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PDE comparison principles for Robin
problems

Jeffrey J. Langford

Abstract. We compare the solutions of two Poisson problems in a spherical shell with Robin bound-
ary conditions, one with given data, and one where the data have been cap symmetrized. When
the Robin parameters are nonnegative, we show that the solution to the symmetrized problem has
larger convex means. Sending one of the Robin parameters to +oo, we obtain mixed Robin/Dirichlet
comparison results in shells. We prove similar results on balls and prove a comparison principle on
generalized cylinders with mixed Robin/Neumann boundary conditions.

1 Introduction

Comparison principles in elliptic PDEs began with the work of Talenti [36]. In his
seminal work, Talenti compared the solutions of two Poisson problems with Dirichlet
boundary conditions:

-Au=f in Q, -Av=f" in QF

u=0 on 0Q, v=0 on 00"
In the first problem, the given datumf > 0 belongs to L*(Q) and Q ¢ R” denotes a
bounded Lipschitz domain. In the second, symmetrized problem, Q% c R" denotes
a centered open ball with |Q] = |QF| (here |- | denotes the Lebesgue measure), and
f* e L*(Q*) denotes the Schwarz rearrangement, a radially decreasing function on
QF whose upper level sets have the same measure as those of f, i.e., [{x € Q: f(x) >

t} = {x € Q" : f*(x) > t}| for each t € R. Talenti showed that the solutions u and v
compare through their Schwarz rearrangements:

(L1) u<v in QF

This conclusion implies, for instance,

(1.2) /ng(u)dxsfm ¢(v)dx,

for each increasing convex function ¢ : R — R. By the Minimum Principle, # and v
are nonnegative, so choosing ¢(x) = x[0,+c0) () - x¥ gives

(1.3) lu]Leca)y < [v]Lecar) 1< p<+oo.
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PDE comparison principles for Robin problems 109

The novelty of Talenti’s result is that it allows us to estimate properties of the solution
to a given PDE in terms of the solution of a related problem that is, in general, much
easier to solve. In particular, notice that the solution v to the symmetrized problem is
purely radial.

Papers on comparison principles related to Talenti’s original work fill many journal
pages. We direct the interested reader to the recent survey article, and the references
therein, by Talenti [37]. This literature is rich with PDE comparison principles for
problems with Dirichlet boundary conditions. We recall two results most relevant
to our paper. In [2], Alvino et al. prove a comparison principle for Steiner sym-
metrization. To Steiner symmetrize a domain, we intersect the given domain with
hyperplanes, and replace those intersections with centered balls of equal volume. To
Steiner symmetrize a function, we apply the Schwarz rearrangement to each slice
function. In this Steiner regime, the authors show that the solutions of the given and
symmetrized problems compare via their convex means as in (1.2), with # denoting
Steiner symmetrization.' In [38], Weitsman establishes a comparison principle for cap
symmetrization. Under cap symmetrization, we intersect a given domain with spheres
and replace those intersections with centered spherical caps of equal surface measure.
Likewise, we cap symmetrize functions by applying the spherical symmetrization (the
analogue of the Schwarz rearrangement for functions defined on spheres) to each
radial slice function. In the cap regime, Weitsman shows that the solutions of the given
and symmetrized problems compare as in (1.1), with # denoting cap symmetrization.

In contrast to the Dirichlet setting, there are few Neumann results that compare
solutions to Poisson problems of the form

-Au=f in Q, -Av=f*" in QF,
% -0 on 0Q, =0 on 90%
n n

where %Z is the outer normal derivative and # denotes a prescribed symmetrization.
The Neumann problem presents a slight technicality in that the solutions u and v
are not unique, so one must impose an appropriate normalization, say, that u and
v have zero mean. For all known comparison results, the initial domain Q and the
symmetrized domain QF are equal. Thus, in moving from the first problem to the
symmetrized one, it is only the input function f that is rearranged. For example, in
[29], the author compares u and v when Q is a spherical shell (the region between
two concentric spheres) and # is the cap symmetrization. The author shows that the
solutions compare through their convex means as in (1.2). Baernstein, Laugesen, and
the author prove a generalization of this result (see Theorem 10.20) in [10]. See also
[30] for a number of related comparison results on spheres and two-dimensional con-
sequences in the plane via projection mappings. In [31], the author compares u and v
when Q = D x (0, £) is a generalized cylinder and # denotes the monotone decreasing
rearrangement in the final variable (a one-dimensional Steiner symmetrization in one
direction). Again, the author shows that the solutions compare via their convex means

'We alert the reader that here and throughout the rest of the paper, we use the notation # to denote
multiple rearrangements. This convention has the advantage of requiring less notation (although it
may lead to confusion on the part of the reader). Throughout our paper, the context makes clear the
rearrangement under consideration.
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as in (1.2). In [14], Brock considers similar cylinder-like sets and proves a related
comparison principle with an eye toward comparing the extreme values (sup and inf)
of uand v.

Likely driven by the recent surge of interest in Robin problems in spectral theory
(see any of [4, 11, 13, 15-19, 21-2 3, 25]), in [3], Alvino, Nitsch, and Trombetti establish
the first Robin comparison principle in the spirit of Talenti. The authors compare the
solutions to the Poisson problems

-Au=f in Q, —Av:f# in QF,

g—g+(xu=0 on 0Q, g—;+av:0 on 007,
where 0 < f € L2(Q), a« > 0, Q¥ is a centered ball whose volume equals that of Q), and #
denotes the Schwarz rearrangement. The authors show that  and v compare through

their Lorentz norms:

lulliorc) < [VIiercasy, 0<p< o2
[l ooy < [¥limaany, 0<p< s,

with the Lorentz norm defined via

1

1 e adt\a
|ulLraca) = p ([0 tfi|{xe(2:|u(x)|>t}|zq>7) , 0<p,q<+oo.
When the dimension n = 2, it follows that

lulzica) < Vo and lullzz()y < [vIz2(as)-

Moreover, in dimension n = 2, when f = 1, the authors show that u and v compare as
in (1.1). They therefore deduce a two-dimensional isoperimetric inequality for Robin
torsional rigidity. See also the related paper [1]. But beyond these two papers, the
author is not aware of any others that discuss PDE comparison principles for Robin
problems. In this paper, we prove several such results.

To state our results, we require some notation. For 0 < a < b < +o0, let

A=A(a,b)={xeR":a<|x|<b}

denote a spherical shell with inner radius a and outer radius b. For a function f €
L'(A), let f* denote the cap symmetrization (for a precise definition, see Definitions
2.2, 2.4, and 2.5). Denote

AKX = (a,b) x (0,7)

for the polar rectangle associated with A and define functions Jf, fX : AX - R a..
by

1f(0) = [ 18 do(®),
*0)= [, 18 do(),
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where ¢ denotes standard surface measure on S"! and
K(0)={&¢ st d(e, &) <0}

denotes the open polar cap on S"™! centered at e; with radius 6, computed in the
spherical distance. Our first main result is a Robin comparison principle for the cap
symmetrization in shells. Notice that our result allows for the possibility of mixed
Robin/Neumann boundary conditions.

