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ON [-ADIC ITERATED INTEGRALS, 1
ANALOG OF ZAGIER CONJECTURE

ZDZISLAW WOJTKOWIAK

Abstract. We are studying some aspects of the action of Galois groups on
the torsor of paths connecting two (possibly tangential) points on a projec-
tive line minus a finite number of points. We obtain objects which formally
behave like classical iterated integrals and polylogarithms. We formulate an
analog of Zagier conjecture for these [-adic analogs of iterated integrals and
polylogarithms.

80. Introduction

0.1. The classical complex iterated integrals appear in the study of
mixed Hodge structures on fundamental groups and on torsors of paths
(see [D], [BD] and [W3]). In this paper we shall study their [-adic analogs.

The notion of a tangential base point (see [D]) is very important in this
paper. We use a definition given in [N2].

Let K be a number field and let X be a projective line P}, minus
a finite number of K-points. Let z and v be two K-points or tangential
base points defined over K of X. Let m1(Xg;v) be the l-completion of the
étale fundamental group of X ; based at v. We denote by m(Xg;z,v) the
m1(Xg;v)-torsor of (I-adic) paths from v to z. The Galois group Gk =
Gal(K/K) acts on the set m(Xf;2,v). To describe this action of G we
shall proceed in the following way.

Let us fix a path p from v to z. Then the map

(0.1.1) T(Xg:2,0) 3q—p g€ m(Xg;v)

is a bijection. The action of Gk on the torsor 7(Xj;z,v) transported to
an action of Gx on m (Xg;v) by the map (0.1.1) is given by

T1(Xgiv) 38 — f(0) - o(S) € i (Xgiv),
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where 0 € G and

(0.1.2) fp(a) :=p~ - a(p).
The function f, : Gx — m(Xg;v) has the following important property.

PROPOSITION A. (see Section 1) The function f,: Gx — m(Xz;v) is
a cocycle, i.e.,

(0.1.3) fo(T-0) = Tp(7) - 7(fp(0))-

This (well known) result was the starting point of the paper (see also
Theorem A and B in [I1]).

Let X = PL \ {ai,...,an,00}. The fundamental group m(Xy;v)
is a pro-l free group freely generated by n generators, which we denote
by x1,...,z, and which will be constructed below. The element f,(c) €
m1(Xg;v), hence

folo) = aj?l(a) 'xSQ(J) . I.%n(O’) . H(xi’xj),@i,j(a)
1<j
mod ((7‘(‘1 (Xigiv),m(Xg;v)), m (X v))

for some «;(0) and f; j(0) in Z;. Let Gg act on Z; as a multiplication by
the cyclotomic character x : Gg — Zj. It follows from Proposition A that
the exponents «; : Gxg — Z; are cocycles (see Corollary 2.2.2). The obvious
question is if the exponents 3; ; : G — Z; are also cocycles. This question
and its generalization are studied in Sections 6 and 11.

The fundamental group 71 (X 5;v) we embed into the algebra Q;{{ X},
..., Xp }} of non-commutative formal power series in 7 non-commuting vari-
ables Xi,...,X, (n+ 1 is a number of points removed from PL.) sending
a loop around a; onto eXi for i = 1,...,n. The actions of Gx on the fun-
damental group 7 (X5;v) and on the torsor m(Xg;z,v) we transport to
linear actions of G on Qi{{X1,...,X,}}. Hence we get representations

¢: G — Aut(Q{{Xy,..., Xn}})

in a case of the action deduced from the action on 71 (X 5;v) and

@Z)p G — GL(QZ{{Xla e ,Xn}})

in a case of the action deduced from the action on the torsor 7(X j; z,v).

https://doi.org/10.1017/50027763000009004 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009004

ON I-ADIC ITERATED INTEGRALS, I 115

If 0 € Gy = Gal(K /K (=) then 1,(c) is a pro-unipotent au-
tomorphism of Q;{{X1,...,X,}}. Hence logv,(0) is defined and we have
the following result.

PROPOSITION B. (see Section 5) Let o € G Then we have

Hioo) *
log ¥p(0) = Liog v, (o)) (1) T log (),
where for w € Qi{{X1,..., Xn}}, L is a left multiplication by w.

The operator log p(o) is a derivation of the Q;-algebra Q{{X1,...,
Xn}}. Let us fix a path 7; from v to a tangential base point at a; for
i =1,...,n. The generator

_1.

x; :==; -small loop around a; - v;

we send to eX¢ for i = 1,...,n. Then we show the following result.

PROPOSITION C. (see Section 5) Let 0 € Gk (o). Then we have

(log p(0))(X:) = [Xi, (log ¢, (0))(1)]

fori=1,...,n.

P. Deligne in [D] and Y. Thara in [I1], [I2] have studied the Galois
action on P\ {0,1,00}. They got results related to our Proposition C.
Their results in the case of P\ {0,1,00} motivated our study of more
general situations.

The power series (log 1,(c))(1) is a Lie element and its coefficients (with
0 € GK(00) varing) in a Hall base we shall call [-adic iterated integrals (see
Definition 5.3.0). These I-adic iterated integrals are functions from G g (,,,)
to Q;. They depend on points v and z and also on a choice of a path p from
v to z (compare with the classical integral fvz % which depends on v and z
and on a choice of a path p from v to z). They have all formal properties
of iterated integrals on X (C). In [W1] we studied functional equations of
iterated integrals. The [-adic iterated integrals have the same functional
equations as classical complex iterated integrals on X (C) (see Section 10).
We have an analog of Zagier conjecture for l-adic iterated integrals as in
[W3] (see Section 7).

We would like to thank H. Nakamura for discussions of some topics
considered in the paper and and for encouragements. The results of this
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paper were presented in unofficial talk in Berkeley and in Oberwolfach in
autumn 1999, in Luminy in spring 2000 and in summer 2001, in Acquafreda
di Maretea in 2001 and in Cambridge in autumn 2002.

The present paper is a rewritten version of the first six sections of [W4].

81. Torsors of paths

1.0. Let X be a smooth algebraic variety defined over a number field
K. We denote by X (K) the union of K-points of X and tangential base
points of X defined over K.

Let us fix a prime number . Let z,v € X(K). Let m (Xgz;v) be
the I-completion, i.e., the maximal pro-I quotient of the étale fundamental
group of Xz with a base point at v. We denote by 7(X j; z,v) the profinite
set of homotopy classes of (I-adic) paths from v to z. The set (X j; z,v)
is a m1 (X g;v)-torsor. We set G = Gal(K/K). The group Gk acts on
m1(Xg;v) and on (X g;z,v) and the action of Gi is compatible with the
action of m1(Xyz;v) on m(Xg;2,v), ie., op-S) = a(p) - o(S) for p €
m(Xg; 2,v), S € m(Xg;v) and 0 € Gk.

In this section we shall study elementary properties of the action of the
Galois group Gi on the torsor of paths m(Xg;z,v). The set 7(Xg;2,v)
is difficult to handle. We fix a path from v to z and using this path we
identify the set m(X;z,v) with the fundamental group m1(Xg;v). The
group m1(Xg;v) is more familiar and we describe the action of G on
m(Xg; 2,v) in terms of the action of G on (X z;v).

Let us fix a path p € 7(Xg;2,v). Then

tp: (X5 2,0) — m(Xg3v)

given by t,(q) :== p~!- ¢ is a bijection. The map ¢, is not Gg-equivariant.

However using this map we shall transport the action of Gx on m(X5; 2, v)
into the action of Gx on m (X g;v), which is a more familiar object.
Let 0 € Gg. We set

Op = tpoaotgl,
where o : (X ;; 2,v) — 7(Xg; 2,v) is the map induced by o.
DEFINITION 1.0.1. We define a function f, : Gx — m(Xz;v) setting
fp(0) == p~" - o(p) € m(Xg3v)

for any o € Gg.
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LEMMA 1.0.2. The action of Gx on m(Xg;v) transported by the iso-
morphism t, from the action of G on n(Xg;z,v) is given by

where S € m1(Xg;v) and 0 € G

Proof. We have 0,,(S) = tyooot, *(S) = tp(a(p-S)) =p~t-o(p)-o(S) =
fo(o) - o(S).

This action of Gk on 7 (Xg;v) transported by the isomorphism ¢,
depends on a choice of a path p from v to z. Let ¢ € (X ; 2,v) be another
path from v to z. One easily verifies that

(1.0.3) fo(0) = (¢ 'p)~" - f4(0) - a(q"'p)
and
(1.0.4) tp(r) = ta((gp™") - 1) = (p™'q) - tg(r)

for any r in m(Xg; 2, v).
The relation between actions of 0, and o, is described in the next
lemma.
LeMMA 1.0.5. For any o0 € Gi and S € m(Xg;v) we have
op(S) = (¢ 'p) ™" - aq((g'p) - 9).

Proof. The lemma follows from Lemma 1.0.2 and from (1.0.3).

We finish this section describing some elementary properties of the el-
ement f,(0).

LEMMA 1.0.6. Let p be a path from v to z and let q be a path from w
to v. Then we have

fpq(0) = gL fp(0) - q-fq(0) and fpfl(a) =p- (fp(a))’l p
for any o € Gg.

Proof. An easy verification we left to the reader.
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PROPOSITION 1.0.7.  The function fp : Gx — mi(Xg;v) is a cocycle,
i.e., for any 7 and o in G we have

Jo(T - 0) = fp(7) - 7(fp(0))-

Proof. We have fy(r-0) = p~'-7(o(p)) =p~'-7(p) - 7(p™") 7(o(p) =
fo(7) - 7(fp(0))-

COROLLARY 1.0.8. We have
fp(r™ ) =7 (Fp(m) 7).

Remark. Let p be a path from 01 to 10 on P1(C)\ {0,1,00}. The
element f,(c) was used by Ihara in [I2]. Its Hodge-De Rham incarnation
appears in [D] and [Dr].

§2. Geometric generators of 7;(X(C);v)

2.0. Let X = PL\ {a1,...,an11} and let v € X(C). We shall con-
struct a canonical family of generators of 71 (X (C);v). The Galois action
on fundamental groups will be described in terms of these generators.

Let us choose a tangential base point v; (a tangent vector) at a; for
1=1,2,...,n+ 1.

2.0.1. Let us assume that v € X(C). Let I' = {y4 }r=1,..n+1 be afamily
of smooth paths from v to each v such that any two paths do not intersect,
no path self-intersects and for each k, v([0,1]) € X(C). The indices are
choosen in such a way that when we make a small circle around v in the
opposite clockwise direction starting from -;, then we meet successively
Y2,Y3y -y Yn+1. The element S € w1 (X(C);v) is defined in the following
way: we move along 7, near ap we make a small circle around ay in the
opposite clockwise direction and we return along v to v (see Picture 1).

