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BIJECTIVE PROOFS OF SOME r-COLOR
PARTITION IDENTITIES

BY
A. K. AGARWAL

ABSTRACT. Using a technique of Agarwai and Andrews (1987), bijec-
tive proofs of some n-color partition identities discovered recently by the
author, are given.

1. Introduction, Definitions and the Main Result.
Recently in [3] the following g-identitites of Rogers [5]
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where (a; q),, is a rising g-factorial which in general is defined by
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if n is a positive integer, then obviously
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and
(@ Poo = (1 —a)(1 —ag)(1 —ag?)...,

were interpreted combinatorially as follows:

THEOREM 1.1. Let A{(v) denote the number of partitions of v such that the anti-hook
differences on diagonal 0 are 0 or 1. Let B|(v) denote the number of partitions of v
in which each part is either odd or congruent to +£4(mod20). Then A(v) = B (v)
for all v.

THEOREM 1.2. Let A (v) denote the number of partitions of v such that the anti-hook
differences on diagonal —1 are 0 or 1. Let By(v) denote the number of partitions of
v into parts £ £3, 44, +£7, 10 (mod 20). Then A,(v) = B,(v) for all v.

THeOREM 1.3. Let A3(v) denote the number of partitions of v such that the anti-hook
differences on diagonal —1 are 1 or 2. Let B3(v) denote the number of partitions of
v into parts £ +1, 18,49, 10 (mod 20). Then A3(v) = B3(v) for all v.

THEOREM 1.4. Let A4(v) denote the number of partitions of v such that the anti-hook
differences on diagonal —2 are 1 or 2. Let B4(v) denote the number of partitions of
v in which each part is either odd or congruent to £8 (mod 20). Then A4(v) = B4(v)
for all v.

Norte. Theorems 1.3 and 1.4 were incorrectly stated in [3].

Later in [2] following the method of [1], n-color partition theoretic interpretations
for the same g-identities (1.1)—(1.4) were given in the following form:

THEOREM 1.5. Let C(v) denote the number of partitions of v with “n copies of n”
such that

(1.5.a) even parts appear with even subscripts and odd with odd, and

(1.5.b) each pair of parts has nonnegative weighted difference.
Then C(v) = B{(v) for all v.

THEOREM 1.6. Let Cy(v) denote the number of partitions of v with “n+ 1 copies of
n” such that

(1.6.2) even parts appear with odd subscripts and odd with even,

(1.6.b) each pair of parts has nonnegative weighted difference,

(1.6.c) for some i, i;y1 is a part, and

(1.6.d) the parts are nonnegative.
Then Cy(v) = Bo(v) for all v.

THEOREM 1.7. Let C3(v) denote the number of partitions of v with “n copies of n”
such that
(1.7.a) even parts appear with even subscripts and odd with odd subscripts greater
than 1, and
(1.7.b) the weighted difference of each pair of parts m;,m; is either nonnegative
or —2.
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Then C3(v) = B3(v) for all v.

THEOREM 1.8. Let C4(v) denote the number of partitions of v with “n+ 2 copies of
n” such that

(1.8.a) even parts appear with even subscripts and odd with odd,

(1.8.b) each pair of parts has a nonnegative weighted difference,

(1.8.c) for some i, i;,; is a part,
and

(1.8.d) the parts are nonnegative.

Then C4(v) = B4(v) for all v.

Using a technique of [4] we give here a bijective proof of the following:

THEOREM 1.9. For 1 £ k £ 4,

Ac(v) = Ce(v).

Before we give the proof of this theorem we recall the definitions of anti-hook
differences from [3] and those of partitions with “n + ! copies of n” and the weighted
difference from [4].

DEerINITION 1. Let 1 be a partition whose Ferrers graph is embedded in the fourth
quadrant. Each node (i, j) of the fourth quadrant which is not in the Ferrers graph
of Il is said to possess an anti-hook difference p; — k; relative to I1, where p; is the
number of nodes on the i-th row of the fourth quadrant to the left of node (i, j) that
are not in the Ferrers graph of Il and k; is the number of nodes in the j-th column of
the fourth quadrant that lie above node (i, j) and are not in the Ferrers graph of Tl.

DEFINITION 2. A partition with “n+ 1 copies of n” 1 2 0 is a partition in which
a part of size n, n 2 0, can come in n + 1 different colors denoted by subscripts:
N1, N2, ..., Hust. Thus for example, the partitions of 2 with “n+ 1 copies of n” are:

21,21 +01, 1, + 11, 1,+1; +01
22,22 +01, 1‘2+ 117 1,+1,; +01
23,23+ 01, 14+ 12,1, + 1, + 0.
Note that zeros are permitted if and only if | is greater than or equal to 1.

