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COMPARISON THEOREMS
OF LIAPUNOV-RAZUMIKHIN TYPE
FOR NFDE S WITH INFINITE DELAY

JOHN R. HADDOCK, SHIGUI RUAN, JIANHONG WU AND HUAXING XIA

ABSTRACT.  Some comparison theorems of Liapunov-Razumikhin type are pro-
vided for uniform (asymptotic) stability and uniform (ultimate) boundedness of solu-
tions to neutral functional differential equations with infinite delay with respect to a
given phase space pair. Examples are given to illustrate how the comparison theorems
and stability and boundedness of solutions depend on the choice(s) of phase space(s)
and are related to asymptotic behavior of solutions to some difference and integral equa-
tions.

1. Introduction. In [19] and [20], Seifert provided informative examples to illus-
trate that Liapunov-Razumikhin type results related to (uniform) asymptotic stability for
functional differential equations (FDEs) with finite delay do not always carry over read-
ily to an infinite delay setting. Nevertheless, there have been some successful efforts to
extend Liapunov-Razumikhin theory to retarded FDEs with infinite delay. Among these
efforts are [4-6], [8], [11-13], [15], [18] and [21].

For neutral functional differential equations (NFDEs)

d
(.1 ED(t’Xt) = f(t,x1),

the generalization of Liapunov-Razumikhin theorems becomes even more difficult, since
the behavior of solutions depends heavily on the property of the so-called generalized
difference equation

(1.2) D(t,x;) = h().

In the case where the delay is finite, under the restriction that the above D-operator is
linear in the second argument and stable, Lopes [16] and [29] obtained some stability and
boundedness results of Liapunov-Razumikhin type for finite delay NFDEs. In [25], one
of the authors established some comparison principles of Liapunov-Razumikhin type
for NFDEs with infinite delay on the space BC of bounded continuous functions with
supremum norm.
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As indicated in [7] among other places, there are certain drawbacks in restricting
the setting to the space BC mentioned above. Along these lines one of the purpose of
this paper is to establish stability and boundedness comparison theorems of Liapunov-
Razumikhin type in a unified way so that the results are available both for general ad-
missible phase spaces and the space BC of bounded continuous functions.

We obtain several comparison theorems of Liapunov-Razumikhin type for (uniform,
asymptotic) stability and (uniform, ultimate) boundedness with respect to a given phase
space pair (X, Y) with the intention that various choices of phase space pairs allow us to
apply the obtained comparison theorems to study the existence of periodic solutions (see,
cf- [28]) as well as the precompactness of positive orbits (see, ¢f- [7]) for NFDEs with
infinite delay. The comparison theorems given here are reminiscent of those provided
by Lakshmikantham and Leela [14] and Lopes [16] for finite delay retarded and neutral
FDEs. However, it should be pointed out that the technicalities involved in dealing with
neutral FDEs with infinite delay and the associated D-operator are by nature more com-
plicated than those for retarded FDEs. Similarly, the difficulties are compound from the
fact that we must be concerned also with the choice(s) of phase space(s) for infinite delay
equations.

The rest of this paper is organized as follows. In Section 2, we introduce the definition
and examples of a fundamental phase space which will be used throughout this paper.
Section 3 is devoted to a precise description of stability and boundedness with respect
to a given phase space pair. Several examples are also given to show that there is often a
natural way to follow in connection with the choices involved in phase space selection.
In Section 4, we prove several comparison theorems for uniform stability and uniform
boundedness, and we show by examples how sufficient conditions of stability and bound-
edness depend on the choices of phase spaces. In Section 5, we use an argument of [26]
to investigate asymptotic behaviors of the D-operator associated with a class of neutral
integrodifferential and difference equations. Finally, in Section 6 we prove several com-
parison results for uniformly asymptotic stability and uniformly ultimate boundedness
which include the classical Liapunov-Razumikhin theorems and a theorem in [23] as
special cases.

2. Phase spaces and NFDEs with infinite delay. Let B be a linear space of R”-
valued functions on (—oo, 0] with a semi-norm p(-) so that the quotient space B = B/p(-)
of the equivalent classes of elements of B under the norm |- |3 induced by p(-) is a Banach
space.

The space (B, | - |) is called a fiundamental phase space, if it satisfies the following
conditions:

(B1) there exists a constant K > 0 such that |$(0)| < Kp(¢) for all ¢ € B and

(B2) for any #, € R, > 0 and any function x: (—00, & + &) — R" with x,, € B and
x: [to, % + 6] — R” continuous, we have x, € Bfor all t € [ty, to + 6], where x; is
defined by x,(s) = x(t + s) for s € (—o0, 0].

Among the typical and important fundamental phase spaces are the spaces R”, C,, C,
and BC, which are defined below.
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(a) R" is the usual n-dimensional Euclidean space with the norm |-|. It can be regarded
as a fundamental phase space where B is the linear space of all R"-valued functions on
(—00, 0] with the semi-norm p(-) defined by p(¢) = |$(0)|.

(b) For any positive constant » > 0, C, = C([—r, 0], R") is defined as the space of
continuous R"-valued functions with the sup-norm | - |, defined by

|ol- = sup |¢(s)l,

—r<s<0

where B is the linear space of all R"-valued continuous functions on (—00,0] with the
semi-norm p(-) defined by p(¢) = |bj_.0j-
(c) For any function g: (—00, 0] — [1, 00) satisfying the following condition:
(gl) g:(—00,0] — [1, 00) is a continuous nonincreasing function such that g(0) = 1.
Let C, denote the space of continuous functions which map (—oo, 0] into R" such that

sup |(s)| < oo,
s<0 &(5)

Then C, equipped with the norm

_ 80
Pl =3 e)

is a fundamental phase space.
(d) BCis aspecial case of C, with g(s) = 1 forall s € (—o0,0]. For BC, the C; norm
is denoted by | - |, that is

[Bloo = sup |$(s)|-

Throughout this paper, we consider the following neutral functional differential equa-
tions with infinite delay

d
@1 D) = f(t.x)
t
subject to the following Cauchy initial condition
2.2 Xy = ¢

in which ¢t > # > 0, B is a fundamental phase space, and D, f:[0,00) X B — R". A
solution of (2.1)—(2.2) (denoted by x(%, ¢)(-)) is defined as a function x: (—o0, H +8) —
R",6 > 0,so thatx,, = ¢ € B, x:[t, % +6).— R" is continuous, D(¢, x;) is differentiable
on [,y +6) and (2.1) is satisfied on [#y, £y +9).

For fundamental results on existence, uniqueness, continuation and continuous de-
pendence, we refer to [22] (for admissible phase spaces), [24] (for bounded continuous
function spaces) and [27] (for general fundamental phase spaces).

We conclude this section by recalling some notation.

https://doi.org/10.4153/CJM-1995-028-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-028-7

COMPARISON THEOREMS FOR NFDE S 503

(e) For a continuous function V:[0,00) x R" — [0, 00), the derivative of ¥ along
solutions of (2.1) is defined as

Van(tDt,x)) = lim sup }l [ V(+hD(t+ h,x,+;,(t,x,))) - (s, D(t,x,))],
where x: R — R" is a solution of (2.1).