2.0.2. Without loss of generality we can assume that v is a tangential
base point at a;. Let v' € X(C) be near a; in the direction v. Let T' =
{7 tk=2,...n+1 be a family of smooth paths from v’ to each vy, satisfying the
conditions from 2.0.1. Let S} be defined by the path 7. Let v be a path
0,1] 2t — a1 +t(v' —a1) € X(C). We set vy, := 7}, -y and Sy :=~71- S} -
for k =2,...,n4+ 1. S; is a small circle around a; starting from v in the
opposite clockwise direction (see Picture 2).
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Picture 1

Picture 2

LEMMA 2.0.3. The elements Si,...,Sn+1 generate m(X(C);v) and

satisfy the only relation
Spg1---51 =1,

DEFINITION 2.0.4. The ordered sequence (S1i,...,S,+1) we shall call
a sequence of geometric generators of w1 (X (C);v) associated to a family of
paths T'.

2.1. Let Fj,41 = Fy11(21, ..., 2n+1) be a free group on n+ 1 elements
(1,...,Tn+1). Let Byyi(x1,...,2n41) be a subgroup of Aut(F,41) con-
sisting of automorphisms f such that f(z;) = t;-x,@) -t;l (i=1,...,n+1)
and f(xp41) - f(x1) = ®py1 -+ 21, where t; € Fpq and p € Spqq is a
permutation.

Let us set F; | := Fuy1/(Tps1---21). The group Buy1(z1,...,Tpy1)
acts as an automorphism group on F};,;. This automorphism group we
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denote by By, (@1, .., 2Znq1). Let

1
Bgﬁ(wl, oy Tpg) =ker (7 By (21, Tpg1) — Zag),
where 7 is the obvious projection.
The next lemma is well known.

LEMMA 2.1.1. (see [W2]) Let (S1,...,Sn+1) be a sequence of geometric
generators of w1 (X(C);v). Then any other sequence of geometric gen-
erators of m (X(C);v) is of the form (f(S1),...,f(Sn+1)), where f €
By 1 (S1,.. . Sny1)-

DEFINITION 2.1.2. Let s = (S1,...,S,41) and s' = (S1,...,S,, ;) be
two sequences of geometric generators of 71(X(C);v). We say that s and

s’ are in the same permutation class if there is f € BSI;(Sl, ..., Spa1) such
that f(S;) = 5] for each 1.

2.2. Let K be a number field. Let ai,...,an,4+1 be K-points of the
projective line PL.. Let X = P} \ {a1,...,an+1} and let v € X(K). Let us
choose a tangential base point vy € X(K) at a; for k =1,...,n+ 1. Let
us fix an embedding K C C. Let I' = {y4}r=1,. nt1 be a family of paths
on X(C) from v to each vy and let Sq,...,S,41 be a family of geometric
generators of 7 (X (C);v) associated to I'.

The geometric generators of 1 (X (C);v) can be interpreted as elements
of m1 (X ;v). The path v from v to vy can be interpreted as an [-adic path,
i.e., a natural transformation of fiber functors over v and over v}, from étale
coverings of X to sets. A small circle around ay based at vy is defined
in the proof of Proposition 2.2.1. However it would be very interesting to
construct “geometric generators” of 71 (X z;v) in purely algebraic way.

Below we shall describe the action of Gk on 71 (X ;v) in terms of these
generators. The result seems to be well known (see [I1, pages 51 and 52]
and [AI, page 128]). We give however a sketch of a proof because of the
importance of this result in our studies.

Let x : Gk — Zj be the cyclotomic character.

ProproOSITION 2.2.1. Let o € Gi. Then

o(Sk) = (e (@)1 X7 -, (0)

fork=1,... n+1.

https://doi.org/10.1017/50027763000009004 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009004

ON I-ADIC ITERATED INTEGRALS, I 121

Proof. Without loss of generality we can assume that ar =0, a1 =
oo and v = 01. Consider the following Galois equivariant map

m1(Spec K[[2]][L],01) — mi (Xg, vp),

where K[[2]][1] is the algebra of formal Laurent power series. The funda-
mental group 1 (Spec K [[2]][2], 0_1)) is isomorphic to Z;. The group Gk acts
on 71 (Spec I_([[z]][%],(ﬁ)) by the cyclotomic character x : Gg — Zj. (See
[I1] and [N1, p. 94].)

Let us fix an embedding of K into C. We recall that the elements of
71 (Spec K [[z]][%],()_l)) act on Puiseux elements z!/"" by analytic continua-

tion. We define a canonical generator T' of m1(Spec K[[2]][2], 0_1)) requiring
that T'(21/") = 2™/ . 21" (see Picture 3).

Picture 3
We denote by T}, the image of T in (X, v). Clearly we have o(T}) =
T,z‘(a). Observe that Sy = v, ' - Tj - 7. Hence we get o(Sg) = o(y;, ") -T,z((a)-
o) = o0 ) (3T ) () -0 () = (£ (0) 1S i (0):
Let z € X(K) and let p be a path from v to z. Let us define functions
o; : Gg — Zy for i = 1,2,... n by the following congruence

n

fp(o) = HS?i(U) mod (7 (Xg;v), m(Xg;v)).
=1

Let Gx act on Z; as a multiplication by the cyclotomic character x : Gx —
Zr.
l

COROLLARY 2.2.2. The functions o, : G — Zy fori=1,2,...,n are
cocycles.

Proof. The corollary follows from Propositions 1.0.7 and 2.2.1.
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§3. Filtrations of Gi associated with the lower central series of
st

3.0. In this section we shall study various filtrations of the group G i
obtained from the action of G on fundamental groups and on torsors of
paths. The filtrations obtained from the action on fundamental groups were
already studied by Thara (see [I1]), Nakamura and Tsunogai (see [NT]) and
others.

These filtrations are associated to the lower central series filtrations.
Hence we recall here the definition of the lower central series of a group.

Let m be a group. The subgroups "7 of the lower central series are
defined recursively by

Mro=x, I"r=0"n), n=12...

(see [MKS, Section 5.3]).

Let X = P} \ {a1,...,an11} and let 2,0 € X(K). Fix an embedding
of K into C. Let z = (x1,...,2,+1) be a sequence of geometric generators
of m(X(C);v) associated with a family of paths I' = {v;}i=1,. n+1. The
action of Gk on 7 (X ;v) preserves I'lm (X z;v), hence G acts also on
the quotient group 71 (Xg;v) /T m (X g;0).

We set

Gi = Gi(X,v) :=ker(Gg — Aut(ﬂ'l(XK;U)/Fi+17T1(XK;7J))).

Observe that G = Gal(K/K (j)). The quotient group G;/Giy1 is iso-
morphic to a finite direct sum of several copies of Z; (see [NT, Theorem
(5.11)]). This implies that G /G; are l-adic Lie groups.

The group Gk /G1 C Z; acts on G;/G;y1 and the Gk /Gi-module
Gi/Git+1 is isomorphic to Z;(7)™ (see [I1] in the special case, when X =
P}Q \ {0,1,00}). Below we shall show that this result is a corollary of a
more general statement.

Let us set Goo = Goo(X,v) = (igy Gi(X,v). Then G1/Gs =
lim, G1/G; is a pro l-adic Lie group.

We say that two paths p,q € n(Xg;2,v) are I'-equivalent if p~! -
q € Tir(Xg;v). The set of I-equivalence classes, which we denote by
(X5 2,0) /T is a (X g;v)/Tim (X g;v)-torsor. The action of Gk on
7(Xf; 2,v) induces an action of G on m(Xg;2,v)/I' compatible with the
structure of the 7y (X jz;v) /T (X g; v)-torsor.
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We introduce a subgroup H; = H;(X; z,v) of G; by
H; = H;(X;2,v) := ker(G;(X,v) — Autget(m(Xg; 2,v)/T7)).

PropPOSITION 3.0.1. The conjugation on H; by elements of G in-
duces an action of Gk /G1 C Z] on the quotient group Hj/H ;1. Moreover
H;/Hjiq is isomorphic to a finite direct sum Z;(j)™ as a G /G1-module.

Proof. Let us fix a path p from v to z. The map t, : 7(Xz;2,v) —
m1(Xz;v) is Gg-equivariant, if o € Gk acts by o), on m1(Xg;v). The map
t, induces a G g-equivariant map

T(X g3 2,0) /T m(X g5 2,0) = m(Xgs0) /T (Xg;v).
Hence we get that
Hj = ker(Gj — Autge(m1 (X g5 0) /T m (X g5v))).

Let o € H;. Proposition 2.2.1 implies that o(xx) = (f,,(0)) ™! -2k -f,, (o) for
k=1,...,n,n+1. Observe that {-, (o) € IVm(Xg;v) fork =1,...,n,n+1
and fp(0) € [V (X z;v). The sequence

(Fp(0), 10 (0): - 3, (0)) € TV (X pgsw) x (D97 (X g3 w)"

determines the map o,. This implies that the quotient group H;/H;i1 is
isomorphic to a closed subgroup of

Dy (X g 0) /T (X 0) x (ij(XR; ) /T (X v))".
Therefore the quotient group H;/Hj1 is isomorphic to a finite direct sum
Z".

l

Let 7 € Gk and 0 € Hj. We shall show that 7-0 - 77! = x(1)7 - o
in Hj/Hjii. It follows from Proposition 1.0.7 and Corollary 1.0.8 that
fo(r -7 = fy(7) - 7y (@)) - (7 o 71 (fy(r) ). Observe that fy(r) -
(o)) (707 D) (5, (7)) = (7p(0)) mod T+ (X g3 v) and 7(5, () =
X(7) - fp(0) mod TV (X z;v). This implies the proposition because we
have also

fr(7 -0 771 = x(7) - f3,(0) mod IV (X3 0)

fori=1,...,n,n+ 1.
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COROLLARY 3.0.2.  The conjugation on G by elements of Gk induces
an action of Gx/G1 C Zj on the quotient group G;/Gjy1. Moreover
G /Gjt1 is isomorphic to a finite direct sum Z;(j)™ as a Gk /G1-module.

Proof. The corollary is a special case of Proposition 3.0.1 if z = v and
p is a constant path.

