L))

Check for
updates

Forum of Mathematics, Sigma (2024), Vol. 12:e53 1-56
doi:10.1017/fms.2024.33 CAMBRIDGE
UNIVERSITY PRESS

RESEARCH ARTICLE

Affine Bruhat order and Demazure products

Felix Schremmer

Department of Mathematics and New Cornerstone Science Laboratory, The University of Hong Kong, Pok Fu Lam,
Hong Kong, China; E-mail: schremmer@hku.hk.

Received: 6 May 2022; Revised: 31 January 2024; Accepted: 14 March 2024

2020 Mathematics subject classification: Primary — 20F55, 20C08; Secondary — 14105, 11G25

Abstract

We give new descriptions of the Bruhat order and Demazure products of affine Weyl groups in terms of the
weight function of the quantum Bruhat graph. These results can be understood to describe certain closure relations
concerning the Iwahori-Bruhat decomposition of an algebraic group. As an application towards affine Deligne—
Lusztig varieties, we present a new formula for generic Newton points.
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1. Introduction

Let us begin by considering a Coxeter group (W, S). The Bruhat order on W can be defined by inclusion
of reduced words, namely x; < x; if some reduced word for x; can be obtained from some fixed
reduced word for x; by deleting any number of letters. This partial order is of central importance for
the general theory of Coxeter groups, and it enjoys a number of remarkable properties and applications
[2, Chapter 2 and beyond]. For example, the Kazhdan-Lusztig polynomials associated with (W, S)
satisfy that P, ,, # 0 if and only if u < v [2, Proposition 5.1.5].
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2 F. Schremmer

Related to this is the notion of Demazure products. The Demazure product x| * x; of two elements
’

X1,x3 € W is the largest element of the form xlxé € W where xi < x; and xé < x3 in the Bruhat order.
The Demazure product describes the multiplication in the 0-Hecke algebra of (W, S), cf. [12, Section
1.2]. It, too, has a number of remarkable properties and applications.

In this paper, we focus on a specific class of (quasi-)Coxeter groups, namely affine Weyl groups.
These groups arise naturally in the context of arithmetic geometry. In a sense, affine Weyl groups are
the “simplest” examples of infinite Coxeter groups, so they are also important examples from a pure
Coxeter theoretic viewpoint.

If G is a connected reductive group over a non-Archimedian local field F, we get an associated
extended affine Weyl group W. This group famously occurs as the indexing set of the Iwahori—Bruhat

decomposition

G(F) = |_| Ixl.

xeW

Here, F is the maximal unramified extension of F, and I C G(F) is an Iwahori subgroup.
The closure relations of the above decomposition are precisely given by the Bruhat order, that is,

Ixl = u Iyl € G(F).

y<x

If x,y € W, the product IxI - Iyl C G (F) will in general not be of the form Iz/ for any z € W. However,
if we pass to closures, we have

IxIyl = I(x * y)I

for the Demazure product.

The Iwahori—Bruhat decomposition has been studied intensively, partly because of its connection to
the Bruhat-Tits building [5, Section 4]. Due to this, both the Bruhat order and Demazure products of
affine Weyl groups have been used and studied in the past. We mention the definition of admissible sets
due to Kottwitz and Rapoport [15, 25], the description of generic Newton points in terms of the Bruhat
order due to Viehmann [31] and the recent works on generic Newton points and Demazure products
due to He and Nie [11, 12].

The Iwahori Hecke algebra H of G, that received tremendous interest starting with the discovery of
the Satake isomorphism [27], can be defined as follows: # is an algebra over Z|v, v~1], and it is a free
Z[v*'] module with basis given by {Ty | x € W}. The multiplication is defined by

T\T, =Ty, if £(xy) =€(x) +£(y),

TS2 =(v-v HT,+1 ifseWisa simple affine reflection.

The multiplication of the Iwahori Hecke algebra is quite complicated and poorly understood. For
x,y € W, the product 7T, will in general have the form

TxTy = Z fx,y,z(V - V_I)Tz

zeW

for some polynomials fy , - (X) € Z[X]. This product 7', Ty can be seen as a combinatorial model for the
multiplication of Iwahori double cosets Ix/ - Iyl in G(F). Among all z € W such that fx.y,z # 0, there
is a unique largest one, which is the Demazure product z = x * y. We may summarize that understanding
Demazure products is a first step towards fully understanding the multiplication in Iwahori Hecke
algebras, which is related to important geometric problems. For example, the dimensions of affine
Deligne—-Lusztig varieties can be expressed in terms of degrees of class polynomials of the Iwahori—
Hecke algebra [ 10, Theorem 6.1]. In view of this connection, our result on Demazure products is enough
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to describe generic Newton points associated with the Iwahori—-Bruhat decomposition of an algebraic
group.

Our main results fully describe the Bruhat order and Demazure products for W. We refer to the
corresponding sections for the most general statements. To summarize our results roughly, recall that
each element x € W can be written as x = we”, where w is an element of the finite Weyl group W and p is
an element of an abelian group denoted X.. (that can be chosen as the coweight lattice of our root system).
By wt: W x W — X,, we denote the weight function of the quantum Bruhat graph, cf. Section 3.

Theorem 1.1. Let x1,xy € W, and write them as x| = wie"!, xy = wpe*2. Then x| < x; in the Bruhat
order if and only if for each v € W, there exists some v, € W satisfying

vflpl +wt(va = vq) + wt(wv] = wovy) < vglug.

For more refined descriptions of the Bruhat order, we refer to Theorems 4.2 and 4.33 as well as
Remark 5.23. The order of quantifiers in the above theorem is essential: If one were to instead ask for
the analogous condition of the form Vv,3v;, neither implication of Theorem 1.1 would be true. One
can easily construct counterexamples by choosing one of the elements x{,x; tobe 1 € W and the other
one to be of very large length.

The description of Demazure products has the following form:

Theorem 1.2 (Cf. Theorem 5.11). Let x1,x, € VT/, written as x; = wiet! and xy = woet2. Then for
explicitly described vi,v, € W, we have
X] %Xy = W1vlvglsmfl”“’”z‘”“(“‘=>W2V2).

As an application of our results, we describe the admissible sets as introduced in [15] and [25] as
Propositions 4.12 and 4.35. We also get an explicit description of Bruhat covers in w (Proposition 4.5)
and of the semi-infinite order on W (Corollary 4.10). Finally, combining the aforementioned result
of Viehmann [31] with ideas of He [11], we present a new description of generic Newton points
(Theorem 5.29).

The methods of this paper build upon a previous paper by the same author [28]. In particular, the
language and results on length functionals as introduced there will be used throughout this paper. To
complement the combinatorial prerequisites, this paper introduces and proves a number of new properties
of the quantum Bruhat graph in Sections 3 and 5.2. These new results on the quantum Bruhat graph
are not only the foundation of our results on the Bruhat order and Demazure products, they also may
have potentially further-reaching applications, given the previous usage of the quantum Bruhat graph
for quantum cohomology [24] or Kirillov—Reshetikhin crystals [17, 18]. In addition to the previously
studied weight functions of the (parabolic) quantum Bruhat graph, we introduce a new semiaffine weight
function.

Note that while both this paper and our previous paper [28] provide explicit formulas for generic
Newton points, these results are actually complementing rather than overlapping. In terms of logical
dependencies, this paper only relies on the discussion of root functionals and length positivity in
Section 2.2 of [28] and is otherwise independent. Together, both papers cover the contents of the
author’s PhD thesis.

2. Affine root system

In this section, we describe the fundamental root-theoretic setup. In the literature, there are several
different notions of affine Weyl groups studied in different contexts, so we present a uniform setup that
covers all cases. Readers with a combinatorial background are invited to consider any reduced root
datum, whereas readers whose background is closer to arithmetic geometry may find more appealing to
have the context of an algebraic group, as presented, for example, in [28, Section 2.1].
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Let @ be a reduced crystallographic root system. We choose a basis A € ® and denote the set of
positive/negative roots by ®*.

Let X, denote an abelian group with a fixed embedding of the coroot lattice Z®Y C X.. The group
X, is allowed to have a torsion part. We assume that a bilinear map

() X ®ZD > Z

has been chosen that extends the natural pairing between ®¥ and ®. For example, both the coroot
lattice X, = Z®" and the coweight lattice X, = Homgz(Z®, Z) are possible choices for X,. We turn
X, and X, ® Q into ordered abelian groups by defining that y; < us if uo — py is a Zp-linear, resp.
Qsxo-linear, combination of positive coroots. An element u in X, or X, ® Q will be called C-regular for
some constant C > 0 if |(u, a)| > C forall @ € ®. Typically, we will not specify the constant and talk of
sufficiently regular or superregular elements. An element y in X, or X, ® Q is dominant if (i, @) > 0
for each positive root a.
Denote the Weyl group of @ by W and the set of simple reflections by

S={sq|aeA} CW.
The Weyl group W acts on X, via the usual convention
sa(W) =p—(aya’,  aed, pekX,.

The semidirect product W = W X, is called extended affine Weyl group. Elements in W will typically
be expressed as x = wet € W withw € W and u € X..
By abuse of notation, we write ®* for the indicator function of positive roots, that is,

1, P,
o (a)=1{ " ¥

0, aed .
The following easy facts will be used often, usually without further reference:
Lemma 2.1. Let @ € .

(a) ®*(a) + ®*(—a) = 1.
®) If e ®and k,C > 1 are such that ka + £ € @, we have
0 <@ (a)+d"(B) - D (ka+{B) < 1.

The sets of affine roots, positive affine roots, negative affine roots and simple affine roots are given by

D) =D XZ,
O 1= (O X Z0) U (@ X Zz1) = {(@. k) € By | k = OF (~a)),
D= _q);f =Dy \ q):l—f = {(a. k) € Dy | k < D™ (-a)},
Ay :={(a,0) | @ € A}U
{(=6,1) | 6 is the longest root of an irreducible component ®" C ®} C @...
One checks that the positive affine roots are precisely those affine roots which are a sum of simple affine
roots.

The action of W on @, is given by

(wet)(a, k) == (wa, k — (i, @)).
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The length of an element x = we# € W is defined as
{(x) :=#{a € D | xa € D}

Associated to each affine root a = («, k), we have the affine reflection

v
Fa = 5aek® € W.

Denote by W, € W the subgroup generated by the affine reflections (called affine Weyl group), and
write Saf := {ro | @ € Ay} (the set of simple affine reflections). It is easy to check that (Wys, Sy) is a
Coxeter group with length function ¢ as defined above, and Wys = W =< Z®Y C W.

Denoting the subgroup of length zero elements of W by Q < W, we get a semidirect product
decomposition W=Qx Wat.

The Bruhat order on Wy is the usual Coxeter-theoretic notion. We define the Bruhat order on W by
declaring that

wix] £ wyxy = (w1 = wy and x| < xp € Wy),

where wi, wy € £~2 and x1, xp € Wyr. Equivalently, this is the partial order on w generated by the relations
x < xry for x € W and a € @y such that £(x) < €(xrg). _

We will occasionally denote the classical part of an affine roota = (a, k) or an elementx = we € W
by

cla) =a €@, cx)=weWw.

We need the language of length functionals from [28, Section 2.2]. We recall the basic definitions
here and refer to the cited paper for some geometric intuition and fundamental properties.

Definition 2.2. Let x = we# € W.

(a) For a € @, we define the length functional of x by
t(x,a) = {(u,a)+ D (a) - D" (wa).

(b) Anelementv € W is called length positive for x, written as v € LP(x), if every positive root « € ®*
satisfies £(x, va) > 0.

(¢) If v € W is not length positive for x and @ € ®* satisfies £(x,va) < 0, we call vs, € W an
adjustment of v for £(x, -).

The name “length functional” comes from the fact that the length of x can be expressed as the sum
of all positive values £(x, @) for @ € ®.

We prove in [28, Lemma 2.3] that iteratively adjusting any given v € W yields a length positive
element for x. The following characterization of length positive elements will frequently come in handy:

Lemma 2.3 [28, Corollary 2.11]. Let x = wet € W andv € W. Then
(x) > (v, 2p) — £(v) + €(wv).

Equality holds if and only if v is length positive for x.

The length functional can be used to characterize the shrunken Weyl chambers 28, Proposition 2.15]:
The element x € W lies in a shrunken Weyl chamber if and only if £(x, @) # 0 for all @ € ®, which is
equivalent to saying that LP(x) contains only one element.
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3. Quantum Bruhat graph

In this section, we recall the definition of quantum Bruhat graphs and study its weight functions. Before
turning to the abstract theory of these graphs, we will discuss the situation of root systems of type A,
as a motivational example.

For each simple affine root a = (a, k) € A, we define a coweight w, € QD as follows: For 8 € A,
we define

1, a=4,

(wa: ) = {0, a # B.

In particular, w, = 0if @ € A. _
Let now x; = wiet, xo = wpet2 € W. By [2, Theorem 8.3.7], we have

X1 <xp & Va,a’ € Ay: () +wy — wl_]waf)dom < (U +wg — wglwa/)dom.

Here, we write v4°™ € X, for the unique dominant element in the W-orbit of v € X,.

Suppose that u; and py are sufficiently regular such that we find v, v, € W with
Va,a' € Agr: (Ui + wgy — w;lwa/)dom = vi_l(,u,~ +wg — wl-_lwa/).
Then we conclude

X1 <xy & Va,a': vl_l(ul +wg — w]_lwa/) < v;l(,ug + Wy — w;lwa/)

-1 -1 -1 -1 -1 -1
v 1+ sup (V] wg =V, wa) + sup (Wava) we — (Wivy) we < vy .
ael ¢ a’€Ayr

So if we define

wt(v] = v3) := sup (vglwa - vIlwa), 3.1)
acl ¢

we can conclude a version of our result on the Bruhat order (Theorem 1.1).

Indeed, formula (3.1) holds true for root systems of type A,,, but not for any other root system. Many
properties of the weight function are easier to prove for type A,,, where an explicit formula exists, so it
is helpful to keep this example in mind.

We refer to a paper of Ishii [14] for explicit formulas for the weight functions of all classical root
systems (while he discusses explicit criteria for the semi-infinite order, these can be translated to explicit
formulas for the weight function as outlined above in the A,, case).

3.1. (Parabolic) quantum Bruhat graph

We start with a discussion of the quantum roots in ®*.

Lemma 3.1. Let « € ®*. Then
t(sq) < {(a¥,2p) — 1.

Equality holds if and only if for all @ # B € ®F with s, (B) € ®~, we have {a", B) = 1.

Roots satisfying the equivalent properties of Lemma 3.1 are called quantum roots. We see that all
long roots are quantum (so in a simply laced root system, all roots are quantum). Moreover, all simple
roots are quantum.
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The first inequality of Lemma 3.1 is due to [4, Lemma 4.3]. By [3, Lemma 7.2], we have the following
more explicit (but somehow less useful for us) result: A short root @ is quantum if and only if @ is a
sum of short simple roots.

Proof of Lemma 3.1. We calculate

(@",20) = 3 ((@", 20) + (sa(@"), 50 20)) = 3@, 2p = 50(20).
Let

I:={Be®"|s,(B) €D}

Then s, (1) = —I and s, (®* \ I) = ®* \ I. It follows that

2p = 5a(20) = ) (B=5aB)+ Y, (B=sa(B)

Bel BedH\I

=2Zﬁ.

pBel

Therefore, we obtain

(@”,2p) = ) (a", B).
pel

Certainly, @ € 1. Hence,

(@.20)=2+ ) (a’.p).
a#Led*
Sa(B)ed™

Now, if @, 8 € ®* and 5,(8) = 8 - (a", B)a € @, we get {a", B) > 1. We conclude

(@,20)=2+ > (a“.B)22+#{Be® \{a}|sqa(B) € D} =1+{(sq).
a#LBedt
sq(B)ed”

All claims of the lemma follow immediately from this. O

The parabolic quantum Bruhat graph as introduced by Lenart—Naito—Sagaki—Schilling—Schimozono
[17] is a generalization of the classical construction of the quantum Bruhat graph by Brenti—-Fomin—
Postnikov [4]. To avoid redundancy, we directly state the definition of the parabolic quantum Bruhat
graph, even though we will be mostly concerned with the (ordinary) quantum Bruhat graph.

Fix a subset J € A. We denote by W the Coxeter subgroup of W generated by the reflections s, for
a €J. Welet

W/ ={weW|w()cC o).
Foreach w € W, let w/ € W’ and w; € W; be the uniquely determined elements with w = w’ - w
[2, Proposition 2.4.4].
We write ®; = W, (J) for the root system generated by J. The sum of positive roots in @ is denoted
2p;. The quotient lattice Z®"/Z®Y is ordered by declaring u; + ®) < up + @Y if the difference
U2 — py + (I)} is equal to a sum of positive coroots modulo d)}.
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Definition 3.2.