(f) A wedge Q is a continuous strictly increasing function Q: [0, c0) — [0, 00) with
0(0) = 0.

(8) An unbounded pseudo wedge S is an unbounded strictly increasing continuous
function S: [0, 00) — [0, 00).

3. Uniform stability and uniform boundedness: definitions and examples.
Throughout the remainder of this paper, let X, Y and B be fundamental phase spaces with
X C Band Y C B. We assume that D(z,0) = f{(¢,0) = 0 forall # > 0 so that equation (2.1)

pos;sesses the zero solution.

In this section, we introduce the concepts of stability and boundedness of neutral
equation (2.1) and its associated D-operator with respect to a phase space pair (X, ).
Examples are given to illustrate the dependence of these concepts on the choice of phase
space.

DEFINITION3.1.  The zero solution of (2.1) is (X, Y)-uniformly stable if, forany ¢ > 0
there exists a § > 0 such that [¢ € X, |¢|x < b and t > £y > 0] imply |x,(to, ®)|y < €.

DEFINITION 3.2.  An operator D: [0, 00) X B — R" is (X, Y)-uniformly stable if there
exists a wedge O such that for any # € [0,00), x: R — R" and ¢ > 0 so that x,, € X,
x:[to,00) — R" being continuous, |x,|x < O(¢) and sup,>,, |D(t,x,)| < O(e), we have
|x|y < e forall t > t.

DEFINITION 3.3.  The solutions of (2.1) are (X, Y)-uniformly bounded if, for any o >
0 there exists a 3 > 0 such that [¢ € X, |¢|x < aand t >t > 0] imply |x/(10, ¢)|y < .

Here, and in what follows, when discussing the boundedness of solutions to equation
(2.1), we do not require that D(¢,0) = 0 and f(¢,0) = 0 for all z > 0.

DEFINITION 3.4. An operator D:[0,00) X B — R" is (X, Y)-uniformly bounded
if there exists an unbounded pseudo wedge S such that for any # € [0,00), x: R —
R" and H > 0 so that x;,, € X, x:[fp,00) — R" being continuous, |x,|x < H and
Sup;>,, |D(t, x,)| < H, we have |x|y < S(H) for t > 1.

REMARK 3.5. Usually it will be the case that either X = ¥ = Bor X = B and
Y = R", where R" is regarded as an embedded subspace of constant functions in B. That
is, if ¢ € R”, then the corresponding element in B is the constant function ¢, defined by
é(s) = ¢,s < 0. In this case |x;|y is merely |x(?)|.

Now we consider some examples for which the left-hand side of (2.1) has the form

d 00
- =2 Bix(t—r)) — G(— ds — )
= [x(t) > Butt = 1) /f G5t +)ds — e(t)|
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where e: [0, 00) — R" is bounded, continuous and

M= sup |e(?).
0<t<o0
In this case the operator D reads
G.1) D(t, ) = $(0) — iw(—n) — [ Gs)p(s)ds — et

A special case, of course, is the “finite delay” left-hand side %[x(t) — cx(t — r)], which
often is found in the literature.

PROPOSITION 3.6.  Suppose that B; (i = 1,2,...) are n X n constant matrices,
G:[0,00) — R™" is continuous, {r;} is an increasing unbounded sequence of positive
numbers, and

3.2) i |Bi| +/0 |G(—s)|ds =m<l1.
i=1 —o

Then for any m* € (m, 1), we can find a function g: (—oo, 0] — [1, 00) satisfying (gl),
(e2) % — 1 as u — 0" uniformly for s € (—00, 0], and
(g3) g(s) — ocoass— —o0

so that the D-operator defined by (3.1) is (Cg, R")-uniformly bounded with S(H) = M

I-m*

Moreover, if e = 0, then the D-operator defined by (3.1) is (Cg, R™)-uniformly stable with
Q) = (1 —m)e.

PROOF. In[7],itis shown that (3.2) implies the existence of a function g: (—o0, 0] —
[1, 00) satisfying (g1), (g2) and (g3) such that

(3.3) S (Ble-ra+ [ 1GCs)le(s)ds < i

For any #p € [0,00), x:R — R" and H > 0 with x, € C,, x:[fp,00) — R" being
continuous, |x,|c, < H and sup, |D(t,x,)| < H, let

(&9
WO =x(0)— Y Bt —r) ~ [ G(t—s)x(s)ds — e(t).
i=1 —o0
If there exists a 7 > £y such that |x(7)| = max,,<,<, |x(s)|, then

Jx(m)| = }i Bix(t—r) + fr G(—s)x(s)ds + e(T) + h(1)|.
i=1 >
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Let K be an integer so that rg < 7~ fy < rg+1. We have

K o0
(D] <3 [Bx(r—r)|+ > |Bix(to +7—to — ry)|
i=1 i=K+1

+/_t; IG(T—S)|X(S)dS+[|G(T—s)|x(s)ds+H+M

<[ 181+ [/ 166 - 9las]icr)

& g —to — 1) ey (T — 8o — )|
Bilg(—ri
* i;&l 1Bilg(=r) g(=ry) glr—to—ry)

& (u) lxio (u)l

du+H+M
glto+u—r) glu)

+ [ 166~ 1o~ wlgtio +u )
K
<[ 181+ [, l6C-o) ds] )

) 10—T
+[ % [Blgr+ [* 7 1GES)g@)ds|bxole, + H+ M
i=K+1

< [ZBletro+ [ 1G-0)lgts)ds] max{(x(r). el + 1+ M
< m* max{|x(r)| x|, } + H+M |

by (3.3), since g(s) > 1 for all s € (—00,0] by (g1). Now, if |[x(1)| > |x,]c,, it follows
from the above inequality that

@) < m'x(m)| + H+ M,
which implies

H+M
1—m*

x()] <

Therefore

H+M) H+M

< =
lx(r)] < max(|x,0|cg, F— S

This proves the (C,, R")-uniform boundedness of D. Similarly, we can prove the (Cy, R")-
uniform stability of D when e = 0. m

Following the proof of Proposition 3.6, one can show the following

PROPOSITION 3.7.  Under the assumptions of Proposition 3.6, the D-operator de-
Sfined by (3.1) is (BC, R™)-uniformly bounded with S(H) = ]11—3% and is (BC, R")-uniformly
stable when e = 0 with Q(e) = (1 — m)e.