Theorem 1.1 (Robin comparison principle on shells) Say 0 <a <b < +oco0 and A =
A(a,b) € R" is a spherical shell with inner radius a and outer radius b. Let a, § > 0 and
f € L*(A); when a = = 0, we also assume [, f dx = 0. Say u and v solve the Poisson
problems

-Au=f in A, —Av:f# in A,
g—z+¢xu:0 on {|x|=a}, g—;+ocv:0 on {|x|=a},

g—z+ﬂu:0 on {|x|="b}, g—;+ﬁv:0 on {|x|="b},

where f* denotes the cap symmetrization of f; when a = 8 = 0, we also assume that u
and v are normalized, so that [, udx = [, vdx = 0. Then, for almost every r € (a,b),
the inequality

uX (r,0) < Jv(r, 0)

holds for each 6 € (0, 7). In particular, for almost every r € (a, b) and for each convex
function ¢ : R - R, we have

[{M:r} ¢(u)dsS < f{m:,} $(v)ds.

By sending « (or f8) to +oo in Theorem 1.1, the Robin boundary condition along
{|x] = a} (or {|x| =b}) turns into a Dirichlet boundary condition. After proving
Theorem 1.1, we use this observation to deduce analogous comparison principles on
shells with mixed Robin/Dirichlet boundary conditions. See Theorem 3.4.

We also prove comparison principles on balls that require a bit more notation. For
0<b< +oo,let

B=B(0,b) = {x eR" : |x| < b}.
Denote
B* =(0,b) x (0,7)
for the polar rectangle associated with B and define functions J f, f *.BX L Rae.
by
1) = [ SO do(®),

Xm0 = [ fH(ré)de(¥),

K(6)

with f* the cap symmetrization of f (see also the discussion preceding the proof of
Theorem 1.2 in Section 3). Our second main result is the following theorem.
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Theorem 1.2 (Robin comparison principle on balls) Say 0 < b < +oo, and let B ¢ R"
denote an open ball centered at 0 with radius b. Let B > 0 and f € L*(B); when 8 =0,
we also assume [, f dx = 0. Say u and v solve the Poisson problems

~Au=f in B, -Av=f* in B
%+Bu=0 on {x|=b}, L +pr=0 on {x|=b},

where f* denotes the cap symmetrization of f; when B = 0, we also assume that u and
v are normalized, so that [yudx = [, vdx = 0. Then, for almost every r € (a,b), the
inequality

u*(r, 0) < Jv(r,0)

holds for each 0 € (0, 7). In particular, for almost every r € (a, b) and for each convex
function ¢ : R - R, we have

A|x|:r} (/5(1,{) ds < /{‘|x|:r} ¢(V) ds.

To state our final main result, we also introduce some additional notation. Let D
R"! denote a bounded C* domain and say ¢ > 0. Define a generalized cylinder by

Q=Dx(0,0).

Points of Q are denoted by pairs (x, y) with x € D and y € (0,¢). Given a function
f € L'(Q), we can hold almost every x € D fixed and take a decreasing rearrangement
in the variable y. Doing so yields the monotone decreasing rearrangement of f in the
y-direction (for the precise definition, see Definitions 2.2 and 2.8). Define functions

]f,f*:Q—HRa.e.by

Jf(X»y)=nyf(x,t)dt,
f*(x,y)=foyf#(x, t)dt,

where f* is the monotone decreasing rearrangement of f in the y-direction. We are
now prepared to state our last result, a comparison principle on cylinders with mixed
boundary conditions.

Theorem 1.3 (Mixed Robin/Neumann comparison principle on cylinders) Let Q =
D x (0,¢) denote a cylinder whose base D c R"™" is a bounded C* domain, and say
f € L*(Q). We divide the boundary 0Q) into two pieces, 9Q; = (D x {0}) u (D x {£})
and 0Q; = 0D x [0, £]. For a > 0, let u and v be solutions to the Poisson problems

-Au=f in Q, Ay = f# in Q,
% =0 on 801, % =0 on an;
% +au=0 on 0JQ,, % +av=0 on 0Q,,

where f* denotes the decreasing rearrangement of f in the y-direction; when a = 0, we
assume f, u, and v have zero mean on Q. Assume that fand f* are continuous on Q and
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are sufficiently smooth to ensure that the solutions u, v belong to C*(Q). Then, for each
x €D,

uX (x,y) < Jv(x,y),

for every 0 < y < {. In particular,

[Cotutemdys [ oteyay

for each convex function ¢ : R - R.

Observe that this result has stronger assumptions on the functions f, f*, u, and v
than our previous main results. This is because the domain Q is Lipschitz rather than
C*° smooth. In this Lipschitz setting, the author is not aware of any regularity results
that guarantee smoothness of solutions when the forcing function f has sufficient
regularity. Our goal here is not to establish such a regularity result, but rather to
illustrate that the techniques used to prove Theorems 1.1 and 1.2 adapt to other settings.

We note that in [14], Brock proves a result related to Theorem 1.3 using Green’s
functions. Again, his conclusions are weaker than those obtained here, because it
appears his main goal is to compare the extreme values of « and v rather than their
convex means or L?-norms. Indeed, all of our comparison principles have corollaries
comparing the L?-norms of u and v (see Corollaries 3.3, 3.7, and 3.11).

The techniques used in this paper are similar to those used by Baernstein in [8],
the author in [29, 31] to prove Neumann versions of Theorems 1.1-1.3, and Baernstein,
Laugesen, and the author in Chapter 10 of [10]. Indeed, the techniques employed here
are drastically different from those used by Talenti to prove his original comparison
result (and also those used in [3]). Whereas Talenti’s work relies on the classic
isoperimetric inequality, the coarea formula, and a detailed analysis of a function’s (in
particular u’s) level sets, our work relies on ¥ -functions, so-called “subharmonicity”
results (certain weak differential inequalities), and a weak Maximum Principle. In
a certain sense, the machinery used here is robust, because it can be used to prove
Dirichlet, Neumann, and now Robin comparison principles.

The remainder of the paper is outlined as follows. Section 2 is divided into three
subsections. In the first subsection, we introduce star functions on general measure
spaces; in the second subsection, we lay out all of the background necessary to prove
Theorems 1.1 and 1.2, including relevant rearrangements and subharmonicity results;
in the third subsection, we present background for Theorem 1.3, introducing relevant
rearrangements and subharmonicity results. In Section 3, we prove our main results
and related consequences.

2 Background
2.1 Robin problems

We start by collecting basic facts about solutions to Poisson problems with Robin
boundary conditions. Say Q0 € R" is a bounded Lipschitz domain, a € L*(9Q) is
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nonnegative and not identically zero, and f € L*(Q). We consider the Robin-Poisson

problem

(2.1) -Au=f in Q,

(2.2) a—u +au=0 on 0Q.
on

A function u € H'(Q) is said to be a weak solution provided

fVu-Vvdx+f ocuvdS:ffvdx, VEHI(Q),
Q 20 Q

where the boundary integral is interpreted in the trace sense.
The bilinear form associated with the Robin problem is

B[v,w]:va-dex+fa avwdS, v,we H'(Q).
Q Q

The boundedness of & on 0Q) and the Trace Theorem give that B is bounded, i.e., there
exists a positive constant c;, where

Blv.wll < tlv oy [Wlimgy  v.w e H(Q).

The theorems of Banach-Alaoglu and Rellich-Kondrachov, and the assumption that
« is positive on a set of positive measure on 04, give that B is coercive. So, there exists
a positive constant ¢, with

B[v,v] 2 &2Vl (q)» veH(Q).

The Lax-Milgram theorem now implies that for each f € L2(Q), there exists a unique
u € H'(Q) where

B[u,v]:fgfvdx, ve HY(Q).