The class of the element o € H; modulo H;; is completely determined
by its coordinates

(fp(a)v f’Yl (U)? R ’f% (U))
€ (MVm(Xg;0) /T m (X gsv)) x (M (X g 0) /T m (X g5 v) "

Apparentely the first coordinate f,(o) mod IV *17m(Xg;v) depends on a
choice of a path p from v to z. However we have the following result.

LEMMA 3.0.3. Let 0 € Hj; and let p and q be two paths from v to z.
Then f5(0) = (o) mod TV (X 53 v).

Proof. Let usset S =p~t-q. Then f4(c0) = fp.s(c) = S71-f,(0) -0 (9).
Observe that o(S) = S mod IVl (X z;v). Hence we get that f,(0) =
fp(c) mod TIHm (X z;v).

It follows from Proposition 3.0.1 that Hy/H; are l-adic Lie groups. Let
us set
o0
Hoo = Hoo(X;2,0) := [ | Hi(X; 2,0).
i=1

Then Hy/Hy = lim, Hy/H; is a pro l-adic Lie group.

DEFINITION 3.0.4. Let A and B be nilpotent groups with exponents
in Z;. We say that a homomorphism h : A — B of groups with exponents
in Z; is an f-epimorphism if for any b € B there exists a positive integer n
and an element a € A such that h(a) = b'".

Remark. 1f A and B are Z;-modules and if B is a finitely generated

Z;-module then h : A — B is an f-epimorphism if and only if coker(h) is
finite.
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PROPOSITION 3.0.5. The natural homomorphisms
H;/Hy — G;/Gy
are f-epimorphisms for any ¢ > 0 and any k > 0 such that k > 1.

Proof. The equality H; = (G1 implies that the natural homomorphism
g : Hi/H}, — G1/G} is an epimorphism for any k. After the Malcev rational
completion we obtain an epimorphism go : H1/Hy ® Q — G1/Gr ® Q of
nilpotent groups with exponents in Q;. The category of nilpotent groups
with exponent in Q; and the category of nilpotent Lie algebras over Q; are
equivalent. Hence passing to Lie algebras we get an epimorphism Lie(gp) :
Lie(H1/H, ® Q) — Lie(G1/Gr ® Q) of finite dimensional nilpotent Lie
algebras over Q;. The construction of the Malcev rational completion and
then passing to Lie algebras are functorial. Therefore the Galois group
G acts linearly on both Lie algebras and the morphism Lie(gg) is Gk-
equivariant. Now the standard weight arguments imply that the natural
morphism Lie(H;/H) ® Q) — Lie(G;/Gr ® Q) is an epimorphism. Hence
the homomorphism of nilpotent groups H;/H; ® Q — G;/Gi ® Q is also
an epimorphism. This implies that the natural map H;/Hy, — G;/G}, is an
f-epimorphism.

Let us set

Ki(X,v):= (| Hi(X;zv), K(X):= (] H(X;zv)
2eX(K) (20)EX (K)?

and

Koo(X,0) = [ Ki(X,0), Kool(X) =[] Ki(X).
i=1 =1

3.0.6. Observe that K1(X) = K1(X,v) = G1(X,v) = Gal(K /K (ju)).
We do not know if the maps

Ki(X,v)/Ki(X,v) — Hi(X;2,0)/Hp(X;2,0)

and
Ki(X) /Ky (X) — Hi(X;2,0)/Hy(X;2,0)

are f-epimorphisms for any ¢ and any k. Below we shall show weaker results.
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Let T be a nonempty finite subset of X (K)2. Let us set
KI(X)= () HiX;zv) and KL(X):=[)K](X).
(z,0)€T =1

In the same way as Proposition 3.0.5 we show the following result.

PRrROPOSITION 3.0.7. LetT and S be nonempty finite subsets 0fX(K)2.
Assume that S C T. Then the maps

KT (X) /K (X) — K7 (X) /KR (X)

are f-epimorphisms for any positive integers k and i such that k > 1.

LEMMA 3.0.8. The restriction map

H'Y(Gr, Qu(N)) — H' (K (X), Qu(NV))

18 1njective.

Proof. Let I' = Gal(K (u~)/K). We recall the reader that K¥(x) =
Gal(K /K (pe0)). The restriction map

H'(Gk, Qu(N)) — Homr (KT (X)™, Qu(N))

is injective. Let f € Homp (KT (X)®, Q;(N)). Assume that the composition
of f with the natural projection X7 (X) — KT (X)® vanishes on K% (X).
Therefore f induces a T-homomorphism f : (KT (X)/K%(X))® — Qi(N).
Proposition 3.0.1 implies that the quotient group KT (X)/K%(X) is a suc-
cessive extension of direct sums of Z;(i) with ¢ < N. Now it follows from
weight arguments that f and hence also f are zero maps. This implies the
lemma.

DEFINITION 3.0.9. Let C be the category whose objects are all finite
subsets of X (K)? and whose morphisms are inclusions. We set

He(Kn(X), Qu(N)) :=lim H' (K (X), Qi(N)).
C

LEMMA 3.0.10. The map
HY (G, Qui(N)) — HE(Kn(X), Qu(N))

18 injective.
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Proof. The lemma follows from Lemma 3.0.8.

Lemma 3.0.10 will be needed in our formulation of Zagier conjecture
in Section 7. We recall also that H'(Gk,Q;(N)) for N > 1 is a finite
dimensional vector space over Q;. More precisely there is the following
result. Let 71 (resp. r2) be a number of real (resp. complex) places of K.
We assume that [ is an odd prime. Let S be a set of maximal ideals of
Ok containing all maximal ideals which divide [ and let Ok s be a ring of
S-integers in K. Then

dim H' (Spec Ok s, Qi(N)) = dim H' (G, Q;(N)) = ra,

if N is even and greater than 1;
dim H' (Spec Ok, 5, Qu(N)) = dim H' (G, Qu(N)) = r1 + 12,

if N is odd and greater than 1.

(See [S2, Theorem 1] for Ok[1] and apply Proposition 1 from [S1] for K

and Ok s.)
Let us assume that O} ¢ ® Q is a finite dimensional vector space over
Q. Then

dim H'(Spec Ok 5, Qi(1)) = dimq(Of s ® Q).
The last equality follows from Kummer theory.

3.1. We shall study relations between filtrations {G; }ien and { H; }ien
of Gk for different X.

LEMMA 3.1.0. Let Y = Ppi\{b1,...,bypt1} and let g : Y — X be
a non-constant morphism between affine varieties. Let y,w € Y(K) and
let z = g(y) and v = g(w). Then we have G;(Y,w) C G;(X,v) and
H;(Y;y,w) C Hi(X;2,v).

Proof. Observe that the induced map g, : m (Yz;w) — m(Xz;0) is
surjective after passing to the Malcev rational completions and it commutes
with the action of Gg. This implies that G;(Y,w) C G;(X,v). Let p be a
path from w to y. Then fy,)(0) = g«(fp(c)). Hence fp(0) € Timy (Vs w)
implies that fyp)(0) € IMmi(Xg;v). This implies that H;(Y;y,w) C
H;(X;z,v).

As before the weight arguments imply the following result.
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ProposITION 3.1.1. The induced maps
GZ(K w)/G’H-k (Y’ U}) — G; (X’ U)/Gi-i-k (Xa U)

and
Hi(Y;y,w)/Hin(Yiy,w) — Hi(X;2,0)/Hiy1, (X5 2,0)

are f-epimorphisms for all i > 0 and all k > 0.

3.2. We recall that © = (x1,22,...,Zn4+1) is a sequence of geomet-
ric generators of 71 (X (C);v). Then m(Xg;v) is a free pro-l group on n
generators x1,...,%,. Let Lie(X) be a free Lie algebra on n generators
X1,...,Xp. Let us fix a Hall base B of Lie(X). Let B; be the set of el-
ements of degree ¢ in B. We introduce a linear order in the set B in the
following way. We fix a linear order in B; for every i. We assume that
elements of B; are smaller than elements of B; ;.

Ife=1[--[Xi,Xi,]Xis - -], we denote by e(x) the element (- - - (z;,, %i,)
Tig -+ ) of M (X z;v). It is well known that any g € 71 (X z;v) can be written
uniquely as an infinite convergent product

I I et@)
i=1eeB;

where a, € Z; and the product is taken in the declared linear order in B.

DEFINITION 3.2.0. Let z € X(K) and let p € m(Xg;z2,v). For each
e € B;j we define maps

ke(p,x) : Hj(X;2,v) — Zy(j)
by the following equations

fp(o) = H e(:r)“e(p’x)(a) mod Fj+17r1(XK;v).
eEBj

LEMMA 3.2.1. Let z € X(K) and let p € n(Xg;2,v). Let e € B;.
The map ke(p,x) @ Hj(X;2z,v) — Zi(j) is a homomorphism compatible
with actions of Gal(K(ue)/K). The map ke(p,x) does not depend on
the choice of a path p from v to z and it does mot depend on the choice
of a sequence of geometric generators ¥ = (x1,T2,...,Tny1) in the same
permutation class.
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Proof. Let o’ = («),...,2),_) be another sequence of geometric gen-
erators of 7 (X (C); v) associated with a family of paths I = {~/}i=1 nt1-
We shall assume that the automorphism of 71 (X (C);v) given by z; — «

fori=1,...,n+1isin B&z’;(azl, vy Tpy1). We have

(32.2)  ah=fi(xr,...,x) o wy filwy, .. ) (G=1,...,n+1),
where fi(21,...,2,) =7, " -7, € T1(X(C);v). Then

fplo) = H e(:r’)"e(p’x/)(") mod Fj+17r1(Xf(;v).
EEB]'

It follows from (3.2.2) that e(r) = e(2’) mod IV*lm(Xz;v). Hence

Ke(p, ) = Fe(p, 7).
Let ¢ € m(Xz;2,v) and let T := p~' - ¢. Then it follows from (1.0.4)
that

fq(o) = T fp(c) - o(T).
If 0 € Gj(X,v) then o(T) =T mod IV "7 (X z;v). Hence we get f,(0) =
T -fp(0) - o(T) = §p(c) mod IVl (X z;v). Therefore k. (p,z) does not
depend on the choice of a path p in 7(Xg; z,v).
The formula
fo(ro) = fp(7) - 7(fp(0))

(see Proposition 1.0.7) and Proposition 2.2.1 imply that x.(p, z) is a homo-
morphism.

Let 7 € Gk and 0 € Hj(X;z,v). Then ro77! € H;(X;2,v) and

fp(TaT_l) = H e(a:)“e(p’x)(TW_l) mod Fj+17T1(XI‘(;U).
eEBj

On the other hand

fp(ror™1) = §p(1) - 7(1p(0)) - Ta(p(r71)).