(a) The parabolic quantum Bruhat graph associated with W” is a directed and (Z®" /Z®"))-weighted
graph, denoted QB(WY). The set of vertices is given by W”. For wi, w, € WY, we have an edge
w1 — w, if there is aroot @ € ®*\ ®; such that wy = (wys,)”’ and one of the following conditions
is satisfied:

B) €(wy) =£€(wy)+1or

(Q) €(w2) =t(wi) +1—(a",2p - 2py).

Edges of type (B) are Bruhat edges and have weight 0 € Z®" /Z®Y . Edges of type (Q) are quantum
edges and have weight o € Z®" /Z®.

(b) A pathin QB(W) is a sequence of adjacent edges

PIW=W] D Wy > s> we =W

The length of p is the number of edges, denoted £(p) € Z>. The weight of p is the sum of its edges’
weights, denoted wt(p) € Z®" /Z®Y. We say that p is a path from w tow’.
©) Ifw,w’ € W/, we define the distance function by

dopwsy(w = w’) =inf{€(p) | p is a path in QB(WY) from w to w’} € Zs( U {co}.

A path p from w to w” of length dogw ) (w = w’) is called shortest.
(d) The quantum Bruhat graph of W is the parabolic quantum Bruhat graph associated with J = 0,
denoted QB(W) := QB(W?). We also shorten our notation to

d(w = w’) :=dgogw)(w = w’).

Remark 3.3. Let us consider the case J = 0, that is, the quantum Bruhat graph. If w € W and « € A,
then w — ws,, is always an edge of weight " ®*(-wa).

The quantum edges are precisely the edges of the form w — ws,, where « is a quantum root and
t(wsa) = (W) = €(sa)-

Proposition 3.4 [17, Proposition 8.1] and [18, Lemma 7.2]. Consider w,w’ € w,

(a) The graph QB(W) is strongly connected, that is, there exists a path from w to w’ in QB(WY).
(b) Any two shortest paths from w to w’ have the same weight, denoted

wigpw) (W = w') € Z&Y |70} .

(¢) Any path p from w to w' has weight wt(p) = Wtggw)(w = w') € ZO" |ZDY.
(d) The image of

wt(w = w’) = wigpw)(w = w’) € Z®"

under the canonical projection Z®" — Z®" |Z®Y is given by wigp w7y (w = w’).

One interpretation of the weight function is that it measures the failure of the inequality wiW; <
woW; in the Bruhat order on W/W; (cf. [2, Section 2.5]): Indeed, w;W; < w,oW; if and only if
WtQB(WJ)(Wl = W2) =0.

We have the following converse to part (c) of Proposition 3.4:

Lemma 3.5 (Cf. [21, Formula 4.3]). Let w, w, € WY. For any path p from wi to wy in QB(WY), we
have

Wt(p),2p = 2py) = £(p) + L(w1) — £(w2).
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In particular,
(Wigg(w ) (W1 = w2),2p = 2py) = dopw7) (w1 = wa) +{(w1) — £(w2),

and p is shortest if and only if wt(p) = Wiggw7) (W1 = w2).
Proof. Note thatif p : w; — wa = (Ws4)” is an edge in QB(W), then by definition,

t(wa) = t(w1) + 1 =(wt(p),2p = 2py).

In general, iterate this observation for all edges of p. O

The weights of nonshortest paths do not add more information:

Lemma 3.6. Let i € ZO" /Z®Y and wi, wy € W. Then pu > Wtggw ) (w1 = w) if and only if there
is a path p from wi to wo in QB(WY) of weight .
Proof. By part (d) of Proposition 3.4, it suffices to consider the case J = 0, that is, the quantum Bruhat
graph.

The if condition is part (c) of Proposition 3.4. It remains to show the only if condition. Note that for
eachw € W and @ € A, we get a “silly path” of the form

W= WSy D W

in QB(W). Precisely one of the edges is quantum with weight ¥, and the other one is Bruhat with

weight 0.
If u > wt(w; = wy), we may compose a shortest path from w; to w, with suitably chosen silly
paths as above to obtain a path from w; to w, of weight u. O

Lemma 3.7 [17, Lemma 7.7]. Let J C A, wi,ws € WY and a = (@, k) € Ayt such that wgla e .

(a) We have an edge (sqw2)? — wo in QB(WY) of weight —kw;lav € Z®" |Z2D).
M) If wl‘la € @7, then the above edge is part of a shortest path from wq to w,, that is,

dQB(W-’)(Wl = wp) = dQB(WJ)(Wl = (SaWZ)J) +1.

(c) Ifwl_la € @7, we have

daawsy(W1 = w2) = dogw) ((saw1)” = (sqw2)”),
Wig(w /) (W1 = wa) = WtQB(WJ)((Sa,Wl)J = (sqw2)’) + k(w;lotv - wglav).

We can use this lemma to reduce the calculation of weights wt(w; = wj) to weights of the form
wt(w = 1): If wy # 1, we find a simple root @ € A with w;'@ € ®~. Then

wt(w; = sqgw2), WIICZ € @t
wt(w) = wp) = |
Wi(SaW1 = soW2), W] a € @7,
= wt(min(wi, sqw1), SeW2).
For an alternative proof of this reduction, cf. [26, Corollary 3.3].
The quantum Bruhat graph has a number of useful automorphisms.
Lemma 3.8. Let wi,wy € W, and let wy € W be the longest element.

(a) Wt(W()Wl = W()Wz) = Wt(W2 = Wl).
(b) wt(wowiwg = wowawg) = —wowt(w; = wy).
(©) wtiw; = 1) = wt(wl‘1 = 1).
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Proof. Part (a) follows from [17, Proposition 4.3].

For part (b), observe that we have an automorphism of @ given by @ — —wga. The induced
automorphism of W is given by w +— wowwy. Since the function wt(- = -) is compatible with
automorphisms of @, we get the claim.

Now, for (c), consider a reduced expression

wWowi1 =81+ 8q.
Then, iterating Lemma 3.7, we get
wt(wy = 1) 5 wt(wo = wow1) = Wt(wo = 51+ 5¢)
a

=Wt(siwo = 52+ 5g) = -+ = Wt(sq - - s1wo = 1)

=wt((wowi1) 'wo = 1) = wt(wl_l = 1). O

3.2. Lifting the parabolic quantum Bruhat graph

For sufficiently regular elements of the extended affine Weyl group, the Bruhat covers in W are in a
one-to-one correspondence with edges in the quantum Bruhat graph [16, Proposition 4.4]. This result
is very useful for deriving properties about the quantum Bruhat graph. Moreover, our strategy to prove
our results on the Bruhat order will be to reduce to this superregular case.

The result of Lam and Shimozono has been generalized by Lenart et al. [17, Theorem 5.2], and the
extra generality of the latter result will be useful for us. Throughout this section, let J/ C A be any subset.

Definition 3.9 [17].
(a) Define

(W' )y :={x € Wy | Y € @y : £(x, ) =0},
(W/) :={x e W |Va € ®, : £(x,a) = 0).

(b) Let C > 0 be any real number. We define Q;C to be the set of all elements x = we# € (W/) such
that

Ya € @Y\ @y : (u,a) < -C.
Similarly, we say x € Qf if
Ya € @\ @y : (u,a) >C.

(c) Forelements x,x’ € W, we write x <x” and call x” a Bruhat cover of x if £(x") = {(x) + 1 and x Iy’
is an affine reflection in W.

(d) Foru,u’" € X., wewrite u’ < p (mod @Y) if the difference p— u’ +Z®? is a sum of positive coroots
in the quotient group X, /Z®?. This is, according to our convention, equivalent to y — u’ + Z®Y >
0+ Z®Y in ZO/ZDY.

Theorem 3.10 [17, Theorem 5.2]. There is a constant C > 0 depending only on ® such that the
following holds:

(@) If x = we! <x’ = w'e is a Bruhat cover with x € Q;C and x’ € m there exists an edge
(w)! — w’ in QB(W) of weight u — p’ + Z®.

(b) If x = wet € Q;C and w' — w’ is an edge in QB(W”) of weight w, then there exists a unique
element x <x’ =w'et € (WAf) with w' = (w')’ and p1 = p’ + w (mod ZDY).

This theorem‘lifts’ QB(W) into the Bruhat covers of Q;C for sufficiently large C.
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The theorem is originally formulated only for (W )., but the generalization to (W) is straightfor-
ward.

With a bit of bookkeeping, we can compare paths in QB(WY) (i.e., sequences of edges) with the
Bruhat order on Q;C (i.e., sequences of Bruhat covers).

Lemma 3.11. Let C; > 0 be any real number. Then there exists some Cy > 0 such that for all
x=weH € Q? and x’ = w'e e (WY) with £(x~'x") < Cy, we have

x<x' = p-wt(w' = w) <y’ (mod ®Y).

Proof. Let C > 0 be a constant sufficiently large for the conclusion of Theorem 3.10 to hold. We see
that if x| <x; is any cover in Q}C, then there are only finitely many possibilities for xl‘lxz, so the length
4 (xl‘lxz) is bounded. We fix a bound C’ > 0 for this length.

We can pick C; > 0 such that for all x; = weH € Q;Cz and x, € W’ with f(xl_lxz) < C1C’, we must
at least have x; € Q€.

We now consider elements x = wet € Q;Cz andx’ = wet € W’ with £(x"'x’) < Cy.

First, suppose that x < x’. We find elements x = x| <x <--- <x; = x’. Note that k = £(x”) — €(x) <
£(x~'x”) < Cy. By choice of C’, we conclude that £(x~'x;) < C’i < C'Cy fori = 1,...,k. Thus,
X; € Q;C

By Theorem 3.10, we get a path from (w’)’ to w’ of weight u — u’ + Z®Y. Thus,

wt(w; = wp) < p—p’  (mod ®Y),

which is the estimate we wanted to prove.

Now, suppose conversely that we are given u — wt(w’ = w) > u’ (mod ®@Y). By Lemma 3.6, we
find a path (w')” =wi — wy — -+ = wi = w’ in QB(W”) of weight u — u’ + Z®Y. Since p — p’ is
bounded in terms of Cj, the length & of this path is bounded in terms of C; as well. By adding another
lower bound for C;, we can guarantee that each such path w; — - -- — wy can indeed be lifted to Q;C,
proving that x < x’. O

We find working with superdominant instead superantidominant coweights a bit easier, so let us
restate the lemma for Q¢ instead of Q€.

Corollary 3.12. Let C; > 0 be any real number. Then there exists some C, > 0 such that for all
x=wet € sz and x’ =w'e" e (WY) with £(x~'x’) < C, we have

x<x' & p+wt(w=w') <y (mod @Y).

Proof. Let wo(J) € Wy be the longest element. Let C, > 0 such that the conclusion of the previous
Lemma is satisfied.

Ifx e Q?, then xwo(J)wo € Q:VCV(Z)(J)' Moreover, wo(J)wq is a length positive element for x, so
(xwo(J)wg) = €(x) + £(wo(J)wg). Choosing C, appropriately, we similarly may assume x’ € Qf for
some C > 0 and obtain £(x"wo(J)wg) = €(x”) + £(wo(J)wo). Then, with the right choice of constants
and using the automorphism a — —woa of @, we get

x <x' = xwo(J)wo < x'wo(J)wo
= wowo(J)u — wt(w'wo(J)wo = wwo(J)wo) = wowo(J)u’ (mod @XWO(J))

< wo(J)p + wt(wow'wo(J) = wowwo(J)) < wo(J)p’  (mod @Y)

Froot Dp+wt(w = w’) <wo(/)’  (mod 7).
[17,Pr00f4,3]wo( I+ wt(w = w’) <wo(J)u’  (mod @)
Since wo(J)u = p (mod @Y), we get the desired conclusion. a
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3.3. Computing the weight function

We already saw in Lemma 3.7 how to find for all wi,w, € W an element w € W such that wt(w; =
wp) = wt(w = 1). It remains to find a method to compute these weights. First, we note that we only
need to consider quantum edges for this task.

Lemma 3.13 [21, Proposition 4.11]. For each w € W, there is a shortest path from w to 1 in QB(W)
consisting only of quantum edges.

So we only need to find for each w € W\ {1} a quantum edge w — w’ in QB(W) withd(w’ = 1) =
d(w = 1) — 1. In this section, we present a new method to obtain such edges.

Definition 3.14. Letw € W.

(a) The set of inversions of w is
inv(w) ;= {e e ®* | wla e 7).

(b) An inversion y € inv(w) is a maximal inversion if there is no a € inv(w) with @ # vy < a. Here,
v < a means that @ — y is a sum of positive roots.
We write max inv(w) for the set of maximal inversions of w.

Remark 3.15. If 6 € inv(w) is the longest root of an irreducible component of ®, then certainly
0 € max inv(w). In this case, everything we want to prove is already shown in [17, Section 5.5]. Our
strategy is to follow their arguments as closely as possible while keeping the generality of maximal
inversions.

Lemma 3.16. Let w € W and y € max inv(w). Then w — s,,w is a quantum edge.

Proof. Note that syw = ws_,,-1,,. We have to show that —-w~ly is a quantum root and that
C(ws_yy-1y) = E(W) = L(s_p-1,).

Step 1. We show that —w ™!y is a quantum root using Lemma 3.1. So pick an element —w™!y # B € ®*
with s_,,-1,,(8) € ®. We want to show that (-w~'y", B) = 1.
Note that

S—w“y(IB) = ﬂ + (‘W_l)’v,,@w_l?’-
In particular, k := (—w~'y", 8) > 0. It follows from the theory of root systems that
ﬁ;:=ﬁ+iw_176®, i=0,...,k.

Since fo = f € ®" and Bx = s_,,-1,(B) € ®7, we find some i € {0,...,k — 1} with §; € ®" and
Bi+1 € ®~. We show that k < 1 as follows:

o Suppose wB; € ®*. Then wB;+1 = wB; +7y > 7. In particular, w841 € ®*. We see that wBiy; €
inv(w), contradicting maximality of 7.

o Suppose wpBi+1 € ® . Then —wpB; = —wpBi+1 +y > 7v. In particular, —wpB; € ®*. We see that
—wp; € inv(w), contradicting maximality of y.

o Suppose i > 1. Then y — wB; = —wpB;_1 € ®. We already proved wgB; € @7, so —wp; € inv(w).
Since also y € inv(w), we conclude y < —wp;_; € inv(w), contradicting the maximality of y.

o Suppose i < k —2. Then wgi2 = wBiy1 +7y € @. Since both y and wg;1 are in inv(w), we conclude
that y < wpB;4, € inv(w), which is a contradiction to the maximality of 7.

In summary, we conclude O =i > k — 1, thus k < 1. This shows (-w~'y", ) = 1.
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Step 2. We show that

C(ws_yy-1y) = E(w) = L(s_yy-1,).

Suppose this is not the case. Then we find some a € ®* such that wa € ®* and s_,,-1,(a) € @~.
As we saw before, (-w™'yY,a) = 1, so S_woiy(@) = @+ w~ly € ®~. Now, consider the element
WS?W—I),(CU) = wa +7y € ®. Since wa € ®* by assumption, we have ws,wfly(a) > v, in particular
wS_,,-1,, (@) € ®*. We conclude ws_,,-1,, (@) € inv(w), yielding a final contradiction to the maximality
of y. )

Lemma 3.17. Let w € W and a € ®* such that w — ws, is a quantum edge. Let moreover
—wa # ¥ € max inv(w). Theny € max inv(wsg) and {(—w™'y", @) > 0.
Proof. We first show y € inv(ws,), that is, s,w™ly € ®~.

Aiming for a contradiction, we thus suppose that

se(-wly) = (@', wiya-wly e d.

Then —w~'y is a positive root whose image under s, is negative. Since « is quantum, we conclude
(aV,-w™ly) = 1. Thus, —a — w™!y € ®~. Consider the element

w(@+wly) =y +wa e ®.

We distinguish the following cases:
o If y +wa € @7, we get y < —wa € inv(w), contradicting maximality of y.
o If y + wa € ®*, we compute

wsa(=w'y) = —(Wwsaw ™)y = —swa(y) = —(y +wa) € @

In other words, the positive root —w~!y € ®* gets mapped to negative roots both by s, and by
ws, € W. This is a contradiction to £(w) = £(ws,) + £(s) (since w — ws, was supposed to be a
quantum edge).

In any case, we get a contradiction. Thus, y € inv(ws,).

The quantum edge condition w — ws, implies £(w) = €(wsy) + €(sq), SO inv(ws,) C inv(w).
Because y is maximal in inv(w) and y € inv(ws,) C inv(w), it follows that y must be maximal in
inv(wsg) as well.

