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EXTREME POINTS IN SPACES BETWEEN DIRICHLET AND
VANISHING MEAN OSCILLATION

K.J. WIRTHS AND J. XIAO

For p e (0,oo) define <2P,o(9A) as the space of all Lebesgue measurable complex-
valued functions / on the unit circle 3A for which fg£i f(z)\dz\/(2n) = 0 and

as the open subarc / of dA varies. Note that each QPlo(5A) lies between the
Dirichlet space and Sarason's vanishing mean oscillation space. This paper deter-
mines the extreme points of the closed unit ball of QPlo(9A) equipped with an
appropriate norm.

1. INTRODUCTION

Denote by A and dA the open unit disk and the unit circle in the finite complex
plane C, respectively. For p € (0, oo), let Qp(dA) (respectively Qp#(dA)) be the class
of all Lebesgue measurable functions / : dA -> C for which JgA f(z)\dz\/(2n) — 0 and

5 p ( / ' J ) :=

as / C dA varies. Here and throughout this paper, I means an open subarc of dA
and |/ | stands for the normalised arclength of / C dA, that is, |/ | = /7 \dz\/(2n).
It is clear that QPi0(dA) C Qp(dA). For convenience, equip / e Qv{dA) with the
following norm

So, Qp{dA) is a Banach space and QPto(dA) is its closed subspace.
In the case p € (0,1) both classes were introduced in [3] and [6] when Essen,

Nicolau, and Xiao studied the boundary behaviour of the holomorphic Qp -spaces (see
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[1]). More important is that the article [9] (see [4] for another proof) proved that
Qp(dA) C BMO(dA) and equality occurs as p > 1. In Section 4 of our current paper,
we shall demonstrate that QPto(dA) C VMO{dA) and equality happens again as
p > 1. Here BMO(dA) (respectively VMO{dA)) is John-Nirenberg's [5] (respectively
Sarason's [8]) space of functions with bounded respectively vanishing mean oscillation
on dA. More precisely, for q ^ 1 and a Lebesgue measurable function / : dA -» C we
say / 6 BMO(dA) provided / a A f(z)\dz\/(2w) = 0 and \\f\\q-Mo = sup f#(z) < oo,
where

\ m ~ " *

and here, the supremum is taken over all open subarcs I C dA such that z € / .
Moreover we call / € VMO(dA) if / € BMO{dA) and

s u p 9 i 7 i2ir\I\ f(w)\dw\
g

\dz\ = 0,

where the supremum ranges through all open subarcs / C dA with | / | < 5.

Motivated by Axler-Shields' work [2], this paper is devoted to an investigation of
the extreme points of the closed ball of QVto{dA) (as well as Qp(dA)), but also ex-
tends those corresponding results on VMO(dA) (as well as BMO{dA)). The main
results of this note are presented in Section 2. Of particular interest are some ex-
amples of the extreme/nonextreme points provided in Section 3. In the meantime, it
is worth mentioning that our functions gn constructed as the extreme points of the
closed unit ball of (QPto(dA), \\ • | |Q P (3A)) are still extreme points of the closed unit
ball of (VMO(dA), || • H2-M0) • Besides this, the method of constructing some nonex-
treme points of the closed unit ball of (QPto(dA), || • | |Q P (9A)) is valid for the space
(VMO(dA),\\ • ||g-Afo) • In other words, there are some nonextreme points in the
closed unit ball of (VMO{dA), \\ • | | , _ M O ) •

2. RESULTS

First of all, let us determine the extreme points of the closed unit ball of QPio(dA).
For / G Qp(dA), p e (0,oo), define the function Ep(f, •) on dA by

where the supremum ranges over all open subarcs / C dA such that z € I. It is easy

to establish the formula:
= sup Ep(f,z).
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This is due to an obvious fact that Ep(f, •) is lower semi-continuous, that is, {z
€ dA : Ep(f,z) > t} is an open set for every t > 0. Letting C(dA) be the class
of all continuous functions / : dA -¥ C, we can get further information on Ep(f,-).
More precisely,

LEMMA 2 . 1 . Let p € (0, oo) and let / € QPt0(dA). Then Ep{f, •) € C{dA).