Working mod IV (X ;5 v) we get

() - 7(fp(0)) - 7o (o (7)) = Fp(r) - [ ela) X e (g, (7))

eEBj

= [[ e =@
eEBj
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because o(fo(771)) = f,(771) mod IVFlr (Xz5v) and 7(f(r71)) =
(fp(T))_l. Hence we get that ne(p,a:)(Tm—_l) = X(T)jlie(p,ﬂj)(a).
Observe that the homomorphism ke(p,z) : Hj(X;z,v) — Z(j) de-

pends only on (z,v) € X(K)? and on a linear order (ay, ..., an41) of points
removed from P}(. Assuming that the linear order (ai,...,an+1) is fixed
we set

Ke(2,0) := Re(p, x).

84. Coordinates on the fundamental group and on the torsor

4.0. Let X = P} \ {a1,...,an41} and let v € X(K). Let z =
(z1,...,Tn+1) be a sequence of geometric generators of 71 (X (C);v). Let
Qi{{X1,...,X,}} be an algebra of non-commutative formal power series
in n non-commuting variables X1i,...,X,. We set X := {X1,..., X, }. To
simplify the notation we shall write Q;{{X}} instead of Q;{{X1,...,X}}.

We recall that Q; is a topological non-archimedian field. Let I be the
augmentation ideal of Q;{{X}}. Observe that Q;{{X}}/I" is a finite dimen-
sional topological vector space over Q; and Q{{X}} =lim ~Q{{X}}/I™.
We equip Q;{{X}} with a topology of the projective limit. We recall that
m1(Xj;v) is equipped with a pro-finite topology.

We define a continuous embedding

ky :mi(Xg5v) — Qi{{X}}

setting kg (x;) := exp X; for i = 1,...,n and requiring that k,(w - w') =
ky(w) - ky(w').

Let p € m(Xg;2,v). Composing t, (see Section 1) with k, we get a
continuous embedding

kpp:m(Xg;2z,v) — Qi{{X}}.

Let us set
A(p,:v) (O’) = k‘x(fp(O'))

(We shall omit the subscript x if a sequence of geometric generators is fixed
and we shall write A,(o) instead of A, ;)(0).)

Let us denote by Aut(Q;{{X}}) the group of continuous automorphisms
of the Q-algebra Q;{{X}} and by GL(Q;{{X}}) the group of continuous
linear automorphisms of the Q;-vector space Q;{{X}}.
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The action of Gx on m(X;v) defines a continuous action of Gx on

Qi{{X}},
( )z Gr — Aut(Qi{{X}})
given by o, (exp X;) := ky(o(x;)) fori=1,...,n.
The action of Gk on m(Xj; 2, v) defines a continuous action of G on

Q{{X},
( Jap: Gxk — GL(QI{{X}})

given by oy p(w) = A, 2y(0) - o2 (w).
(We shall omit the subscript x if a sequence of geometric generators is fixed
and we shall write o instead of o, and o), instead of o, ,. We hope that these
notations will not cause confusions with notations used in Section 1. There
o (resp. 0p) denotes an automorphism of 71(X(C);v) (resp. a bijection of
m1(X(C);v)) induced from the action of Gx on 71 (X (C);v) (resp. on the
m1(X(C);v)-torsor (X ; 2,v)).)

4.1. The subgroups G;(X,v) and H;(X; z,v) of Gk can be described
in terms of the action of Gx on Q;{{X}} in the following way.

LEMMA 4.1.1. Let X = Pk \{a1,...,ans1} and let z,v € X(K). We
have

Gi(X;v) = ker(Gx — Aut(Q{{X}}/I"))

and

Hi(X; z,v) = ker(Gi(X;v) — GL(Q{{X}}/I")).

We shall omit an easy proof.

4.2. Let A € Q;. We define a continuous automorphism of Q;-algebras

p(A) : Qi{X} — Qi{{X}}

setting p(\)(w) := A'w if w is homogenous of degree 1.
Let 0 € Gg. We set

0u(0) == 0z 0 p(x(0)™h)

and
¢x,p(a) = 0gzp0 p(X(O—)il)'

Observe that ¢, (o) (resp. ¥y p(0)) is a pro-unipotent automorphism of Q;-
algebra (resp. pro-unipotent Q;-linear automorphism of) Q;{{X}}.
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Remark. 1If o € Gy then (o) = 0 and ¢, 5(0) = 04 p.
LEMMA 4.2.1. We have

0o (7 0) = (1) 0 (p(X(7)) 0 e () 0 p(x (7))

and

¢x,p(7— : U) - wx,p(T) o (p(X(T)) o wx,p(o-) o p(X(T)_l))'
We can interpret the equalities from Lemma 4.2.1 in the following way.

COROLLARY 4.2.2. Let Gk acts on Aut(Q;{{X}}) (resp. GL(Q;{{X}}))

by o(a) == p(x(c))oacp(x(c)™1). Then the maps ¢, : G — Aut(Q{{X}})
and ¥y p : Gg — Aut(Q{{X}}) are 1-cocycles.

Let A € Q}. We shall denote by a* the automorphism p(A~1)oa o p())

85. [-adic iterated integrals

5.0. The purpose of this section is to introduce objects called by us I-
adic iterated integrals (see Definition 5.3.0). These l-adic iterated integrals
evaluated at z are functions from the Galois group Gk to Q, which to o €
Gk associate coefficients of the power series (log ', ,(0))(1) ((logoyp)(1)
if 0 € Gk(ue)) These l-adic iterated integrals correspond to suitably
normalized classical complex iterated integrals.

Let ay,...,a,+1 be K-points of the projective line P}<. Let X = P}( \
{a1,...,ans1} and let v € X (K) be a base point. Let us choose a tangential
base point v; at a; for i = 1,2,...,n+ 1. Let z = (z1,...,2y4+1) be a
sequence of geometric generators of 71(X(C);v) associated with a family
of paths I' = {v;}i=1,..n+1 from v to each v;. It follows from Section 3
that G1 /G« is a pro-unipotent [-adic Lie group. Hence (G1/G) ® Q - the
rational completion of G1/Gy - is a pro-unipotent Q;-Lie group. Let us
set g = g(X,v) := T34((G1/Gx) ® Q) = Lie((G1/G) ® Q) - the tangent
space of (G1/Gx) ® Q at the identity.

We shall denote by Der(Q;{{X}}) the Lie algebra of continuous deriva-
tions of the Q-algebra Q;{{X}} and by End(Q;{{X}}) the Lie algebra of
continuous automorphisms of the Q;-vector space Q;{{X}}.
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We have the following commutative diagram:

/G —— Aut( QX))

llog llog

s U pe@ux)).

(The upper horizontal arrow is induced by the action of G on Q;{{X}},
the lower horizontal arrow is the induced map on tangent spaces, log on the
right side is defined only on pro-unipotent automorphisms.)

Let z € X(K) and let p € (X ;2 v). It follows from Section 3 that
Hi/Hy = Hi(X;2z,v)/Hx(X;z,v) is a pro-unipotent l-adic Lie group.
Hence (Hi/Hs) ® Q is a pro-unipotent Q-Lie group. Let us set h =
h(X;z,v) :=Ty((Hi/Heo)®Q) = Lie((H1/Hoo ) ®Q) - the tangent space of
(H1/Hy)®Q at the identity. We have the following commutative diagram:

Hy/He 7 GLIQUX))

Jlog Jlog

Lie( Ja,p
— End(Qi{{X}}).

Let T C X (K)? be a finite subset containing a pair (z,v). We have epimor-
phisms KT (X)/KL(X) — G1/Go and KT(X) /KL (X) — Hy1/Hs and the
induced epimorphisms of Lie algebras

Lie(KCT (X)/K5(X) ®Q) — g and  Lie(K] (X)/K5,(X) ® Q) — b.

Hence we can consider that the homomorphisms ( ), and ( ), , are defined
on KT(X)/KL (X) and that the morphisms of Lie algebras Lie( ), and
Lie( )z, are defined on Lie(KT(X)/KL (X) ® Q).

The image of the morphism ( ), (resp. Lie( );) is contained in the
“braid-like” subgroup of Aut(Q;{{X}}) (resp. Lie subalgebra of Der
(Qi{{X}})). We recall their definitions. We also describe subgroups and
subalgebras containing images of morphisms ( ), and Lie( ), respec-
tively.
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5.1. We recall that X = {Xy,...,X2}. Let Lie(X) be a free Lie
algebra over Q; on the set X. Let us set

L(X) := lim Lie(X)/T" Lie(X).

1

We identify L(X) with Lie elements in Q;{{X}}.

We introduce the following notation. If A and B belong to a Lie al-
gebra then we define [[A, B]B°] := [A, B], [[A, B]B'] := [[A, B], B] and
[[A, B|B™) := [[[A, B]B™ 1], B] for m > 1.

DEFINITION 5.1.0. Let us define subgroups

Aut™(Q{{X}}) = {f € Aut(Qi{{X}}) |
VX; € X 3l € LX), f(X;) =e 7l X; - €}

Aut* L(X) := {f € Aut L(X)

VX, € X 3 € LX), f(X) =X+ > %[[Xi’li]lzml]}
m=1

and Lie subalgebras

Der™(Qi{{X}}) := {D € Der(Q;{{X}}) |
VX; € X 3A; € L(X),D(X;) = X; - A — A - Xi )5

Der*L(X) :={D € Der L(X) |VX; € X34, € L(X), D(X;) = [X;, A;]}
and

Der* Lie(X) := {D € Der Lie(X) |

LEMMA 5.1.1. We have

i) Aut®(Q{{X}}) = Aut™ L(X);
ii) Der*(Q;{{X}}) = Der*L(X);

iii) The Lie algebra of Aut®(Qu{{X}}) (resp. Aut™ L(X)) is
Der*(Q;{{X}}) (resp. Der*L(X)).
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Proof. The first part follows from the well known formula
1
(5.1.2) el X = X+ Y — [, .
m=1"""

The second part is obvious, so it rests to show the last statement of the
lemma. It is well known that the Lie algebra of the group of automorphisms
of a Q-algebra is the Lie algebra of derivations of this Q-algebra. Let
D be a derivation of the Q-algebra Q;{{X}}. Suppose that exptD €
Aut*(Q{{X}}). Then (exptD)(X;) = e 4® . X, . ei® for i = 1,...n.
The elements /;(t) are in L(X). We can suppose that the coefficient of [;(t)
at X; vanishes. Then we have [;(0) = 0 and [;(¢) depends smoothly on t.
Hence A; := lim;_¢ $/;(t) exists and belongs to L(X). Comparing Taylor
developments of (exp tD)(X;) and e 4(®) . X; . ") we get D(X;) = [X;, A;]
for i = 1,...,n. Therefore D belongs to Der*(Q;{{X}}).