Finally, we have to show (—w~!y", @) > 0. If this was not the case, then we would get

Y < sy(=wa) = —wa + Wy, @)y € inv(w),

again contradicting maximality of y. O

Proposition 3.18. Let w € W and y € max inv(w). Then
wt(w = 1) = wt(s,w = 1) —wly".
Proof. Since the estimate

wt(w = 1) <wt(w = 5, w) + wt(s,w = 1)

<—wlyY +wt(s,w = 1)

follows from [28, Lemma 4.3], all we have to show is the inequality “>".
For this, we use induction on £(w). If 1 # w € W, we find by Lemma 3.13 some quantum edge
W — wso with wt(w = 1) = wt(ws, = 1) +a. If @ = —w ™!y, we are done.
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Otherwise, y € max inv(ws,) and (-w~!y", @) > 0 by the previous lemma. By induction, we have

wt(w = 1) = wt(wsg = 1) +
=wi(s,wsq = 1) +a" - (wsa) 'YV, (3.2)
By Lemma 3.16, we get the following three quantum edges:

w

N

WSq SyWw

SyWSa
This allows for the following computation:
f(sywsa) =€(Wsa) +1- <_(Wsa)_lyva 2P>
=0(w)+2— (", 2p) = (-w'y" = (-wy", a)a", 2p)
=l(s,w) + 1+ ((—w™ 'y, @) = 1){a", 2p). (3.3)
We now distinguish several cases depending on the value of (—w~!y", @) € Zso.

o Case (-w'yY,a) = 0. In this case, we get a quantum edge syw — s,wsq by Equation (3.3).
Evaluating this in Equation (3.2), we get

wt(w = 1) = wt(s,wsq = 1) +a¥ — (wsq) Iy
> wt(syw = 1) - Sew YV
=wt(s,w = 1) - wlyV.

o Case (-w~!y", @) = 1.Inthis case, we get a Bruhat edge §yW — 5, WS4 by Equation (3.3). Evaluating
this in Equation (3.2), we get

wt(w = 1) = wt(s,wsg = 1) +a” — (wsa) " ly"
> wi(s,w = 1) +a’ - Saw YV
=wt(s,w = 1) —w 'y,
o Case (—w~lyY, @) > 2. We get
C(sywsq) < L(syw) +L(sq) < E(syw) +{a’,2p) -1
L3.1
<L(syw) +(sq) < (syw) +1+ ((—w_lyv,a) - 1)(av,2p).
This is a contradiction to Equation (3.3).
In any case, we get a contradiction or the required conclusion, finishing the proof. O

Remark 3.19.

(a) By Lemma 3.5, it follows that concatenating the quantum edge w — s,w with a shortest path
syw = 1 yields indeed a shortest path from w to 1. Thus, iterating Proposition 3.18, we get a
shortest path from w to 1.
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(b) If w € W’ and y € max inv(w), we do not in general have a quantum edge w — (s,w)” in
QB(W). However, we can concatenate a shortest path from w to (s,w)” (which will have weight
—wlyV +Z®}) with a shortest path from (syw)? to 1in QB(W”) to get a shortest path from w to 1.

3.4. Semiaffine quotients

We saw that for wi,w, € W and J C A, we can assign a weight to the cosets wW; and woW; in
Z®V /Z®Y. In this section, we consider left cosets W w instead. This is pretty straightforward if J C A;
however, it is more interesting if J is instead allowed to be a subset of A,¢. The quotient of the finite
Weyl group by a set of simple affine roots will be called semiaffine quotient.

In this section, we introduce the resulting semiaffine weight function. This new function generalizes
properties of the ordinary weight function. We have the following two motivations to study it:

o For root systems of type A,,, we can explicitly express the weight function using formula (3.1):

wt(vy = vy) = sup (vglwa - v[lwa).
acl e
Using the semiaffine weight function, we can prove a generalization of this formula, expressing the
weight wt(v, = v1) as a supremum of semiaffine weights (Lemmas 3.29 and 4.34)

o There is a close relationship between the quantum Bruhat graph and the Bruhat order of the extended
affine Weyl group W. Now, Deodhar’s lemma 7] is an important result on the Bruhat order of general
Coxeter groups. Translating the statement of Deodhar’s lemma to the quantum Bruhat graph yields
exactly the semiaffine weight function.

Conversely, using the semiaffine weight function and Deodhar’s lemma, we can generalize our
result on the Bruhat order in Section 4.3.

In this article, the results of this section are only used in Section 4.3, whose results are not used later. A
reader who is not interested in the aforementioned applications is thus invited to skip these two sections.

Definition 3.20. Let / C A,¢ be any subset.

(a) We denote by @ the root system generated by the roots
c(J) :={cl(a) |aeJ} ={a | (a, k) € J}.

(b) We denote by W; the Weyl group of the root system @, that is, the subgroup of W generated by
{sa | @ € cl(J)}.

(c) Similarly, we denote by (®,¢); € @, the (affine) root system generated by J, and by w 7 the Coxeter
subgroup of Wy generated by the reflections r, with a € J.

(d) We say that J is a spherical subset of A if no connected component of the affine Dynkin diagram
of @, is contained in J, that is, if WJ is finite.

Lemma 3.21. Let J C Ay be a spherical subset.

(a) cl(J) is a basis of ;. The map (Dy); — Py, (@, k) — « is bijective.
(b) Writing @7, for the positive roots of ®; with respect to the basis cl(J), we get a bijection

DY - (D)}, @+ (a, D (-a)).

Proof.

(a) Consider the Cartan matrix

Cop = (a",B), a, B ecl(J).
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This must be the Cartan matrix associated to a certain Dynkin diagram, namely the subdiagram of
the affine Dynkin diagram of @, with set of nodes given by J. We know that this must coincide
with the Dynkin diagram of a finite root system by the fact that J is spherical. Hence, C, . is the
Cartan matrix of a finite root system. Both claims follow immediately from this observation.

(b) Let ¢ denote the map

@ ®h - DL, o (a, 0 (-a)).

By (a), the map is injective. For each root a € cl(J), we certainly have p(a) € @7.

Now, for an inductive argument, suppose that @ € ®%, 8 € cl(J) and o+ € D satisty () € @Y.
We want to show that p(a + ) € ®F.

We have (@, ®*(—a)), (B, ®*(-B)) € @, hence

(¢ + B, D" (—a) + D (-p)) € D}.
Hence, it suffices to show that ®*(—a) + ®*(-8) = ®*(—a — B).
If B € A, this is clear. Hence, we may assume that 8 = —6, where 0 is the longest root of the
irreducible component of ® containing @, 8. Then @ — § € ® implies @ € ®* and @ — 0 € ®~. We

see that @ (—a) + ©*(0) = ®*(—a + 0) holds true. m]

The parabolic subgroup w 7 C Wyr allows the convenient decomposition of Wys as Wyr = w 7T W
[2, Proposition 2.4.4]. We get something similar for W; € W.

Definition 3.22. Let J C Ay

(a) By @*, we denote the set of positive roots in @ ; with respect to the basis cl(J). By abuse of notation,

we also use <I>} as the symbol for the indicator function of <1>}, that is,

1 (O3
@j(a)::{’ *eP L

0, aed\d].
(b) We define

TW:={we W |VbelJ:wlc(b) e d}
={weW|VBed w'gedt).

(c) Forw € W, we put
Te(w) =#{Bed’ |w'ged}.

Lemma 3.23. If w € W and B € @Y satisfy w™' 3 € @, then

Te(sgw) <7 t(w).
Proof. Write

I:={B#yecd)|sp(y) ¢ D}}.
Then
Te(sgw) =#{y € @ | wlsg(y) € @7}

=#{y e @\ (TU{BY) [wlsg(y) e @ }+#{y el |w'sg(y) e D }.
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Since sp permutes the set ®% \ (1 U {8}), we get

=y eI\ U{B)) | wlyed +#{yel|wlss(y) e @}
Note that if ¥ € I, then (8",y) > 0 and thus
wlsg(y) =wly =BV, yyw B> wly.
We obtain
#Hy e @5\ (TU{BY |wly e @} +#{y el |w'sp(y) e @7}

<#Hyedt \(TU{B) |wlyed }+#{yel|w'lyed}
=7e(w) - 1. =

Lemma 3.24. Let J C Ay be a spherical subset. Then there exists a uniquely determined map ' -
W — JW x Z® with the following two properties:

(1) Forallw €W, we have  m(w) = (w,0).
(2) Forallw € W and 8 € ®% where we write Ta(w) = (W, n), we have

Ia(spw) = (W', p+ @ (-B)w™'B")
and wu € Zcl(J).

Proof. We fix an element 1 € Z®V that is dominant and sufficiently regular (the required regularity
constant follows from the remaining proof).
For w € W, we consider the element we

wel € "Wy and y € WJ such that

4 € W. Then there exist uniquely determined elements

wel =y -wel.

We define / 7(w) := (w’, A1 — A’) and check that it has the required properties.

(0) w’ € 7W: Since Wy is a finite group, we may assume that A’ is superregular and dominant as well.
For (a, k) € J, we have

w e Na, k) = (W) a, k+ (A, (w) ' a)) € o
because w’e? € / Wy Since A’ is superregular and dominant, we have
(W) ek + (U, (W) la)) e @ &= (W) la € @

This proves w’ € /W.
(1) If w € /W, then / 7(w) = (w, 0): The proof of (0) shows that we! € Y Wy so that wel = w’e?’.
(2) Letw € W and € @7. We have to show

Tr(sgw) = (W, 1= + @ (-B)yw™'8Y).
Put

b= (B, ®"(-p)) € ..
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By Lemma 3.21, we have b € (®@4). The projection of

rpwet = sﬁws’“'@(_ﬁ)wilﬁv eW, - wel
onto 7 W, must again be w’e?’. We obtain

Tr(spw) = (W, 1+ O (-pyw™ 'Y - 1)

as desired.
For the second claim, it suffices to observe that

- - _ /7/ _ _
eV ) =y ele=y, Loyw'ele wl=yww !l ew,.

EW_]

The fact that 7 7 is uniquely determined (in particular, independent of the choice of 1) can be seen as
follows: If w € W, then / 7(w) is determined by (1). Otherwise, we find 8 € ®% with w™' € ®~. We
multiply w on the left with sg, and iterate this process, until we obtain an element in JW. This process
will terminate after at most 7 ¢ (w) steps with an element in JW. Now, for each of these steps, we can
use property (2) to determine the value of ¥ r(w). O

We call the set /W a semiaffine quotient of W, as it is a quotient of a finite Weyl group by a set of
affine roots. The map ” 7 is the semiaffine projection. We now introduce the semiaffine weight function.

Lemma 3.25. Let wi,wy € W and J C A be a spherical subset. Write
Tr(wy) = (wi, ), Tr(wa) = (Wh, o).
Then
wt(w] = wj) — 1+ p2 = wt(w] = wa) — up < wt(wg = wa).
Proof. We first show the equation
wt(w] = wj) + uo = wt(w] = wa).

Induction by 7 £(w,). The statement is trivial if w, € YW. Otherwise, we find some a € cl(J) with

wgla € ®~. Because (wi)‘la' € @', we obtain from Lemma 3.7 that

wt(w] = wy) =wt(w] = sqw2) — (D+(—a)w£]a/v.
By Lemma 3.24, we have
T r(sqwa) = (W, o + <1>+(—a)wglav).
Using the inductive hypothesis, we get

wt(w] = wa) = wt(w] = sow2) — d>+(—a)w51a'v
= wt(w] = w)) + 2 + @* (—a)w; '’ — &* (—a)w; '

=wt(w] = w)) + 1.

This finishes the induction.
It remains to prove the inequality

wt(w] = wa) — pp < wt(wy = w).
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The argument is entirely analogous, using [28, Lemma 4.3] in place of Lemma 3.7. m}
Definition 3.26. Let wi, wy € W and J C A, be a spherical subset. We write
Tra(w) = (Wi ), Tr(wa) = (Wh, ).
(a) We define the semiaffine weight function by
Twt(wi = w) i= wt(w] = W) — i1 + 1 = wt(w} = wy) — u; € ZO".
(b) If B € @y and (B, k) € (Dy), is the image of B under the bijection of Lemma 3.21, we define
xJ(B) = —k.

If B € @\ @y, we define yy(B) := O (P).
In other words, for 8 € ®, we have

Xx1(B) = @*(B) - ®F(B).
Example 3.27. Suppose that @ is irreducible of type A, with basis ay,ap. Let J = {(-6,1)} =
{(=a1 — az, 1)} such that @ = {-0} = {~a; — @2}. We want to compute Iwt(1 = s157) (writing
Si = Sa;)-

Observe that /(1) = (sg,6"). Hence,

Jwt(l = 51) = wt(sg = s152) — 6"

\ \% \%
= Wt(s152851 = §152) — @ — @y = —@,.

Unlike the usual weight function, the value Y wt(w; = wj) no longer needs to be a sum of positive
coroots. In general for root systems of type A,, we have

Twt(w; = wy) = sup (wl_lwa - wglwa).
(YEAaf\./

Lemma 3.28. Let wi, wo,ws € W, and let J C A be a spherical subset.

(a) The semiaffine weight function satisfies the triangle inequality,
JWt(Wl = w3) < JWI(W1 = wy) + JWt(W2 = w3).
) Ifa € @y, we have

Twt(sawi = wa) =T wt(wi = wa) + xs (oz)wl_lav,

Twi(wi = sew2) =7 wt(wy = wp) — xs(@)w;'a.
(c) If B € ®*, we have

Twi(wisg = wa) < wi(wi = wa) + x; (w18)BY,
]Wt(wl = W2SB) < ]Wt(Wl = Wz) +)(J(—W2,B)ﬁv.
Proof. Part (a) follows readily from the definition. Let us prove part (b). We focus on the first identity,
as the proof of the second identity is analogous.
Up to replacing @ by —a, which does not change the reflection s, nor the value of

xs(@wi'a,
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we may assume « € ®%. Now, write

Trwi) = Wi, Tr(wa) = (wh, pa).
Then ’ 7t(sqw1) = (W}, u1 + ®*(—a)w'e). Thus,

Twt(sawi = wa) = wt(w) = wh) — up — @ (—a)w;'e" + 2
=T wt(w; = wa) - O (~a)w;'a"
=T wt(w; = wa) + x7 (a)wl_lav
.
asa € @7.

Now, we prove part (c). Again, we only show the first inequality. If w8 € @, the inequality follows
from part (b). Otherwise, we use (a) and [28, Lemma 4.3] to compute

Jwt(wlsﬁ = wy) < Twt(wise = wi) + wt(w; = w»)

< wt(wisq = wi) + 7 wt(w) = ws)
L3.25

< OF(wa)a’ + 7 wt(w; = w»)

= yy(wa)a + wt(w; = wy).
This finishes the proof. O

Lemma 3.29. Let wi,wy € W and J C Ay be spherical. Suppose that, for all a € ®*, at least one of
the following conditions is satisfied:

wila e @ orwy'a e @,
Then T wt(wi = wo) = wt(w; = w»).

Proof. We show the claim via induction on / £(w). If w; € /W, then the claim follows from Lemma
3.25.

Otherwise, we find some a € cl(J) with w}
Lemma 3.7, we get

1 1

@ € @". By assumption, also w, @ € ®~. Using

Wt(w = W) = Wi(sqw1 = Sew2) + xs (@)wi'a" = xy(@)wy'e".

Since / €(sqw1) < 7 €(w1) by Lemma 3.23, we want to show that (s, w1, sow2) also satisfy the condition
stated in the lemma.

For this, let 8 € ®%. If B = a, then (sew1)'a = —w;la € ®* by choice of @. Now, assume

that 8 # a so that 5,8 € ®. By the assumption on w; and wy, we must have w;lsa(ﬁ) € @ or
w;'sq(B) € ®. In other words, we have

(saw1) !B € " or (sqw2) !B e D,

This shows that (s,w1, sow2) satisfy the desired properties.
By the inductive hypothesis and Lemma 3.28, we get

Wt(sqW1 = SagW2) + X7 (a/)wflotv -XJ (a/)wglav
= Jwt(s(,wl = SoW2) + XJ (a)wl’]av - XJ (oz)wglarv

= JWt(Wl = wy).

This completes the induction and the proof. O
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4. Bruhat order

The Bruhat order on W is a fundamental Coxeter-theoretic notion that has been studied with great
interest, for example, [1, 15, 25, 17]. In this section, we present new characterizations of the Bruhat
order on W.

The structure of this section is as follows: In Section 4.1, we state our main criterion for the Bruhat
order as Theorem 4.2 and discuss some of its applications. We then prove this criterion in Section 4.2.
Finally, Section 4.3 will cover some consequences of Deodhar’s lemma (cf. [7]) and feature an even
more general criterion.

