
where the product runs over all prime â iv i sors of d and an 
empty product i s taken to be 1. 

Li. Moser 

P 15» (Conjecture) Every point on the pe r ime te r of an 
ellipse is a ver tex of an inscribed tr iangle of maximum a r e a . 
There a r e other closed convex curves with this p roper ty , e.g* 
pa ra l l e log rams . Is it t rue that the ell ipse is the only closed 
s t r ic t ly convex (no proper segments) plane curve with this 
proper ty £cf« R . P . Bambah, P r o c . Nat. Inst . Sci. India, P a r t A 
23 (1957), 540-543]? 

H. Helfenstein 

SOLUTIONS 

P 2. Put Sk(n) = Z a ^ n a k , Tk(n) = I a k , the second sum 
extending over all a ^ n such that (a,n) ^ 1 and a does not divide 
n. Let yti(n) denote Moebius1 function. Prove that 

(i) Tk(n) = « Z d l n ^ d > 1 (1 + ^ d J S ^ n / d ) ) , 

(ii) n divides S^(n) (that i s , n i s multiply perfect) if and 
only if 

Ti(n) S l(mod n) if n i s odd, (l+n/2)(mod n) if n i s even. 

J . C . Hayes and P . Scherk 

Solution by the p r o p o s e r s . Let (feln) = H3yTit ( a , n )= l a^* 

T h e n S k d i ) ^ Z d | n r a $ n , ( a , n ) = d ^ = I d | n d k f k W d ) and 

by Moebius inversion Ç^(n) = 2Idjn/ A ( ( : i ) c i k s k( n / d ' ) ' N o w P u t 

<7k(n) = 2T d | n d k Then 

(1) Tk(n) = Sjjn) -<pk(n) - O^n) + 1 

= Sk(n) - ^ d U ^ H ^ n / d ) - £ d | n d k + 1. 

[•hisyieldsthefirstassertion Tk(n)= - Z d j ^ ^ d ^ l + /«(d) Sk(n/d)) . 

44 

https://doi.org/10.1017/S0008439500024929 Published online by Cambridge University Press

https://doi.org/10.1017/S0008439500024929


The number n is multiply perfect if and only if G"i(n) = 

0(mod n). By (1) this is equivalent to 

(2) Ti(n) s S^n) - (f^n) + 1 (mod n). 

The right hand side of (2) i s congruent to 

- Z d | n , d 7 l / * ( d ) d s l ( n / d ) + 1 = - ^d | n ,d> l /M d ) n i< 1 + n / d ) + l < m o d n>' 

If n is odd, each 1 + n/d is even and n |ny(l+n/d) . Thus an odd 
n is multiply perfect if and only if T^(n) S i (mod n). 

Now let n = T T p j n p be even. Correct ing the statement of 
our problem we have to assume n ^ 2. We wish to show that n 
i s multiply perfect if and only if Tj(n) H 1 + n /2 (mod n) . Thus 
we have to show 22 , A(d)n^(l+n/d) = n /2 (mod n) or 

Z I d | n , d > l / ^ d ) ( 1 + n / d ) + 1 — 0 (mod 2). This is equivalent to 

(4) 2 | Z = f d | ^ d ) ( l + n / d ) . 

But 1 = r d | n / L ( d ) ( n / d ) + r d j n yU(d) = r d j ^ d ) ( n / d ) 

= <p(n)=TTpjn(p*~p*-l). 

Thus Z is even unless n = 2. This proves (4). 

P 3. Let F be a finite field of charac te r i s t i c p . Let V n 

be an n-dimensional vector space over F . In Vn a symmetr ic 
bil inear form (a,b) i s given. Let n ^ 2 if p = 2 and n > 3 if p 
is odd. Show that there is a vector a ^ 0 in V n such that (a,a) =0 . 

P . Scherk 

Solution by the p roposer . Let F = { ^ , ^ , . . . j be a fin­
ite field of charac ter i s t ic p . Let G denote the multiplicative 
group of all the squares ^ 0. If p = 2, ? = *£ if and only if 
F = ^ . Thus the mapping of the elements ^ 0 of F onto G is one-
one and G is the multiplicative group of F . If p > 2, this mapp­
ing is two-one and G is a subgroup of index two in the mult ipl ica­
tive group of F . Let G denote the complement of G in this group. 

If 1 + G = G, 1 6 G would successively imply 2 , 3 , . . , , p - l€G 
and finally p = 0 € G. Thus 

(1) 1 + G t G . 
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