The nextresult allows more flexible B;’s and G and includes the previous propositions.
For the sake of brevity, the proof is omitted.
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PROPOSITION 3.8.  Suppose that B;:[0,00) X R* — R", G:[0,00) X R X R* — R"
and e: [0,00) — R" are continuous. Suppose also that there exist constants K > 0 and
ki € [0, 1) such that

(i) foranyt>ty > 0and ¢ € X, we have

i sup |Bi(t, ¢(s))| + /f et +s, $(s))|ds < K|glx;

i=1—r<s<0

ii) for any continuous x: [ty,00) — R", we have
y

N t
;|Bi(t,x(t —r))|+ fto{G(t,s,x(s))l ds <k sup [x(s)l,

where N is an integer so that ry <t — ty < Fys].
Then the D-operator

D(t,9) = $(0) — §B‘(” o)) — [ Glt1+5.0()) ds - e(t)

is (X, R")-uniformly bounded with S(H) = WM ifsup  |e(t)] < M < oo, and is

(X, R")-uniformly stable with Q(¢) = ke ife = 0.

We conclude this section with a simple result to contrast with the finite delay equa-
tions.

PROPOSITION 3.9.  If there exist constants K|, K, > 0 such that for ty € [0,00),
x:R — R" with x;, € X, x:[ty,00) — R" being continuous and

[xely < Ki|xlx + Kz sup |D(t,x.)|.
1o <s<t

Then the operator D is (X, Y)-uniformly stable and (X, Y)-uniformly bounded with Q(¢) =
xx; and S(H) = (K + K2)H, respectively.

It follows that if D:[0,00) X C, — R” is stable in the sense of Lopes [16] (or [9]),
then this D-operator is (Cy, R") (or (C,, C,))-uniformly bounded and (C,, R*) (or (C,, C,))-
uniformly stable.

4. Uniform stability and uniform boundedness: comparison theorems. In this
section, we are concerned with comparison theorems and their applications to uniform
stability and uniform boundedness. We start with a uniform boundedness theorem.

THEOREM4.1.  Suppose the operator D is (X, R")-uniformly bounded and there exist
unbounded pseudo wedges Wi(i = 1,2,3), a constant M > 0 and continuous functions
V:[0,00) X R* — [0, 00), W:[0,00) X [0,00) — [0, 00) such that

i) |D(t, 9)| < Ws(|lx):

(ii) Wi(lx]) < V(t,x) < Wa(|x)):
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(iii) for any (ty, ¢) € [0,00) X X and any x: R — R" with x,, = ¢ and x: [tp, 00) — R"
continuous, we have

@.1) Ve (6Dx)) < W(1,V(t,D(x))

att > ty wheremax{|x, |x, sup, <,<, [x(s)|} < SoW'o V(t, D(t, x,)) and V(t, D(t, x,)) >
M, here S is given in Definition 3.4;

(iv) the solutions of z = W(t,z) are uniformly bounded.

Then the solutions of (2.1) are (X, R")-uniformly bounded.

PROOF. For any (fy, ¢) € [0,00) X X and a > 0, if |¢|x < «, then
|D(to, $)| < W3(|9]x) < W3(a)
and
V(to, D(to, $)) < Wa(|D(to, $)|) < W2 0 Wa(a).

Choose ¥ = max{a, M, Wi(a), W, o W3(a), W, o S~!(a)}, by assumption (iv), there
exists a 3; > 0 such that for any #, > 0, if z(¢) is the maximal solution of

{2(t) = W(t,2(1))

z(k) =1,
then |z(¢)] < B; forall £ > f.
We claim that
(4.2) V(6. D(x)) < (0

for all ¢+ > #. Suppose it is not true, then we can find a positive integer m and a real
number #; > # such that

V(s,D(s,x,)) < zm(s)
fors € [t, ), and
V(t,D(t1,x)) = zm(t1),
and there exists a sequence 7, — £ such that
V(Ta, D(Ts Xr,)) > Zm(Ta)
forn = 1,2,..., where z,,(¢) is a solution of the initial value problem
{z,,,(t) = W(t,zn(®)) + %

Zm(to) =Y
(see, cf- [14]). Therefore

) = g /250 H0 205

—00 Tn— 1
> lim Zm(Tn) — Zm(t1)

n—oo ™ — 1

= Zm(tl)

= W(tlazm(tl)) + %

@.3)

= w(n,V(0,D(0,%,)) ) + 712
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On the other hand, since z,,(¢) is increasing, it follows that
Wi(1D6s,%)]) < ¥(5.D65,%5)) < z(s) < zm(t1)

for ty <s <, thatis
ID(s, x;)| < Wi (zm(01))

for tp < s <t,.Sincey > W) («a), we have
[8lx < a < W) = Wi (zm(t0)) < W7 (zm(0)).
By the Definition 3.4, we have
@) <80 W (zn(n)
for tp < s < t1. Moreover, the choice of Y gives
lplx <a < Sowy'(M) < So Wy (zn(nr)).

Hence (4.1) implies that

i/(tl,D(tl’xt[)) S W(th V(tlaD(tlvxt1)>)5
which contradicts (4.3). Therefore, (4.2) must hold. Thus we have that for all ¢t > ¢

V(8,D(t,x)) <z(1) < B,

which implies
D@ x| < Wy (B1)

for all £ > 19. Since ¥ < $;, and hence ||y < o < W'(B), by the (X, R")-uniform
boundedness of the operator D, we have

()] < B=SoW ' (B).
This completes the proof. (]

THEOREM 4.2.  Suppose the operator D is (X, R™)-uniformly stable and there exist
wedges Wi(i = 1,2,3), a constant M > 0 and continuous functions V: [0, 00) X R" —
[0,00), W:[0,00) x [0,00) — [0, 00) such that

) 1D )| < Wi(lolx):

(i) W(xl) < V(t,%) < Wa(lx);

(iii) for any (ty, ¢) € [0,00) X X and any x: R — R" with x,, = ¢ and x: [ty,00) — R"
continuous, we have

Ven(6Dx)) < w(6 V(00 x))

att > to where max{|x,|x, sup, <<, |x(s)|} < O 'oW o V(t, D(t, x,)), here Q is given
in Definition 3.2;
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(iv) the zero solution of z = W(t,z) is uniformly stable.
Then the zero solution of (2.1) is (X, R")-uniformly stable.

The above theorems allow us to determine the uniform boundedness and uniform
stability for NFDEs with infinite delay. In the following example, we examine (BC, R")-
and (C,, R")-uniform boundedness (stability) of certain integrodifferential equations. In
the C, case we see how the choice of underlying phase space is involved in determining
the uniform boundedness and uniform stability.

