (5.1)-(5.8) for some b>0.
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(b) Suppose that the conditions in (a) are satisfied and let Qq : [0,00) — R be the
function defined by

Qa(x) = Co [l 2o [la +[T()Tolog;, 110 (0.aixa) T Co,0005(a) (5.4)

+ aHa*VC'o,a (WF ()Os5(a) + We o (2)(1+ r)*03 (a)) (5.5)
+ Co,aWr,o(2)(1 4 2)O4(a) — z, (5.6)

where
03(a) = Co,a(1+[0ley,,) | A% [l2p(o,0)) sup I [¢Teany +CC) llLaqo.an s

t,h€(0,a],t+h<a
04(a) = Cou(l +[oley;,) 1 AC) llzpo,a (I ¢l + <) lzago.a)¥,

1
7

_ 1,
05(b) = Co.a || [Cl¢-0) llLao,an @4 [1—q'o] ¢, (5.7)

1 1
and ¥ = a7@P) “[1 —1(q,p)a] TGP . If Qu(R) < 0 for some R>0, then there
exists a unique mild solution u € Crip1+a—~((0,a]; Xo) of (5.1)-(5.8) on [0,a].

(c) Suppose that the conditions in (a) are satisfied for all a>0, that there exists §>0
such that for all @ > 0, there is Do g > 0 such that || (—A)?T(t) ||< Do ge P9 for
all t>0 and that

B o—B(t—)
Us,00 = Do,a(l+ [o]ey,) sup I A O wm + <O N1,y
b>0,t,hel0b] t+h<h (=)
B o= B(t—)
V4,00 = Do,a(1+ [0l ) sup || Z——=5AC) (e +CO) Np1o,g)
Plyso o (t—2)

Ty =D 12 o |

oo =Dy sup —=1F, 1 ,

° 0 p>0,cop] (=) ¢ Lt o

T = D / e
6,00 — 0,a sup 71 Na 7,007 AT
b>o,tefob) Jo (E—T) (0)

are finite. Let Q : [0,00) — R be the function given by

Quo(®) = Co || w0 o +[T()zoloyy, 1 4oy (0a)iXa) + P60
+ (55,00 + WFJ(JJ)(l + JJ)QE&OO) + WF,U(.I)(I + Jj)54,oo — . (58)

If Qu(R) < 0 for some R>0, then there ewists a unique mild solu-
tion u € C((0,00); X) of the problem (5.1)-(5.3) on [0,00) such that u €
CLip14+a—((0,00); Xa).
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Proof. The assertions follow from Proposition 3.1, Corollary 3.5 and Proposition 4.5,
respectively. Concerning (a), we only note that

0u0) < swp [ (14 o)A dr
] /0

te[0,b (t—m7)>
1
prlap)
< (U +[oeps,) I Nzago.anll AC) lzeo,a) — —0asb—0.
1— a i| 7(q,p)
7(q:p)

The assertion in (b) follows from the first assertion in Corollary 3.5 noting that P, (z) <
Qa(7) for all x> 0. Similarly, the last assertion follows from Proposition 4.5 noting that
Qoo(z) < Qo () for all £ > 0. We omit additional details. O

[

To establish the next result, we assume that N =1, that (—A)

D((—A)?) = HY(Q). Tn this case, F € L{, ([0,a] x Xa; Xa) for a =

norm || z |[o=|| (—A)%z ||, it is easy to see that

= % and that
% and using the
| F(t,u) — F(s,0) [la
< [yt 1 €s) NP2 +5r + 1) (14 | e lle(xaic@)) ([t = sl+ | u—v [la).
for 0 < s<t<aandu,ve B0, X,]

Proposition 5.2. Assume o = 1 and z¢ € X, for some vy € (o, + 1).

(a) Let a>0.If =4+ = <1 and

1.1
P q

(1]

(c) = sup 1€ ¢+m,) Nzagro,) < oo, (5.9)
def0,c],t,he0,d],t+h<d

for some 0 < ¢ < a, then there exists a wunique mild solution u €
CLip,1+a—~((0,0]; Xo) of (5.1)-(5.3) for some b>0.

(b) Assume T(-)zg € CLip([0,a]; Xa), 1 — aq’ > 0 and that Equation (5.9) is satisfied.
Then there exists a unique mild solution u € Crip([0,b]; Xo) of (5.1)-(5.3) on [0, ]
for some b>0.