4.1. A criterion

Definition 4.1. Let x = weH € W. A Bruhat-deciding datum for x is a tuple (v, Jy,...,J,), where
v € W and J, is a finite collection of arbitrary subsets Ji,...,J,, € A with m > 1, satisfying the
following two properties:

(1) The element v is length positive for x, that is, £(x, va) > 0 for all @ € O*.
(2) Writing J :=J;N---NJp,, we have £(x,va) =0 forall @ € @y.

The name Bruhat-deciding is justified by the following result.

Theorem 4.2. Let x = wel, x’ = w’'e”" € W. Fix a Bruhat-deciding datum (v, J, ..., J) for x. Then
the following are equivalent:

1) x <x
(2) Foralli=1,...,m, there exists an element vl’. € W such that

viig+wt(v) = v) +wt(wy = w'v) < (V) (mod ;).
We again use the shorthand notation 1 < u (mod @) for py — ur +Z®@Y < 0+ZDY in ZO /ZDY.
This theorem is the main result of this section. We give a proof in Section 4.2.
First, let us remark that the construction of a Bruhat-deciding datum is easy. It suffices to choose any
length positive element v for x, and then (v, 0) is Bruhat-deciding.

The inequality of Theorem 4.2 is only interesting for v € LP(x) and v] € LP(x"), as explained by the
following lemma in conjunction with [28, Lemma 2.3].

Lemma 4.3. Let x = wet, x" = w’e"’ € W. Suppose we are given elements v,v’ € W, a subset J C A
and a positive root @ € ®*,

(a) Assume {(x,va) < 0. Then the inequality
(vsq) "+ WY = vsa) + Wt(wvse = wv) < (V)71 (mod @Y)
implies
v+ wt(v' = v) +wt(wy = w'v') < ()7’ (mod @Y).
(b) Assume £(x’,va) < 0. Then the inequality
vig+wt(v = v) +wt(wy = w'v') < (v) 'y’ (mod @Y)
implies
v+ wt(Vse = v) + wt(wy = w'v'se) < (Vse) 'y’ (mod @Y).
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Proof.
(a) We have

V)7 = (vse) T+ WEHY = vsg) + WH(wvse = w'y')
>vilu— o wa)e +wt(v' = v) — wt(vse = v)
+wt(wv = wv’) — wt(wy = wvs,)

(2) vl — ol a)a + wt(h = v) - &t (va)aV
+wt(wv = w'v') — d"(-wva)a"
=v g+ wt( =) +wt(wy = w'v') — (((x,va) + Da”

> v u+wt(v' = v) + wt(wy = w’v’)  (mod @Y).

The inequality (*) is [28, Lemma 4.3].
(b) The calculation is completely analogous. O

Proof of Theorem 1.1 using Theorem 4.2. We use the notation of Theorem 1.1. In view of Lemma 4.3
and [28, Lemma 2.3], the condition

v, e W: vl_lul +wt(vy = vy) + wt(w v = wyvy) < vgluz (*)

is true for all v; € LP(x) iff it is true for all vi € W. We see that asking condition (x) for all vi € W is
equivalent to asking condition (2) of Theorem 4.2 for each Bruhat-deciding datum of the form (v, 0)
with v € LP(x;). In this sense, Theorem 4.2 implies Theorem 1.1. O

If x’ is in a shrunken Weyl chamber, there is a canonical choice for v’.

Corollary 4.4. Let x = wet and x’ = w’e” . Assume that x’ is in a shrunken Weyl chamber and that v’
is the length positive element for x’. Pick any length positive element v for x. Then x < x’ if and only if

viig+wt(v = v) +wt(wy = wv) < (V).

Proof. (v, 0) is a Bruhat-deciding datum for x. By Lemma 4.3 and [28, Corollary 2.4], the inequality
in Theorem 4.2 (2) is satisfied by some v’ € W iff it is satisfied by the unique length positive element v’
for x’. ]

We now show how Theorem 4.2 can be used to describe Bruhat covers in W. The following proposition
generalizes the previous results of Lam—Shimozono [ 16, Proposition 4.1] and Mili¢evi¢ [20, Proposition
4.2].

Proposition 4.5. Let x = we”,x’ = w'e"’ € W and v € LP(x). Then the following are equivalent:

(a) x <x/, thatis, x < x" and €(x) = €(x’) — 1.
(b) There exists some v’ € LP(x’) such that
®.D) vig+wt(v = v) + wt(wy = wv') = (V) 'y’ and
®.2) d(v' = v)+dwv =>wv') =1
(¢) There is a root a € ®* satisfying at least one of the following conditions:
(c.1) There exists a Bruhat edge v' := sov — v in QB(W) with x’ = xs4 and v’ € LP(x').
(c.2) There exists a quantum edge v’ := sqv — v in QB(W) with v-la € ®*,x’ = X7 (—q,1) and
v/ € LP(x").
(c.3) There exists a Bruhat edge wv — sowv in QB(W) such that x’ = sax and v € LP(x').
(c.4) There exists a quantum edge wv — sqowv in QB(W) with (wv) la € ®, x’ = F(—a,1)X and
v € LP(x’).
(d) There exists a root a € @ satisfying at least one of the following conditions:
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(d.1) We have w' = wsq, ' = so(11), L(sqv) = £(v) — 1 and for all B € ®*:
£(x,vpB) + D (s4vB) — DT (vB) = 0.
(d.2) We have w' = wsa, i1’ = sa(i) — ", (sqv) = €(v) — 1+ (v"'@", 2p) and for all B € ®*:
£(x,vB) + (@, vB) + D" (s4vB) — D*(vB) = 0.
(d.3) We have w’ = sqw, i’ = 1, €(sqwv) = £(wv) + 1 and for all § € ®*:
L(x,vB) + ®F (W) — d*(sqwvp) = 0.

(d.4) We have w' = sqw, ' = 1 —wlaV, E(sqwv) = E(wv) + 1 + {((wv) 'V, 2p) and for all
B € ot

£(x,vB) + (a”, wvB) + ®* (wvpB) — ®* (s,wvpB) > 0.
Proof. (a) < (b): We start with a key calculation for v/ € LP(x’):

(W) = wt(v = v) —wt(wy = wv') —v i, 2p)
5 (V)7 2p) —d(v' = v) = (V') + £(v)
3.0
—d(wv = wv') = (wv) + L(wW'V') — (v i, 2p)
5 ((x) —t(x) —d(v' = v) —dwv = w'V).
First, assume that (a) holds, that is, x <x’. By Theorem 4.2 and Lemma 4.3, we find v/ € LP(x’) such that
) = wt(v = v) —wt(wy = w'v) —v g > 0.
By the above key calculation, we see that

(X)) 2 6(x) +d(v = v) +d(wv = w'V'),

where equality holds if and only if (b.1) is satisfied. Note that x < x” implies that x~'x” must be an affine
reflection, thus w # w’. We see that v # v’ or wv # w’v’, thus in particular

(xX)+1=L(x") 2 L(x)+d(V = v)+dwy = w'v') > €(x) + 1.

Since equality must hold, we get (b.1) and (b.2).

Now, assume conversely that (b) holds. By (b.1) and Theorem 4.2, we see that x < x’. Now, using
the key calculation and (b.2), we get £(x”) = €(x) + 1.

(b) & (c): The condition (b.2) means that either v = v’ and wyv — w’v’ is an edge in QB(W), or
wv = w’v’ and v/ — v is an edge. If we now distinguish between Bruhat and quantum edges, we get
the explicit conditions of (c) (or (d)).

Let us first assume that (b) holds. We distinguish the following cases:

(1) wv = w'v/ and v/ — v is a Bruhat edge: Then we can write v/ = s,v for some @ € ®*
with v-'a € ®~. Now, the condition wv = w’v’ implies w’ = ws,. Condition (b.1) implies
vl =)y, so ' = sq(i). We get (c.1).

(2) wv = w'v/ and v/ — v is a quantum edge: Then we can write v/ = s,v for some a € O
with vla € ®*. Now, the condition wy = w’v’ implies w’ = ws,. Condition (b.1) implies

viig+vlaY = (V) ', so p’ = s (p) — V. We get (c.2).
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(3) v = v/ and wv — w’v’ is a Bruhat edge: Then we can write w'v’ = sowv for some @ € ®*
with (wv)"'a € ®~. Now, the condition v = v’ implies w’ = s,w. Condition (b.1) implies
vl =), so pu’ = u. We get (c.3).

4) v = v and wv — w’v’ is a quantum edge: Then we can write w'v’ = s,wv for some a € O
with (wv)~'a € ®~. Now, the condition v = v’ implies w’ = s,w. Condition (b.1) implies
vilg—(wv) e = (V) T, sou’ = u—wlaV. We get (c.4).

Reversing the calculations above shows that (c) = (b).
For (¢c) & (d), we just explicitly rewrite the conditions for length positivity of v/, and the definition
of edges in the quantum Bruhat graph. O

Remark 4.6. If the translation part u of x = we# is sufficiently regular, the estimates for the length
function of x in part (d) of Proposition 4.5 are trivially satisfied. Writing LP(x) = {v}, we get a one-to-
one correspondence

{Bruhat covers of x} < {edges ? — v} LI {edges wv —?}.

We obtain the following useful technical observation from Proposition 4.5:
Corollary4.7. Letx € W, v € LP(x) and (@, k) € Ay with€(x, @) = 0. Ifv-'a € @, then sqv € LP(x).

Proof. Since x(a, k) € ®* by [28, Lemma 2.9], we have x < xr,. Since a is a simple affine root, we
must have x < xr4. So one of the four possibilities (c.1)—(c.4) of Proposition 4.5 must be satisfied.

If (c.3) or (c.4) are satisfied, we get v € LP(x’). Since x” = xr, is a length additive product, [28,
Lemma 2.13] shows s,v € LP(x), finishing the proof.

Now, assume that (c.1) is satisfied. Then x” = xsg for some 8 € ®* means k = 0 and a = 8. Now,
v la € ®* means that £(s4v) > £(V), 50 s,V — v cannot be a Bruhat edge.

Finally, assume that (c.2) is satisfied. Then x” = xr_g 1) for some 8 € ®* means that k = 1 and
a =—f € ®". Then s,v — v cannot be a quantum edge, as £(s,v) < £(v).

We get the desired claim or a contradiction, finishing the proof. O

As a second application, we discuss the semi-infinite order on W as introduced by Lusztig [19]. It
plays a role for certain constructions related to the affine Hecke algebra, cf. [19, 22].

Definition 4.8. Let x = weH € W.

(a) We define the semi-infinite length of x as
€7 (x) = €(w) + (u, 2p).
(b) We define the semi-infinite order on W to be the order <7 generated by the relations
VxeW,a €@y x <7 XTg iff%(x) < {’%(xra).

We have the following link between the semi-infinite order and the Bruhat order:

Proposition 4.9 [22, Proposition 2.2.2]. Let x{,x; € W. There exists a number C > 0 such that Sor all
A € Z®V satisfying the regularity condition {1, a) > C for every positive root @, we have

Xy & )cls’1 < xzs’l.

|8

x1 <
Corollary 4.10. Let x| = w1, xy = wpet? € W. Then X1 <7 x if and only if

M1 +wWt(w) = wa) < .
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Proof. Let A be as in Proposition 4.9. Choosing A sufficiently large, we may assume that x; & and x,&*
are superregular with LP(x;&?) = LP(x,&%) = {1}. Now, x;&! < x2& if and only if

u1+wt(wyp = wa) < o,
by Corollary 4.4. O

We finish this section with another application of our Theorem 4.2, namely a discussion of admissible
and permissible sets in W, as introduced by Kottwitz and Rapoport [15].

Definition 4.11. Let x = we# € W and A € X, a dominant coweight.

(a) We say that x lies in the admissible set defined by A, denoted x € Adm(Q), if there exists u € W
such that x < %! with respect to the Bruhat order on w.

(b) The fundamental coweight associated with a = (a, k) € Ay is the uniquely determined element
w, € Q@Y such that for each 8 € A,

I, a=(B0),

<‘”“’m:{o, a# (B,0).

In particular, w, = 0iff k # 0.
(c) Let a = (a, k) € Ay, and denote by 6 € ®@* the longest root of the irreducible component of ®
containing «. The normalized coweight associated with a is

_ #, k%0,
@a = k=0

1
{@a,0) Ya

(d) We say that x lies in the permissible set defined by A, denoted x € Perm(Q), if u = A (mod ®") and
for every simple affine root a € A,f, we have

(U+ @y —w ' D)P™ < 1in X, ® Q.

It is shown in [15] that the admissible set is always contained in the permissible set and that equality
holds for the groups GL,, and GSp,,, if A is minuscule (i.e., a fundamental coweight of some special
node). It is a result of Haines and Ngd [8] that Adm(1) # Perm(1) in general. We show how the latter
result can be recovered using our methods.

Proposition 4.12 (Cf. [13, Prop. 3.3]). Let x = we* € W and A € X, a dominant coweight. Then the
following are equivalent:

(1) x € Adm(Q).
(2) Forallv € W, we have

viig+wtwy = v) < A
(3) For some v € LP(x), we have
v+ wt(wy = v) < A

Proof. (1) = (2): Suppose that x € Adm(), so x < &“* for some u € W. Let alsov € W. By Lemma
4.15, we find i € W such that

v+ wt(d = v) +wt(wy = @) < 7 'ud.
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Thus,
viig+wtiwy = v) <v i+ wit(id = v) + wt(wy = i)
<i 'ud
~—1 dom __

<@ ud)®"=2.
Since (2) = (3) is trivial, it remains to show (3) = (1). So let v € LP(x) satisfy v™'u + wt(wy =
v) < A. By Theorem 4.2, we immediately get x < £"4, showing (1). O
Lemma 4.13. Let x = wek € W and A € X, a dominant coweight. Then the following are equivalent:

(1) x € Perm(A).
(2) Forallv € W, we have

v u+ sup (v_]aa - (wv)_lc?a) <A
acl ¢

If moreover x lies in a shrunken Weyl chamber, the conditions are equivalent to

(3) For the uniquely determined v € LP(x), we have

v+ sup (v_laa - (wv)_laa) <A
ael ¢

Proof. We have
_ |~ dom
(1) = VaeAy: (u+wa—w7wa) <4
—VYaeAy,veW: v‘l(,u+u~)a—w_15a) <A
= VYveW: sup v‘l(u+5a —w_lﬁa) <A
a€lys

— (2).
Now, assume that x is in a shrunken Weyl chamber, LP(x) = {v} and a € A,. We claim that
. |~ dom 1 . |~
(,u+a)a—w_ wa) =V (u+wa—w_ a)a).
Once this claim is proved, the equivalence (1) <= (3) follows.
It remains to show that v=! (1 +@q — w‘laa) is dominant. Hence, let @ € ®*. We obtain
<v_1 (;1 + Wy — w_l[Ja), a/> = (U, va) + (Wq, va) — {wgy, wva)

> (u,va) - O (-va) - ®*(wva)
={(x,va)—12=0. ]

Corollary 4.14. For any fixed root system @, the following are equivalent:

(1) For all dominant A € X., we get the equality Adm(1) = Perm(Q).
(2) Forallwy,wy € W, the element

achy a€l ¢

{ sup w5 '@, — wl_liﬁa} :=min{z € Z®Y | z > sup w;' '@, — w]'@, in QDY}

agrees with wt(w; = wj).
(3) Each irreducible component of ®@ is of type A, (n = 1), By, C3 or G».
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Proof. (1) = (2): Comparing condition (3) of Proposition 4.12 with condition (3) of Lemma 4.13
for superregular elements x € w yields the desired claim.

(2) = (1): We can directly compare condition (2) of Proposition 4.12 with condition (2) of
Lemma 4.13.

(2) & (3): Call an irreducible root system @’ good if condition (2) is satisfied for ®’, and bad
otherwise. Certainly, @ is good iff each irreducible component of @ is good. Moreover, root systems of
type A, are good, we saw this in formula (3.1).

If ®; C @ is bad for some J C A, then certainly @ is bad as well. It remains to show that root
systems of types C3 and G, are good and that root systems of types B3, C4 and D4 are bad. Each of
these claims is easily verified using the Sagemath computer algebra system [30, 29]. )

For irreducible root systems of rank > 4, the equivalence (1) <= (3) is due to [8&].

4.2. Proof of the criterion

The goal of this section is to prove Theorem 4.2. We start with the direction (1) = (2), which is the
easier one.

Lemma 4.15. Let x = wek, x’ = w'et € WandveW. If x < X', then there exists an element v/ € W
such that

viig+wt( = v) +wt(wy = w') < (V) .
Proof. First, note that the relation
x<x e YW v i+ wt( = v) +wt(wy = wv) < (V)

is transitive. Thus, it suffices to show the implication x < x” = x < x’ for generators (x, x") of the
Bruhat order.
In other words, we may assume that x” = xr, for an affine root a = (a, k) € CD;} with

xa = (wa, k - (u,a)) € .

