
J. Austral. Math. Soc. (Series A) 53 (1992), 51-54

AN OPEN MAPPING THEOREM
ON HOMOGENEOUS SPACES

SHOZO KOSHI and MASAMICHI TAKESAKI

(Received 22 June 1990)

Communicated by S. Yamamuro

Abstract

We shall prove an open mapping theorem concerning a Polish group acting transitively on a
complete metric space.

1991 Mathematics subject classification (Amer. Math. Soc): 46 A 30, 54 C 10.

Let X be a topological space and G be a topological transformation group
on X which is a Polish (separable, complete metric) group acting transitively
on X. This action is denoted by the map y/ from G x X to X with
y/(g, x) — g • x for g G G and x e X.

We shall consider an open mapping theorem on the map G B g ->
y/(g, x) = g • x e X from G to X for each fixed x eX.

Even if there is a famous open mapping theorem on Banach spaces or topo-
logical linear spaces, the proof of this case is different from that of Banach
space cases.

We shall call y/ continuous if y/ is continuous as the map from G x X
to X. We shall call y/ separately continuous if

(1) for each fixed g e G, the map x —> g • x from X to X is continuous,
(2) for each fixed JC e X, the map g —* gx from G to X is continuous.

Now, we have the following theorem.
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THEOREM A. Let G be a complete metric group acting on a metric space
X. If the map *V: G x X —> X defined by *¥(g, x) = g • x is separately
continuous, then 4* is continuous.

PROOF. Due to the inequality:

d(gx, goxo) < d{gx, gx0) + d(gxQ, goxo),

the continuity of y/ at (g0, xQ) € G x X follows from the claim that for
any e > 0 there exist 8 > 0 and a neighborhood U of g0 such that
d(gx, gx0) < e whenever d(x, x0) < 8 and g e U. Fix x0 e X, and
set

{Am.n = {g£G: d(gX, gXQ) < 1 ifd(x, XQ) < 1

The separate continuity of y/ yields the closedness of each Am n and G —
U^l, Am n . Furthermore, Am „ C Am n+l by construction. Baire's category
property of G implies that every non-empty open subset U of G contains a
non-empty open subset V c U such that V c Am n{m) for some n(m) e N.
Thus, we can find a sequence of open subsets Om of G such that

°m c Amn(m), diameter (OJ <l/m,

By the completeness of G, there exists a point £0 e flm=i ®m
that d(gx, gx0) < 1/m if d(x, x0) < l/n(m) and g e Om. Hence y is
continuous at (g0, x0) by the first observation. Therefore, for any e, > 0
there exists 8 > 0 and a neighborhood U of #Q such that d(gx, goxo) < ex

whenever g e U and d(x, x0) < 8. for an arbitrary gl e G and e > 0,

choose e, > 0 so that d(gxgQXy, gxxQ) < e whenever d(y, goxo) < e, . We
then set V — gxg$X U as a neighborhood of gx and conclude that if g 6 V
and d(x,x0) < 8 then gog~lg e U so that d(gog~lgx, goxo) < e, and
therefore

d(gx, gxx0) < e if g e V a n d d(x ,xo)<8.

Thus y/ is continuous at (g{, x0) e G x X.

Next, we shall state an open mapping theorem in this case. In this note,
a group G acting transitively on a metric space X means that for each
x, y £ X there exists an element g e G with gx = y .

THEOREM B. Let G be a Polish group acting transitively on a complete
metric space X. For each x e X the map G 9 g —» y/(g, x) — g • x e X is
open.
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PROOF. Let B(x, 8) = {y; d(x, y) < 8} , that is, the open ball with center
x and radius 8 > 0. Let x0 e X be fixed. We shall prove that for any
neighbourhood (nbd in short) U of the unit e of G, there exists an open
ball with

TJx~0DB(x0,8)

for some 8 > 0.
If this is proved, then we can prove the theorem as follows: for any x0 e X

and for any nbd Uo of the unit e of G, there exist e0 > 0 and B(x0, e0) c
UQxQ. Now, by induction we will construct two types of decreasing sequences
of nbds of e: Un and Vn for a given Uo. We want to prove that any point
y0 of B(x0, e0) is contained in UQX0 .

There exists VQ c Uo such that VQ — Fo~' (symmetric), F0
2 c Uo and

VoyQ c B(x0, e0). Choose 80> 0 such that

yo,8o) and <50<(l/2)e0.

Then there exists g0 e (/0 with g0 • x0 = x t e -B(y0, <50). Choose a nbd [/,
of e such that

f ^ c % 0 , ^ ) with ux = u;1, u{
2cu0

and
d(Ulgo) (= diameter of U{g0) < ( l /2)e0.

Choose further 0 < e, < (l/2)e0 so that

Then, there exists h0 e Vo such that

Next, choose F, such that Vl = V~x, V? c Vo, with

C ^ . e , ) and d{VxhQ)<{\l2)dQ

Then there exists 0 < <5, < (1/2)<JO such that

Continue this process to get {£/„}, { F J , {en}, { 5 J , {gn}, {AJ ,
and {yn} such that

= &n ' Xn = ' '" =

d(Ungn_l---g0)<(l/2)en_l, gneUn,
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with 0 < en < (l/2)en_l and 0 < 8n < (l/2)8n_1 and

TJX 3 B{xn , en) D V^T, xn+l = gn-xne B(yn , 8n).
i m

n i loc Sn -gH-i-"gn = g and l i m ^ hHhH-\ •••"* = h- T h e n 8 e

*, he U* and

Therefore, we have y0 = h~l g • x0 e U4x0 .
From this result, we have that for arbitrary xQ e X and for arbitrary nbd

U, there exists e > 0 with Ux0 D B(X0 , e). Hence the proof is complete,
if the following lemma is proved.

LEMMA. For any nbd U of e in G, Ux0 contains an open ball B(xo,d)
form some 8 > 0.

PROOF. Let {gn} be a sequence of elements in G such that \Jn gnU = G,
since G is a Polish group. Hence \Jn gn Ux0 = X so that there exists an n0

such that gn Ux0 contains an open ball; hence Ux0 contains an open ball

B(y,8) because TJx^ = g~^gnVx~0. Choose a nbd V of e with V = V~x

and V2 c U. Then Vx0 D B{y, 8) means that there exists g e V such that
g • x0 e B(y, 8); hence there exists e > 0 such that B(g -x0, e) c 5(y, <5) c

T%. Thus g-lB(g-x0,e)Gg-lB(y,8)cg-lVx~0c T\cUx~Q. But
^ - 1 5 ( g - x 0 , e) is an open set containing JC0 , so that there exists 8l > 0 such
that B(xo,8l)cg-lB(g-xo,e)clJxo.

We express our thanks to the referee who improved our proof of Theorem
A and pointed out some errors in the first draft of this paper.
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