EXAMPLE 4.3. Consider the following linear nonhomogeneous Volterra integrodif-
ferential equation

L0~ 3Bt~y ~ [ 6~ 96 ds 0]
(4.4) =

= Ax(¢) + iAix(t —r)+ f 1 H(t — s)x(s)ds + k(2).
i=1 —o0

We assume that
(1) A is astable n x n constant matrix. That is, there exist an n X n positive definite
matrix P and constants 3 > « > 0 such that

ATP+ P4 = -1, o*xTx <xTPx < B3xTx;
() f,k:(—00,+00) — R" are continuous and |f(¢)] < M, |k(#)] < M, for some
constants M, M, > 0;
B3) T2, 1Bl + 20 |G(=s)| ds = m < 1;

(@) =2, i + 2o |H(—s)| ds < c0.
Let ¥(x) = x” Px. Then for the D-operator defined by

D) = 60~ LBr) ~ [ Gt —99(5)ds (),
we have
Vo (1 D6 3)) = DT, x)P{AD(t ) + g“(A,- + ABX(t — 1))
+ /_’ _[H( = ) + AG(t — 9)lx(s)ds + k(1) + Af(t)}
+{4D(t ) + g(A,» + AB(t — 7)
+ [ [H(— )+ AG( — $)x(s)ds + kD) + Af () "D, x)
= —D"(t,x)D(t,x;) + 2D'(t, x,)P{i;il(A,- + ABx(t — 1)

+ /_’ _[H(t — 5) +AG(t — $)(s) ds + k(1) + Af(t)} .
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By Proposition 3.7, D is (BC, R")-uniformly bounded with S(H) = % If
x(s)| < SAD" (¢, x)PD(t, x1)]? | @)

for s < t, then

o < H2

for s < ¢, and therefore

. o
I/(4.4)(t’ D(t,xt)> S _DT(taxl)D(t,xl) + 2|D(t9xl)l |P| [Z |Al +AB!|

|D(t xt)l +M,

+/_’ |H(t — 5)+ AG(t — s)|d] —

+2|D(t,x,)| [P [k(®) + A7 (0)|

2B|P|u1 2
5‘(‘"(1 L )ID(t, x|
+ 2|P|( LMy + |A|M1)|D(t x|,

where -
=" |4; + ABj| +/0 |H(—s) + AG(—s)| ds.
i=1 —o0

Thus, by Theorem 4.1 we have

PROPOSITION 4.4.  Under the conditions (1)—(4), if
i) u < U2_T|';l’)l£ or
(i) uy < ‘m’% and f(f) = k(1) = 0 for t > 0,
then the solutions of (4.4) are (BC, R")-uniformly bounded.

REMARK 4.5. Using Theorem 4.2, we can prove that if assumption (ii) in Proposi-
tion 4.4 holds, then the zero solution of (4.4) is (BC, R")-uniformly stable.

We now consider the (Cy, R")-uniform boundedness and uniform stability of (4.4). We
will see how the choice of phase space enters into the considerations. Let m < m* < 1.
By aresult in.[7], there exists a continuous function g: (—00, 0] — [1, 00) satisfying (g1),
(g2) and (g3) such that

ilBi‘g(_ri) + /j)oo |G(—s)|g(s)ds < m*

and

i |Ai|g(—fi)+/io |H(—s)|g(s)ds < oo.

i=1

By Proposition 3.6, D is (C,, R")-uniformly bounded with

H+M
S(H) = 5 S
—m
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If

IxtO ICg

< 1 ([DT(t,X:)I”D(t,JCe)]i + Ml)
1 —m* a

and

1 DT’IPD9I %
,x(s)l S l—m*([ (tx)a (tx)] +Ml)

for tp < s <t, then

Vi (1.D0.5)) < ~D(,50)D(0%) + 24D 3] P[4 + 4B e

1
1—m*

+ [0 VHs)+ G5 ds| 1 | 21Dt x|+ ]

+2|D(t, x)| |P(M; + |4 M)

_ 2|Pluy 2
= —(1 - m)ID(I,x:)I
+21P|( L2k bt + a0 )G,

where
uy =y |4+ ABilg(—ri) + /0 |H(—s) + AG(—s)|g(s) ds.
i=1 —%

Therefore, by Theorem 4.1 we have

PROPOSITION 4.6.  If

(i) u < (1_2—[%‘1)3’ or

(ii) uy < f‘—;ﬂ'l"—,;fﬂ and f() = k(f) = 0 for t > 0,
then the solutions of (4.4) are (Cq, R")-uniformly bounded.

REMARK 4.7. Using Theorem 4.2, we can prove that if assumption (ii) in Proposi-
tion 4.6 holds, then the zero solution of (4.4) is (Cg, R")-uniformly stable.

It is interesting to note that the (Cg, R")-uniform boundedness (stability) under the
conditions in Proposition 4.6 implies the (BC, R")-uniform boundedness (stability) by
Proposition 4.5.

5. Uniform asymptotic stability and uniform ultimate boundedness: definitions
and examples. In this section, we introduce the concepts and sufficient conditions of
asymptotic stability and ultimate boundedness of neutral equation (2.1) and its associated
D-operator with respect to a given phase space pair (X, Y).

DEFINITION 5.1, The origin (X, Y)-attracts the solutions of (2.1) uniformly if, for any
M > 0 and 7 > 0 there exists a 7(17, M) > 0 such that for any solution x(f) of (2.1)+2.2)
defined for 1 > 1o with max{|x,|x, sup,s, [x(s)|} < M, we have |x(to,$)|y < n for
t 2>ty +T(n,M).
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DEFINITION 5.2. The solutions of (2.1) are (X, Y)-weakly uniformly ultimately
bounded for bound B > 0 if, for any 3 > 0 there exists a 7(8) > 0 such that for
any solution x(¢) of (2.1)~(2.2) defined for ¢ > o with max{|x, |x, sup>,, [x(s)|} < 3 we
have |x,(ty, #)|y < B for t > ty + T(B).

DEFINITION 5.3. Suppose that D(¢,0) = f(¢,0) = 0. The zero solution of (2.1) is
(X, Y)-uniformly asymptotically stable if, it is (X, Y)-uniformly stable and there exists a
constant 8y > 0 such that for any £ > 0 there is a T(¢) > 0 so that for any solution x(¢) of
(2.1)+2.2) defined for ¢ > t with |x,|x < do, we have |x,(fy, )|y < € for t > 1o + T(e).

DEFINITION 5.4. The solutions of (2.1) are (X, Y)-uniformly ultimately bounded for
bound B > 0, if for any o > O there exists a T(a) > 0 such that for any solution
x(?) of (2.1)+2.2) defined for t > 1, with |x,|x < «, we have |x,(ty, )|y < B for all
t>ty+ T(x).

Obviously, if D(¢,0) = f(¢,0) = 0, then the (X, R")-uniform stability of the zero
solution of (2.1) and the (X, R")-uniformly attractivity of the origin imply the (X, R")-
uniform asymptotic stability of the zero solution of (2.1). Similarly, if the solutions of
(2.1) are (X, R")-uniformly bounded and (X, R")-weakly uniformly ultimately bounded,
then the solutions of (2.1) are (X, R")-uniformly ultimately bounded.

DEFINITION 5.5.  An operator D is called (X, Y)-pseudo uniformly asymptotically sta-
ble if there exists a wedge P such that for any ¢, M > 0 there is a Ti(¢, M) > 0 such
that for any 4 € [0,00), x: R — R" with x,, € X, x:[t9,00) — R" being continuous,
max{|x, |x, sup,>, [x()]} < M and sup, |D(s,x;)| < P(e), we have |x,|y < ¢ for
t>ty+ Ti(e, M).