This means that w’ = ws, and ' = p + (k — {u, a))a", where k — (u, @) > ®*(-wa). We now do a
case distinction depending on whether the root v='a is positive or negative.

Case v_'a € ®. Put v/ = 5, such that wv = w’v’. Then using [28, Lemma 4.3],
v+ wt(v = ) + wt(wy = w'y)
=vu+wt(vs_p1, ) +0
<viy-d*(—a)ylaV
<vip—kvla¥
= (sav) (5o (u) +ka¥) = (V) 'y,
Case v'a € ®*. Putv’ = v such that w'yv’ = wvs,,-1,. Then using [28, Lemma 4.3],
v+ wt(v = v) + wt(wy = w'y’
=v u+ wt(wy = wvs,1,)
<v ' u+ @& (-wa)laV
<vlu+ (k= (ua)e’ = (V) 'y

This finishes the proof. m}
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The direction (1) = (2) of Theorem 4.2 follows directly from this lemma. We now start the journey
to prove (2) = (1).

Lemma 4.16. Let x = weH,x’ = w'e¥ € W, and suppose that (1,71, ...,Jn) is a Bruhat-deciding
datum for both x and x’. If the inequality

p+wt(w = w') < g’ (mod @)
holds fori =1,...,m, then x < x’.
Proof. LetJ =J1N---NJ,. Then we get

p+wtlw =w’) <y’ (mod @Y).

Let C; := £(x~'x’) and pick C; > 0 such that the conclusion of Corollary 3.12 holds true. We can find
an element A € Z®" such that {1, ) = 0 for all & € J and

(La)y=C,

for all @ € ®*\ @y. Since 1 € W is length positive for both x and x’, it follows from [28, Lemma 2.13]
that

L(xet) = €(x) + £(eY), 0(x'et) = €(x') + L(&h).
So it suffices to show xe? < x’e?. Note that xe?, x’e! € sz by choice of 4. Moreover, we have
p+d+wtlw = w’) <p’+1 (mod @)
by assumption. Therefore, the inequality xe* < x’&* follows from Corollary 3.12. O

Lemma 4.17. Let x = wek,x’ = w'eH € VT/ and suppose that (1,J1,...,J) is a Bruhat-deciding
datum for x. If the inequality

p+wt(w =w’) <y’ (mod @)

holds fori =1,...,m, then x < x’.

Proof. Induction on £(x”).
If (1,J,...,Jy) is also Bruhat-deciding for x’, we are done by Lemma 4.16. Otherwise, we must have
that 1 € W is not length positive for x” or that J := J; N --- N J, allows some @ € ®; with £(x", ) # 0.
First, consider the case that 1 € W is not length positive for x’. Then we find a positive root @ € ®*
with £(x’, @) < 0. Hence, a := (-a, 1) € ®}, with x’a € ®~ so that

” ’_ ’ \
X = w et = xry = w s gt "I @ et oyt

We calculate
p+wtlw = w”) < u+wtlw =2 w') +wt(w’ = w'sy)

<+ (-w'a)a”
\%

=u' -1+, o))’ + ({1, a)+ 1+ (—w'a))a
=u"+({(x" @)+ e’ <p”  (mod @Y).

By induction, x < x”’. Since x”’ < x’, we conclude x < x” and are done.
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Next, consider the case that 1 € W is indeed length positive for x’, but we find some a € ®; with
{(x', @) # 0. We may assume a € ®, and then £(x’, @) > 0 by length positivity. Then a = (a,0) € @7,
with x’a € ®~. We conclude that

” 1y v
X = w et =X, = wsget Tl <y

We calculate

p+wtlw = w”) < u+wtlw = w') + wtlw’ = w'sy)
<+ (-w'a)a”
=u" + (O (-w'a) + (', a))a’
=u”  (mod @}),

asa’ € @}. So as in the previous case, we get x < x”’ < x” and are done.
This completes the induction and the proof. O

Before we can continue the series of incremental generalizations, we need a technical lemma.

Lemma 4.18. Let x = weH, x" = w’e” € W. Let J C A and v’ € W be given such that
pHwt(vy = 1) +wt(w = wv') < (V) 'y’ (mod @Y).

Then there exists an element v’ € W satisfying the same inequality as v’ above, and satisfying moreover
the condition €(x’,y) < 0 for all y € max inv(v"’).

Proof. Among all v/ € W satisfying the inequality
pHwt(v' = 1) +wt(w = w'v') < (v) 'y’ (mod @Y),

pick one of minimal length in W. We prove that £(x’,y) < 0 for all y € max inv(v’).
Suppose that this was not the case, so £(x’,y) > 0 for some y € max inv(v’). The condition
v € inv(v’) implies £(s,,v") < £(v"). Moreover, wt(v' = 1) = wt(s,v' = 1) - (v)~'y" by Proposition
3.18. We calculate
HAWt(syv" = 1) + wt(w = w'syv)
=pu+wt(v' = D+ 0) Y +wt(w = w'syv’)
<p+wt( = D+ (0) 7y +wt(w = wv) +wt(w'y = w's,)
< )W+ )Y +Hwt(w'y = ws,v)
=)W+ ()Y + WEH(W s, V'S_ (-1 (5) = WsyV)
<)+ )Ty =t (wy) (V)Y
= ()W + W )T+ )Y -t (wiy) () Ty
= (syv) W + ) ()Y < (5,v) T (mod @),

This is a contradiction to the choice of v/, so we get the desired claim. O
Lemma 4.19. Let x = wet,x’ = w'el € VT/ and suppose that (1,J1,...,J) is a Bruhat-deciding
datum for x. If for eachi = 1, ..., m, there exists some vlf e W with

p+wt(v, = 1) +wt(w = w'v)) < (v) 'y’ (mod @),

then x < x’.
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Proof. Induction on £(x”).

By Lemma 4.18, we may assume that for each i € {1,...,m} and y € max inv(v;), we have
£(x’,y) <O.

If 1 € W is length positive for x”, that is, £(x", @) > 0 for all @ € @™, then we get max inv(v)) = 0
foralli=1,...,m, thatis, v = 1. Now, the claim follows from Lemma 4.17.

Thus, suppose that the set
{a € @ | £(x', ) < 0}
is nonempty. We fix a root a that is maximal within this set. Now, a = (-a, 1) € @, satisfies x'a € @,

as {(x’, @) < 0. Consider

” ,_ ’ v
X = w et =Xy = w s gt "I @) at oy

We want to show x < x’” using the inductive assumption. So pick an index i € {1,...,m}. We do a case
distinction based on whether the root (vlf)’la is positive or negative.
Case (v;)‘la € ®~. Then @ € inv(v}), so there exists some y € max inv(v;) with @ < y. By choice
of v}, we get £(x’,y) < 0. By maximality of @ and @ < y, we geta = y. In other words, @ € max inv(v}).
Define v}’ := 5,v;. Then by Proposition 3.18, wt(v; = 1) = wt(v]’ = 1) - (vlf)‘lav. We compute
p+wtv! = 1) +wt(w = w”v!’)
=u+wt(v) = 1)+ (v)) ¥ +wt(w = w'v))
<7+ 0N
=(sav)) 7 (W = 1+ (s @))aY) = (v)) ' (mod @),

Case (vlf)‘la € ®*. We define v}’ := v/ and use [28, Lemma 4.3] to compute

u+wt(v? = 1) +wt(w = w"v!’)
<p+wt(v; = 1)+ wt(w = w'v)) + wt(w'v; = W’V;S(vi/)—la)
<)+ @ (-w'a)(v)a¥
=) (W = L+ a))a”) + (@) + 1+ 7 (-w'a) (v) "
=)+ )+ D) < ()" (mod @Y ).

In any case, we get the desired inequality

p+wt(v? = 1) +wt(w = w’v)) < (v/)'u””  (mod @}i).

By induction, x < x” < x’, completing the induction and the proof. O
Lemma 4.20. Let x = wel,x’ = w'e¥ € W, and suppose that (v,J1,...,Jw) is a Bruhat-deciding
datum for x. If for eachi = 1, ..., m, there exists some vl’. e W with

v wi(v; = )+ wilwy = w'v) < (v) e’ (mod @),

then x < x’.

Proof. Induction on €(v). If v = 1, this follows from Lemma 4.19.

LetJ :=JiNn---NnJy,. If @ € J, then vs, trivially satisfies the same condition as v. So we may
assume that v € W7

Since v # 1, we find a simple root @ € A with vie e @ . In particular, £(x, @) < O such that
X < XSq-
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We claim that (s4v, J1, . .., ) is a Bruhat-deciding datum for xs,. Indeed, for 8 € @, we use [28,
Lemma 2.12] to compute

f(xsa, Swvﬁ) = f(x, VIB) + f(sa’ Savﬁ)

1, vB = —a,
=L(x,vB)+1-1, vB=a,
0, vB # ta.

If B € &, the condition v_'a € ®~ forces v # a, showing
L(xSq,SavB) = C(x,vB) = 0.

Now, consider the case 8 € ®. Then £(x,vf) = 0 by assumption. Moreover, v3 € ®* as v € W’ so
that vB # —a. We conclude €(xs4, sovB) = €(x,vB) = 0 in this case.

This shows that (sVv, J1,...,Jy) is Bruhat-deciding for xs,. Since £(sov) < €(v), we may apply
the inductive hypothesis to xs, to prove xs, < max(x’,x’sy). We distinguish two cases.

Case {(x’,a) < 0. This means x’ < x’sq,, SO We wish to prove xs, < x’sq, using the inductive
hypothesis. So leti € {1, ...,m}. By Lemma 4.3, we may assume that v/ is length positive for x’.

First, assume that (vlf)‘lcy € ®~. By Lemma 3.7, we get

Wt(v; = V) = Wt(sqV; = SqV).
Define v}’ := s4v;. Then

(5av) N (Sa) + WH(V) = 54v) + Wt(WSa8qv = W sev))
=v g+ wt(v) = v) + wt(wy = w'v))

< (DT = () (san)  (mod ®F).

Next, assume that (vl’.)‘la/ € @*. By length positivity, we must have £(x’, @) = 0. By Lemma 3.7,
we get

wt(v; = v) = wt(v] = sqv).
Define v}’ := v!. Then using [28, Lemma 4.3],

(5av) " (squ) +Wt(v] = 5qV) + Wt(WsaSqV = W sav))
=viu+ wt(v; = v) + wt(wv = w'sqv))
<V wt(v] = v) + wi(wy = wv)) + wt(w'v, = WIS 1a)
< (vlf)_ly' + (I)+(—w'a)(vlf)_la
=) san’ + (W a)y + D (—w'a) (V)
= (vlf')_ls(,p' +0(x', a)(vl'-)_la' = (v;')_lsa,u. (mod <I>}i).
We see that the inequality

(5av) N (sa) + Wt(V) = 54v) + WH(WSaSaV = W sev)) < (v)) 'squ  (mod @)

always holds, proving xs, < x’s,. Since s, is a simple reflection in W, x < x5, and x” < x’s,, We
conclude that x < x” must hold as well.
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Case ¢(x’, @) > 0. We now wish to show xs, < x’, as x” > x’s,. We prove this using the inductive
assumption, so let i € {1,...,m}. As in the previous case, we assume that vl’. is length positive for x’.
In particular, (v/) '@ € ®*.

By Lemma 3.7, we get

wt(v; = v) = wt(v; = s4V).
Define v}’ := v]. Then

11

(5av) " (sau) +Wt(v] = sqV) + Wt(wsasqv = W]
=viu+ wt(v; = v) + wt(wv = w'v))
<) =7

By the inductive assumption, we get xs, < x’. Thus, x < x5, < x’.
This completes the induction and the proof. O

Proof of Theorem 4.2. The implication (1) = (2) follows from Lemma 4.15.
The implication (2) = (1) follows from Lemma 4.20. m|

4.3. Deodhar’s lemma

In this section, we apply Deodhar’s lemma [7] to our Theorem 4.2. We need the semiaffine weight
functions and related notions as introduced in Section 3.4. We moreover need a two-sided version of
Deodhar’s lemma, which seems to be well known for experts, yet our standard reference [2, Theorem
2.6.1] only provides a one-sided version. We thus introduce the two-sided theory briefly. For convenience,
we state it for the extended affine Weyl group W, even though it holds true in a more general Coxeter
theoretic context.

Definition 4.21. Let L, R C @, be any sets of affine roots (we will mostly be interested in sets of simple
affine roots).

(a) By W, we denote the subgroup of W generated by the affine reflections r, fora € L.
(b) We define

LwR = (xeW:x'LC @7 and xR C @} }.

Recall that we called a subset L. C Ag¢ spherical if VT/L is finite.
Proposition 4.22. Let x,y € W and L, R C Ay be spherical.

(a) The double coset Wy xWg contains a unique element of minimal length, denoted “x®, and a unique
element of maximal length, denoted ~*x~R. We have

LWR N (WL)CWR) = {LXR},

LWR O (WxWe) = {Ea7R).

(b) We have
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in the Bruhat order, and there exist (nonunique) elements xL,xi e Wr and xR,x;e € Wg such that

x=xz - ExR o xg and €(x) = €(x) +£’(LxR) +{(xR),

_Lx_R = x}‘ X x;e and Z(_Lx_R) = f(x;‘) + f(x) + f(x;?)

(c) Ifx <y, then
LyR ¢ LyR 4pg ~Ly~R < ~LyR

(d) Suppose Li,...,Le, Ry, ..., R, C Ay are spherical subsets such that L = Ly N --- N Ly and
R=RiN---NR,. Then

LyR < LyR oy 'y j o LixRi < LiyRi,

Proof.

(a) We only show the claim for LxR  as the proof for ~Lx~R is analogous.
Letx; € WpxWg an element of minimal length. It is clear that each such element must lie in
LR,
Let now xq € LR A (WLXWR) be any element. It suffices to show that xp = x;.

Since x; € WLxOWR, we find xp, € V~VL,xR € WR such that x; = xpxgxgr. We show x; = xg via
induction on £(xy ). If x;, = 1, the claim is evident.

Asxp € LWR and xg € Wk, it follows that £(xoxg) = €(xo) +£(xg), cf. [28, Lemma 2.13] or [2,
Proposition 2.4.4]. Now,

t(x0) = £(x1) = C(xpx0xR) = C(xoxr) — £(x) = £(x0) + €(xr) — €(xL).

We conclude that €(x;) > ¢(xg). By an analogous argument, we get €(x;) < €(xg) such that
C(xp) = €(xg). It follows that

t(x0) = €(x1) = €(xrx0xR) = €(xoxR) — €(xL).

Since we may assume x;, # 1, we find a simple affine root a € L with xz(a) € @ so that

(xoxgr) H(a) € @ ;. Since x¢ € LWR  we have xal(a) SV I (a)XR < XR-

We see that we can write

X1 = XpX0XR = (XL7a) X0 (FXJI(Q)XR),

v —_————
<XL <XR

finishing the induction and thus the proof.
(b) The claims on the Bruhat order are implied by the claimed existences of length additive products,
so it suffices to show the latter. We again focus on LxR.
Among all elements in

{(FeW |3, € Wr,xr € Wg : x =xp5xg and £(x) = £(x1) + £(X) + L(xR)},

choose an element xo of minimal length. As in (a), one shows easily that x € LyR, By (a), we get
xo = LxR, so the claim follows.

(c) This is [2, Proposition 2.5.1].
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(d) IfLxR < LyRandie {1,...,¢6},j€{l,...,r},weget L C L;,R C R; such that

Li R; _ L (LxR)Rj < Li (LyR)Rj _ L,‘yR‘,-.
(©)

It remains to show the converse.
In case R = 0 and r = 0, this is exactly [2, Theorem 2.6.1]. Similarly, the claim follows if
L =0and ¢ = 0. Writing LxR® = L (xR), etc. one reduces the claim to applying [2, Theorem 2.6.1]

twice. O

We first describe a replacement for the length functional £(x, -) that is well behaved with passing to
LyR,

Definition 4.23. Let L, R C A, be spherical. Then we define for each x = wet € W the coset length
functional

LfR(x, VP> Z, am Lé’R(x,oz),
LER (x, @) = (u, @) + xr (@) = x(wa).

We refer to Definition 3.26 for the definition of y,, xYr.

Lemma 4.24. Let K, L, R C Ay be spherical subsets, and let x = wet € w.

(a) For a € ®, we have

1, (ZE(D\CD[(,
0, CZEq)K.