In other words, the Robin problem ((2.1) and (2.2)) with data f has a unique solution
u. Moreover, by coercivity, the solution depends continuously on the data:

1
(2.3) lulma) < aHfHLZ(Q)'

2.2 Star functions on general measure spaces

The goal of our paper is to compare the solutions of two Robin problems as in (2.1)
and (2.2), one with initial data, and one where the data have been rearranged, or
symmetrized. As we shall see, the two solutions compare via their star functions. So, in
this subsection, we collect basic facts about star functions on general measure spaces
to be used throughout the paper. Much of the background presented in this subsection
also appears in Section 2.1 of [29]. For more on applications of the star function, we
direct the reader to the work of Baernstein [5-7, 9].

Unless specified otherwise, (X, u) denotes a finite measure space. We start by
precisely defining what it means for two functions to have the same size.
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Definition 2.1 (Rearrangements) Suppose that f € L'(X) and g € L'(Y) are defined
on finite measure spaces (X, y) and (Y, v). We say f and g are rearrangements of each
other provided

p({xeX:t<f(x)})=v({yeY:t<g(y)}), teR.

For a comprehensive treatment of rearrangements, we direct the interested reader
to the recently published manuscript of Baernstein [10]. See also [26, 32].

Given an integrable function, we can always build a decreasing function on
an interval that rearranges the given functions values. This function is called the
decreasing rearrangement, and it plays a central role in defining other rearrangements
(symmetrizations) throughout our paper.

Definition 2.2 (Decreasing rearrangement) Let f € L'(X). Define f* : [0, u(X)] —»
[—o0, +00] via

esssup f ift=0,
Fr(t) ={inf{s: u({x:s < f(x)}) <t} ifte(0,u(X)),
esinnff if t = u(X).

We call f* the decreasing rearrangement of f.
We are now prepared to define star functions on general measure spaces.

Definition 2.3 (Star function for a general measure space) Let f € L'(X). We define
the star function of f on the interval [0, #(X)] by the formula

fX()= sup [ fdu,
p(E)=t 7E

where the sup is taken over all measurable subsets E € X with y(E) = t.

Our next proposition collects two important facts about the star function. First,
on nonatomic measure spaces, the sup defining f * s always achieved by some
measurable subset E. Second, there is a simple connection between the star function
and the decreasing rearrangement. The result below appears as Proposition 9.2 of [10].

Proposition 2.1 Assume f € L'(X) with (X, u) a finite nonatomic measure space.
Then, for each t € [0, u(X)), there exists a measurable subset E € X with u(E) = t such
that

*@= [ fdu.

Moreover,

*= [ 5o ds

where f* is the decreasing rearrangement of f.
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The next result allows us to interpret star function inequalities in terms of convex
means. See Propositions 10.1 and 10.3 of [10].

Proposition 2.2 (Majorization) Assume (X, u) is a finite measure space and u,v €
LY(X). Then,

uk <y
on [0, u(X)] if and only if
[ swdus [ () du,

or every increasing convex function ¢ : R —R. If [, udu= [, vdu, then the word
y 4 xUap=jxvap
“increasing” may be removed from the previous statement.

The final result in this subsection gives further consequences of star function
inequalities when the functions of interest have the same mean. The following result
appears as Proposition 10.3 of [10].

Corollary 2.3 Say u,v € L'(X) where (X, u) is a finite measure space and assume
u® <v¥ on [0, u(X)]. If [y udp = [ vdy, then

lulzecxy < [vllee(xy, 1< p < +oo.
Moreover,

ess sup u < ess sup v,
X b'e

ess inf u > essinf v,
X X
0sC U < 0SC V,
X X
where osc = ess sup — ess inf.
2.3 Spherical shells: symmetrization, star functions, and subharmonicity

In this subsection, we collect several key definitions and results for functions defined
on spherical shells. These results drive the proof of Theorem 1.1. Much of the informa-
tion in this subsection also appears in Section 2.2 of [29].

We first discuss rearrangements of functions defined on spheres. Denote

S" = {(&, &y Epp) e R ff+§§+~~+ffl+l =1}

for the standard unit sphere. We write ¢ for standard surface measure on S” and d for
the spherical distance, computed using lengths of arcs of great circles. Let

K(0)={¢eS":d(&e) <0}

denote the open polar cap, or geodesic ball, on S" centered at e; = (1,0,...,0) with
radius 6.

We next define the spherical rearrangement. Notice that this definition is the
analogue of the Schwarz rearrangement in the spherical setting.
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Definition 2.4 (Spherical rearrangement) Given F € L'(S"), we define F* : S" —»
[—o0, +00] by the formula

F7(§) = F* (0 (K(6))),

where 6 is the spherical distance between the point & and e;, and F* is the decreasing
rearrangement of F. We call F* the spherical rearrangement of F.

For 0 < a < b < +00, we write
A=A(a,b)={xeR":a<|x|< b},

for the spherical shell with inner radius a and outer radius b. If f € L'(A), the cap
symmetrization of f is obtained by spherically rearranging f’s radial slice functions.
More precisely, we have the following definition.

Definition 2.5 (Cap symmetrization) Suppose f € L'(A). We define f*:A -
[-o0, +00] as follows. By Fubini’s theorem, the slice function f” : S* — R defined by
(&) = f(r) belongs to L'(S"™") for almost every r € (a,b). For such r, the cap
symmetrization of f on {|x| = r} is defined by

1) = ()7,

where (f7)* denotes the spherical rearrangement of the slice function f”. We leave f*
undefined on those spheres {|x| = 7} for which f" ¢ L'(S"").

Given a function defined on a spherical shell A(a, b), its star function is defined in
the polar rectangle

AX = {(r,0)eR*:a<r<band0< 0 <n}.
We have the following definition.

Definition 2.6 (Star functions on spherical shells) If f € L'(A), define f* : A% —
R a.e. by the formula

*(r,0) = max [ rEdofz/ *(r&) do(§),
fX(r.0) e o) | f(r8) do(8) K(e)f (r§) do($)
where the max is taken over all measurable subsets E of S*~! with the same surface
measure as K(6), and f* denotes the cap symmetrization of f.

Several remarks are in order. First, notice that the formula for % (r, 8) only makes
sense if the radial slice function f” € L'(S"™!). By Fubini’s theorem, f X (r, 0) is well
defined for almost every r € (a,b) and for each 6 € (0, 7). Second, the definition of
f* given above is obtained by applying the star function of Definition 2.3 to each
of f’s radial slice functions, up to a change of variable. Moreover, because (S", o) is
nonatomic, Proposition 2.1 tells us that we are justified in using either sup or max to

define f *  because the max is obtained by some appropriate subset.
We close this subsection by stating “commutativity” and “subharmonicity” results

for cap symmetrization. With A as above, suppose u € L'(A). Define Ju : AX S Rae.
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by
) Ju(r,6) = [ u(r)do(§).
K(6)
If u” is the cap symmetrization of u, we therefore have

25) uw*(r,0) = [K oy WO d0(6) = 1" (7,0).

Define operators AX and A X! acting on F € C? (A*) via the formulas

n-1

(2.6) AXF =9, F+——09,F +r 2[3goF — (n—2)(cot 0)dgF],

r

-1
0,F+r*(n-1)F
.

+ 1 2[0ggF + (n —2)(cot0)dgF — (n —2)(csc* O)F].

IN G

Then, for F ¢ C2(AX ) and G € C2(AX), we have
f (AXF)Gdrdf = f FAK'G dr dé.
ok "

In other words, AX" is formally the adjoint of AKX when AX is equipped with the
measure dr df.
The following results appear as Theorems 2.18 and 2.20 in [29].

Theorem 2.4 (Commutativity relation for cap symmetrization) If u € C2(A), then
JAu = AX Ju,
on AX,
Our last result requires the following definition.