PROPOSITION 5.1.3. Let 0 € Gi. Then p,(0) € Aut*(Q;{{X}}) and
log ¢z (o) € Der™(Qi{{X}}).

Proof. 1t follows from Proposition 2.2.1 that

02(Xi) = (A0 (0)) ™1 - x(0)Xi - Ay, ) (0)

for i = 1,...,n. Hence p,(0) € Aut*(Q;{{X}}). It follows from Lemma
5.1.1 that log ¢, (0) € Der*(Q;{{X}}).

To give an explicit formula for log v, (X;) we need to study Galois
actions on torsors of paths. The action of Galois groups on torsors of paths
requires to introduce semi-direct products of Lie algebras. Below we give
the necessary definitions.

Let L be a Lie algebra and let D be a Lie subalgebra of the algebra of
Lie derivations of L. We equip the direct product L x D with a Lie bracket

(1, D), (lh, D1)] := ([I, h] + D(l1) — D1(1), [D, D1]).

The resulting Lie algebra we denote by L x D and we call it a semi-direct
product of L and D.

If g € Qi{{X}} then L, denotes left multiplication by g. Leyp(rx)) is
the set of left multiplications by elements of exp(L(X)) and Lpx) is the
set of left multiplications by elements of L(X).
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LEMMA 5.1.4. Let G be a subgroup of GL(Q{{X}}) generated by
Lexp(n(x)) and Aut™(Q{{X}}). Then G is a semi-direct product of Lexp(1(x))
and Aut*(Q;{{X}}), which we denote by Lex,(r(x)) X Aut*(Qi{{X}}). The
Lie algebra of Lexp(r(x)) x Aut*(Q{{X1}) is equal to a semi-direct product
of Lie algebras Lpx) x Der* L(X) ~ L(X) x Der* L(X).

Proof. Let f, f1 € exp(L(X)) and ¢, ¢1 € Aut*(Q;{{X}}). Then we
have

(Lf o@p)o (Lfl °0pp) = Lf_¢(f1) o (o).

This implies that G is a semi-direct product of Leg,r(x)) and Aut®
(Qi{{X}}). It follows from Lemma 5.1.1 that the Lie algebra of Aut*
(Qi{{X}}) is Der® L(X). The Lie algebra of Leypr(x)) 18 Lrx)- Hence
the Lie algebra of G is equal to Lx) x Der* L(X) as a vector space.

Let f,g € L(X) and let D, E € Der* L(X). Observe that L+ D is the
tangent vector at ¢ =1 to the curve ¢ — Leypp oexptD. To calculate a Lie
bracket of the Lie algebra of G we need to calculate the coefficient at t2 of
the commutator

(Lexp tf ©exptD, Lexptg © €Xp tE).

This coefficient is equal Ly 11 p(g)—£(s) + [D, E]. This shows that the Lie
algebra of G is the semi-direct product of Lie algebras L (x) x Der* L(X) ~
L(X) x Der* L(X).

PROPOSITION 5.1.5. Let 0 € Gg. Then 1y p(0) € Lexp(r(x)) X Aut*
(Qi{{X}}) and log vy p(0) € Lix) X Der*L(X).

Proof. Let 0 € Gk and w € Qi{{X}}. We have
(5.1.6) Yo p(0) (W) = Apay(0) - @z (o) (w).
It follows from (5.1.6) that 1, (o) belongs to the semi-direct product
Lexp(L(X)) >~< Aut*(Ql{{X}})
The Lie algebra of the semi-direct product of groups Leypr(x)) x Aut*
(Qif{X}}) is equal to a semi-direct product of Lie algebras Lpx) X

Der* L(X) ~ L(X) x Der* L(X) by Lemma 5.1.4. Therefore log 1, ,(c) €
Lix) x Der* L(X). This finishes the proof of the proposition.
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Below we shall calculate both components of log ¢, , (o).
We denote by () a product given by the Baker-Campbell-Hausdorff
formula (BCH formula) (see [MKS, Theorem 5.19]).

PROPOSITION 5.1.7.  The element log 1, »(0)(1) € L(X) and we have

log ¢x,p(a) = L(logwx,p(a))(l) + log (,035(0)-

Proof. Let g,h € L(X) and D € Der*(Q;{{X}}). Then [Lg4, L] =
Lign and [D, Lg] = Lpg. Hence all terms of log v, (o) — log z(0) =
Liog Ay.0 (o) O log g (0) —log (o) are of the form L, for some g € L(X).
Therefore log 1, p(0) = Lg+log ¢, (o) for some g € L(X). Evaluating both
sides of the equality at 1 we get that g = (¢3(0))(1). This finishes the
proof of the proposition.

PROPOSITION 5.1.8. Let 0 € Gg. Then we have
log 2 (0)(X) = [X: (10 s 0, (0))(1)]
fork=1,...n.
Proof. One computes easily that

(log ¥z, (0))(1) = (A 2y () —
(A yp2) (9)) = 2A (5, 2y (0) + 1)
(Aye) (0) - 02(0)2 (A 0 (0))

— 30 (3,.0)(0) - 02(0) (A (3,2)(0)) + 3A (509 (0) = 1) -+

This implies that (logvy, (0))(Xk) = X - ((log ¥z, (0))(1)). Now it fol-
lows from Proposition 5.1.7 that log ¢, (0)(Xy) = [Xk; (log ¢z, (0))(1)].

—_
~—

5.2. The main object of our study are coefficients of the operator
log 9 (o) for varing o (see Definition 5.3.0). The element log, ,(0) €
Lix) x Der* L(X). Hence to study these coefficients we need to study linear
forms on the Lie algebra L x) X Der* L(X) and on various Lie subalgebras
of this Lie algebra. First we define suitable linear forms which evaluated on
the element log ¢, ,(0) gives coefficients. Next we are studying properties
of the operators induced by the Lie brackets on these linear forms.

The free Lie algebra Lie(X) (resp. the completed free Lie algebra L(X))
has an obvious Q-structure - a free Lie algebra over Q on the set X (resp. a
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completed free Lie algebra over Q on the set X). Therefore the Lie algebras
of derivations Der Lie(X) and Der* Lie(X) (resp. Der L(X) and Der* L(X))
have also Q-structures.

Let Lie(X),, be a vector subspace of Lie(X) of homogenous elements of
degree m. Let (Lie(X),,)* be the dual vector space of the finite dimentional
vector space Lie(X),,. We define the graded dual Lie(X)® of the free Lie
algebra by

[e.o]

Lie(X)* := @D (Lie(X)m)*.

m=1
Let (X;) be a vector subspace of Lie(X) generated by X; and let (X;)* be
the dual vector space. We define the subspace of Lie(X)® of linear forms
killing (X;) by

(Lie(X)/(X:))® = ker(Lie(X)® — (X;)*).

We shall define the graded dual of the semi-direct product Lie(X) x Der*
Lie(X). We start with the following observation. Let D € Der* Lie(X) be
such that D(X;) = [X;, 4;] for i = 1,...,n. The map

f : Der* Lie(X) — P (Lie(X)/(X;))
=1

given by f(D) = (Aj,...,A,) is an isomorphism of vector spaces. The
isomorphism f is compatible with Q-structures on both vector spaces. The
isomorphism f identifies Der* Lie(X) with €D}, (Lie(X)/(X;)). We define
the graded dual of the Lie algebra Der* Lie(X) by

n

(Der* Lie(X))® := EP (Lie(X)/(X;))°.

i=1

The dual of a semi-direct product of two Lie algebras is a direct sum
of duals of these two Lie algebras. Hence we set

(Lie(X) x Der* Lie(X))® := Lie(X)® @& (Der* Lie(X))®.

DEerFINITION 5.2.0. Let V be a vector space. We say that V is a Lie
coalgebra if V' is equipped with a linear map d: V' — V ® V satisfying

i) Tod+d =0, where T7(a®b) =b® a;
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ii) 322 jolo(d®idy)od=0, where 0(a®@b®¢) =b®c®a.

It follows from i) that d factors through d: V — V AV, where

V/\V—{Zni(ai(@bi—bi@ai)eV@V}.
el

Farther we shall also denote VAV by /\2 V.

LEMMA 5.2.1. i) If V is a Lie coalgebra then the dual vector space
V* equipped with [ ]:=d*: V* @ V* — V* is a Lie algebra.
ii) If L is a Lie algebra then L* equipped with d :==[ ]*: L* — L* ® L*
is a Lie coalgebra.

COROLLARY 5.2.2. The vector spaces Lie(X)®, (Der*Lie(X))® and
(Lie(X) x Der* Lie(X))® equipped with d := | ]* are Lie coalgebras.

Proof. The dual vector spaces Lie(X)*, (Der* Lie(X))* and (Lie(X) x
Der* Lie(X))* equipped with d := [ |* are Lie coalgebras. Observe that
d preserves Lie(X)®, (Der* Lie(X))® and (Lie(X) x Der* Lie(X))°. Hence
these vector spaces are also Lie coalgebras.

5.2.3. The vector spaces Lie(X)®, (Der* Lie(X))® and (Lie(X) x Der*
Lie(X))® are canonically embedded as Lie coalgebras into L(X)*, (Der*
L(X))* and (L(X) x Der* L(X))* respectively. When we view these vector
spaces as vector subspaces of L(X)*, (Der* L(X))* and (L(X)x Der* L(X))*
then we denote them by L(X)®, (Der* L(X))® and (L(X) x Der* L(X))®
respectively.

5.3. Below we shall give the very definition of the [-adic iterated inte-
grals. Observe that the element (log v, ,(0))(1) is a Lie element in Q;{{X}}
by Proposition 5.1.7.