Xk (@) + xk (—a) = {
If a, B € @ satisfy a + B € D, then
xk (@) + xk (B) — xx (@ +B) € {0, 1}.
(b) LeR(x,-) is a root functional, as studied in [28, Section 2.13].
Proof.
(a) We have

I, aed\ Pk,
Xk (@) + xi (—a) = 1 - Dy (@) - Dy (-a) = *
0, a € CDK.
Now, suppose @ + § € ®. Observe that the set
R := q);f U (q)af)K c q)af

is closed under addition, in the sense that for a, b € R witha + b € @4, we have a + b € R.
By deﬁnition’ (a,a —XK (a))’ (185 —XK (ﬁ)) € R Thusa

c:=(a+pB,—xk(a) - xx(B)) € R.

If ¢ € (Dy)k, then yx (@ + B) = xk (@) + xk (B) by definition of yk (@ + B). Hence, let us assume
thatc € @ \ (Dyr)k -
The condition ¢ € @, means that

~xk (@) = xk (B) < —@"(a +p) < —xk (a+p).
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This shows yk (@) + yx (8) — xx (@ + 8) > 0. We want to show it lies in {0, 1}, so suppose that
xk (@) + xk (B) — xk (@ +p) = 2.
We observe that

(@, 1= xk (@) +(B.1-xk(B) = (a+p.2-xk(@) - xx (B)) -

e®,\R €®,\R €R

Since also the set @, \ R is closed under addition, this is impossible. The contradiction shows the
claim.
(b) This is immediate from (a):

LR (x, @) + 10% (x, —a) = (u, @) + (u, —a) + xr (@) + xr(—a)
—,—,—
€{0,1}

- (xe(wa) + xL(-wa))

€{0,1}
e{-1,0,1}.

Now, if @ + 8 € ©, we get
LR (x,a) + LR (x,B) — LR (x,a+pB)
=, @)+ (u, B) — (. @ + B) + xr(@) + xr(B) — xr(a + p)

€{0,1}
- (x(wa) + xL(wh) — xL(wa +wp))

€{0,1}
e{-1,0,1}. O
We are ready to state our main result for this subsection:

Proposition 4.25. Let x = weH, x’ = weH € W; let L,R C Ay be spherical subsets and v € W be

positive for LCR (x, -). Moreover, fix subsets J, . .., J,, C A such that J := Jy 0 --- 0 J,, satisfies
VYa € @y : LeR(x,va) > 0.
We have “x® < L (x")R if and only if, for eachi = 1,...,m, there exists some v; € W with

v R = )+ Pwiny = ) < ) (mod @),

We remark that this recovers Theorem 4.2 in case L = R = 0.
‘We now start the work towards proving Proposition 4.25.

Lemma 4.26. Let K C Ay be spherical, @ € @k and B € ®. Then

Xk (sa(B)) = xx (B) = (", B)xk (@).

Proof. Consider the affine roots a = (a, —yk (@)) € (Paf)k and b = (B, —xyk (B)) € Das.
If B € Dk, then b € (Dy)k such that r, (D) € (Dyr)k . Explicitly,

ra(b) = (sa(B), —xk (B) + (", Byxk (@)

such that the claim follows from the definition of yx (54 (8)).
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Next, assume that 8 ¢ @k such that b € (Dy) ™ \ (Dyr)k - Since r,, stabilizes the set (Dyr) ™\ (DPyf)k »
we get r,(b) € (Da)” \ (Pyr)k - This proves (together with the above calculation) that

—xk (B) + (", Byxk (@) < =¥ (50(B)) = —xk (s0(B)).

If the inequality above was strict, we would get
b= (sa(B), —xx (B) + (", Byxk (@) + 1) € D\ (Pur)k
with
ra(b’) = (B, 1 - xk (B)) € Py,
contradiction. O

Lemma 4.27. Let x € W, XL € WL and xg € VT/R where L, R C Ayf are spherical subsets. Denoting the
image of xg in W by cl(xg), we have the following identity for every a € ®:

LeR(xpxxg, @) = LER (x, cl(xgr) (@)).

Proof. We start with two special cases:
In case x; = r, and xg = 1 for some (B3, k) := a € L, we obtain

LeR (xpxxg, a) = LR (sﬁws’”kwilﬁv, a)

= (u+kw™'BY, ) + xr(@) = x1(spwa)
= (@) = x(B)(B", wa) + xr(@) — xL(spwa)

= (u,a)+xr(@) - xr(wa) = L6k

X, ).
L4.26 (x, @)

In case x; = 1 and xg = r, for some (B, k) := a € R, we obtain

LR (xpxxg, @) = LER (ws/gssf‘(”)*'kﬁv, a)

= (sp(u) + kB, @) + xr(@) — xL(Wspa)
= (u, sp(@)) — xr(B)(B", @) + xr(@) — xL(Wsga)

L5 (1 5p(@)) + xr(s5@) = x1(wspa)

=LeR(x, sga).

Now, in the general case, pick reduced decompositions for x;, € W and xg € Wg and iterate the
previous arguments. O

Definition 4.28. By a valid tuple, we mean a seven tuple
(x=wet, x' = w'et vV, L, R,J)

consisting of

elements x = weH,x’ = w'e? € W,
elements v,v’ € W,

spherical subsets L, R C A4 and
asubsetJ C A,

O O O O
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satisfying the condition
v+ RBwt(v = v) + Fwt(wy = wh) < (v) 7'’ (mod @Y).

The tuple is called strict if v is positive for ¢% (x, -) and v is positive for €% (x’,-).

We have the following analogue of Lemma 4.3:
Lemma 4.29. Let (x = wet,x’ = we? v.v', L, R, J) be avalid tuple. If v’ is not positive for LR (x’, -)
and v" is an adjustment in the sense of [28, Definition 2.2], then (x,x’,v,v"’,L,R,J) is also a valid

tuple.

Proof. This means that there is a root @ € ®* such that v/’ = v’s,, and either
LeR(x",v'a) < 0or LeR(x', —v'a) > 0.
We abbreviate this condition to + “¢R (x”, +v’a) < 0 and calculate

v+ Bwt(v” = v) + Ewt(wy = w'v”)
= v+ Rwt(v'sq = v) + Ewt(wy = w'v'sq)

< v+ Rwt(v = v) + xr(Va)a” + EFwt(wy = w'v') + yr(—w'v'a)a
L3.28

< ()7 u+ (r(V'a) + x(—w'v'a))e
=)+ (@) + xr(Va) + yo(-w'v'a))e’ (mod Y).

In case 0% (x’,v'a) < 0, we use the fact yz (-w’v'a) < 1 — yz(w'v’a) (cf. Lemma 4.24) to show

(u, @) + xr(V'@) + xL(-w'v'a)
< (@) + xr(Va) +1 - yp(w'v'a)
=LR(x",a)+1<0.

Similarly if LR (x”, —v'a) > 0, we get

(s @) + xr(V'@) + xL(-w'v'a)
<) +1— yr(=v'a) + xo(-w'v'a)
=1-LR(x',-a) < 0.

In any case, we see that
(@) + xr(v'e) + x(-w'v'e) <0,

from where the desired claim is immediate. O

Lemma 4.30. Let (x = wet,x’ = w/eh v,v',L,R,J) be a (strict) valid tuple. Let moreover xL,xi €
Wi, and )cR,)c;2 € Wg be any elements. Then

(xpxxg,x; x'xp, cl(xg)v, cl(xx)v', L, R, J)
is a (strict) valid tuple as well.
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Proof. Similar to the proof of Lemma 4.27, it suffices to show the claim in case three of the four
elements x,, x}_, XR, x}e are trivial and the remaining one is a simple affine reflection.
We just explain the argument in case x;, = r4,X; = Xgr = X = 1 for some a € L, as the remaining

arguments are very similar. Write a = (a, k) so that y (@) = —k. Then xp x = saws””‘wq“v. We
calculate

vl (u + kw_lav) +Rwt(v = v) + Ewt(sqwy = w'v')
L viig+ k(wv) eV + Bwt(v’ = v) + xr (@) (wv) e + Lwt(wy = w'y')

= v g+ Bwt(v’ = v) + Lwt(wy = w'y).

It follows that (xpx,x’,v,v’,L,R,J) is a valid tuple. The strictness assertion follows from
Lemma 4.27. |

Using Lemma 4.30), it will suffice to show Proposition 4.25 only in the case x € LR andx’ € "LWR.
Lemma 4.31. Let (x = weH, x" = we? v,v',L,R, J) be a strict valid tuple.

(a) Ifx € LIE/R and a € ® satisfies “CR (x, @) > 0, then {(x, a) > 0.
) Ifx e LWR and a € @7 satisfies (wv)la € @, then

(x,x", -1V, V', L, R, J)

is a strict valid tuple as well.
() Ifx' € TWRanda € @3, satisfies vl € @, then

(x,x",v,5qv',L,R,J)
is a strict valid tuple as well.

Proof. We write

LfR(x, @) =, @) + yr(a) — yp(wa)

= (u, @) + P () - Pir(a) — D (wa) + D} (wa)
={(x,a) - Ph(a) + D] (wa)

(@) If wa ¢ @7}, then
(x,a) = LR (x, a) + @ (a) > 0.

If wa € @, then the condition x € LWR already implies £(x, @) > 0.
(b) The condition a € @} together with x € LWR yields £(x,w™ @) > 0. We have

LeR(x, —wla) = LER (x, v(=(wv) @) = 0
by the positivity assertion on v. By (a), we conclude £(x,-w ') > 0, so altogether we get

L(x,wla) =0.
By the above computation, we get

LeR(x,wa) = — @ (w'@) + @F (@) = 1 - DL(w ™ a).
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On the other hand, we have
LeR(x,w™la) = LeR (x, v(iwv) ') <0

P ; LR —1) = -1 +
by the positivity assertion on v. Thus, “£*(x,w™ @) =0 and w™ a € @,

Consider the elements a = (a, ®*(~a)) € (Py); and b = (wla, ®*(-w ) € (Par) - We
have
x(b) = (@, @ (-w™'a) = (u,w'a))
= (a, @ (-a) + {(x,-w @) = (a, D' (-a)) = a.

We see that x = r xrp. Now, the claim follows from Lemma 4.30.

(c) The proof is analogous to (b). o
Proof of Proposition 4.25. Let us fix L,R,Jy,...,Jm,J for the entire proof. To keep our notation
concise, we make the following convention: We call a triple (x, x’,v) valid if, for eachi = 1,...,m,

there exists v, € W such that (x x v,vi, L, R, J;) is a strict valid tuple.
First, assume that Lx® < Lx'R We want to show that (x,x’, v) is valid. Write x = x, - Lx® - xg with
x1 € Wy, xg € Wg. It suffices to show that (“xR,x’, cl(xg)~'v) is valid by Lemma 4.30.
In other words, we may assume that x € LWR and x < x’ for proving that (x,x’,v) is valid. By
Lemma 4.15, we find v/ € W such that

v+ wt(v = v) + wtlwy = wv') < (V)
Now, recall from Lemma 3.25 that

Rwt(v' = v) < wt(v' = v),

Lwt(wv = w'v') < wt(wv = w'').

We conclude that (x, x”, v, v’, L, R, J;) is valid foralli = 1, ..., m. Up to iteratively choosing adjustments
for v/, we may assume that the tuple is strict valid, so (x, x’,v) is indeed valid.

For the converse direction, let us assume that (x,x’,v) is valid. We have to show
Again, we can use Lemma 4.30 and Lemma 4.27 to reduce this to any other elements in WrxWg resp.
WLX WR

Thus, we may and will assume that x € LR and x’ € "LW~R. We then have to show x < x’ using
the fact that (x, x’, v) is valid for some v € W.

Among all v € W such that (x, x”, v) is valid, choose one such that £ £(wv) is as small as possible. If
wv ¢ LW, then we find some @ € @} with (wv)™' € ® . By Lemma 4.31, also (x,x’, 5,,-1,v) is valid
and by Lemma 3.23, L£(s,wv) < L€(wv). This is a contradiction to the minimality of Z£(wv).

We see that we always find some v € W such that (x,x’, v) is valid and wyv € LW,

‘We now prove that x < x” using Theorem 4.2.

By Lemma 4.31 (a), it follows that v € W is length positive for x and that £(x, va) > O forall @ € ;.
Since ®; = —®; and f(x, —va) = —C(x, va), this is only possible if £(x,va) = 0 for all @ € ®;. We
conclude that (v, Jy, ..., J,,) is a Bruhat-deciding datum for x.

Now, for each i = 1, ,m, by assumption, there exists some v; € W such that (x,x’,v,v i " L,R,J;)
is a strict valid tuple. M1n1m121ng Ry (v) as before, we may assume that v; € RW by Lemma 4.31.

We see that (x,x’,v,v/, L, R, J;) is a strict valid tuple with wv € “W and v € RW. By definition of
the semiaffine weight function, we get

L R L(x/)R

Rwt(v) = v) = wt(v) = v),

Lwt(wy = w'v)) = wt(wy = w'v}
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We conclude
v+ wt(v) = v) + wt(wv = w'v))
=vlu+ Bwt(v) = v) + Lwt(wy = w'v/
< (V) ' (mod @Y).
valid i

This is exactly the inequality we had to check in order to apply Theorem 4.2. So we conclude x < x’,
finishing the proof. O

As an application, we present our most general criterion for the Bruhat order on affine Weyl groups.
Definition 4.32. Let x € W. A Deodhar datum for x consists of the following:

o Spherical subsets Li,...,L¢, Ry,..., R, C Ay with {,7 > 1 such that L :== Ly Nn---N Ly and
R:=R;N---NR, satisfy x € LyR,

o Foreachi e {l,...,¢}and j € {1,...,r} anelement v; ; € W that is positive for L1 ¢Ri (x, -).

o Foreachi € {1,...,¢}and j € {1,...,r} a collection of subsets

JG s I Py €A
such that m(i, j) > Land J(i, j) == J(i, j)1 0 - N J (i, J)m(,j) satisfies
Vo e Dy j): LigRi(x, vija) = 0.
Theorem 4.33. Let x = we# € W and fix a Deodhar datum
Li,....Le; Ri,..iRe, (Vo). (J(e,0)).

Let x' = w's” € W. Then x < x’ if and only if for each i € {1,...,¢},j € {1,...,r} and k €
{1,....,m(i, j)}, there exists some v’ I W such that

-1 R; ’ L; ’r
Vit fwt(vl.,].,k = v )+ Twt(wy; ; = w'v;

L) SO0 (mod @Y ).

J (i, )k
Proof. In view of Proposition 4.25, the existence of the v/ ., for fixed i, j means precisely
i,j,k
Liij < L; (X/)Rj.
By Deodhar’s lemma, that is, Proposition 4.22, this is equivalent to x = LyR <y’ m]

Lemma 4.34. Let wi,w, € W. Let moreover Ry, ..., Ry C Aga be spherical subsets with k > 1 and
R := Ry N ---N Ry. Then we have the following equality in Z®" :

th(wl = wj) = sup Riwt(w; = wy).
1.k

Proof. Consider Proposition 4.25 for u and u’ sufficiently regular, with L = 0 and (J1, ..., J,,) = (0).
Then by Proposition 4.22,

R< (R = Vie{l,... k}: xR < xR,
The claim follows from Proposition 4.25 with little effort. O

Together with Lemma 3.29, this result allows us to express the weight function of the quantum Bruhat
graph wt : W x W — Z®" as a supremum of semiaffine weight functions.
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As our final application of Proposition 4.25, we generalize Proposition 4.12 to the admissible subsets
considered in [25].

Proposition 4.35. Let K C Ay be spherical, x = wet € W and A € X, dominant. Then the following
are equivalent:

(i) x € VT/KAdm(/l)WK
(ii) For everyv € W, we have

v+ Kwt(wy = v) < A

iii) There exists some v € W that is positive for K €X (x, ) and satisfies
p

v+ Ewt(wy = v) < A

Proof. By definition, (i) means that there exists u € W such that
K)CK < K(gu/l)K.
By Proposition 4.25, we get condition (ii) for every v € W that is positive for X £X (x, -). Now, a simple
adjustment argument, similar to Lemma 4.29, shows that (ii) holds for every v € W.
(i) = (iii) is clear, as we always find a positive element for each root functional [28, Corollary 2.4].

(iii) = (i): It suffices to show that K xX < "4 This follows immediately from Proposition 4.25. O

5. Demazure product

The Demazure product * is another operation on the extended affine Weyl group W. In the context of
the Iwahori—Bruhat decomposition of a reductive group, the Demazure product describes the closure
of the product of two Iwahori double cosets, cf. [12, Section 2.2]. In a more Coxeter-theoretic style, we
can define the Demazure product of W as follows:

Proposition 5.1 [9, Lemma 1]. Let x1,x; € W. Then each of the following three sets contains a unique
maximum (with respect to the Bruhat order), and the maxima agree:

{xix) [ x5 <xo), {xjxa [ x] <xi},  {x[x} | x] <xi, x5 <xo}

7’

The common maximum is denoted x| * x5. If we write x| * x = X1x5 = xixg, then
C(x1 % x2) = L(x1) + £(x3) = €(x]) + €(x2).