PROOF: It suffices to prove that Ep(f, •) is upper semi-continuous too, namely
that {z € 9A : Ep(f,z) < t} is an open set for every t > 0. To do this, fix t > 0 and
let z £ dA obey Ep(f,z) < t. If Ep(f,z) ^ 0, then by / € Qpfi(dA), there exists a
<S > 0 such that

sup M^[£p(/,*)]2.

Now let J C dA be an open subarc centred at z whose arclength | J\ — e is very small
compared to 5. And, for w € J suppose I C dA contains w. When \I\ < 6, one
has Sp(f,I)/\I\

p < t2, thanks to the previous estimation. In the case \I\ ^ 6 take
K = J UI. Then K is an open subarc containing z and hence

Further, putting Ep(f,z) = t-r, T 6 (0,t), we get that 5 p ( / , / ) / | / | p < *2 and thus
Ep(f,w) < t when u; G J and \J\ - e < s\(t/{t - r ) ) 2 / p - l l . On the other hand, if
Ep(f, z) = 0 then via the analysis on the open subarc K, we can select an open subarc
J centred at z such that Ep(f,w) = 0 < t as w £ J. This completes the proof.

THEOREM 2 . 2 . Let p e (0, oo) and f e Qpfi(dA). Then f is an extreme point

of the closed unit ball of QPio(dA) if and only if Ep(f, •) is identical with 1.

PROOF: Assume that / is an extreme point of the closed unit ball of QPio(9A).
Since ||/ | |QP(SA) < 1, one has that Ep(f,z) < 1 for all z € dA. If £„(/,-) is
not identical with 1, then by Lemma 2.1, there is an open subarc J C dA such
that supEp(f,z) < 1. Choose a function g e QPt0(dA) such that ||<?||QP(0A)

^ 1 -sup£p(/ ,z) , 3 = 0 outside J , and g £ 0. When I C dA is such that IDJ = 0,

we obviously obtain
Sp(f + g,I) = Sp(f,I)

\I\P \I\P ^ •

If I C dA ensures / n J ^ 0, then
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Thus | | / + 0 | |Q P (9A) < 1- Similarly, \\f -g\\Qp(dA) ^ 1- As 5 ̂  0, those inequalities
show that / is not an extreme point of the closed unit ball of Qpo(dA), contradicting
the assumption.

Conversely, let Ep(f,-) = 1. If z0 € dA, then there exists a sequence of
open subarcs /„ containing ZQ such that Sp(f,In)/\In\

p is convergent to 1. With-
out loss of generality, let In := (an,bn), intervals moving counterclockwise. Then,
by passing to a subsequence, we may assume that an -» a and bn -¥ b in the
usual sense. After that, let IZQ C 9A be the open subarc determined by the
interval (a, b), that is, IZQ := (a, b). In this sense, IZQ is viewed as the limit-
ing open subarc of / „ . Accordingly, 5P(/ , 7ZO)/|7ZO|P = 1. Although IZQ does
not necessarily contain ZQ , it is easy to see that z0 belongs to IZQ — the closure
of Izo — a closed subarc [a,b] of dA. Observe that since / e QPto(dA), In cannot
get small and hence IZQ is not empty.

Now suppose g € Qpfi{dA) and | | / + sll<3p(aA) ^ 1 and \\f - g\\Qp(d&) < 1. In
order to prove that / is an extreme point, we must show that 5 = 0. Fix z0 € dA
with the open subarc IZo constructed above. Thus,

/(*) -
(\z - XIzn

is an element of the unit sphere of L2(lZQ x IZQ, (2n\IZ0\)
 2\dz\\dw\ J. From | | /

s 1, we also know that

f(z)-f{w)+g(z)-g(w)

is a member of the closed unit ball of L2(lZQ x IZQ, (27r|/Zo|)
 2 |dz| |dio|), and similarly

when g is replaced by —g. Notice that

(\z - w\/\IZ0\f-
p»2

2(\z-w\/\IZ0\f-
p»2

X IZQ

and more importantly, that L2(lZQ x IZQ,(2n\IZ0\) \dz\\dw\) enjoys the property that

every point of the unit sphere is an extreme point of the closed unit ball ([7, p. 84,

problem 16]). So, the last equation implies that g(z) — g(w) = 0 on IZQ x IZQ , that is,