DEFINITION 5.3.0. Let us fix a Hall base B of Lie(X). Let 0 € Gg.
We set

aﬂ%p(a) := (log ¢x7p(0))(1) = Za;p(a) - €.
eeB
Let ¢ € L(X)® be a linear form defined over Q. We set

ag ,(0) = ¢((10g ¥z,p(0))(1))-
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The functions af ,, : Gx — Q; we shall call l-adic iterated integrals.
If e € B then we denote by e* the dual vector with respect to this base
B. Observe that the set {e*}cs is a linear base of Lie(X)°. Hence any a%,

is a linear combination of a finite number of ag ,,.
THEOREM 5.3.1. Let e € B be an element of degree i. We have:

i) ag,(0) =0 for o € Hiy1.

ii) ag (1 -0) = ag (1) + a5 (o) for any 7,0 € H;.

iii) The homomorphism a;p'Hi : Hy — Qq(3) is compatible with the action
of Gal(K (ue)/K) on H; and Q(3).

iv) The homomorphism a;p‘Hi : H; — Qq(i) depends only on z and v. It

does not depend on the choice of geometric generators x (in a given
permutation class) and on a choice of a path p from v to z.

Proof. The point i) follows from the definition of the group H; and
from Lemma 4.1.1. Let 7,0 € H;. Then 1, ,(0) = 04, ¥2,(T) = 75 and
Yap(T-0) = (T-0)g,p It follows from the point i) that

(5.3.2) (logozp)(1) = > a,(0)-e+ > Y af (o)«
e€B? j>i+1ecBi

We have (7-0)zp = Tap © 05 p. The BCH formula implies

1
log(7 - 0)zp = log 7y + log oy p + §[log Top, l0g 0g pl + -
Evaluating both sides of the equality at 1 we get

(log(7 - 0)2.p)(1) = (l0g 7 p) (1) + (log 02 ) (1) + A(7,0)(1),

where A(7,0) = 3[log 7y p,log 05 p] + -+ -. It follows from the point i) that
terms of degree i of A(7,0)(1) vanish. Hence ag (7o) = ag ,(7) + a5 (o)
for e € B and 7,0 € H;. The points iii) and iv) follow from Lemma 3.2.1.

We recall from Proposition 5.1.7 that

1og Y p(0) = Ltog e p(0))(1) T 108 @z ().

The Il-adic iterated integrals introduced in Definition 5.3.0 are coefficients of
the element (log 1, ,(0))(1). We must also study coefficients of the operator
log ¢, (0). We recall that ¢,(c) is an automorphism of Q;{{X}} induced
by the action of o on m(Xj;v) twisted by the cyclotomic character (see
Section 4). Hence the operator ¢, (o) depends only on a choice of geometric
generators © = (x1,...,Zp+1) and on a choice of a base point v.
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DEFINITION 5.3.3. Let € € (Der* L(X))® be a linear form of degree m
and let 0 € Gg. We set

e(v)(0) := e(log ¢z (a)).

Observe that £(v) is a function from G to Q;. We shall use functions
e(v) to express the action of the operator d on [l-adic iterated integrals.
Any function €(v) is in fact a linear combination of l-adic iterated integrals
defined in Definition 5.3.0. However it is still very useful to have a separated
notation for these functions.

PROPOSITION 5.3.4. There are eq,...,e, € By, and ay; € Qp for 0 <
k<n+1and 0<i<r+1 such that

=Y o,
k=1 i=1

If € is defined over Q then oy ; are in Q.
Proof. The proposition follows from Proposition 5.1.8.

We shall see later that the function af ,, : Gk — Q depends on a choice
of a path p from v to z. Assume that e is of degree m. It follows from
Theorem 5.3.1 iv) that the restriction of ag , to the subgroup H,(X;z2,v)
depends only on z and v. It does not depend on a choice of a path p. This
motivate the following definition.

DEFINITION 5.3.5. Let e € B be an element of degree m and let ¢ €
L(X)® be a linear form of degree m. We set

LE(z,v) := a

¢ — ¥
D Hon (X:2.0) and L%(z,v):=a

TP|H (X52,0)

Let € € (Der* L(X))® be a linear form of degree m. We set
£€(v) = 5(”)\Hm(X;z,v)'

It follows from Proposition 5.3.4 that

= 30D il

k=1 i=1
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86. Cocycle conditions

6.0. It follows from Proposition 1.0.7 that the function f, : Gx —
m1(Xg;v) is a cocycle. Similarly Lemma 4.2.1 implies that the functions
e 1 G — Aut(Q{{X}}) and ¥, : Gx — GL(Q;{{X}}) are cocycles.
The map ( )zp : Gr(yeo) — GL(Qi{{X}}) is a homomorphism. However
coefficients of these matrix valued functions usually are not cocycles or
homomorphisms.

Let ¢ € L(X)° be a linear form of degree m. The function af, :
Gi(uye) — Qu(m) (resp. afp : Gx — Q(m)) usually is not a homo-
morphism (resp. a cocycle). We are looking for conditions when a linear
combination of various aj, with Q; coefficients is a homomorphism (resp.
a cocycle).

Let T be a finite subset of X (K)? containing a pair (z,v). It follows
from Section 5.0 that aj , and £(v) can be also considered as functions from
the Lie algebra Lie(KT (X)/KL (X)) to Q.

LEMMA 6.0.1. Let ¢ € L(X)® be a linear form of degree m and let T
be a finite subset of X (K)? containing a pair (z,v). Assume that

de)= ) ( Y et N+ > be.ce™ A €>
k+j=m “e€By, e’ €B; e€By, e€(Der* L(X))J
in N?(L(X) x Der* L(X))°. Then we have
dz)= ¥ (¥ avdnat X h,ne)
k+j=m “e€By, e’ €B; e€By, e€(Der* L(X))J
in \* (Lie(KT (X)/KT(X))) " where
(Lie(K (X)/K3(X)))" := Homg, (Lie(K (X) /K3 (X)); Qu).-
Proof. The lemma is an obvious consequence of the fact that the map
Lie( )ap : Lie(KT (X)/K% (X)) — Lyx) % Der" L(X)
is a morphism of Lie algebras.

PROPOSITION 6.0.2. Let (z;,v;) € X(K)?, let ¢; € L(X)° be a linear
form of degree m, let p; be a path from v; to z; and let x; be a sequence
of geometric generators of mi(X(C);v;) fori =1,...,N. Let ny,...,ny
be in Q. Let T be a finite subset of X (K)? containing pairs (z;,v;) for
i=1,...,N.
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i) Assume that d(XN, nafi,) = 0 in A*(Lie(KT(X)/KL(X))"
Then ZNanafjpl is a homomorphism from K1 (X)/KL(X) to
Ql(m)

ii) Assume that for any 7 and o in Gk
Z niPi ([ + [ [log ¥, p, (7). log ¢$i7pi(U)X(T)_1]’ log ¥z, p, (T)] - - ](1)) =0

for all Lie brackets of lengths 2,3,...,m. Then Zf\;1 niag p, 1S a
cocycle on G with values in Q;(m).

Proof. We start with the proof of the first part of the proposition. Let
m,0 € K¥(X). Let us set T; = log 7y, ,, and S; = logoy, .. The equality
Txivpz O-xz Pi T (To-)xz sDi lmphes

1 1
log(70)a; p; = Ti + Si + §[Tz’7 Si] — E[[Tiu Si|T;] +

Evaluating ; on the last equality we get

1

0515, (r) = 085, (7) + af1,(0) + 50i([T i) — 25 eu([IT5 ST +

Observe that ¢;([T},S;]) = dpi(T; ® S;) = daf!,,(logT @ logo). Hence
SN nipi([T;, Si]) = 0. Observe that o([[T, S]R]) = ((d®id)od)(p)(T®S®
R). This implies Zf;l nipi([[Ti, Si]T;]) = 0. We apply the same arguments
to others brackets and finally we get

an a1 p,(70) an Al p,( Zm aZlp,(

Now we assume that 7,0 € Gx. The equality

—1
Vi p; (to) = Vi p; (1) o wwivpi(J)X(T)
(see Lemma 4.2.1) implies that

log ¢z, p, (T0) =108 Vg, p, (T) O log Vg, p, (J)X(T)fl
= log ¢x¢,pi (T) + log ,¢$i,p¢ (O')X(T)_l

1 _
+ §[log 1/}3%171'(7—)7 log wxi,pi(J)X(T) 1] +oee

Now the second part of the proposition follows immediately from the as-
sumptions ii).
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6.1. We shall define filtrations of the Lie algebras Der*L(X) and
L(X) x Der*L(X) associated with the lower central series of L(X).
Let us set

Der} L(X) := {D € Der*L(X) | VX; € X 34; € T*L(X), D(X;) = [X;, A]}

and
r(L(X) x Der* L(X)) := I'*L(X) X Der} L(X).

LEMMA 6.1.0. Derj L(X) (resp. vx(L(X) x Der* L(X))) is a Lie ideal
of Der*L(X) (resp. L(X) x Der*L(X)). We have isomorphisms of Lie
algebras

@ Der}, L(X)/ Der},; L(X) = Der* Lie(X)
and

[e.e]

D 7 (L(X) xDer* L(X))/Yp+1(L(X) X Der* L(X)) = Lie(X) X Der* Lie(X).
Proof. The lemma follows from the fact that the graded associated Lie

algebra @72, T*L(X)/T"**1L(X) is canonically isomorphic to Lie(X).

Let T be a finite subset of X (K)2. We set
t1(X) .= grLie(KT(X)/KL (X @Lle (KI(x)/KL (X)) ® Q.

The homomorphism of Lie algebras
Lie( )., : Lie(KT (X)/KL (X)) — L(X) X Der* L(X)

is compatible with filtrations {Lie(XI(X)/KL (X))}2, of Lie(K¥(X)/
KL (X)) and {v;(L(X) x Der* L(X))}22; of L(X) x Der* L(X). Therefore
it induces a homomorphism of associated graded Lie algebras

7l €T (X) — Lie(X) X Der* Lie(X).

Let us set
e7(X)° == @ (Lie(K] (X)/K]1(X) @ Q).
i=1
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Then €7 (X)° is a Lie coalgebra and we have a homomorphism of Lie coal-
gebras
(72,)° : (Lie(X) x Der* Lie(X))® — €7 (X)°.
Moreover an inclusion S C T of finite subsets of X (K)? induces a morphism
of Lie coalgebras
£9(X)° — eT(X)°.
DEFINITION 6.1.1. Let C be the category whose objects are all finite
subsets of X (K)? and whose morphisms are inclusions. We set
E(X)° = lim €7 (X)°.
C
The Q-vector space ¢
(Lie(X) x Der* L1e( ))° — €7 (X)® induce a morphism of Lie coalgebras
v

Lie(X) x Der* Lie(X))® — &(X)°.