Demazure products have recently been studied in the context of affine Deligne—Lusztig varieties
[26, 11, 12]. While the Demazure product is a somewhat simple Coxeter-theoretic notion, it is connected
to the question of generic Newton points of elements in W. He [11] shows how to compute generic
Newton points in terms of iterated Demazure products, a method that we will review in Section 5.3.
Conversely, He and Nie [12] use the Milicevi¢’s formula for generic Newton points [20] to show new
properties of the Demazure product.

In this chapter, we prove a new description of Demazure products in W, generalizing the aforemen-
tioned results of [12]. As applications, we obtain new results on the quantum Bruhat graph that shed
some light on our previous results on the Bruhat order. Moreover, we give a new description of generic
Newton points.

5.1. Computation of Demazure products

If one plays a bit with our Theorem 4.2 or [12, Proposition 3.3], one will soon get an idea of how
Demazure products should roughly look like. We capture the occurring formulas as follows.
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Construction 5.2. Let x; = wie"!, xo = woeH2 € W. Let v, v, € W, and define
’ _ =1 —
X{ - = W;Sﬂl = (WlV])(W2V2) lngvzv1 ui wzvzwt(vl:wzvz)’

1 2—V2Wt(V|=>W2\)2)
b

[P 1.
Xy i =whet2 i=vvye

— -1 —
Xe P = weet = WlVlVZISVZv‘ Hit =W (Vi=Swave) _ X{XQ — x1x£~

In this situation, we want to compute the Demazure product x| *x;, knowing that x; *x, can be written
as X1xp = x1Xp for some X < xj and X, < xp. If x is in a shrunken Weyl chamber with LP(x;) = v, and
x7 is shrunken with LP(x;) = {v,}, then x, = x| * x, by [12, Proposition 3.3], so X = xi and X, = xé.

In the general case, our goal is to find conditions on v, vy € W to ensure that x, = x1 * x5.

Before examining this situation further, it will be very convenient for our proofs to see that the

property
(xq = xz)_1 = x;l * xl_l
is reflected by Construction 5.2.
Lemma 5.3. Use the notation from Construction 5.2. Let us write y| = x;l and y, = xl_l. Define

1 1= wavawq resp. v} = wviwo.

Construct y|,y5, y« associated with (y1,y2,v{,Vv5) as in Construction 5.2. Then

y
-1 -1 -1
yi=()T, yi=(DT, ye=xl.

Moreover,

o vy € LP(xy) iff vi € LP(y1).
o vy € LP(x2) iff vi € LP(y2).
o dopw)(v1 = wav2) =dow) (V] = wl‘lvé) and wt(vy = wava) = —wowt(v] = w;lvz).

Proof. Write

-1 - -1, -
yi=w, € W2ﬂ2’ y2=wj € Wlﬂ]’

and compute

’ —1 —wy 1 —wi vy wowt(wavawo=> (wy) " wi v wy
¥} = (Wavawo) (wivywe) ~l e Wik wIviwe (Wavawp=(w1) ™ wi v wo)

— (Wsz)(lel)—ls—w1m+w1vlwt(V]:wzvz) — (xi)_l'

A similar computation, or a repetition of this argument for x; = (y2)™!,xo = (y;)~!, shows that

y} = (x5)~". Then the conclusion y, = x;! is immediate.
For the ‘Moreover’ statements, recall that

LP(y;) = LP(x;! = LP )
1) (x37) 08 Lenmaz12y 2 (x2)wo

The same holds for y; = xl‘l. The final statement is due to the fact that v; = wyvawg and wl‘lvé =Wy
using the duality antiautomorphism of the quantum Bruhat graph, cf. Lemma 3.8. O

The first step towards proving x| * xp = x, is the following estimate:

Lemma 5.4. Let x1,x; € W and v, € LP(x; * x3). There exists vi € LP(x1) such that

C(x1 % x2) < L(x1) +L(x2) —d(vi = wava).
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Proof. Write x| * x, = yx, for some element y = w’e”” < x;. Observe that £(yxs) = £(y) + £(x2) so
that v, must be length positive for x, and w,v, must be length positive for y.
Since y < x1, using Lemma 4.15, we find a length positive element v for x; such that

(wav2) ™ i+ Wt(v = wava) + wt(w'wavy = wivi) < (vi) .
Pairing with 2p and using Lemma 3.5, we compute

2p, (wav2) 'y + £(vy) = €(wav2)
+d(vi = wava) + L(W'wovy) — E(wivy) +d(w'wavy = wivy)

< 2p, (vi) ).
Using the length positivity of w,v, for y and v for x; (Lemma 2.3), we conclude
L(Y) +d(vi = wava) +d(w'wavy = wivy) < €(x3).
Thus,
C(x1 % x2) = £(y) +L(x2) < L(x1) +L(x2) —d(vi = wava) = d(W'wavy = wivy).
We obtain the desired conclusion. O

‘We now study the Construction 5.2 further.

Lemma 5.5. Use the notation from Construction 5.2, and assume that vi € LP(x;). Then we always
have the estimate

£(x7) = €(x1) — dop(w)(vi = wav).

The following are equivalent:

(i) Equality holds above:
£(x]) = £(x1) = doa(w) (Vi = wava).

(ii) wovy is length positive for x|.
(iii) For any positive root a, we have

(x1,via) — (wt(v] = wova), @) + D (wovsa) — O (via) = 0.
In that case, x; < x1 so that x, < x| * X».
Proof. Consider the calculation
£(x7]) Lﬁz? <(w2v2)_1(w2v2vfl/11 - woawt(v] = w2v2)),2p> —L(wavy) + €(wyvy)
. W, 2p) = €(v1) + L(wava) — d(vi = wava) — L(wava) + L(wivy)
5, (o) —d(vi = wava).
This shows the estimate and (i) <= (ii). In order to show (ii) <= (iii), we compute
{(x], wavra) = (wansa, wzvzv]_l,ul —Wwavawt(vi = wova), @) + @ (wovoa) — wt(wvia)

=0(x1,via) — DY (via) — (Wt(v] = wavs), @) + DT (wovsa).
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7’

Finally, assume that (i)—(iii) are satisfied. We have to show x| < x;. For this, we calculate

(wavp)™! (W2V2v1_1ﬂ1 —wavawt(vy = W2V2)) +wt(vy = wavz)
+wt(wivy = wivy)
= vl_l,ul.

Since we assumed wyvy € LP(x]), we conclude x| < x; by Theorem 4.2. Now, by definition of the
Demazure product, we getx, = x;xg < X1 *X3. O

By the duality presented in Lemma 5.3, we obtain the following:

Lemma 5.6. Use the notation from Construction 5.2, and assume that v, € LP(x,). Then we always
have the estimate

£(x}) = €(x2) — dop(w) (Vi = wava).
The following are equivalent:
(i) Equality holds above:
0(x}) = €(x2) — dop(w)(vi = wava).

(ii) v2 is length positive for x,.
(iii) For any positive root a, we have

£(x2, o) — {wt(vi = wava), @) + DY (wavoa) — @ (via) = 0.
In that case, xé < xp so that x, < Xy * X».
Proof. Under Lemma 5.3, this is precisely Lemma 5.5. O

Lemma 5.7. Use the notation from Construction 5.2, and assume that vi € LP(x1) and v, € LP(x,).
We have the estimate

C(xs) = €(x1) +£(x2) —d(vi = wavs).

Equality holds if and only if v, € LP(x.).

Proof. Using again Lemma 2.3 and Lemma 3.5, we calculate

€0 2 (v3! (vavi s + g2 = vawt(vy = wav2) ). 20) = €(v2) + CCw1v1)
= 07 1, 20) + (v3 10, 2p) — d(vi = wava) — €(v1) + L(wava) + £(v2) + E(wyv1)
=l(x1) +€(x2) —d(vi = wava).
Both claims follow from this calculation. O

Lemma 5.8. Let x = we# € W and u € W. Among all v € LP(x), there is a unique one such that
d(v = u) becomes minimal. For this particular v, we have

Va € ®F : ((x,va) — (wt(v = u),a) + ¥ (ua) — ®* (va) > 0.

Proof. Let x; = t*! with 1 € X, superregular and dominant. Let v = v; € LP(x) such that d(v = u)
becomes minimal. Set v, = u.

Consider Construction 5.2 for x; = x and x, as above. Now, the condition (iii) of Lemma 5.6 is
satisfied by superregularity of 4. We conclude that x) < x so that x, < x * x.
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Combining Lemma 5.4 with Lemma 5.7 shows
C(x)+€(x2) —d(v=u) = €(x) xx2) = €(xs) = L(x) +€(xp) —d(v = u).

In particular, we get x| * xp = X,.

The above argument works whenever v € LP(x) is chosen such that d(v = u) becomes minimal.
Since the value of x| * x, does not depend on the choice of such an element v nor does x.. = x| * x,. In
particular, the classical part cl(x,) = wvu~! does not depend on v, hence v is uniquely determined.

The formula x. = x1 * xo = x{x implies that £(x.) = €(x]) + {(x2). Using the previously computed
length of x., we conclude £(x]) = €(x1) — d(v = u). Now, the estimate follows from Lemma 5.5. O

1

Considering Lemma 5.8 for the inverse x~', we obtain the following:

Lemma 5.9. Let x = we* € W and u € W. Among all v € LP(x), there is a unique one such that
d(u = wv) becomes minimal. For this particular v, we have

Ya € @ : £(x,va) — (wt(u = wv), a) - O (ua) + ®*(wva) > 0.

Definition 5.10. Let x € W and u € W. The uniquely determined v € LP(x) such that d(v = u) is
minimal will be denoted by v = pY(u). The uniquely determined v € LP(x) such that d(u = wv) is
minimal will be denoted by v = p,(u) = w‘l,o)\g_1 (uwg)wo.

The functions p, and p~;’ will be studied in Section 5.2. For now, we state our announced description
of Demazure products in W.

Theorem 5.11. Let x; = wis”!,x, = waek2 € W. Among all pairs (vi,v2) € LP(x1) X LP(x2), pick
one such that the distance d(vi = wjvy) becomes minimal.
Construct x. as in Construction 5.2. Then

X] KXy = Xe = lelgvl’lpwvz’]yz—wt(vl:wzvz)vgl’
f(xl *XQ) = f(xl) +f(XQ) - d(V] = W2V2),
vo € LP(x1 *x2).

Proof. We have x,. < x*x; by Lemmas 5.8 and 5.5. By Lemma 5.4, we find (v, v}) € LP(x1) XLP(x2)
such that

C(x1) + (x2) —d(v] = wav)) = £(x) xx2) = €(x.) = L(x1) + E(x2) —d(vi = wavy).
By choice of (vy, v;), the result follows. O
We note the following consequences of Theorem 5.11.
Proposition 5.12. Let x; = wiet,x; = wpet? € W. Write

M = M(x1,x2) := {(v1,v2) € LP(x;) X LP(x2) |
V(v],v5) € LP(x1) X LP(x2) : d(vi = wava) < d(v] = wav))}
Jor the set of all pairs (v1,vy) such that the theorem’s condition is satisfied.
(a) The following two functions on M are both constant:
er:M—>W, (vi,v) - v,
02 M — Z®Y,  (vi,v2) > vawt(v] = wavs).
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(b) The following is a well-defined bijective map:
M — LP(x; *x2), (vi,v2) > va.

Proof.
(a) From the Theorem, we get that the function

M—W, (vi,v) r—>w1v1vglsvzvl_lf“Jr“Z_vZW‘(V‘=>W2V2)

-1 _
= w11 (v1, vp)e®t (Vw2 k=2 (Viov)

is constant with image {x; * x,}. This proves that ¢ and ¢, are constant.

(b) Injectivity follows from (a). Well-definedness follows from the theorem. For surjectivity, let v, €
LP(x; * x). Then certainly v, € LP(x;). By Lemma 5.4, we find vi € W such that £(x; = x3) <
{(x1) + {(x2) = d(vi = wyvz). By the theorem, we find (v{,v}) € M with £(x; * x2) = £(x1) +
{(x2) — d(vi = wyv)) such that d(vi = wavy) < d(v] = wyv)). It follows that (vi,v2) € M,
finishing the proof of surjectivity. o

Remark 5.13. In case €(x1x3) = €(x1) + €(x2), we get x1xp = x| * xp. In this case, we recover [28,
Lemma 2.13].

5.2. Generic action

Studying the Demazure product where one of the factors is superregular induces actions of (V~V, *) on
W, that we denoted by p, resp. py in Definition 5.10. In this section, we study these actions and the
consequences for the quantum Bruhat graph.

Lemma 5.14. Let x; = wieH!,xp = woet? € W. Then

Pxixxy = Pxp © Px -

Proof. Note that if z € W is in a shrunken Weyl chamber with LP(z) = {u} and x € W, then by
Proposition 5.12,

LP(z  x) = {px(u)}.

Hence, we have

{0, (0, ()} = LP((z * x1) * x2) = LP(z * (1 *x2)) = {px;sx, (W) }.
This shows the desired claim. m|

Remark 5.15.

(a) There is a dual, albeit more complicated statement for the dual generic action p".
(b) If x = wrg, -+ - rq, is areduced decomposition with simple affine roots ay, ..., a, € Ay and w € Q
of length zero, then

Px = Pwsra x+ray = Pra, ©° "9 Pry °Pw-

The map p,, is simply given by p,(v) = cl(w)v, as LP(w) = W. We now describe the p,, as
follows:
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For a simple affine root (a, k) € Ay, we have

1, B =q,
g(r(a,k),ﬁ) =4-1, B=-a,
0, B # xa

Thus,
LP(r(ax) = {veW |v'a e @}

Letv e W.If v € @, then s,v € LP(7(a.k)) Withd(v = s (sav)) = 0. Hence, py, ., (v) =
SaV.

If via € ®*, thenv € LP(7(a,k)) With d(v = s,v) = 1 by Lemma 3.7. Since there exists no
u € LP(r(q,x)) withd(v = squ) = 0, a distance of 1 is already minimal. We see that o, ,, (v) = v.
Summarizing:

) v, vl e @,

o (V) =

Pras Sav, viee®d .

This gives an alternative method to compute p,. One easily obtains a dual method to compute pY
in a similar fashion.

Lemma 5.16. Lerx € W and v,v’ € LP(x) be two length positive elements. There exists a shortest path
p fromv to v’ in the quantum Bruhat graph such that each vertex in p lies in LP(x).

Proof. Let us first study the case v/ = 1.

We do induction on £(v). If £(v) = 0, the statement is clear.

Otherwise, there exists a quantum edge v — vs, for some quantum root @ € ®* such that
d(v=v')=d(vsq = v’) + 1 (Lemma 3.13). In this case, it suffices to show that vs, € LP(x).

The quantum edge condition means that £(vs,) = €(v) — £(s4). In other words, every positive root
B € ®* with s,(8) € @ satisfies v(B) € ™.

Let B € ®*, we want to show that £(x,vs,(B)) > 0. This follows from length positivity of v if
sq(B) € @*. So let us assume that s,(8) € ®~. Then vs,(B) € ®*, applying the above observation to
—sq(B). Hence, £(x,vs4(B)) = 0, as 1 € LP(x). This finishes the induction, so the claim is established
whenever v’ = 1.

For the general case, we do induction on £(v’). If v/ = 1, we have proved the claim, so let us assume
that £(v”) > 0. Then we find a simple root @ € A with s,v’ < v’. In particular, (v/)"'a € ®~ so that
{(x,a) < 0. Consider the element x” := xs, > x. We observe that forany u € W and 8 € ©,

{(x,upB), uB # *a,
C(x', squP) = C(x,uf) + €(sq,—uB) =3 —t(x,a) +1 >0, uB=-a,
f(x,)—1<0, uB=a.

It follows that

LP(x") = {squ | u € LP(x) and u"'a € ®}.
In particular, s,v’ € LP(x’). Now, suppose that v_'a € ®~. Then also s,v € LP(x’). We may apply
the inductive assumption to get a path p’ from s,V to s,v’ in LP(x”). Multiplying each vertex by s, on

the left, we obtain the desired path p in LP(x).
Finally, assume that v='a € ®*. Then s,v € LP(x) by Corollary 4.7.

https://doi.org/10.1017/fms.2024.33 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.33

48 F. Schremmer

By Lemma 3.7, v — s,V is an edge in QB(W) and
dopw)(v = V') = dgw) (v = sqoV’) = dopw)(sev = V') + L.

We get a path from s,v to v/ in LP(x) by repeating the above argument, then concatenate it with
V> SaV.
This finishes the induction and the proof. O

Corollary 5.17. Let x = ws" € W and v,v' € LP(x). Then
vilg— ) = wt(v = ) + wt(wy = wv’) = 0.