Definition 2.7 Foru € C*(A) and f € L} _(A), we say that ~A* K < X holds in
the weak sense, if

[ kK *
[A*u A Gdrd@ng*f Gdrde,

for every nonnegative G € C?(A*).
We finally have the following result, the major tool in proving Theorem 1.1.

Theorem 2.5 (Subharmonicity for cap symmetrization) Suppose u € C*(A) satisfies
—Au = f. Then,

N LB 8
in the weak sense.
2.4 Generalized cylinders: symmetrization, star functions, and subharmonicity

The structure of this subsection mimics the structure of the last one, because our goal
is to gather all of the machinery necessary to prove our third main result, Theorem 1.3.
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Much of the information gathered here also appears in Sections 2 and 3 of [31]. The
major change in this subsection is that, here, we consider cylindrical domains rather
than shell domains. To start, let D ¢ R"™! denote abounded C* domain and say ¢ > 0.
Define

2.7) Q=D x(0,0).

Points in Q will be denoted by pairs (x, y) with x € D and y € (0, ¢). Given a function
f on Q, we can perform a decreasing rearrangement in the y variable, holding each
x € D fixed. Doing so gives the decreasing rearrangement of f in the y-direction. More
precisely, we have the following definition.

Definition 2.8 (Decreasing rearrangement in the y-direction) Let f € L'(Q) with Q
asin (2.7). Define a function f* : Q — [~o0, +00] a.e. by

fHy) = ()",

where f* denotes the slice function that maps y € (0,¢) to f(x,y) and * denotes
the decreasing rearrangement. We call f* the decreasing rearrangement of f in the
y-direction.

Given u € L'(Q), Fubini’s theorem guarantees that for almost every x € D, the slice
function f* € L'(0, £). We are therefore led to define Ju and uX a.e. on Q via

Ju(x,y) = foy u(x,t)dt,

and
(2.8) u*(x,y) = Ju'(x,y) = foy u(x,t)dt,

where u* denotes the monotone decreasing rearrangement of u in the y-direction. By
Proposition 2.1,

* = / t)dt
uX (x, ) x| Lulnt)dt,

where the max is taken over all measurable subsets E of (0, £) with one-dimensional
Lebesgue measure (length) equal to y.

We are now prepared to state our commutativity result for the cylindrical setting.
See Proposition 2 of [31].

Proposition 2.6 (Commutativity for decreasing rearrangement in the y-direction)
Let Q be as in (2.7). If u € C*(Q) satisfies u,(x,0) = 0 for x € D, then

JAu = AJu,
in Q.

We finally have the following subharmonicity result in the cylindrical setting. See
Theorem 1 of [31].

Theorem 2.7 (Subharmonicity for decreasing rearrangement in the y-direction) Let
Q be as in (2.7). Say u € C*(Q) and u,(x,0) = u,(x,0) =0 forx e D. If -Au = f in
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Q, then
—AM* < f*,
in the weak sense in Q. That is,

—f u*AdedyS[f*dedy,
Q Q

for nonnegative G € C2(Q).

3 Proofs of main results

We start this section with a proof of our paper’s first main result, Theorem I.1.

Proof of Theorem 1.1 The proof is long, and so we break it down into several steps.
In Steps 1-3, we prove the result first for test functions f. Then, in Step 4, we deduce
the result for general f.

Step 1: Maximum Principle. First suppose that f € C2°(A) is a test function. In
particular, f is Lipschitz continuous on R”. Then, f* is also Lipschitz continuous on
R"; see Section 75 of [10] or Lemma 6.7 in [35]. By standard regularity results, the
solutions u, v belong to C?(A). See Theorem 6.31 in [24] and the discussion following
its proof on Fredholm alternatives or Theorem 3.2 of [27]. See also [34] for an explicit
discussion of the Neumann problem.

Put

w(r,0) = u*(r, 0) - Jv(r,0) — eQ(r,0),
for (r,0) € AX, where
Q(r,0)=(r-a)(r-b)+CO(n-0).

A direct computation shows
AKX Q(r,0) =2+ n—_l(Zr—a—b) - % 2+ (n=2)(m-20)coth).
r r

Because (7 —26) cot6 > 0 on (0, ), we may choose C > 0 sufficiently large to guar-
antee A% Q < 0 on AX. We then compute in the weak sense

A Ky = AR K L ARy AR Q
<X+ JAv +eAKQ
=Rk eakQ
<0,

where the first inequality follows from Theorems 2.4 and 2.5, the second equality
follows from (2.5), and the second inequality follows from our choice of C. The
Maximum Principle for weakly AX _subharmonic functions (see Theorem 1 of [33],
for example) implies

(3.1) supw < maxw.
Ax aA*
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If maxw < 0, then (3.1) implies
oAk

sup(uX = Jv) < €] Qf ey
AX

and sending e - 0" gives u® < Jv in AX . In Steps 2 and 3 below, we therefore assume

maxw > 0.
aAX

Step 2: Boundary analysis on vertical sides of 0AX . We first claim that ma:kxw
oA
is not achieved at a point where r = a or r = b, i.e., on a vertical side of dAX . For
0 €[0,7] and h > 0 small, let E(a + h,0) € S"™! denote a measurable subset with
o(E(a+h,0)) = 0(K(8)) for which the sup defining u* (a + h, §) is achieved. We
estimate

e @My (a+h,0) - e *w(a, )

h
_ —a(a+h) u((a + h)f) _ ,—aa u(af)
¢ ' E(a+h,0) h do(8) -e ./E(a,e) h do(%)
_ ,—a(a+h) V((a + h)f) —aa V(af)
e o () e fm) 12 do (§)

e_a(a+h)Q(tl +h,0)-e*Q(a,0)
h
e~ @My ((a+h)&) - e **u(al)
z v/E(a,G) h da(g)

) f e @My ((a+ h)&) - e *v(ak) do(§&)
K(6)

—&

h
e @M Q(a+h,0)-e*Q(a,0)
- .

—&

From the Dominated Convergence Theorem, we deduce

liminf e @My (a+h,0) - e *w(a, )
h—0+ h

>—e % fE(aﬁ)(—u,(af) +au(al))do(&)

4 [K (o) (7r(a8) + av(ad)) do(§)

+e(e™™(b-a)+ae *COH(n-0))
=e(e*(b-a)+ae *CO(n-0)),
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where the equality holds courtesy of the Robin boundary conditions. If m;};(w is
A
achieved at (a, 0), it follows that for all 4 > 0 sufficiently small, we have

(3.2) w(a+h,0)> e w(a,0) + >w(a, ),

e*"he(b - a)
2
where the last inequality uses w(a, 8) > 0 and « > 0. When 6 € (0, 7), (3.2) says that

max w is not achieved at a point with r = a, because otherwise the Maximum Principle
oA
(3.1) would be violated. Likewise, when 8 = 0 or 6 = 7, me:( w is not achieved at a point
A

with r = g, because according to (3.2), w assumes strictly larger values at other points
(r,0) € 9AX with r € (a,b).

We next do a similar analysis of the behavior of w at points along the boundary
9AX with r = b. To this end, say 0 € [0, 7] and h > 0 is small. We estimate

eP=M (b - h,0) - ePlw(b, )

h
_ Bb=h) “((b;h)f) da(g)_eﬁb[ ”(Zf) do(£)
E(b-h,0) E(b,0)
__B(b-h) v((b-h)§) Bb v(b&)
e o do(&) +e /K(e) — do(&)
B Eeﬁ(h’h)Q(b —h,0)-ePlQ(b,0)
h
PO u((b - h)E) - eFu(bf)
. [E(b,e) h do(?)
FOMy((b - h)E) - eFv(bE)
Lo : do(£)
B Eeﬁ(h’h)Q(b —h,0)-ePlQ(b,0)
0 .