An operator D which is both (X, Y)-uniformly stable and (X, Y)-pseudo uniformly
asymptotically stable is called (X, Y)-uniformly asymptotically stable.

DEFINITION 5.6.  Anoperator D is called (X, Y)-pseudo uniformly ultimately bounded
if there exists an unbounded pseudo wedge B such that for any M, M, > O there is a
T,(M1,M>) > 0 such that for any # € [0,00), x: R — R" with x;, € X, x:[ty,00) — R"
being continuous, max{|x, |x, sups, [x(s)|} < M, and sup,-, |D(s,X;s)| < M, we have
x|y < B(Mp) for t > Ty + To(Mi, My).

An operator D which is both (X, Y)-uniformly bounded and (X, Y)-pseudo uniformly
ultimately bounded is called (X, Y)-uniformly ultimately bounded.

To illustrate the above concepts, we consider the D-operator defined by

1) D(t¢)=¢(0)— iilBi(t, o)) — [ Gt u,6() du,

where B;(i = 1,2,...):[0,00) X R*" — R" and G: [0, 00) X R X R" — R" are continuous,
{r:} is an unbounded increasing sequence of positive real numbers. By a similar argument
to that in [23], we obtain the following
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PROPOSITION 5.7.  Suppose that there exists a nonnegative constant 1 < 1, and for
any € > 0, M > 0 there exists an integer K = K(e, M) > 0 such that for any x: R — R"
with x,, € X, x:[ty,00) — R" being continuous and max{|x,|x, sup,,, |x(s)|} <M, we
have

/_rkiG(t, t +s,x,(s))| ds+ i |B,~(t,x,(—r,-))‘< €
-0 i=K+1
and X
/0 |G(t,1+ 5,x(5)) | ds + Y_|Bi(t,x(—r)| <1 max_|x(s)|
—rg i=1 t—rg<s<t

Jor t > ty +rg. Then the D-operator defined by (5.1) is (X, R")-pseudo uniformly asymp-
totically stable with P(r) = qr, where q is any given constant in (0,1 — [).

PROOF. Chooseé > 0sothat/+q+6 < 1. Let K = K(6e, M), x: R — R" be given
with x,, € X, x: [ty, 00) — R" being continuous and satisfy the following inequalities

max{|x,0|x, sup |x(t)]} <M, suplh(s)| < ge,
s>t s>t

where

h(t) = x(8) — io;Bi(t,x(f - Vi)) — /_too G(t,s,x(s)) ds.

Then for any ¢ > 1, + rg, we have

[ G(ts,x)|ds+ 5 [Bi(txtc— )| < e
> i=K+1
and «
[ 16(t5,x() |+ 2o|Bi(t.xte — r))| <1 max_|x(s).
t—rg i=1 t—rg<s<t

Consider now the consecutive intervals I, = [ty + nri,to + (n+ Drg] forn > 1 and
find ¢, € [ty + nrg, to + (n + Drg] so that |x(s,)] = maxey, |x(s)|. Then

be(s)| < [ :“[G(t,,,s,x(s))|ds+ f |Bi(ta> x(tn — 1)) |

i=K+1
n K
+ /,:_rK{G(l"’S’x(S))[ + ;‘B,»(t,,,x(t,, —r)| + h(en)
<be+gqe+ lt max_ [x(s)|.
n—TK SSSUn

Therefore either
[x(ta)] < (g +6)e + Ix(ta)|

if there exists * € [, — r, to + nrg] so that |x(¢*)| = max,,_,.<s<i, |x(s)|, or
P(t)| < (g +8)e + I|x(1,)|

if no such #* exists. So we assert that either
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(D) |x@)| < ’{%‘35 < g, for k > N, where N is some integer, or

Q) [x(t)| < (g +8)e +I|x(tu_r)], forn =2,3,....
In the second case, we have
()] < (g +Oe(l+1+ P+ + 1)+ 2 x(ny)|

+
< 51’—‘515 + M

forn =2,3,.... Choose N* so that
+6
N >2+ [1n(1 — i’—_l)g _ lnM]/lnl.

Then for n > N*, we have

g+é q+éy _
|x(t)| < 1—l€+ (1 1_1)6 =e.

This shows that |x(¢)] < ¢ for all £ > £, + N*rg. This completes the proof. =
Similarly, we have the following

PROPOSITION 5.8.  Suppose that there exist constants C1,Cy > 0andl € [0, 1) such
that for any M| > 0 there exists an integer K = K(My) so that for any x: R — R" with
X € X, x:[ty,00) — R" being continuous and max{|x|x, sup,s,, |x(s)|} < M,, we have

/7 |G(t,t+s,x,(s))|ds+ i lBi(t,x,(«ri))l <(C

Tk
700 i=K+1

and

L.

Jor t > ty + r, then for any bounded continuous f: R — R" the D- operator

K
G(t, t+ s,x,(s))| ds + I;|B,~(t,x(t — ri))l <l t—IrIKl?s(gt |x(s)| + G,

D(t,9) = $(0) - >°§1 Bt d(—rd)) — [ Glt.t+u, 6(w)) du— £t

is (X, R")-pseudo uniformly ultimately bounded with

Ci + Cy + M, +sup,e [f (D)
q b

B(M>) =

where q is any given constant in (0,1 — ).

We complete this section by presenting a simple result to contrast with the finite delay

case (cf. [3]).
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PROPOSITION 5.9.  If there exist constants K|, K, and a > 0 such that for any t) €
[0, 00), x: R — R" with x;, € X, x: [tp, 00) — R" being continuous, we have

by < Kiew ™l |x + K sup |D(s, x,)|
) to<s<
for t > ty, then the D-operator is (X, Y)-uniformly asymptotically stable and (X, Y)-
uniformly ultimately bounded with P(€) = ae and B(M>) = M, | o, respectively, where
« is any given constant with 0 < o < 1/K,.

REMARK 5.10. By Proposition 5.9, the stable D-operator introduced by Cruz-Hale
[3] for NFDE:s with finite delay is (C,, R") (or (C,, C,))-uniformly asymptotically stable
and uniformly ultimately bounded. Moreover, Melvin [17] showed that even for NFDEs
with finite delay, the result obtained in Proposition 5.7 and 5.8 is very sharp in the sense
that this is the best possible result such that the D-operator retains its stability under
appropriate perturbation on 7;. For details we refer to [17].

6. Uniform asymptotic stability and uniform ultimate boundedness: comparison
theorems. In this section, we provide a general result and several corollaries for uni-
form asymptotic stability and uniform ultimate boundedness of neutral equations with
infinite delay.

To present an as general as possible comparison theorem, we introduce the following
concept.