g is a constant on IZQ .
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For each ZQ € dA let JZQ denote the largest open subarc covering Izo such that
g\JZQ is constant. Obviously, as zo,w0 € dA, JZQ n JWQ ^ 0 induces JZQ — JWQ, and
so the collection {Jzo} can contain at most countably many different open subarcs,
because |9A| = 1. Relabel these disjoint open subarcs {Kn}. The condition ZQ € IZQ

implies dA = uKn (where TCn stands for the closure of Kn). Thus A := 9A \ uKn

consists of all endpoints of all the subarcs Kn. In particular, A is a closed, countable
set. If A = 0, then {Kn} contains only one element, namely dA, and thus g is a
constant function on dA. Note that fgAg(z)\dz\/(2ir) — 0. Accordingly, 3 = 0.

It remains to consider the case: A ^ 0. Using the Baire Category Theorem, we see
that the non-empty, countable, closed set A must have an isolated point c S dA. Since
dA = UKn, we can conclude that there must be two disjoint open subarcs Kn and Km

such that c is an endpoint for them. Recall that g\Kn and g\Km are constant. If the
two constants do not coincide, then g has a jump discontinuity at c, which certainly
contradicts the condition g € QPio{dA). If the two constants are the same, then g is
constant on the open subarc Kn U {c} U Km, which violates the maximality of the open
subarcs {JZQ}Z0^dA- Thus the case A / 0 cannot occur, and therefore the proof of the
theorem is finished. D

Next, we shall deal with the extreme points of the closed unit ball of Qp(dA).. This
part may be considered as a consequence of the proof of the above theorem, although
the forthcoming result looks quite different from that of the extreme points of the closed
unit ball of Qvfi(dA).

For / € Qp(dA) and z e 9 A , w e shall use Ep(f,z) = 1+ to denote that Ep(f,z)

= 1 and there exists some open subarc Iz containing z that gives Sp(f, IZ)/\IZ\P = 1.
This means that the supremum denning Ep(f,z) is attained.

COROLLARY 2 . 3 . Let p € (0, oo) and let f 6 Qp(dA). If f is an extreme point
of the closed unit ball of Qp{dA) then there exist no two distinct points z\ and z-i in
dA such that Ep{f,zi) < 1 and Ep(f,z2) < 1. Conversely, if Ep(f,z) = 1+ for all
z e dA with one possible exception, then f is an extreme point of the closed unit ball
ofQp(dA).

PROOF: Let / be an extreme point of the closed unit ball of Qp(dA). Without
loss of generality, we may assume that ||/||<5p(aA) = 1 in that if | | / | |QP(3A) < 1 then
we may select g = (1 - e)f and h = (1 + e)f, where 0 < e < min{l, H /HQ 1 /^ ) - l} ,
and hence it turns out from the equation / = (g + h)/2 that / cannot be an extreme
point of the closed unit ball of Qp(dA). In order to reach our goal, suppose otherwise
that there are two distinct points zk € dA, k = 1,2 such that Ep(f,zk) < 1, k = 1,2;
and use h, k = 1,2 to denote the two open subarcs of dA which have {zi,z2} as
endpoints. Define a function g e Qp(dA) by g\j1 = e\, g\j2 — - e 2 , where ek > 0,
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k = 1,2 are chosen so that / a A g(z)\dz\ = 0 and ||ff||Qp(dA) < 1 - max Ep(f' zk)• Now,

let / be an open subarc of dA. If both z\ and zi are not in / , then g is constant on
/ and thus Sp(f + g,I)/\I\P = Sp(f,I)/\I\

p ^ 1. If one of zk, say, zx lies in / , then

Accordingly, it follows that | | / + fl||<3p(aA) ̂  1- Similarly, \\f - g\\Qp(dA) < 1- Because
/ may be written as the sum of ( / + g)/2 and ( / - <?)/2, the function / is not an
extreme point of the closed unit ball of Qp(dA), violating the given condition.