DErINITION 3. The weighted difference of two parts m; and nj, m Z n is defined by
m—n—1i—j and is denoted by ((m; — n;)).

2. PROOF OF THE THEOREM 1.9.

Each of these four cases is proved in a similar way. We provide the details for
& = 1 and sketch the main steps to treat the remainder.

Let IT be a partition enumerated by A;(v). Let

(al a ... a,)
by by ... b/’
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whereay >a; > ...>a, 20, by >by>...>b 20,and a;+ar +---+a, +
by + by + -+ +r = v, be the corresponding Frobenius’ notation. Then the anti-hook
difference conditions of Theorem 1.1 are equivalent to

(2 1.(1) [¢]] = b,‘, and
(2 lb) b,‘ 2 ajy + 1.

We now establish a 1-1 correspondence between the ordinary partitions enumerated
by A;(v) and the partitions with n copies of n enumerated by C,(v). We do this by
mapping each column ; of the Frobenius Symbol to a single part m; of a partition

with n copies of n. The mapping ¢ is

2.2 ¢:<a>—>{(“+b+l)bﬁ ifa<b

b (a+ b+ I § P ifaz b,
the inverse mapping ¢~! is then given by

6 im _+{<3;L3ﬁ> if m% i (mod2)
1

((7;:)2 /)42) it m = i (mod?2).

(2.3)

Now for any two adjacent columns §

¢(Z) = n; (defined by (2.2)) we have

in the Frobenius symbol with ¢(§) = m; and

2b—2c—2 ifazb,c2d
2a—2c—1 ifa<b,c2d
2b—2d—1 ifazb,c<d
2a—2d ifa<b,c>d

Clearly (2.1.a) and (2.2) imply (1.5.a) and then (2.1.b) and only the first line of (2.4)
will imply (1.5.b).
To see the reverse implication we note that by (1.5.a) m = i,n =j (mod 2) and so

(2.4) ((m; — ny)) =

under ¢~

2.5 a=c=3m —n)+i
1

(2.6) b—d= 5((m,- —n))+j

Q.7 a—b=i—1

2.8) b—c—1= %((mi —n))

Now (2.5) and (2.6) by (1.5.b) guarantee that a; > a;.; and b; > b;yy. (2.7) implies
(2.1.a) and (2.8) by (1.5.b) implies (2.1.b). This completes the proof of A|(v) = C;(v).
For k = 2, the anti-hook difference conditions are equivalent to

2.9) bi+1+2§ai§b,~+l.
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The map ¢ is
4 @+b+1pgrr ifaSb+1
2.10) ¢<”>_'{(a+b+1)a_,,_1 fashel
and ¢~! is given by
D2\ .
(2.11) o' imy— { ((rrf’f;iz/)/z) if m# i+ 1(mod2)
(széiﬁ) m=i+1(mod2)

For k = 3, the anti-hook difference conditions are equivalent to

(2 12) Ayl = b,' <a;.
The map ¢ is

a (a+b+ 1)y, ifa<b
2.13) ¢(b>_' {(a+b+l)a_,,+1 ifa>b

and the inverse map ¢' is given by

o imp— { ((('r"n:ii:f;//zz) if m# i (mod?2)

(‘rd?) it m=imod2),i# 1

(2.14)

Lastly, in the case k = 4, we see that the anti-hook difference conditions are
equivalent to

(2.15) by +3 = a; = b,~+2,a,-76 1.
The map ¢ is

a (@+b+1)p_y3 fasb+2,a#1
(2.16) ¢<b)_’{(a+b+1)a_,,_2 ifa>b+2

and ¢! is given by

(m+i+1)/2 . .
2.17) ¢ im— ((m:-t::}))/ﬂ) if m# i +2(mod?2)
((rDR) ifm=i+2(mod2),m# i.
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In Theorems 1.6 and 1.8 the reason why i;; (/ = 1 in Th. 1.6 and / = 2 in Th.
1.8) is required as a part and that the parts are nonnegative can be given in a similar
way as given in [4, p. 46].

To illustrate the bijections we have constructed we give an example for Kk = 1,
v = 7 shown in the following table:

Image under ¢
Partitions enumerated Frobenius Symbol for i.e., partitions
by A(7) partitions enumerated by A;(7) | enumerated by C;(7)
7 (o) 7
6+1 M 7s
5+1+1 G) 73
4+1+1+1 3) 7
4+42+1 G o) 6,+1,
3+3+1 G o 51+2;
4 0
5+2 (G o 64+ 1,
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