DEFINITION 6.1.  Let W:[0,00) X [0,00) — R be continuous. The solutions of
6.1 z = W(t,z,96)

are strongly uniformly asymptotically convergent to zero, if

(1) for any 6,7, M > O there exists S;(6,n, M) > 0 such that for any nonnegative
solution z(¢) of (6.1) through (¢, z9) € [0, 00) X [0, M], we can find T € (1, to+S; (5, n, M)]
so that z(1) < n;

(2) for any 6,0, M > O there exists S(6, 0, M) > 0 such that for any nonnegative
solution z(¢) of (6.1) through (¢, z¢) € [Sz(é, a, M), oo) x [0, M], we have z(¢t) < z(t))+o
for t > 1.

EXAMPLE 6.2. If W(t,z,0) = —W(z) +g(t), where W: [0, 00) — [0, 00), g: [0, 00) —
R are continuous, W(x) > 0 for all x > 0 and [§° g(s)ds < +oo, then the solutions of
(6.1) are strongly uniformly asymptotically convergent to zero.

THEOREM 6.3.  Suppose that the operator D is (X, R")-pseudo uniformly asymptoti-
cally stable, and that there exist wedges Wi(i = 1,2,3), continuous functions V[0, 00) X
R" — [0, 00) and W:[0, 00) X [0,00) X [0,00) — R such that

(i) for any x: R — R" with x,, € X and x:[ty, 00) — R" being continuous, we have

|D(t,x)| < W3(max{[x,olx, sup Ix(s)l}), t > to;
1h<s<t
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(i) Wi(|x]) < V(t,x) < Wa(|x]);

(iii) for any M > 0 and b > a > 0 there exist & > 0 and h > 0 such that for any
x:R — R" with x,, € X and x:[ty,00) — R" being continuous, at any t > ty + h with
max{|x, |x, sup, ;< [¥(®)|} < M,a < V(t, D(t,x,)) < band V(s,x(s)) <W,oP'o

wi! <V(t, D(t,x,))) +6 fors € [t — h, (], we have

Von(6D0x)) < W(6V(6,D0x)).8),

where P is given in Definition 5.5;
(iv) the solutions of (6.1) are strongly uniformly asymptotically convergent to zero.
Then the origin (X, R")-attracts solutions of (2.1) uniformly.

PROOF. Let M, > 0 be given and x(f) be a solution of (2.1) defined for ¢ > #, with
max{ %4, | sup |x(s)| } <M.
s>t
Then
V(t,D(t,x))) < Wy 0 W3 (M)

for t > £y. Choose h = h(n, M) and 6 = 6(n, M) > 0 such that if for some ¢ > 1 + h, we

have
W—l(;@)— < V(t,D(t,x,)) < W, 0 W3(M)

and
V(s,x(5)) < Wao P~ oy (V(6,D(, %) ) +6

fors € [t — h, 1], then
Vo (6D0x0) < (8 V(6,D0,x)).8).

For the 6 > 0 chosen above, find @« = a(n, M) > 0 and 8 = B(n,M) > 0 so that 3 <
PP and Wy o P~ o Wy (s+u)— Wao P~ o W (s) < § for 1L < s < 0 y(M)
and 0 <u < a+28. Let N(11, M) be a positive integer such that

Wi (P()) + N+ B) > W, 0 W3(M),

and let
er = Wi(P()) +i(a+ )

for 1 <i < N.Then for ¢t > fy, we have
V(D)) < Wy 0 W3(M) < en.
By the (X, R")-pseudo uniformly asymptotic stability, this implies that

(x| < PV o Wi l(en)
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fort > to+ Ty (P~ o W '(en), M).
If N> 1and V(t, D(t,x,)) > en-1 — @ forall ¢ > £, where

i =1+ Ti(P~ o W' (en), M) +h+S,

and

S2 = SZ((S(T,,M)’ﬂ(naM), WZ o W3(M)),

then we have

w1 (P())

(6.2) 5

< V(1,D(t,x))) < Wy 0 W3(M)
fort > ¢, and

V(s,x(s)) < W2(|x(s)!)
<WyoP oW (en)

<o P oW (V(6D(x))
+ Wy 0P o Wil (en) — Wao Pl o Wy (V(t,D(z,x,)))
<WyoP oWy (V(z,D(t,x,))) +5
fors € [t — h,f] and ¢ > £}. This implies
V(8. D(x)) < W(1,V(5,D(t,x),6)
for t > ¢}, and thus by the well-known comparison principle (see, cf. [14]), we have
V(6,D(t,x,)) < z(t;17, W2 0 W3(M))

for ¢t > ff,where z(t; H,Wyo W3(M)) is the solution of (6.1) through (t;‘, W, o W3(M)).
By assumption (iv) there exists #;* € [¢], #] +S;] such that

(656, Wy 0 W3(M)) < W—'(g@l,
where
Si =8 (6(7;,M), V—V'(il)), W, o W3(M)).
This implies
V(6*,D(t" xe0)) < w

which is contrary to (6.2).
Therefore there must be a 7 € [#], £} +51] such that

V(r,D(r,x;)) < en1 — B.

https://doi.org/10.4153/CJM-1995-028-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-028-7

518 J.R. HADDOCK, S. RUAN, J. WU AND H. XIA

If there exists a 7* > 7 so that V(T*, D(T*, x+ )) > en—1, then there must be a 7* € [1, 7]
such that

V(r**, D, x)) = enoi — B < V(1,D(t,x))
for ¢t € [T**,7*). Using the same argument as above, we can prove that
V(1,D(t,x)) < W(z, v (1,D(t,x,)), )
for t € [7**,7"), thus by assumption (iv) we have
V(T*,D(T*,sz)) < Z<T*;T**, 14 <T**,D(T**,x.,.u)>)
< V1™, D™, x)) + B, M) = en-r.

This contradicts to V(T*,D(T*,x7-~ )) > en_1. Therefore

V(t,D(t,x))) < en-1

holds for all # > 7, hence forall £ > to + T, (P~" o Wy ! (en), M) + h+ S, + 8.
Following a similar argument, we can prove that

V(t, D(t, x,)) < EN_k

for t > ty + T;(n, M), where

k
T, M) = 3 Ti (P~ o Wil (ew — i+ 1), M) + k[h+ S, + 1.
i=1

Thus
V(z, D(t,x,)) <e =W (P(n))

for t > ty + Tx(n, M). 1t follows that |x(¢)| < n for t > 1y + T}(n, M) + T)(n, M). This
completes the proof. [

Likewise, we can prove the following

THEOREM 6.4.  Suppose that the D-operator is (X, R")-pseudo uniformly ultimately
bounded, and that there exists a constant M > 0, unbounded pseudo wedges Wi(i =
1,2,3), continuous functions V:[0,00) X R* — [0,00) and W:[0,00) X [0,00) — R
such that

(i) for any x:R — R" with x,, € X and x:[ty,00) — R" being continuous, we have

DG, x)| < Ws(max{lxolx, sup [xs)I}), ¢ to;
(ii) Wi(x]) < V(t,x) < Wa(|x]);

(iii) for any My > 0 and b > M there exist 6 > 0 and h > 0 such that for any
x:R — R" with x,, € X and x:[ty,00) — R" being continuous, at any t > ty + h with
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max{|x,|x, sup, <;<, [¥(®)|} < M), a < V(t,D(t,x,)) < band V(s,x(s)) < WyoBo
Wil (V(t,D(t,x,))) +6 for s € [t — h,t], we have

Vi (6, Dt,xp)) < W(t, V(t,D(z,x,)),(S),

where B is given in Definition 5.6;
(iv) the solutions of (6.1) are strongly uniformly ultimately bounded.
Then solutions of (2.1) are (X, R")-weakly uniformly ultimately bounded.