On the other hand, if w 6 dA is such that Ep(f, z) = 1+ for all z e dA \
{w}, then to each z € dA \ {w}, there corresponds an open subarc Iz such that z
e h and Sp(f,Iz)/\Iz\P = 1. Now let g e QP(dA) satisfy \\f + g\\QAdA) ^ 1 and

11/ ~ 3IIQP(0A) < 1. TO complete the proof, we must show g = 0. Applying the same
reasoning as in the argument for sufficiency of Theorem 2.2, we can prove that g\Iz

is a constant. Since g is locally constant on the connected set dA \ {w}, g = 0 as
=0. U

3. EXAMPLES

In this section we present some examples of either extreme points or nonextreme

points of the closed unit ball of QPto(dA).

EXAMPLE 3.1. (Extreme points.) Let p e (0,oo), and for integers n = ± 1 , ± 2 , . . .
let fn(z) = Xzn where z e dA and |A| = 1. Then gn — /n/||/n||<5P(aA) a r e extreme
points of the closed unit ball of QPio(dA).

P R O O F : TO make these examples more precise, by Theorem 2.2

Ep(gn,z) = l, V*e0A.

In fact, some elementary calculations tell us that

r\i\
SP(fn, I) = 2 p + 1 / ( | / | - t) sinp-2 (TT*) sin2 (nnt) dt

Jo

and so that

op+i r\r\
E2

p{fn,z) = sup - — / (|/| - t) sinp-2 (TT*)sin2 (nnt)dt.
|/|e(o,i] l J r Jo

Thus, ||/n||Qp(aA) = Ep(fn, z) for each z€dA, and then Ep(gn, •) = 1 follows. D

In the sequel, we point out that not all points on the closed unit ball of QPto(dA)

are extreme points. In fact, we consider a function first defined on [0,2n) with mean

value zero and then extended periodically.
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EXAMPLE 3.2. (Nonextreme points) Let p 6 (0, oo), and for S e (0,1) let

f, 0e[0,6];

1, 0 € [<5, 2TT - (5];

, 0 € [2TT - S, 2TT) .

Also put gs = fs — 1 + S/(2TT) on [0, 2TT) and extend it 2TT-periodically. Then there

exists a S > 0 such that <?<5/||<to||Qp(dA) is a nonextreme point of the closed unit ball of

P R O O F : A key observation is that g$ is convergent to the zero-function as 6 —> 0.

Because /a is a Lipl-function, gs/\\gs\\Qp0(aA) is in QP ) 0(9A). However, we show that

it is not an extreme point of the closed unit ball of Qp>o(dA). By Theorem 2.2 we

know this will be done if one can prove that Ep(fs, •) is not a constant function for

some 6. For this it suffices to verify Ep(fs,0) ^ Ep(fs,n) for some S. First, for any

open subarc (or subinterval) / = (a, b) C (0, S) we have

| / | P {b-a)p52J0 sm2~pt/2

Thus

Furthermore, by Lemma 2.1 and the limit

hm T--^ / . , ' .. tit =

we can find a <5i€ (0,1) such that for 6 € (0, <

Second, suppose / C 9A is any open subarc containing TT. If | / | < (n - S)/(2n),

then Sp(fs,I) = 0. If 1 ̂  | / | > (w - 6)/{2ir), then by the definition of /a,

SP(fs,
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4
where fi is a domain defined by |J Qj:

I

{ ( 0 , / ) 5 ^ / ^ 7 , O ^ V ^ 2 7 r } , j = 2;

) : O < ^ < 2 7 r , 2 7 r - < 5 ^ V < 2 7 r } , j = 4.

It is a completely elementary estimation to obtain a 82 6 (0,1) such that for 5 6 (0,

Hence

JJnI/I" ^ (27T)2 U - S) JJn \e*4> - C*

Consequently, Ep(fs,rr) < Mo/2 whenever 5 € (0, £2)- Therefore there exists a £3
G (O,min{<Si,<52}) such that Ep(fs3,0) > Mo/2 and Ep{fS3,ir) ^ MO/2. This concludes
the proof. D

Recall that the (boundary) Dirichlet space D(dA) consists of all Lebesgue mea-
surable complex-valued functions / on 9A for which / a A f(z)\dz\/(2n) = 0 and

_ w ] 2
0 0 .

It is clear that D(dA) C Q Qp0(dA), and that every point on the closed unit ball
p>0

of (-D(c?A), || • ||D(0A)) ^S a n extreme point and vice versa. An explicit computation
involving Ep(fs, •) above reveals that for p small one has to choose S small in order to
get a nonextreme point of the closed unit ball of (QP)o(9A), || • ||QP(0A)) • This reflects
the fact that QPio(dA) approaches D(dA) as p \ 0 in some sense.