As before, we use the Robin boundary conditions to deduce

ePO=h) (p — _ oPb
li}{gglzf w(b h,hG) ePPw(b,0) S _ehb /E(bﬁ)(u,(bf) + Bu(b&))do(§)
T efh fK(e)(v,(bf) 1 Bv(b€)) do(£)
+e (eﬁb(b —a) + pePtCo(n - 9))
=e(efP(b-a)+peftCo(n-10)).

If meic w is achieved at (b, 6), then for all & > 0 sufficiently small, we have
24

ePhhe(b - a)
2

w(b—h,0) > ePlw(b,0) + > w(b, ),
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again because w(b, ) > 0 and 8 > 0. By the same argument as before, the string of
strict inequalities immediately above shows that max w cannot be achieved at a point

AKX
with r = b.

Step 3: Boundary analysis on horizontal sides of 9AX . We start by analyzing the
behavior of u® (r, ) — Jv(r, 7) in r. Define

y(r) =X (rm) = o(rm) = [ ((rE) ~v(r) do(§), e [a,bl.
For a < r; < r, < b, note that
A () = () =5 [ (r28) =i (r28) do(§)
- [ () = (1) do(®)

- [ (au_av)ds
0A(r1,12) 817 817

= [ (Au—-Av) dx
A(r1,12)

= fA(rm) (—f+f") dx

= 0’
because f and f* are rearrangements of each other on each sphere {|x| = r}. It follows
that
(3.3) prl fS (ur(rE) v, (r8)) do () =
is constant on [a, b]. Integrating this equation shows that there exists a constant k»
where
(34) [ W —v(rE)do(®) =k [ 1 de vk,

on the interval [a, b]. Using the Robin boundary conditions along {|x| = a} and {|x| =
b} leads to the system of equations

(3.5)

O:f ((au+ocu)—(av+av)) dS:—k1+(xa”_1k2,

{lxl=a} \\ 977 on

O_f ai+ﬁu _ ﬂJrﬁv ds =k +ﬂb”_1 kfbtl_"dtJrk
~ Joe=ny \\ oy on o "Ja )

Combining these equations shows that

b
0=k, (oca"l + 0"+ aa" ™! / ¢t dt) .
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If at least one of «,  is nonzero, the equation above implies that k; = 0 and (3.5)
implies that k; = 0. Thus, (3.4) becomes

(3.6) [, @8 ~v(r) do(§) =0, re[a.b]

If « = B = 0, choosing either r = a or r = b in (3.3) shows that k; = 0. Integrating (3.4)
and using the normalization assumptions on u, v gives

b
Ozf(u—v)dx:sz " dr,
A a

so k, = 0 and equation (3.6) holds in this case as well. Because uX - Jv =0 when
6 = 0, we therefore deduce

w(r,0) =w(r,m) =-e(r—a)(r-b).
Using (3.1), our work in Step 2 implies

sup(u* - Jv) < max (—e(r—a)(r-0))+ s||QHLw(A*)
Ak re[a,b]

&
= Z(b - "l)2 + SHQHLoo(A*)'

Sending & - 0" gives u® < Jv in AX.

Step 4: Approximation for the general result. Now, say f € L?(A) is a general
function. Let u, v be as in the statement of Theorem 1.1. Choose a sequence of test
functions f; € C°(A) where f; — fin L*(A).Ifa = B = 0, we assume f, f; have zero
mean. Because cap symmetrization is a contraction in the L?-distance (see Theorem
3 or Corollary 1 of [8], for example), we also have f{ — f*in L*(A). Let uy and vi be
solutions to

—Aug = fr in A, “Avi = f{ in A,
%—”rl"wtocuk =0 on {]x|=a}, %—Vn"+ocvk =0 on {|x|=a},
%—’j;ﬂsuk:o on {|x| =10}, %—'%k+ﬁvk:0 on {|x|=1b}.

If « = 3 = 0, we also assume uy, v have zero mean. By our work in Steps 1-3, for each
k)

(3.7) X (r,0) < Jui(r,6),

for (r,0) € AKX and

(338) [ @) -8 do(®) =,

for r € (a, b). If either & or B is nonzero, then (2.3) implies uy — u in L*(A). If a =

B = 0, we still have convergence in L?>(A); see Corollary 1.29 of [28], for instance. In
particular, we have convergence in L'(A). Spelled out, we have

k—+oo

lim /abfsn_l|uk(r5)—u(r£)|d0(5) " dr=0.
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Thus, by passing to a subsequence, we may assume
(3.9) dim [ (u(r) u(r)| da(8) =0,

for almost every r € (a, b). Because cap symmetrization is a contraction in the L'-
distance (again, see Theorem 3 of [8]), this last equality implies that for almost every
re(a,b),

(3.10) lim u,;*(r,e) =u*(r,0),

k—+o0

for each 0 € (0, ). By an identical argument, we may pass to another subsequence
and assume that for almost every r € (a,b),

(3.11) Jim L e (rd) v ()| do () =0,
and
(3.12) klim Jvi(r,0) = Jv(r, 0),

for each 6 € (0, ). Sending k — +o0 in (3.8) and using (3.9) and (3.11) shows that
(3.13) - (u(r&) —v(r&)) da(&) =0,

foralmostevery r € (a, b). Finally, sending k — +oc in (3.7) and using (3.10) and (3.12)
gives the theorem’s first conclusion. The theorem’s conclusion about convex means
follows from (3.13) and Proposition 2.2. [

A close inspection of our proof shows that the conclusions of Theorem 1.1 hold in
the Neumann setting under slightly weaker assumptions on the solutions u and v.

Remark 3.1 When « = § = 0, the conclusions of Theorem 1.1 hold under the weaker
assumption [, udx = [, vdx.

As a consequence of Theorem 1.1, we see that the solution to the symmetrized
problem is itself symmetrized.

Corollary 3.2 The solution v in Theorem 1.1 satisfies v = v* a.e.

Proof First suppose that f € C2°(A) is a test function. Then, as in the proof of
Theorem 1.1, f* is Lipschitz continuous and v € C2(A). Letting f* play the role of
f, Theorem 1.1 gives that v¥ (r, ) < Jv(r,8) on AX. The reverse inequality holds by
definition of the star function, and so K = Jv on AX . When the dimension 7 = 2,
we use complex notation to write this equality as

[: v(rei¢) d¢ = [: v#(rei¢) de,

for each re(a,b) and 6 ¢ (0, 7). Differentiating this equation with respect to
0 gives

(3.14) v(re'®) +v(re7'%) = 2% (re'?).

https://doi.org/10.4153/50008414X21000547 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X21000547

126 J.J. Langford

We claim that v(re'®) = v(re™*%) for 6 € (0, 7). If this were not the case, then say
v(re'®) > v(re~*%) for some 6. We can then find & > 0 sufficiently small, so that

[j v(re'®)d¢ < [:: v(re'®) d¢,

and this contradicts the fact that vX (r, ) = ]_06 v(re'?) d¢. Having verified the
claim, (3.14) gives v(re'®) = v*(re'?).