T)o:

X)¢ is a Lie coalgebra and morphisms (7,

Observe that
Lz, v) =€ omy, = Wg,v(e*)
and
LE(v) =eomyy =€0Ty =m,,(e) =72 ,(c)

for any e € B and for any € € (Der” Lie(X))® of degree n.
Hence we get

AL (z,0) = d(x2, (7)) = (12, A2, (dle")).

Warning: 77, is not injective, hence we can have d(e*) # 0 but d(L°(z,v)) =
0.

PROPOSITION 6.1.2. Let ¢ € L(X)® be a linear form of degree m. If
d(@) = Z ( Z Ce,e’e* A 6/* + Z be756* AN €>
ktj=m “e€By, e’ €B; c€By, e€(Der* L(X))
in N*(L(X) x Der* L(X))° then
wreo= Y (Y crlleont e

k+j=m “e€By,e'€B;

+ > be LE(2,v) A .cs(v)>

e€By, e€(Der* L(X))J
in €(X)°.
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§7. Analog of Zagier conjecture

7.0. We shall present here a conjecture which is an l-adic analog of con-
jectures concerning iterated integrals from [W3]. These conjectures are gen-
eralizations of the Zagier conjecture for classical complex polylogarithms.
The main ideas come from the Deligne-Beilinson paper.

We assume that there exists a category of mixed Tate motives over
Spec K such as in [BD]. (We do not know if recent constructions of Vo-
evodsky and others are sufficient for our purpose.) We shall denote this
category by MM . The category MM is a tannakian category and it is
equivalent to a category of representations of a pro-algebraic group Il x de-
fined over Q. Let Ux := ker(Ilx — Gyy). The group Uk is a pro-algebraic
pro-unipotent group defined over Q. We denote by Lie Uk its Lie algebra.
This Lie algebra is equipped with the weight filtration. Let

[e.9]

Lie UK = @(ﬁze UK)n

n=1
be the associated graded Lie algebra. We set

o0

(LieUk)® = @P(Lie Uk )5,

n=1

(LieUk)® equipped with d - the dual of the Lie bracket - is a Lie coalgebra.

Let X be a projective line over K minus a finite number of K-points.
We shall construct a Lie subcoalgebra of the Lie coalgebra (Lie Uk)® cor-
responding to the pro-unipotent part of the fundamental group of the tan-
nakian category generated by mixed motives of torsors of paths from v to
z on X for all pairs (z,v) € X(K)2.

We shall construct this Lie subcoalgebra of (Lie Uk )® in the inductive
way. This Lie subcoalgebra will be a graded Lie coalgebra. The construction
in degree 1 will be clear. We shall assume that we have constructed our
Lie coalgebra up to degree N, i.e., we have @Z]\Sl L; and d : @Z]\Sl L; —
N (i L)

We construct a candidate £’y in degree N and dy : Ly — A? (@Z]\L Ilﬁi).
Our construction should be motivic hence we should have the following com-
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mutative diagram

q>/
ker d —r, ker dy
! &N .
Ly — (LieUk)$s
dy dn
A (DL @)

N (@S L) ——  N(BL (LieUk))

Then it is clear that Ly = L)/ker ®x. Observe that L /ker®y =
L'/ ker @, In fact we shall conjecture that we have a map

@'y : kerdyy — ker dy = Extj 1, (Q(0),Q(N)) ® Q

and we shall set Ln = L/ ker ®. This is a short motivic justification of
our next steps.
We recall that in the category MM g

Exth, (Q(0),Q(1) ®Q=K"® Q.

7.1. Let X = PL \{a1,...,an+1}. We assume for simplicity that
anp+1 = oo. Let us choose a tangential base point v; (a tangent vector) at
a; for i = 1,2,...,n+ 1. Let B be a Hall base of Lie(X) and let B,, be
elements of degree m in B.

For k=1weset L1 . =K*"®Q,d =0:L; — 0. We define symbols
{z,v}x, € L1 in the following way. If (z,v) € X(K)? then {z,0v}x, =
229 1 € Ly, if z € X(K) and v = a;2 then {z,v}x, = ;:—Zi(@l € L; and

v—a;

—a. . — .
{z,v}x; = azi_(;”j ®1€ Ly, if z = a2’ and v = q;7 then {z,v}y, == %% ®

a;—a;
leLyfori#k,l, {z,v}x, := Z;:ZZ@l € Ly and {z,v}x, := ‘;’1—}‘?@1 € L.
We define a map

1 L1 — Extl, (Q(0),Q(1) ®Q=K*®Q
by p1(2®1) := 2 ® 1. We define
1 L1 — H' (K1 (X), Qu(1))
by 1 ({z,v}x,) == LY (z,v). (We recall that K1(X) = Gal(K /K (ju=)).)
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ProrosiTionN 7.1.0. The diagram

®1

L1 — EX‘D}\/(MK(Q(O), Q1) ®Q
1 realization

HY(K1(X), Qi(1)) — HY Gk, Q(1)),

commutes, where realization associates to z®1 € K*®QQ = Ext}MMK(Q(O),
Q(1)) ® Q the Kummer character corresponding to z.

Proof. Let (z,v) € X(K)? and let p be a path from v to z. First we
consider the case when z and v are K-points of X. Let us take 0 € Gg(,00)-
We shall calculate the coefficient of (logo, ,)(1) at X;. This coefficient is
equal to the exponent of f,(0) at ;. Let ¢ be a coordinate on P}(. The
loop fp(0) =p~' -0 -p-o~ " transforms (¢ — a;)"/"" into

o (v —a)"") o((z —a)/")
(v —a;)¥/" (2 — a;)¥/"

(¢ —a)"

This finishes the proof of the proposition when (z,v) € X(K)2. Now we
assume that v = a;2 is a tangential base point and z is a K-point. The

isomorphism of P}, given by y — Y=% is defined over K. Hence we can
3

— . — .
assume that a; = 0, v = 01 and p is a path from 01 to z; = ;_‘;z Let ¢ be

a local parameter corresponding to the tangential base point 01. The loop
fp(o) transforms ¢*/!" into a((ﬂ)l/l") . ((ﬂ)l/l")_ - ¢/ Hence the

r—a; r—a;
exponent of f,(0) at z; is equal to the Kummer character of
at 0. The other cases we left to the readers.

z—a;
T—a,

evaluated

Let N > 1. We assume that the groups L, the symbols {z,v}. € Ly,
for e € By, the homomorphisms dj : L — @Hj:k Li NLj, o : kerdy, —

Ext}\,IMK(Q(O),Q(k:)) ® Q and ¢y : L — H}(Kg(X),Qu(k)) are defined
for k < N. We assume that for £k < N the diagram

kerd, — —— Exthyu, (Q0), Q) © Q
s realization
HA(Ki(X), Qu(k)) H'Y (G, Qu(k))
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commutes. We recall that the lower horizontal morphism is injective by
Lemma 3.0.10.

Let ¢ € Lie(X)® be a linear form of degree k defined over Q. If ¢ =
S ai(ef)” then we set {z,v}, := 3 ai{z, v} x.

Let ¢ € (Der*Lie(X))® = @?:1(Lie(X)z/(Xi>)° be a linear form of
degree k defined over Q. Assume that ¢ = (¢1,...,¢y), where ¢; €
(L(X)/(X;))°. Then we set

{U}E = Z{Uiv v}wi‘

Observe that £°(v) = > L% (v;, ).
Let By = {efv}ief. For each efv we set

e = @ Q{z,v}’efy — a vector space over Q on symbols {Z’”}Iegv
{z,v}eX (K)2
and

N = @Cefy.

el
Let e € By. We define

d?V'C?V_) @ ,CZ'/\,C]'
i+j=N

setting

dy({zv}l) = Z( S coez v Azvke

k+j=N “e1€By,e2€B;

FY eddsnen )

e'€By, e€(Der* L(X))I

d(e*) = Z ( Z Cer,en€l N €5+ Z ber € N 5)

k+j=N “e1€By,e2€B8; e’'€By,e€(Der* L(X))J

in A?(Lie(X) X Der* Lie(X))°.
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CONJECTURE Dp. There is a homomorphism

oy kerdy — Ext}\AMK(Q(O),Q(N)) RQ

such that the diagram

N
ker d'y ——— BExtj 1, (Q(0),Q(N)) ® Q
Wy realization
H(Kn(X), QuN)) ——  H'(Gi, Qu(N)),
commutes, where the map 1y is given by ¥y ({z,v} ) = £ (z,0).

If the conjecture is true then we set Ly := L'/ ker ¢/y,. The maps dy;,
¢ and @y are defined by passing to quotient. The symbol {z,v} ~ is the
image of {z,v} v in Ly.

DEFINITION 7.1.1. We set
o0
LK(X) = P Ln-
N=1

We define d : LE(X) — LE(X) A LE(X) by setting d|z, = dy.

LEMMA 7.1.2. Let € € (Der* Lie(X))® be a linear form of degree N
defined over Q. Assume that

de = Z Z Qe ,e0€1 N E2

p+q=N e1€(Der* Lie(X))P, ea€(Der* Lie(X))?
in \*(Der* Lie(X))°. Then

d({v}e) = Z Z ey ea{V}e, A{v}e,

p+q=N e1€(Der* Lie(X))P, e2€(Der* Lie(X))4?

Proof. We recall that

Der* Lie(X) = {D € Der Lie(X) |

https://doi.org/10.1017/50027763000009004 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009004

ON I-ADIC ITERATED INTEGRALS, I 151

The derivation D € Der*(Lie(X)) such that D(X;) = [X;, A;] we shall
denote by D4, . a,) = Da;),—, .- We have an identification

n
Der* Lie(X) = P Lie(X

sending D4, . a,) to a sequence (Ay,...,Ay,). One easily checks that
(7.1.3)

= D([Vk,WkHD(vj)j(Wk)*D(w]q]-(Vk))kﬂ ,,,,, n

.....

If e € B then we set (€)" = (ay,...,a,) € @p_, Lie(X)/(X)), where a; = e
and a; = 0 for j # 1.