Here, by strongly uniformly ultimate boundedness of solutions of (6.1), we mean that
there exist constants M* > 0 and M™* > 0 such that

(1) foranyé > 0and M > M* there exists S3(6, M) > 0 such that for any nonnegative
solution z(¢) of (6.1) through (%,z9) € [0,00) X [M*,M], we can find a 7 € [, % +
S$3(8, M)] so that z(1) < M**;

(2) for any o, M > 0 there exists S4(o, M) > 0 such that for any nonnegative solution
z(t) of (6.1) through (%, z) € [Ss(o, M), 00) X [M*, M], we have z(t) < z(f)+o fort > .

We now present some utilizable corollaries of Theorem 6.3 and 6.4. First we notice
that Theorem 6.3 contains the classical Liapunov-Razumikhin type theorem.

THEOREM 6.5.  Suppose that the operator D is (X, R")-pseudo uniformly asymp-
totically stable, and that there exist wedges Wi(i = 1,2,3,4), continuous functions
V:[0,00) X R" — [0, 00) and q: [0, 00) — [0, co] with q(s) > s for s > 0, such that

(i) for any x:R — R" with x,, € X and x: [ty,00) — R" continuous, we have

ID(t,x))| < W3(max{|x,x, sup )}, >t
t1h<s<t

(i) Wi(|x]) < V(t,x) < Wa(lx]);

(iii) forany M > 0 and b > a > 0 there exists h > 0 such that for any x:R — R"
with x,, € X and x:[ty,00) — R" being continuous, at any t > ty + h with
max{|x,|x, sup, <.« |x®)|} < M,a < V(t,D(t,x,)) < b and V(s,x(s)) < goW,o

P low! (V(t, D(t,x,)))fors € [t — h,t], we have

V(z.l)(t, D(, Xt)) < —W4(|D(t,x,)|).
Then the origin (X, R")-attracts solutions of (2.1) uniformly.

PROOF. Forany b > a > 0, define
5 =inf{go W, oP'o Wl‘l(s)-— WyoP lo er(s);a <s<b}>0.

Obviously, if a < ¥(t,D(t,x;)) < band if

V(s,x(5)) < Wro P~ o Wy (V(t,D(t,x,))) +5
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fors € [t — h, 1], then
V(5,2) < g0 Wao P~ o Wy (V(1,D(,x) )
and thus
V(6 Dx)) < —Wa(ID@x)) < —Wao Wy (V(1,D(1x1) ).

Therefore the origin (X, R")-attracts solutions of (2.1) uniformly by Theorem 6.3. .

The following theorem, also as a consequence of Theorem 6.3, contains a variant of
the main result in [23].

THEOREM 6.6.  Suppose that the operator D is (X, R")-pseudo uniformly asymp-
totically stable and that there exist wedges Wi(i = 1,2,...,5), continuous functions
V:[0,00) X R" — [0,00), F:[0,00) X [0,00) X [0,00) — R, k:[0,00) — [0, 00) with
I§° k(¢) dt < oo such that

i) for any x: R — R" with x,, € X and x: [ty,00) — R" being continuous, we have
0

[D(t,x0)| < W3(max{|x,0|, sup |x(s)|}), t> t;
1h<s<t

(ii) Wi(jx]) < V(t,x) < Wa(lx]),

(iii) F(t,V,Wy0 P~ o W'(V)) < —Wa(V);

(v) |F(t,V,N\) — F(t, V,No)| < W5(INi — Na|) + k()|Ny — No| for t > 0,V >
0, Nl, Nz Z 0,'

(v) forany o > 0and M > 0, there exists h > 0 such that for any N > 0 and any
x:R — R" with x;,, € X and x:[ty,00) — R" being continuous, at any t > ty + h with
max{|x, | X, sup, <<, |x(s)|} <M and sup_j,<, V(s,x(s)) < N, we have

Vi (6D, %)) < F(t, V(6,D(x)),N) + .

Then the origin (X, R")-attracts the solutions of (2.1) uniformly.
PROOF. For any b > a > 0, choose positive constants § = Ws' (%W4(a)) and

o= %W4(a). Then for any x: R — R" with x,, € X and x: [y, 00) — R" being continuous,
atany ¢ > to + h with max{|x, |X, sup, <., |x(s)|} <M, a < V(t, D(t,x,)) < band

max_V(s,x(s)) < Wao P~ o W (V(t, D(t,x,))) +6,

t—h<s<t
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we have

N ED) <F(t, V(t,D(t,x,)), Wy o P~ o W! (V(taD(t’xt)» +5) to
F(t, V(t,D(t,x))), Wo o P~ o ;! (V(t,D(t,xr))n
+F(t,V (,D(t,x1)), Wa o P~' o Wyt ( V(D x'))) )

(t, (1, D(t,x)), WzoP_loWl“l(V(t,D(t,x,))))+a

< W, (V(t, D(t,x,))) + Ws(6) + o + k()5

1
<—3Ws (V(t, DG, x,))) + k().

Therefore the origin (X, R")-attracts the solutions of (2.1) uniformly by Example 6.2 and
Theorem 6.3. n

Likewise, by Theorem 6.4, we can prove that

THEOREM 6.7.  Suppose that the D-operator is (X, R")-pseudo uniformly ultimately
bounded, and that there exist unbounded wedges Wi(i = 1,2,3,4), a constant M > 0,
and a continuous function V: [0, 00) X R* — [0, 00) such that (i) and (ii) of Theorem 6.6
hold. Moreover, suppose that either

(i) for any 3 > O there exists h > 0 such that for any x:R — R" with x,, € X and
x: [ty, 00) — R" being continuous, at any t > ty+h with max{|x, |x, sup, <., |x(s)|} < 8
and V(,D(t, %)) > Mand V(5,x(s)) < goWz0BoW; ! (V(1,D(t,x7)) fors € [t—h, 1]
we have

Ve (6D, x)) < Wa(|D(,x)),
where q: [0, 00) — [0, 00) is continuous and q(s) > s for s > 0, or

(ii) for any o > 0 and 3 > 0 there exists h(c) > 0 such that for any N > 0 and
any x:R — R" with x,, € X and x:[ty,00) — R" being continuous, at any t > ty + h
with max{|x,|x, sup, << |x(s)|} < B and V(t, D(t,x,)) > M and V(s,x(s)) < N for
s € [t — h,t], we have

Van(6,D(,x)) < F(t, v (s, D(t,x,)),N) +a,

where F-[0,00) X [0,00) X [0,00) — R satisfies the same conditions as those in Theo-
rem 6.6.
Then the solutions of (2.1) are (X, R")-weakly uniformly ultimately bounded.