If n > 3, we write out the equation vX = Jyon AKX using spherical coordinates. We
have

0
f fs v(rcost,rysint) do(y)sin" 2 tdt
0 n—2

9
= f /S v¥(rcost,rysint) do(y)sin" % tdt,
0 n—2

for each r € (a,b) and 6 € (0, 7). Differentiating with respect to 0 and dividing by
sin™ "% 0 gives

(3.15) v/S72v(rcos@,rysin@)da(y):fSi2 v¥(rcosO,rysinf)do(y),

foreachr € (a,b)and 0 € (0, 7). Note that v (r cos 0, ry sin 0) is constant in y € S"2,
We claim that v(rcos@,rysin6) is also constant for y € S"~2. Say this is not the
case, and v(rcos 6,7y sin0) > v(rcos 6, ry,sin ) for yy, y, € S""2. Then, we can
find positive numbers &;, €, > 0 where

(3.16) inf v(rz;) > sup v(rz;);
z1€B;

z2€B,

here  B; =B((cosf,y;sinf),e;) and B, =B((cosb,y,sinf),e;), where
B((cos 0, y;sin ), e;) denotes the spherical cap (or geodesic ball) on S"! centered
at (cos 8, y; sin 0) with radius ¢;, and similarly for B,. We additionally assume

o(B1\K(0)) = (B2 nK()).
Write
Ky = (K(0)\B2)) u (B1\K(0)).
Then, 0(K;) = 0(K(6)), and using (3.16), we have

[ (r) da() = I oy, V(0 A0 (E) + | IRICTLG

> o, V(OO + | V(00D
:f v(r€) do (&),

K(8)

which contradicts v* = Jy. We conclude that v(rcos8,rysinf) is constant for y €
S"~2, Equation (3.15) implies

v(rcos,rysin6) = v’ (rcos 6, rysinf),

for each y € S" %, r € (a,b), and 6 € (0, ). That is, v = v*.
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If f € L*(A) is a general function, pick a sequence of test functions f; € C°(A)
where f; — f in L*(A). If a = § = 0, we assume that each f; has zero mean. As cap
symmetrization is a contraction in the L*-distance, fj — f* in L?(A). As before, each
f{ is Lipschitz continuous on A. Let vk solve

—Avy = f,f in A,
e

5 tavk=0 on {|x| = a},

ov
G +Pvi=0 on {|x| = b}.

If o = B =0, we assume that each vy has zero mean. As in the proof of Theorem 1.1,
vk — v in L*(A). By the work above, v, = v} for each k. Again, cap symmetrization is
a contraction in the L*-distance, and so v — v* in L*(A). We deduce that v = v* a.e.,
as desired. [ ]

Another more immediate consequence of Theorem 1.1 is that cap symmetrizing the
data increases L¥-norms.

Corollary 3.3 Let u and v be as in Theorem 1.1. Then, for almost every r € (a, b), the
radial slice functions u(r-) and v(r-) satisfy
lu(r)|re(sery < [v(r-)|osn1y, 1< p<+oo,

ess sup u(r-) < esssup v(r-),
Sn—l Sn—l

esSanlf u(r) > esSanlf v(r),
os¢ u(r) < os¢ v(r-),
where osc = ess sup — ess inf. Consequently,
lulroay < [Vliecay, 1< p< oo,

ess sup u < esssup v,
A A

ess inf u > ess inf v,
A A

0sC U < 0SC V.
A A

Proof The conclusions about slice functions follow from Theorem 1.1, equation
(3.13), and Corollary 2.3; the remaining conclusions clearly follow. ]

As remarked in the Introduction, letting the Robin parameter a or f tend to
+o00, Theorem 1.1 yields comparison principles for Poisson problems with mixed
Robin/Dirichlet boundary conditions. We now make this precise. With A as in
Theorem 1.1, denote

Hy(A) ={ueH"(A):u=00n{|x|=a}},

where the boundary condition is understood in the trace sense. Given f € L?(A) and
B > 0,afunction u € H,(A) is said to be a weak solution to the mixed Poisson problem

-Au=f in A,

u=0 on {|x|=a},
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a—M+/5u:O on {|x|=b},

on
provided

Vu-Vvdx + f uvdS:[ vdx,
fA P {|x|=b} Af

for all v € H. (A). As in Section 2.1, the above mixed problem admits a unique weak
solution for each such f and f3. Here now is our mixed comparison principle in shells.

Theorem 3.4 (Mixed Robin/Dirichlet comparison principle on shells) Say 0 <a <
b < +o0 and A = A(a,b) c R" is a spherical shell with inner radius a and outer radius
b. Let B > 0and f € L*(A). Say u and v solve the mixed Poisson problems

-Au=f in A, -Av=f* in A,
u=0 on {|x|=a}, v=0 on {[x|=a},
S—Z+[3u:0 on {|x[=1b}, %JF/;VZO on  {|x| =b},

where f* denotes the cap symmetrization of f. Then, for almost every r € (a, b), the
inequality
u*(r, 0) < Jv(r,0)

holds for each 0 € (0, 7). In particular, for almost every r € (a, b) and for each convex
function ¢ : R — R, we have

f{|x|=r} $(u)dsS < f{|x|=r} ¢(v)dS.

Our proof of Theorem 3.4 is essentially based on the observation that solutions to
Poisson’s equation depend continuously on the Robin parameters (in an appropriate
sense), even as those parameters tend toward +oo.

Proof of Theorem 3.4 Let o) denote a strictly increasing positive sequence with
ay — +oo. Let uy and vy denote solutions to the Poisson problems

~Aug=f in A, —Avi=f* in A,
Zia—"’;‘+ockuk =0 on {|x|=a}, %—‘:1"+ockvk =0 on {|x|=a},
aa—‘j;wﬁuk:o on {|x|="b}, %4—/;1/](:0 on {|x|="0}.

By Theorem 1.1 (and its proof), for almost every r € (a, b),

G17) [ @9 = ver§) do(®) =,
for each k, and
(3.18) u,:k(r,ﬂ) < Jvi(r, 6),

for each 6 € (0, ). We claim that the functions uy are bounded in H'(A). To back
our claim, first note that
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Vurl?dx +a f /

fvwPaxca [ wasep [
> Vu dx+oc[ urds
[A| «f ey RSBy

> ¢ uk H%I‘(A)’

where ¢, denotes coercivity constant (see Section 2.1) of the bilinear form associated
with the Robin problem with Robin parameter «; on the inner sphere {|x| = a} and
Robin parameter f on the outer sphere {|x| = b}. Because

(3.19) [Vu Zdx +« f uzds + u2d8=f ur dx,
A R A

it follows that
1
lurlecay € =1 flz2ca)s
C2

for every k. The uj are thus bounded in H'(A). By Banach-Alaoglu and Rellich-
Kondrachov, we may pass to a subsequence and assume the existence of u’ € H'(A)
where uy, — u’ weakly in H'(A) and u; — u’ in L*(A). By page 134 of [20],

f wzdSSC(/|VW\|w|dx+fw2dx),
A A A

for w € H'(A) and for some universal constant C. Thus, uy — u’ in L*(9A). Dividing
(3.19) by ax and sending k — +oo shows [, (4')*dS = 0, 1e., u’ € H(A).
If v e H.(A), then for each k,

vvd f dS:f dx.
/;Vuk Vvdx + {‘x‘zb}ukv Afv x

Thus, letting k — +co in the above equation and using weak convergence, we conclude

vu'-vvdx + / u'vdSz/ vdx.
fA A {|x|=b} Af

By uniqueness, 4’ = u, and so uy — u in L?(A). The argument in Step 4 in the proof
of Theorem 1.1 shows that for almost every r € (a, b),

(3.20) [S u(r§) do(§) ~ /S u(ré)do(£)
and
(3.21) u,:k(r,e) - u*(r,@),

for each 0 € (0,7). An analogous argument shows that we may assume vy — v in
L*(A), and again, the proof of Theorem 1.1 shows that for almost every r € (a,b),

(322) [ 8 do@® ~ [ v(re)do(®)

and

(3.23) Jvi(r,0) = Jv(r, 0),
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for each 6 € (0, 7). Combining (3.18), (3.21), and (3.23) gives the theorem’s first
conclusion. Moreover, pairing (3.17) with (3.20) and (3.22) shows that for almost every
re(a,b),

fsn_l(”(“f) -v(r&))da(§) =0.