In particular, d(v = v') = d(wv = wv’).

Proof. Let
(7] [e%) p-1 ’
PIV=V — V)~ — VY, =V
be a path in LP(x) of weight wt(v = v’). Now, fori = 1,...,n — 1, observe that both v; and v;s,, are

in LP(x). Thus, €(x, v;@;) = 0. We conclude that

(o) = vie) T = WE (v = Vi) + WEWY; = wvisg)
= (via,-,,u)aly - <I)+(—v,-a,-)al\-/ +wt(wv; = wv;sy,)
< (i, e — O (—via)a) + @ (wviai)a)

={(x,v;a;)a; = 0.
Summing these estimates fori = 1,...,n — 1, we conclude
vl — ) = wt(v = ) + wt(wy = w'v') < 0.

Considering the same argument for x~!, wywg, wv’wq, we get the other inequality.
The ‘in particular’ part follows from inspecting the argument given. Alternatively, pair the identity
just proved with 2p, then apply Lemma 3.5 and Lemma 2.3. O

Remark 5.18. The corollary can be shown directly by evaluating the Demazure product
WV 4 xw gV

in two different ways, using the associativity property of Demazure products.
Proposition 5.19. Let x = wet € W, v € LP(x) and u € W. Then

du = wv) =du = wpx(u)) +d(wpx(u) = wv).
Proof. Let A be superregular and y := £“4. Define the element

2=y x = upy (1) £Pr AP (W= wpy ()
Then z is superregular with LP(z) = {o,(«)}. Consider the element

§ = u(wy)lgW AT ywiu=wy)

This is superregular with LP(3") = {wv}. Note that Theorem 4.2 implies ' < y, as

(W) L wvd — wywt(u = wv)) + wt(u = wv) + wt(u = u) = L.
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Thus, 7 < z, where
5= y—x — MV_18W1+H_VWt(”2WV).

Note that 7 is superregular with LP(Z) = {v}. In light of Theorem 4.2, the inequality Z < z means
vIIWA+ = vwt(u = wy)+wt(px () = v) + wt(u = u)
< px () (px (WA + g1 = pr (W)W = wp ().
Rewriting this, we get
v — wt(u = wy) + wt(py (1) = v) < pi(u) " — wt(u = woy(1)).

Corollary 5.17 yields the equation
V= () 4+ Wil (u) = v) = wi(wpy (1) = wv).
We conclude
wt(u = wv) = wt(u = wp(u)) + wt(wpy (1) = wv).

This implies the desired claim. O

By the duality from Lemma 5.3, we obtain the following.

Corollary 5.20. Let x = wek € W, v € LP(x) and u € W. Then
dv=u)=dv = pl(u) +d(py(u) = u).

Remark 5.21. In the language of [4, Section 6], this means that the set wLP(x) contains a unique
minimal element with respect to the tilted Bruhat order <,,. Since wLP(x) = LP(x~")wy, it follows that
the set LP(x) contains a unique maximal element with respect to <,,. If x = &* is a pure translation
element, this recovers [17, Theorem 7.1].

The converse statements are generally false, that is, LP(x) will in general not contain tilted Bruhat
minima, and wLP(x) will not contain maxima. For a concrete example, choose x to be a simple affine
reflection of type A,.

The set LP(x) satisfies a number of interesting structural properties with respect to the quantum
Bruhat graph, namely containing shortest paths for any pair of elements (Lemma 5.16) and the existence
of tilted Bruhat maxima. One may ask the question which subsets of W occur as the set LP(x) for some
xeWw.

Corollary 5.22. Let x = wet € W and uy,u> € W. Then the function
W o X, v v iu—wt(u; = wv) —wt(v = uy)

has a global maximum at p(u), and another global maximum at p (u3).

Proof. Ifv € Wisnotlength positive for x, and vs,, is an adjustment, it is easy to see that o(v) < @(vs,).
So we may focus on ¢|ip(x)-
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Let v € LP(x) and v/ = p,(u;) so that

o) = vig—wt(u; = wv) — wt(v = uy)
= vy —wt(u; = wv’) —wt(wv’ = wv) — wt(v = us)
oo )7 = wt(v = v) — wt(ug = wv') — wt(v = )
J.
< (W) u=wt(u; = wv') —wt(v’ = us) = o(v').
This shows the first maximality claim. The second one follows from the duality of Lemma 5.3. O

Remark 5.23. Let x1 = wieHl,xp = woet? € W and v1 € LP(x;). Theorem 4.2 states that x; < x in
the Bruhat order if and only if there is some v, € W with

VII/“ +wt(va = vq) + wt(wv] = wovy) < Vglyz.

By the above corollary, it is equivalent to require this inequality for v, = py, (wv). One can alternatively
require it for vy = pY, (vy).

Lemma 5.24. Let x; = wiet,xy = woek? € W and v, € LP(x1),v2 € LP(x;). The following are
equivalent:

(1) The distance d(vi = wavy) is minimal for all pairs in LP(x1) X LP(xy), that is, (vi,v2) €
M(x1,x2).
(i) vi = py, (wav2) and vy = py, (v1).

Proof. (i) = (ii): Certainly, v| minimizes the function d(- = wjv;) on LP(x;), showing the first claim.
The second claim is analogous.

(ii) = (i): Consider Construction 5.2. By Lemmas 5.5 and 5.8, we conclude that w,v, must be length
positive for x{. It follows that x, < x; * x, and

O(x.) = €(x]) + €(x2) = £(x1) +L(x2) —d(vi = wavy).

By Lemma 5.7, v, is length positive for x,.. Write x| * x, as wek. Using Lemma 4.15 with Lemma 4.3,
the condition x, < x; * x; yields some v/ € LP(x; * x) with

Vit +v3 s — wt(vy = wava) + Wt(v) = va) + wt(wivy = wvj) < (v5) 4

By Proposition 5.12, we find v] such that (v{, v}) € M(x1,x2). By Theorem 5.11, we can express x; *x2
in terms of (v{,v}). Then the above inequality becomes

Vit + vy = wt(vi = wava) + wt(vh = va) + wt(wivy = wiv))
< (D + (V) g = wi(v] = wov)).
Since vy, v| € LP(x1) and v2, v}, € LP(x2), we can apply Corollary 5.17 twice to obtain
wt(vi = v]) + Wt(wav) = wava) — wt(v) = wava) < —wt(v] = wav)).
Rewriting, we get
wt(vi = v]) + wt(v] = wav)) + Wt(wav) = wava) < wt(vi = wava).

In other words, there is a shortest path from v; to w,v; that passes through v{ and w,v/. By condition
(ii), this is only possible if v; = v| and v, = v}, showing (i). O
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Corollary 5.25. Consider Construction 5.2 with vi € LP(x1),v2 € LP(x2). There exists (v{,v}) €
M (x1,x2) such that

d(vi = wavy) =d(vi = v]) +d(v] = wav)) + d(wav) = wovs).
Proof. For convenience, we define a set of admissible pairs by

A :={(v{,v}) € LP(x1) X LP(x2) |
d(vi = wavy) =d(vi = v]) +d(v] = wav)) + d(wav) = wova)}.

Then (v, v2) € AsothatA is nonempty. Choose (v{,v}) € A suchthatd(v] = wyv}) becomes minimal
among all pairs in A. We claim that (vi, vé) € M (x1,x;). For this, we use Lemma 5.24. It remains to
show that v{ = p (w2v}) and v = py,(v1). By Proposition 5.19 and Corollary 5.20, we obtain

d(vi = wav}) =d(v] = py, (wav))) +d(p), (wavh) = wav)),

d(vi = wav)) =d(v] = wapx, (V1)) + d(wapx, (vi) = wav)).

It follows that (py (w2v}),v5) € A and (vi,px,(v})) € A. By choice of (v{,v}) and the above
computation, we get that vi = pY, (w2v}) and v} = p.,(v}). This finishes the proof. O

Corollary 5.26. For xi,x; € W, we have LP(x; * x3) = Px, (LP(x1)) = p}c/] (WoLP(x2)), where wyp € W
is the classical part of x;.

Proof. We only show LP(x; * x2) = px, (LP(x1)), the other claim is completely dual.

If vy € LP(x; * x2), we find v{ € LP(x;) such that (vi,v;) € M(x1,x2). By Lemma 5.24, v, =
Px, (V1) € px, (LP(x1)).

Now, let v, € py, (LP(x1)), and write v = py,(v;) for some v; € LP(x;). By Corollary 5.25, we
find (v{,v}) € M(xy,x2) such that

d(vi = wavy) =d(vi = wav)) +d(wav) = wava).
Since v, = py, (v1), we use Proposition 5.19 to obtain
d(vi = wav)) =d(vi = wava) +d(wavy = wav)).

This is only possible if vo = vJ. Since v} € LP(x; *x2) by Proposition 5.12, we obtain the desired claim
vy € LP(x1 * x2). O

5.3. Generic o-conjugacy class

To conclude the paper, we apply our results to the notion of generic o--conjugacy classes. For this, we
have to assume that our affine Weyl group actually comes from a quasi-split reductive group G over a
non-Archimedian local field F, as described in [28, Section 2.1]. This means that W is the finite Weyl

group of G, and X, are the Gal(F /F)-coinvariants of the cocharacter group of a maximal torus. Denote
by B(G) the set of o-conjugacy classes in G (F). For x € W, we write [x] € B(G) for the o -conjugacy
classes associated with any representative of x in G(F), and [b,] for the generic o-conjugacy class of
the Iwahori double coset indexed by x.
The Frobenius action on W and W will be denoted 7(-), so the Frobenius image of x is “x.
Throughout this section, we fix an element x = wet € w. Following He [11], we consider twisted
Demazure powers of x.
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Definition 5.27. Let n > 1. We define the n-th o-twisted Demazure power of x as
x0T = (Tx) x ek (”nilx) ew.

For n > 2, let us write

-1
1-n _
Xp = o ((x*,(r,n l) x*,(r,n)

such that
RO = x*,(r,n—l % ((r"’lx) _ x*,o‘,n—] . ((r"’lx )
= = nl.
We can calculate x,, in terms of x and ol LP(x*"~1) using Theorem 5.1 1. By Corollary 5.26, we have
LP(x*") = p(,n_lx(LP(x*’o-’"_l)) == pyun 00 pay(LP(X)).
Observe that by definition of the generic action p,, we may write
por (7 (W) = 7 (px(u).
Let us define the map py o := px © o () : W— Wby

o) = pu(7 ().

Then
LP(x"7") = pu-1 0+ 0 poy(LP(x)).
= (" epie () oo (T o pr 0 T ()W)
=" ()0 prio 0+ 0 P (LP())
=7 (Pt (LP()).
Lemma 5.28.

(a) There exists an integer N > 1 such that for eachn > N,
XN =xn and pY - (LP(x)) = p% - (LP(x)).

Denote the eventual values by xo = xn resp. p5 ,(LP(x)) := prU(LP(x)).
(b) We have

P2 (LP(x) = {v € LP(x) [ 3n > 1: v = pt . (W)}

)
lim ———=

n—oo

= (Xco).
(c) The element x is fundamental. For each v € p3’ . (LP(x)), it can be written as

(77]
Xew = (0“1V)px’a_(v)—lgﬂ_Px,n'(V)Wt( VﬁWPx,rr(V)).
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Proof.

(a) Observe that p , induces an endomorphism LP(x) — LP(x). We obtain a weakly decreasing
sequence of subsets of W

LP(x) 2 py,o(LP(x)) 2 p5 o (LP(x)) 2 - .

Since W is finite, this sequence must stabilize eventually.
Because x,, only depends on the values of p;’j(}.(LP(x)) and x, the result follows.
(b) Both claims follow immediately from (a).
(c) Let N be asin (a), and let n > 1. Then

%0, N+n _ j 0N | oN o N+n-l

X Xoo " Xoo

is a length additive product. In particular,
(X0 " - o'nilxoo) =nl(Xeo).

By [23, Theorem 1.3] or [28, Proposition 3.11], x. is fundamental.
Next, let v € p¢ - (LP(x)). Then also px (v) € p% - (LP(x)), and we get

O-pr,o—(V) c LP(X*,(J',NH) — LP(X*,(J',N % a'Nx) — LP(X*,U',N . oN (Xoo))-
In view of Proposition 5.12, we find a uniquely determined element oMy e LP(x*“>N) such that
(7,7 pra () € METN 7).

Then by Theorem 5.11,

Xoo = v’px’o_(V)_lgll_px.(r(V)Wl(V/ﬁ"VPx,o-(V)) .

Note that v’ € "I_NLP(x*"”N ) = px o (LP(x)). The minimality condition on the tuple
("Nv’, (’pr,o-(v)) moreover implies that p (V') = px. o (7V’) = px.o(v) (Lemma 5.24).

The map px o : p5 o(LP(x)) — p3F,(LP(x)) is a surjective, and the set p3’ , (LP(x)) is
finite. It follows that the restriction of py o to p7 - (LP(x)) is bijective. Recall that v and “v’ are
two elements of p3’ , (LP(x)) whose images under py,, coincide. Thus, v = “v’, finishing the

proof. o

Theorem 5.29.

(a) The o-conjugacy class [x«] € B(G) is the generic o-conjugacy class of x.

(b) Foranyv € p% ,(LP(x)), we have €(xe) = £(x) —d(v = 7 (Wpy,o(V))).

(c) Fix v € p? ,(LP(x)), and define J = supp - (px.oc (V)™1v), s0 J C A consists of all o-orbits
of simple roots whose corresponding simple reflections occur in some reduced decomposition of
px,o'(v)7]V ew.

We can express the generic Newton point of x as

Vy =Ty (v’l,u -wt(v = ‘T(wv))).
Here, mj denotes the projection function as defined in [6, Definition 3.2].

https://doi.org/10.1017/fms.2024.33 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.33

54 F. Schremmer

Proof.

(a) By aresult of Viehmann [31, Corollary 5.6], we can express the generic o-conjugacy class of x as
[bx] = max{[y] | y < x} = max{[y] | y < x and y is fundamental}.

In particular, [by] > [x.]. For the converse inequality, pick some y < x fundamental with

[bx] = [y] € B(G).
By definition of the Demazure product, we get

X5 =y (O’x) - (O—nfl

X) > y(7y)- ("Hy)-

Thus, using the fact that y and x., are fundamental, we get

(V(X00), 20) = €(Xo0) = nll_r)rolo M
E(y%y--- ol
2 lim 7y ; Y) = lim £(y) = (v(y).20) = (v(b2). 2p).

This estimate shows that [xe] = [b«].
(b) This follows from the explicit description of x in Lemma 5.28 together with Lemma 2.3 and the
simple observation py o (v) € LP(xc).
(c) Let us write xoo = weoet~. The generic Newton point of x is the Newton point of x,, which we
express using [28, Lemma 3.7].
Let N > 1 such that the action of (0~ o ws) on X, becomes trivial. We want to show for each
v € p3 »(LP(x)) that

N

v Z(O’ 0 Weo) oo € X, ® Q

k=1

is dominant.

Note each v € pT . (LP(x)) may be written as v = py - (u) for some u € p3 ,(LP(x)). By
Lemma 5.28, it follows that we, = ("'_lu)v_l. Thus, u = 7 (wev) € pY - (LP(x)). This shows
T(Waov) € pY o (LP(x)) for each v € p$ , (LP(x)). It follows for each @ € ®* that

N N
<v_1 Z(U’ o Woo)kﬂoo, a> - Z<#00, (0- ° Woo)kva>
k=1

k=1

((/100’ (0 0 Weo) V) + @ (0 0 weo)va) — ®*((0 0 Wm)k+lva))

M= TDM=

{(Xo0, (0 0 Weo)¥va) > 0.

>~
1l
—_

This shows the above dominance claim. As v € p%’ . (LP(x)) was arbitrary, the same claim holds
for py. o (v). With

J = Suppg-(Px,O'(V)_lO-(Woopx,O'(V))) = SUPPU(Px,a(V)_lV),
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[28, Lemma 3.7] proves that

V(@) = 1 (pro () ) = 0 (P () = WY S wp o (1))

Ty (px,o-(v)il,u -wt(v = O_(pr,a(v))))-

Def.:nJ
Now, the condition J = supp . (ox. o (v)~!v) implies

pr.c() ' u=v'u (mod QDY),
wt(v = T(wpx,o(v))) =wt(v = “(wv)) (mod QdY). O

Part (a) of the above Theorem readily implies [1 1, Theorem 0.1]. Our previous result [28, Corollary
4.5] expresses the generic Newton point v, as a formula similar to part (c) of the above Theorem, but
the allowed elements v € LP(x) in the cited result are usually different ones. If x is in a shrunken Weyl
chamber, this formula for the generic Newton point coincides with [12, Proposition 3.1].
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