For illustrative purposes, we now consider the following neutral Volterra integrodif-
ferential equations

P 40— ZB (txtt—r)) = [ G(t,5,x(5)) ds - 10)
(6.3) =

= Ax(t) + ZAi(t,x(t — r,-)) + /t H(t, s,x(s)) ds +g(1),
i=1 -
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where
(1) A4 is ann X n stable constant matrix, and thus there exist a positive definite n X n
matrix P and constants 8 > o« > 0 so that

ATP+ P4 = —1, o?x"x <xTPx < Bszx

(2) f,g:10,00) — R" are continuous and there exist constants M}, M, > 0 so that
[f(®)] < M, and |g(?)| < M, fort > 0;

(3) B;,Ai:[0,00) X R" — R" are continuous and B;(¢,0) = A;(¢,0) = 0;

(4) G,H:[0,00) X R X R* — R" are continuous and G(¢,s,0) = H(t,s,0) =0

Let

6.4  D(t,¢) = 9(0) - iB,-(t, 9-r)) — [ G(t.1+s5,6()) ds — 10

and V(t,x) = x” Px. It follows that
l:/(6.3) (t9 D(taxt))

= —D"(t,x)D(t,x) + 2Dz, x,)P{i[A,-(t,x(t — 1)) + ABi(t.x(t — 7)) |
i=1

+ / H(t,5,x(5)) + AG(1,5,x(5)) | ds + g(0) +Af(t)}‘

Therefore, if all conditions of Proposition 3.8 hold, then D is (X, R")-uniformly stable
with Q(e) = 7&e (if /() = 0) and (X, R")-uniformly bounded with S(H) = (LM
Moreover, suppose that there exist oy > 0 and a; > 0 such that

(5) forany ¢t >ty > 0 and ¢ € X, we have

i sup |4:(t &(s)) + 4Bi(1, ¢>(s))|

i=1—r<s<0

+ /f Oo|H(t, o +5,$(5)) + AG(t, 10+, ¢(s)) |ds
< ai|dlx.

(6) for any continuous x: [fy, 00) — R” we have

ZIA (t x(t— r,)) +A4B; (t x(t—r) ‘+[ |H t s x(s)) +AG(t s x(v))lds < oy sup |x(s)|,
o<s<t
where N is an integer such that ry <t — ty < ry+.
Then

max{ x|y, sup x(s)[} < s([voex) ]2 /o)
implies

(1+K)g|D(t, x;)| + M
<
max{lxt0 x> YOSSUSI; |X(S)|} = o(l — k)
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Thus
Vies (6 D(t,x)) < =D (1,x)D(t,x,) + 2|D(t,x,)||P|[ 2 sup |x(s)|

tp<s<
+ [x,0|X+M2 + IAIMI]
< —D"(t,x)D(t,x;)

+2D(t, )| ;p|[ ﬁ(“ K (@ + o)D)

o l —kl)
+M1(a1 +(12)
1—Fk
_ o p Bla + an)(1 +K)Y
_ _(1 gjpl 7o )D (6 x)D(E,x)
M]((X] +(X2)
1 -k

+M2+[AlM1]

+2|P| (Mz +|4|M, + )|D(t,xz)|.

Therefore by Theorem 4.1, we have

PROPOSITION 6.8.  Suppose that (1)—(6) and all conditions of Proposition 3.8 hold.
Then

() ifa;+op < ﬁ%, then the solutions of (6.3) are (X, R")-uniformly bounded;

(i) ifoy+op < E(IILI“& and f(t) = g(t) = 0, then the solutions of (6.3) are (X, R")-

+K)B|P|
uniformly bounded and the zero solution of (6.3) is (X, R")-uniformly stable.

Now we consider the (X, R")-uniformly asymptotic properties of solutions of (6.3)
under assumptions (1)—(4). Let all conditions of Proposition 5.7 hold and (¢) = g(z) = 0.
Then the D-operator is (X, R")-pseudo uniformly asymptotically stable with P(r) = gr.
Moreover, suppose that there exists a constant 3; > 0, for any ¢ > 0 and M > 0 there
exists an integer K = K(e, M) > 0 such that

(7) for any x: R — R" with x,, € X,x:[ty,00) — R” being continuous and

max{ Xz, | x> sup |x(s)]} <M,
s>ty
we have
-
/_Oo |H(t,t+s,x(z +5)) +AG(t,t+s,x(t+s))[ds
+ f; IAi(t,x(t — 7)) + AB;(t,x(t — r,-))l <e
i=K+1

and

i IH(t, t+s,x(t +s)) +AG(t, t+s,x(t +s))| ds
+ XK;|A,-(t, x(t—r)) +ABi(Lx(t — )| < B sup  |x(s)|
i=1 t—rg<s<t

fort > ty +rg.
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Now, forany M > 0 and b > a > 0, choose ¢ and § > 0 so that
2vb V6 a

—P + 3 —
| ‘( g )— 28

and let & = rg, K = K(e, M). Then for any x: R — R" with x,, € X and x:[¢p,00) — R"
being continuous, at any ¢ > #, + h with

max{|x,0|X, sup |x(s)|} <M, a< V(t,D(t,x,)) <b
Hh<s<t

and
V(t,D(t,x0))

g2 +6

V(s.x(s)) < 5
for s € [t — h,t], we have

4 2 1/2
max_|x(s)| < ('B—Lg(z—tq’—f—'l +5) /o

t—h<s<t

leD(t x)| , Vo

w2 o

and thus

V63 (6 D(t,x1)) < =D (1, x)D(t, x,)

+2|D(t,x,)| |P| { §|A,—(t, x(t — 1)) + ABi(1,x(t — ry))]

[

+ i lA,-(t, x(t — r,»)) +AB,—(t,x(t - r,-))‘

i=K+1
+ /:: IH(t,t+ s, x(t+ s)) +AG(t,t+S,x(’ +S))‘ ds}
< —D"(6,x)D(t,x) +2|D(6,x)| [PI(B1 sup _|x(s)] +e)
t—rx<s<t

H(t,t +s,x(t+ s)) +AG(t, t+s,x(t +s))| ds

2
< DT (e x)Dx) + 24PIfs 2D

o
el Pl e+ 1Y)

1
< =3 DERDE) — 5
2 2v/b 6
+2|Pls —‘i—lDa,x,)P +2ppy (e V)
1
<—(5-2PIBi - )|D(, %)

Therefore by Theorem 6.3 and 6.4 we have the following
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PROPOSITION 6.9.  If all conditions of Proposition 3.8 hold and 4|P|3,3* < o?q,
then the origin (X, R")-attracts solutions of (6.3) uniformly. Moreover, if f(¢) and g(t) are
bounded, then the solutions of (6.3) are (X, R")-weakly uniformly ultimately bounded.
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