The equation above and Proposition 2.2 give the theorem’s conclusion about convex
means. u

Of course, letting § — +oco in Theorem 1.1 (rather than o — +o0 as we have just
done), one deduces an analogue of Theorem 3.4 with Robin boundary conditions on
the inner sphere {|x| = a} and Dirichlet boundary conditions on the outer sphere
{|x| = b}. Similarly, letting both «, § — +00 in Theorem 1.1, one deduces a comparison
principle with Dirichlet boundary conditions on both spheres {|x| = a} and {|x| = b}.
The conclusions of Corollary 3.3 also hold for the solutions u and v of Theorem 3.4
(and also for the two additional results just mentioned).

We next prove our paper’s second main result. But before we do so, we briefly recall
how cap symmetrization is defined for functions on balls, because the definition has
one technicality that does not arise in the shell setting. In our result, recall that we
take B={x e R" : |x| < b} with 0 < b < +oc0. The cap symmetrization of a function
f € L}(B) is defined as follows. When 0 < r < b and the slice function f": S"!' - R
belongs to L'(S"™"), we define

() = (7,

where (f")* denotes the spherical rearrangement of the slice function f". If f ¢
L'(S"™), we leave f* undefined on the sphere {|x| = r}. If £(0) is defined, we also
define f*(0) = £(0). When £(0) is not defined, f*(0) is likewise left undefined. Note
that the definitions of J f and £ in this setting (as defined in the Introduction) agree
with Definition 2.6 and equation (2.4) with a = 0. Here now is the proof of our second
main result, Theorem 1.2.

Proof of Theorem 1.2 First, say f € C>°(B) is a test function. As before, u,v € C*(B).
Say §,¢ > 0andlet As = A(J, b) denote a spherical shell with inner radius ¢ and outer
radius b. Let w be defined as in the proof of Theorem 1.1:

w(r,0) = uX (r,0) = Jv(r,0) - £Q(r,0),
where
Q(r,0) =r(r-b)+COH(n-0),
and again C is chosen, so that

AXQ(r,0) =2+ H—_I(Zr— b) - Ez 2+ (n-2)(mr—20)coth) <0,
r r

on BX. As before, we have

—A*w <0,
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weakly in A;k. By the Maximum Principle,

(3.24) supw < maxw,
aXx oA ¥
)

and letting § — 0", we see

(3.25) supw < maxw.
Bk ok

As before, we may assume max w > 0.
E):2 8
Defining

v() = [ WO -v(D)do(®),  ref0.b]

the proof of Theorem 1.1 shows that " ~'y/(r) = ky is constant on (0, b]. Letting r - 0*
and using u, v € C*(B), we conclude k; = 0. Thus,

(3.26) fsn_l(u(rf) —v(rE)) da(£) = k,

is constant on [0, b]. We therefore have
b [ (r(68) i (68)) do(§) =0,
b [ (b)) - v(b9)) do(§) = "B

Adding these equations and using the Robin boundary conditions shows

Jou ov -
fl (55

If B + 0, we conclude k, = 0, and so

(327) [ @O -v(re)do(®) =0, refo.b]

If B = 0, we integrate (3.26) and use our normalization assumptions on u, v:

b
O:f(u—v)dx:kz/ r"dr,
B 0

s0 k, = 0 and again (3.27) holds.

Step 2 in the proof of Theorem 1.1 shows that ma;)fw cannot be achieved at a point
9B

with r = b. Now, uX — Jv = 0 by definition when 6 = 0 and (3.27) implies that uX —
Jv = 0 when 6 = 7. Moreover, (3.27) implies #(0) = v(0), and so u® — Jv = 0 when
r = 0. Thus, (3.25) implies

sup(u* - Jv) < max(-€Q) + SHQ”L"“(B*)'

Bk aBX
Sending ¢ — 0* shows uX — Jv <0 in BX. The approximation argument from the
proof of Theorem 1.1 applies almost verbatim to our new setting, and shows that
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for a given function f € L?(B), for almost every r € (0, b), the inequality uX (r, ) <
Jv(r, 8) holds for each 6 € (0, 7). Equation (3.27) and the approximation argument
in the proof of Theorem 1.1 also show that for general f € L*(B),

(3.28) L ) = v(r8) do(&) =0,

for almostevery r € (0, b). Thus, the theorem’s conclusion about convex means follows
from Proposition 2.2. ]

Analogous to Remark 3.1, we have the following remark.

Remark 3.5 When 8 =0, the conclusions of Theorem 1.2 hold under the weaker
assumption [pudx = [pvdx.

The proof of Corollary 3.2 similarly carries over verbatim to give the following
result.

Corollary 3.6  The solution v in Theorem 1.2 satisfies v = v* a.e.

Equation (3.28), Theorem 1.2, and Corollary 2.3 similarly give the following ana-
logue of Corollary 3.3 for the ball setting.

Corollary 3.7 Let u and v be as in Theorem 1.2. Then, for almost every r € (0,b), we

have
[u(r) Loy < [v(r)lieery, 1< p< oo,

and

ess sup u(r-) <esssup v(r-),

gn-1 o1
esSs"Hlf u(r) > esSs"Hlf v(r),
os¢ u(r) < os¢ v(r-).
Consequently,
lulLecsy < [vILecpy, 1< p < +oo,

and

ess sup u < ess sup v,
B B

ess inf u > essinf v,
B B

0sC U < 0SC V.
B B

We next prove our paper’s third main result, Theorem 1.3.

Proof of Theorem 1.3 Again, the proof is rather long, so we break it down into
manageable steps.
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Step 1: Maximum Principle. If « >0, let Q; denote the solution to the Robin
problem

AQ;=0 in D,
%—?7‘+an:1 on oD.

If @ = 0, let Q; be the solution to the Neumann problem

R .
AQIZI}ET((DD)) in D,
9Q
on

=1 on dD,
where Q, is additively normalized to have zero mean. Here, we have written ("2 for
(n - 2)-dimensional Hausdorff measure and £~ for (n — 1)-dimensional Lebesgue

measure. By Theorem 6.31 in [24], Theorem 3.2 in [27], and [34] (see also [12]), Q;
belongs to C*(D). We are led to define a function Q by

Qx,y) = Qu(x) + Cy(£ - ),
for (x, y) € Q, where C > 0 is chosen large enough to guarantee
AQ=A,Q,-2C<0,

on Q. Define for € > 0,

w(x,y) = uX (x,y) - Jv(x, ) - £Q(x, ¥),
for (x,y) € Q.