4. APPENDIX

The first result of this section is to illustrate the important basic relationship
between QPto(dA) and VMO(dA) mentioned in the introduction.

PROPOSITION 4 . 1 . If 0 < px < p2 < 00 then <3P1>0(dA) c QP2i0(dA). In
particular, if p 6 (l,co) then Qpfi(dA) = VM0(dA).

PROOF: It suffices to show that each QPto(dA) coincides with VMO(dA) when-
ever p > 1. First, we verify VMO(dA) C Qp0(dA). To do so, we observe the
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integrated Lip-character of QPto(dA) (which may be worked out via the change of vari-
ables; see also [4, p. 579]): / 6 QpQ(dA) if and only if \imFp(f,6) = 0, where for

* ( o i )

dsdt.
ICdA,\I\<5

Fp(f,5) := sup |/|-» r s i n " - 2 ^ f\f{^'+i)) -/(e")
ICdA\I\<6 JO 2 Jj\

For convenience, we use U < V to denote that there is a constant c > 0 such that
U ^ cV. If U < V and V < U hold simultaneously then we say that U ~ V. In
addition, we write rl (r > 0) for the open arc with length r\I\ and the same centre
as / , and fj the average of / over J CdA: fj = (2n\J\)~1 Jd f(e

u) dt. Now if / in
VMO(dA) then for any small e > 0 there is a 8 € (0,1/3) such that as \I\ < 6,

f \f{ei3)
J3I
f f3i\

2ds<2ne\I\,
J3I

and hence

/ 1 f \f{eis)-hj\2ds<e\I\t>.
J31/O ^ JI J3I

Consequently

I sin""2 ^ / | / (e^+ s)) - /3/|2d5di < e|/|".
Jo * Ji

So, lim Fp(f, S) = 0, namely, / 6 Qpfi(dA).
S—^0

Second, we show that QPi0(dA) C VMO{dA). In case p € (1,2], the result
follows immediately from the definition. It remains to consider the case p > 2. Let
/ € QPfi{dA). Then for arbitrarily small e > 0 there exists a 5 £ (1,1/2) such that
Sp{f, J) < e\J\p whenever \J\<6. Thus for I C dA with \I\<6, one has

r „ _2L /•/• | e » _ e " | 2 - p | y ( e i s ) _ ^ ( e i n i 2

1—: ds d£

<e\I\\

which implies that / in VMO(dA). Therefore, the proof is complete. U

The second conclusion of this section is an estimate of the distance from /

eQp(dA) to QPt0(dA).
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P R O P O S I T I O N 4 . 2 . Let p e (0,oo) and f e Qp(dA) with

d(f, Qp,o(dA)) := inf{ | | / - g\\Qp{aA) : g € QP,

Then

d(f, Qp,o(0A)) ~ Mp(f) := lim sup f

PROOF: Since d(f, QPt0(dA)) = 0 whenever / e <5Pi0(9A), it is easy to show that

MPU) < d(f, QP,o(aA)), / € QP(3A).

Regarding the reversed estimate, we define the function

for r G (0,1) and / € Qp(dA). It is clear that fr e QPt0(dA) and

Setting TA/(C) — /(C^) a n d using Minkowski's inequality, we see that for any small
e > 0,

11/ - /r||Qp(3A)

+ Term2.

Suppose S € (0,1). By the Lebesgue Dominated Convergence Theorem we know that

| \I\P

Also the Triangle Inequality yields

S2(J-Txf1I)< Sp(f,I)
s u p

 \TTP ~ s u p \T\v •
\i\<& l- ' r \i\<6 \*\p
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Therefore, if e —t 0 then

And, if r —> 1 then Term2 -> 0 and thus

lim | | / - fr\\Qp{aA) < Mp(f).

We are done. D

With the help of Proposition 4.1, we see that Proposition 4.2 extends Sarason's
vanishing mean oscillation-version in [8]. Of course, Proposition 4.2 derives that /
€ <2P,o(dA) if and only if d(f, QPlo(dA)) = 0.
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