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Abstract

We shall prove an open mapping theorem concerning a Polish group acting transitively on a
complete metric space.

1991 Mathematics subject classification (Amer. Math. Soc.): 46 A 30, 54 C 10.

Let X be a topological space and G be a topological transformation group
on X which is a Polish (separable, complete metric) group acting transitively
on X. This action is denoted by the map v from G x X to X with
v(ig,x)=g-x for ge G and xe X .

We shall consider an open mapping theorem on the map G > g —
v(g,x)=g-x€ X from G to X for each fixed x € X.

Even if there is a famous open mapping theorem on Banach spaces or topo-
logical linear spaces, the proof of this case is different from that of Banach
space cases.

We shall call y continuous if w is continuous as the map from G x X
to X. We shall call w separately continuous if

(1) for each fixed g € G, themap x — g-x from X to X is continuous,

(2) for each fixed x € X, the map g — g-x from G to X is continuous.
Now, we have the following theorem.
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THEOREM A. Let G be a complete metric group acting on a metric space
X. Ifthe map ¥: G x X — X defined by ¥(g, x) = g - x is separately
continuous, then ¥ is continuous.

PRrROOF. Due to the inequality:

d(gx, gyx,) < d(gx, gx,) +d(gxy, 8X,)
the continuity of v at (g, x,) € G x X follows from the claim that for
any & > O there exist 6 > 0 and a neighborhood U of g, such that
d(gx, gx,) < ¢ whenever d(x,x,) <J and g € U. Fix x, € X, and
set

Am,n = {ge G:d(gx, gx;) < % if d(x, xy) < %}

The separate continuity of y yields the closedness of each A4, , and G =
U:in A,, ,- Furthermore, Ay nC Ay pyy bY construction. Baire’s category
property of G implies that every non-empty open subset U of G contains a
non-empty open subset V' C U such that V' C % TP for some n(m) e N.

Thus, we can find a sequence of open subsets o, of G such that

0,c4 diameter (O0,) < 1/m,

m,n(m)?*

0,0°0,,.,-
By the completeness of G, there exists a point g, € r]z:l O,, . It then follows
that d(gx, gx;) < 1/m if d(x, x;) < 1/n(m) and g € O, . Hence y is
continuous at (g,, x,) by the first observation. Therefore, for any ¢, > 0
there exists > 0 and a neighborhood U of g, such that d(gx, g,x,) < ¢,
whenever g € U and d(x, x;) < J. for an arbitrary g, € G and ¢ > 0,
choose &, > 0 so that d(glgo'ly, 8 %y) < & whenever d(y, g,x,) < ¢, . We
then set V =g, 8, 'U asa neighborhood of g, and conclude that if g€V
and d(x, x;) < 6 then gogl_lg € U so that d(gogl_lgx, 8p%y) < &, and
therefore

d(gx, g;x,)<e if geVandd(x, xy) <d.

Thus y is continuous at (g, x,) € Gx X .

Next, we shall state an open mapping theorem in this case. In this note,
a group G acting transitively on a metric space X means that for each
X,y € X there exists an element g € G with gx =y.

THEOREM B. Let G be a Polish group acting transitively on a complete

metric space X . Foreach x€ X themap G>g - y(g,x)=g-x€ X is
open.
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ProoF. Let B(x, d) ={y; d(x,y) <}, that is, the open ball with center
x and radius 6 > 0. Let x, € X be fixed. We shall prove that for any
neighbourhood (nbd in short) U of the unit e of G, there exists an open
ball with

Uxy D B(x,, 6)
for some 6 > 0.

If this is proved, then we can prove the theorem as follows: for any x;, € X
and for any nbd U of the unit e of G, there exist &, >0 and B(x,, &,) C
m . Now, by induction we will construct two types of decreasing sequences
of nbds of e: U, and ¥, for a given U,. We want to prove that any point
¥, of B(x,, €, is contained in Tpx, .

There exists ¥, C U, such that V; = ¥

VYo € B(x,, &y) . Choose d, > 0 such that

VoVo 2 B(yy,9,) and 4, < (1/2)¢,.

Then there exists g, € U, with g,-x, = x, € B(y,, é,) . Choose a nbd U,
of e such that

! (symmetric), V;)z c U, and

Ux, CB(y,,8,) withU =U"', UcU,

. d(U, g,) (= diameter of U, g,) < (1/2)¢,.
Choose further 0 < ¢, < (1/2)¢, so that
Ux, D B(x,,¢).
Then, there exists A, € ¥, such that
v, =hyy, € B(x,, ¢).
Next, choose ¥V, such that V| = Vl_1 R V12 C V,, with
Vv, C B(x,,¢) and d(V hy) < (1/2)6,.
Then there exists 0 < J, < (1/2), such that

Viy, > B(y,,9,).
Continue this process to get {U,}, {V,}, {¢,}, {3,}, {g,}, {h,}, {x,},
and {y,} such that
Xgp1 =8y X = =8y &yt 8" Ko
Vnsr =Ry V== by by vy,
dU,g,_, - 8)<(1/2e, ;, g,€U,
d\V,h,_,---hy) <(1/2)6 h,eV,,

n-1°?
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with 0 <e¢, <(1/2)¢,_, and 0< 4, < (1/2)0,_, and
UnanB(xn’gn)DVnyn’ 'xn+l=gn'xn€B(yn’6n)‘
Let lim, , g,-8, ," & = & and lim h h hy =h. Then g €

n—oo *n'tn—1""

_U_(f, he U_02 and
d(x,,y,) <ée, implies g-x,=h-y,.
Therefore, we have y, = h_lg Xy € Fxo .
From this result, we have that for arbitrary x;, € X and for arbitrary nbd

U, there exists ¢ > 0 with Ux, D B(x,, ¢) . Hence the proof is complete,
if the following lemma is proved.

LEMMA. Forany nbd U of e in G, Ux, contains an open ball B(x,, J)
Jorm some 6 > 0.

ProoF. Let {g,} be a sequence of elements in G such that {J, ¢, U =G,
since G is a Polish group. Hence |J, g,Ux, = X so that there exists an 7,
such that &, Ux, contains an open ball; hence Ux, contains an open ball

B(y, 6) because Ux, = g,;lgnon0 . Choose anbd V of e with V' = V™!

and V> c U. Then Vx, D B(y, ) means that there exists g € V' such that
g-Xx, € B(y, 6) ; hence there exists ¢ > 0 such that B(g-x,, &) C B(y,d) C
Vx,. Thus g"'B(g-x,,¢) C g 'B(»,d) c g 'Vx, c V’x, c Ux,. But
g 'B (g-x,, &) is an open set containing X, , so that there exists J, > 0 such
that B(x,, d,) C g_lB(g-xo, e) c Ux,.

We express our thanks to the referee who improved our proof of Theorem
A and pointed out some errors in the first draft of this paper.
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