In the weak sense, we have
~Aw = ~Au® + AJv + €AQ
< fX +JAv + eAQ
= R - X eAQ
<0,
where the first inequality follows from Proposition 2.6 and Theorem 2.7, the
second equality follows from (2.8), and the second inequality follows from our

choice of C. Thus, w is weakly subharmonic in Q, so by the Maximum Principle
(Theorem 11in [33]),

(3.29) supw < maxw.
aQ 00

As before, we assume max w > 0, because otherwise we are done.
Step 2: Boundary analysis on 9Q2,. We first show that max w is not achieved at
Q

a point of 9Q;. Fix (x, y) € 0Q;, so that x € 9D and y € [0, £]. Let n = n(x) denote
the inner normal vector at x to dD. Let E(x) denote a measurable subset of (0, ) of
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length y for which the sup defining uX (x, y) is achieved. By translating, we assume
0 € D. Write r = |x|. We then have for h > 0,

e UMy (x + hn, y) — e * w(x, y)
h
— e—OC(T+h) u(x + hn’ t) dt _ e—(xr [ u(x’ t) dt
E(x+hn) h E(x) h

_ ga(r+h) fy v(x +hn,t) dt + e %" fy v(x.1) dt
0 h 0 h

e’”‘(”h)Q(x +hn,y)-e " Q(x,y)
h

5 f e M y(x + hn,t) — e * u(x, t) it
E(x) h

- &

~ /y e UMy (x + hn, t) — e " v(x, t) it
0 h
B e UM Q(x + hn, y) — e * Q(x, )
. .

Using the Dominated Convergence Theorem, we therefore have

lim infe_"‘(”h)w(x +hn,y)—e “w(x,y)
h—0+ h

N fE(x) (g;(x, t) +ocu(x,t)) dt

+e“”fy(av(x, )+ av(x, t)) dt
0o \on

+ee " (1+aCy(L-y))
=ee " (1+aCy(L-y)),

where the last equality holds courtesy of the Robin boundary conditions on 9Q;. If
max w is achieved at (x, y), then for all & > 0 sufficiently small, we have

e he

(3.30) w(x +hn, y) > e*Pw(x, y) + >w(x, y),

because w(x, ) > 0 and « > 0. When y € (0, £), inequality (3.30) says that max w is

not achieved ata point (x, y) € 0Q),, because otherwise the Maximum Principle (3.29)
would be violated. Similarly, when y =0 or y =/, max w is not achieved at a point
Q

(x, ¥) € 0Q,, because by (3.30), w assumes strictly larger values at points of 00;.
Step 3: Boundary analysis on 0Q);. We start by defining

¥(x) = /Oz(u(x, t)-v(x,t))dt,  xeD.
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Using the Dominated Convergence Theorem and our assumption that u, v € C%(Q),
we see that y is harmonic in D:

Ay(x) = fOZ(Axu(x,t) ~ Awv(x, 1)) dt
_ /Oe(—uy),(x, 0= fx ) + v, () + fF(x.0)) dt

= /Oe(—f(x, t)+ ff(x,t))dt - uy(x,0) +uy(x,0) +vy(x,¢) = vy(x,0)
=0.

This last equality holds by the Neumann boundary conditions of u, v along 0Q); and
because f and f* are rearrangements of each other.
Taking x € dD, we next investigate the Robin boundary condition of y:

Zl:;(x) +ay(x) = foe ((Z”;(x, t) +(xu(x,t)) - (g;(x, )+ av(x, t))) dt =0,

because u and v themselves satisfy Robin boundary conditions on 0Q,. If & = 0, note
that y has zero mean by our normalization assumption on u, v:

/Dw(x)dxzjn(u—v)dxdyzo.

The function y therefore solves the problem

Ay=0 in D,

aw+061//:0 on 0D,

an

and when « = 0, [, y dx = 0. Integrating by parts, y satisfies the equation

_/D [Vyl dx = -« faz) v ds,

so we deduce ¥ = 0 in D. Because uk - Jv = 0 when y = 0, we conclude that
w(x,0) =w(x,l) = -eQ(x),

for x € D.
Our work from Steps 2 and 3 and the Maximum Principle (3.29) together give

sup(u* = Jv) < &]|Q| L= (a) + sup(—eQy).
Q D

Sending ¢ - 0™ gives uX — Jy <0 in Q. Note that because y(x) = 0 on D, for each
x € D, the slice functions u(x,-) and v(x,-) have the same mean on (0,¢). Thus,
Proposition 2.2 gives the theorem’s claims on the convex means of u and v. [ ]

Remark 3.8 It is clear that some elements of the proof of Theorem 1.3 carry over to
a more general setting QO = M x (0, ¢), where M is a Riemannian manifold (with or
without boundary). The proof above, however, hinges on Proposition 2.6 and Theorem
2.7, results from the author’s earlier work [31], and it is not immediately clear how
to extend Theorem 2.7 to this more general setting. It would be very interesting to
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know the most general setting in which these results hold, but this is not something
we pursue here.

As before, we have the following remark.

Remark 3.9 When « = 0, the conclusions of Theorem 1.3 hold under the weaker
assumption [, udxdy = [yvdxdy.

We again easily deduce that the solution of the symmetrized problem is itself
symmetrized.

Corollary 3.10  Let v be as in Theorem 1.3. Then, v = v* on Q.

Proof Letting f = f*, Theorem 1.3 gives that v¥ < Jv on Q. Because the reverse
inequality holds by definition, we have vK = Jv on Q. Spelled out, this means that

for each x € D,
Y y
f v(x,t)dt:f v(x,t)dt,
0 0

for each y € (0, ¢). Differentiating the above equation with respect to y shows that
v(x,y) =v*(x, y) on Q, as desired. n

Finally, we have an analogue of Corollaries 3.3 and 3.7 for the cylindrical setting.

Corollary3.11 Let u and v be as in Theorem 1.3. Then, for each x € D, the slice functions
u(x,-) and v(x,") satisfy

luCx, ) leoey < V(%) Leo,eys 1< p < +o0.
Moreover, for each x € D,

sup u(x,-) < sup v(x,-),

(0,6) (0,6)

i f 5" > i f 5> )

(10r’1€)u(x ) (10r’1€)v(x )

D < ).

RS AR

Consequently,
lulzr@) < [vlieca)y, 1< p<+oo,

and

sup u < sup v,
Q Q

inf u > inf v,
Q Q

osC # < 0SCV.
Q Q

Proof The proof of Theorem 1.3 shows that for each x € D,

foeu(x, t)dt:v[oev(x,t) dt.
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This equality together with Theorem 1.3 and Corollary 2.3 gives the claimed inequal-
ities on the slice functions of u and v, and as before, the subsequent inequalities
follow. ]

4 Concluding remarks

In surveying the results of the present paper, and also those of [1, 3], the reader may
be left with a lingering question: Are there comparison results with negative Robin
parameters? The answer to this question is unclear. The techniques employed here
clearly hinge on the Robin parameters being nonnegative.

In the transition from the positive to the negative regime, interesting things can
happen. One particularly interesting example comes from spectral theory. Consider,
for example, the eigenvalue problem for the Robin Laplacian. Precisely, given a
bounded Lipschitz domain Q ¢ R”, the eigenvalues of the Robin Laplacian

—Aug = A (Qs )y in Q,

a—u+(xu:O on 0Q,
on

are known to satisfy
M(Qa) <A (Qsa) <A3(Qa) < - — +o0.

For « > 0, the work of Bossel [13] and Daners [19] gives an isoperimetric inequality
for the lowest Robin eigenvalue:

(41) () 2 4 (Q%a),

where QF is the centered open ball in R" with |Q*| = |Q|. Naturally, Bareket [11]
conjectured that the inequality in (4.1) goes the other way for a < 0. But Freitas
and Krejcifik [21] showed that Bareket’s conjecture is false in general for negative
a, although they do show that in dimension n = 2, Bareket’s conjecture holds when
the parameter « is sufficiently close to zero. Taken in sum, this work suggests
that establishing PDE comparison results with negative Robin parameters might be
difficult and subtle. The author plans to investigate this question, but in a separate
future project.

Acknowledgment Iwould like to thank Richard Laugesen for useful discussions and
the referees for useful suggestions.
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