Let € € (Der* Lie(X))°. Then e = Y71 (Y .czne,i(€)™), where (€)™ is
a composition of e* with the projection @) _, Lie(X)/(X}) — Lie(X)/(X;).
We shall compare d(e*) with d((e)*) in (Lie(X) x Der* Lie(X))°. Observe
that e* € Lie(X)® and (e)™* € (Der* Lie(X))®. It follows from the definition
of the Lie bracket in the semi-direct product Lie(X) x Der*(Lie(X)) that

(7.1.4)
d(e*) = Z e*([e1, e2])e] Nes + Z Z e*(Dyeyyr(e3))es A (eq)"".

e1,e2€B k=1 e3,eq4€B

Hence we get

(7'1'5) d({viav}e): Z e*([elveQ]){Uiav}el/\{Uivv}@

61,6266

+ Z Z 63)){’01,’1}}63 A {v}(e4
k=1e3,e4€B
On the other side it follows from (7.1.3) that

(716)  d(@") = 3 e (fereal)(en)” A (ea)

€1,€2€B
+D ) e (Dieyr(es))(es)™ A ea)™.
k=1es,e4€B

We recall that we have defined {v} )+ = {v;,v}.. Hence if in the right
hand side of the equality (7.1.6) we replace (ea)’* by {v}(eqa)+ then we get
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the right hand side of the equality (7.1.5). Therefore the lemma is proved
for e = (e)™*. Any ¢ € (Der* Lie(X))® is a linear combination of (e)™*, hence
the lemma is proved for any ¢ € (Der* Lie(X))®.

PROPOSITION 7.1.7.  The Q-vector space L5 (X) equipped with the ho-
momorphism d : L5 (X) — LX(X) A LE(X) is a Lie coalgebra.

Proof. 1t is enough to show that

2
(7.1.8) D olo(d®idgx(x))od=0,
=0

where o(a®b®c) = b@c®a. In the Lie coalgebra (Lie(X) x Der* Lie(X))®
we obviously have

2
(7.1.9) Y 0" 0 (d® idge(x)%Der Lie(x))e) © d = 0.
i=0

The calculation of d({z,v}.) (corresponding to d(e*) in (Lie(X) x Der*
Lie(X))®) involves only symbols {z,v}., (corresponding to e in (Lie(X) x
Der* Lie(X))?) and {v;, v}, = {0} (e,)i+ (corresponding to (e2)™ in (Lie(X)x
Der* Lie(X))®). Hence the proposition follows from Lemma 7.1.2.

PRrROPOSITION 7.1.10. Assume that Congjectures Dy are true for all N
and that for all N the maps realization : Ext}\,lMK (Q(O),Q( ) ®Q —

HY(Gk,Qi(N)) are injective. Let (z;,v;) € X(K)? and let eN € By for
i=1,...,m. Letn; € Q fori=1,...,m. Then Y ;" n;L zN(zZ,UZ) =0 if
and only if > ni{zi, vty =0 in Ly ® Q.

Proof. Tt is well known that the restriction map H'(Gg,Q;(1)) —
HY (G (o0 )> Qu(1)) is injective. Hence it follows from Proposition 7.1.0 that

the proposition is true for k¥ = 1. Let us assume that it is true for & < N.
Let ", niL £V(zz,vz) = 0. This implies that d(> ;% niﬁefv(zi,’ui)) =
Skt S L (20, v0) - L9 (25,05) = 0 in ((X)° A t(X)°. Hence for
any o € K (X)/K], | (X) we have dap aﬁ[,e (2asVa)(0) - L 5(zg,v8) = 0
for T' sufficiently big. Hence by the induction hypothesis we have ) 86 ﬁ
Lo (2a, Va)(0) {28, 8}, L= 0. Let f : £ — Q; be a homomorphism. We get

that for all o € KT (X )//c,m( )y Y Cag Lo (20 0a)(0) - f ({28, vp}er ) =
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0. The induction hypothesis implies that for any homomorphism f : £L —
Q; we have }, 5 c];’ylﬁ{za,voé}ez(i : f({Zﬁ,Uﬁ}elﬁ) = 0. This implies that
d(>-7 ni{zi,vi}.~v) = 0. The assumption that the realization and the
restriction are injéctive implies that Y ", n;{z;, ’Ui}efv =0in £L5(X)® Q.

COROLLARY 7.1.11.  Assume that Conjectures Dy are true for all N.
Assume that for all N the maps realization : Ext}\,lMK (Q(0),Q(N)®Q —
HY Gk, Qi(N)) are injective. Let ¢; € Q fori=1,...,m.

i) We have a relation y ;" | ;L% (z,v;) = 0 if and only if > "1 Gi{zi, Vite,
=0 in LX(X).

ii) The vector space of linear relations between functions L¢(z,v) is defined
over Q.

Proof. The first part follows immediately from Proposition 7.1.10. Ob-
serve that a vector space of linear relations between elements {z, v}, is gen-
erated by relations with Q-coefficients. This implies the second part of the
corollary.

PROPOSITION 7.1.12.  Assume that Conjectures Dy are true for all N.
Assume that for all N the maps realization : EXt}\/lMK (Q(0),Q(N)®Q —
HY (G, Qi(N)) are injective. Then the Lie coalgebras (L% (X)®Qy,d) and
(8(X)°,d) are isomorphic.

Proof. Let us define a map
r o L5(X) @ Q — 8(X)°

by r1({z,v}e ® 1) := L(z,v). The vector space £(X)® is generated over Q;
by linear forms £¢(z,v) ((z,v) € X(K) x X(K), e € B). Corollary 7.1.11
implies that the map r; is an isomorphism of vector spaces over Q;. It
follows from the definition of d in £X(X) that r; is an isomorphism of Lie
coalgebras over Q.

§8. Primitive example in the case P!\ {0,1,00}

8.0. We shall show here that the functions af, are generalizations of
characters considered by Soulé, Deligne, Thara (see [81]482], [_1?] and [I1]).
Let V = Pé \ {0,1,00}. Let us fix a path p from 01 to 10. We recall

that m1 (Vg, (ﬁ) is a free group on z - a small loop around 0, and y - a loop
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Picture 4

around 1. (One_goes from 01 to 10 along p, makes a small loop around 1
and returns to 01 along p (see Picture 4).)
The action of 0 € G, 18 given by

@)=z and oly) = o)y (o).

Let us set 7} := [7T1(VQ,0—1>),7T1(VQ,0—1>)] and 77 := [}, 7}]. The element
fp(0) belongs to 7). Assume that

(8.0.1) fp(o) = H (PN N, y) - ) - )*9@) mod .

4,521
It implies that

(8.0.2) o((z,9)) = (,y) [ &7 @' (@y)---)--)*@ mod xf.

4,521

Thara shows that 7} /77 is a free Z[[u, v]]-module generated by (z,y), where
(u+1)-z2=2-z-27tand (v+1)- 2=y -z-y~ ! for any z € 7} /7! (see [I1,
Theorem 2]). It follows from (8.0.2) that o((z,y)) = hs(u,v) - (z,y), where
ho(u,v) == 1437, 54 a; j(o)u'v?. Coefficients 3;j : Gquue) — Quli + J)
are defined by the equality

(8.0.3) log hg(eV — 1,V —1) = Z

(see [I1, pages 96 and 105]). We shall compare these coefficients with I-adic
iterated integrals defined by us.
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The inclusion k of m (Xq, (ﬁ) into Q;{{X,Y}} given by k(z) = eX and
k(y) = eY induces an action of o on Q;{{X,Y}} given by

o(X)=X and o(Y)=Ay0)"1 Y Ay(o).
The logarithm of o, logo € Der*(Q;{{X,Y}}) and
(logo)(X) =0, (loga)(Y) = [V, L(X,Y)(0)]
for some element £(X,Y)(0) € [L(X,Y),L(X,Y)]. Let L' := [L(X,Y),
L(X,Y)] and L"” := [L', L']. Then
L@ =S S aylo)l [ XXV mod L7,
n=2 i+j=n,i>0, ;>0

where a;; : GQue) — Qui + 7). Hence
(8.0.4)

(logo)(Y) =) > (o)) [ X YIX Y] mod L
n=2 i+j=n,i>0,5>0

We shall calculate the coefficients a; ;.
LEMMA 8.0.5. We have k((y*~ ' (z* Y (z,y)---)---) = e"a(XY) " where

(—1)tatrtitiptti—1

Tap(X,Y) = >

Layey81,JbyJ121

X[ [Y, X]Xia+~~~+i1—1]yjb+~~~+j1—1] mod L.

iql il gy 1!

Proof. First one calculates 71 1(X,Y") and next by induction r,;(X,Y")
for any pair (a,b).

LEMMA 8.0.6. There is a continuous bijection of vector spaces
L'/L" ~ Qu[s. 1]

given by [+ [+ [V, X]X"HNYI™Y] — s'I. The element r,p(X,Y) € L'/L"
corresponds to a power series —(e™* — 1)%(e™ — 1)°.
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Observe that A,(0) = e?eXY) where p,(X,Y) € L. The action of o
on Q{{X,Y}} induces

o:L(X,Y)/L' — L(X,Y)/L"

given by o(X) =X and o(Y) =Y +[Y, 0, (X,Y)] mod L". Tt follows from
(8.0.1) that

(8.0.7) 0o(X,Y) =Y aij(o)ri;(X,Y) mod L.
1,71

We shall calculate (logo)(Y), where o : L(X,Y)/L” — L(X,Y)/L".

PROPOSITION 8.0.8. The element (logo)(Y) € L'/L" corresponds to
the power series

tlog (1 + Z a;j(0) (e = 1)i(e "t — 1)j> € Qil[s, t]].

4,521

Proof. Let Fy(s,t) € Qq[[s,]] corresponds to ¢,(X,Y) € L'/L". Then
the series —tF,(s,t) corresponds to (o — Id)(Y), the series tF,(s,t)? corre-
sponds to (o —Id)?(Y'), the series t(—F,(s,t))" corresponds to (o —Id)"(Y).
Hence (log 0)(Y') corresponds to the series t log(1— F,(s,t)). It follows from
Lemma 8.0.6 that Fi(s,t) = — 3, i5q s j(0)(e™" — 1)i(e=t —1)7.

It follows from (8.0.4) and Proposition 8.0.8 that the coefficient a; ;(o)

is equal to the coefficient of the power series —log(1+ Y, j>1ij(o)(e™ =

1)i(e™t — 1)) at s'/. It follows from (8.0.3) that ﬂzzf—](f) is the coefficient
of the series log(1 + dig>1 ;. i(0)(eV = 1)i(e" —1)7) at U'VJ. Hence we
get that ﬁ’zf(,a) = (=1)"~1q; j(o). It follows from Proposition 5.1.8 that
(logo)(Y) = [Y,(logoy,)(1)]. We recall that (logop)(1) = > .czap(o)e,
where B is a Hall base of Lie(X,Y"). Hence we get that

o) = B
Therefore we have proved the following result.

PRrROPOSITION 8.0.9. We have

ﬂ@'O’ i i—11yj—1
Z{j(‘ ) _ (1)l XX gy
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