Proof. The assertion in (a) follows from Theorem 3.1 noting that the condition (5.9)
implies ©1(d) < E(c) || A? || p([o,¢))< oo for all d < ¢ and that

t
O,(b) < ts%pb]/o [Flmy (L + [olerm)AT) dr < (14 [oleg,) | Fle)AC) o,y = 0
€lo,

as b— 0 because % + é < 1. Concerning (b), we note that

* ([ (s,00+ [ €(0) )

(= 5" dr

&1 (b) < (1+ [0]oy,,) /0
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< (1+ 7y, ) (1 CC-0) llagouy + 1 C0) DB7

1
—a L
q

1—q'q] — 0,

t
B0) < 1+ loy,) | _sw /0 ([d(”('}"’i)'f(s) D 4,
1 4 _ 1
< (L4 [olog, ) EO+ 1 ¢ lpaqomp)b?  [1—d'a] @ =0 (5.10)

as b — 0, which implies that the conditions in Proposition 4.6 are satisfied and allows us
to finish the proof. O

The next example is related the diffusive Nicholson’s blowflies equation, see [23] for
additional details. Consider the differential equation

u'(t, ) = Au(t, z) + C(t)/ u(o(t,u(t)), y)g(z,y) dy, (t,z) € [0,a] x 2, (5.11)

Q
u(t,-) lag =0, t €[0,al, (5.12)
u0,y) =20(y), YEQ, (5.13)
where o(-) and ((-) are the functions in the problem (5.1)—(5.3), 7o € X and g € L*(Q x
Q;%‘Ro).study this problem, we define F : [0,a] x X +— X by F(t,z)(y) =
(t) fox( z)dz. For 0 < s < t < a z,y € B.[0,X], it is easy to see that

|| F(t,x) IISLglC( ) | 7 and
I Et,2) = F(s,y) < ([ [1€Cs) D+ 1) Lg(Jt = s[+ | 2 =y [D),

1
where L, (Jo Jog?(&m)dedn)2. Thus, F e L{; ([0,a] x X;X) with [F] ) =
([Cle,s)+ | §( ) D) and WF( ) = (r+ 1)Ly, and the condition Hg a(X;X) is satisfied
with o1(t) =| ((t) |, 02(t) =0 and Kp(x) = Lyx.

From the results in the previous sections we have the next one.

Proposition 5.3. Assume that the above conditions concerning the problem
(5.11)-(5.13) are satisfied and that o € X for some v € (0,1).

(a) If % + % < 1 and the condition in Equation (5.9) is satisfied, then there exists a
unique mild solution u € Ctrip,1-+((0,0]; X) for some b>0.
(b) Assume ¢ € C([0,a];R), %%—% <1, Z(a) < oo (see Equation (5.9)) and let P :
[0,00) — R be the function defined by
Pa(z) = Co || o | +[T()zoleys, - 0.a1x) + CoLg(ll CllL10,a
+ 1 ¢ lzooo.ap @' ™)z

t
F2OW(E)(1+ ey, )+ 0% s (i
[0,a] JO

t,h€[0,a],t+he(o,
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1 ¢(r) PA2(r) dr
+ 20 @)1+ ooy, (1+3) [ ([ e+ A a7 =2

If there is R>0 such that P,(R) < 0, then there exists a unique mild solution
u € Crip,1—~((0,a]; X) of the problem (5.11)-(5.13).
(c) Suppose that || T(s) ||< Co for all s>0, ¢ € C([0,00);R) and that

Xq,00(2) = CoLg || ¢ [[£oo([0,00)) T Xg.00 = CoLg || Cllp1(0,00)) ©
Droe = (1+ [olory) / | 76 =) | (e
b>0,t, h>0 t+he 0,5]
+ [ ¢(s) DA%(s) ds,

t
Do = (4 ey, sup [ 1T =) | (1<) DA ds
are finite. Let P : [0,00) — R be the function given by

Pacle) == Co || @0 la +IT()a0lery, 1o o (@oerixe + (61,00 (@) + Xp.00())
+2Wp(z) (14 2)*Y1,00 + (1 + 2)02,00) — .
If there is R>0 such that P(R) < 0, then there exists a unique mild solution

u € CrLip1-~((0,00); X) of the problem (5.11)-(5.13).
(d) Assume ((0) =0, that (T'(t))i>0 verify the conditions in item (c) of Proposition 5.1

and that
—B(t—s) )
b= (Ut loley,) s [ (et | 66 DAY ds,
b>0,t,hef0,5],t+h<bJo (t—5)
P
Vao0 = (1 + [U]CLip)SUP [ (_7.)(1([4]0,0‘*‘ | C() DAC) ||L1([o,t]),
e—Bt—)
Us,00 = sup | []¢-0) ||L1 ([0,¢])°
b>0,t€[0,b] (t—)> e

) [ & e
oo = sup ———— oy dr
0 b>o0,eefop) Jo (E—T) (0)

are finite. Let Py, : [0,00) — R be the function defined by

Poo(@) = Co || %o la H[T()2oler, 140y ((0.00):Xa) T T6,00
+ (5,00 + Wro(2)(1+ 2)%05.00) + Wro (@) (14 2)0400 — 2. (5.14)

If Po(R) < 0 for some R>0, then there exists a mild solution u €
Chrip,1-~((0,00); X&) of the problem (5.11)-(5.13).
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Proof. The assertions are the consequence of Theorem 3.1, Corollary 3.1,
Proposition 4.4 and Proposition 4.5, respectively. Concerning the last assertion, we only
note that x,; = 0 and x, c(z) := 0 for all >0 and 2 € Q. We omit additional
details. 0
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