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1. Introduction

A solution of the strong (or two-point) Hamburger moment problem for a given doubly
infinite sequence {¢,}52 _ . of real numbers is a positive measure o on the real line R
such that

—0o0

Cn :/ t"do(t) forn=0,£1,42,.... (1.1)

—o00
An important tool in the study of moment problems is the Stieltjes transform F(z,o) of
a given measure o, which we define here as

F(z,0) = /Oo do(?) (1.2)

o 2t

The correspondence between measures and their Stieltjes transform is one-to-one. We
shall also need the concept of a Pick function (or Nevanlinna function), that is, a function
which is holomorphic in the open upper half-plane of the complex plane C and maps this
half-plane into the closed upper half-plane; the function with constant value oo (on the
Riemann sphere) is included as a Pick function.

We shall in the following assume that the given moment problem is indeterminate,
i.e. it has more than one (hence, infinitely many) solutions. There then exists a one-to-
one correspondence (depending on a real parameter) between all Pick functions ¢ and
all solutions ¢ of the moment problem described by the formula

_ a()e(z) ~4(2)
P& = B o) )
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where a, 3, 7, ¢ are functions which are holomorphic in C\ {0} and satisfy the identity
a(z)0(2)—B(2)v(z) = 1 (Nevanlinna parametrization of the strong moment problem). We
refer the reader to [8,11,14] for this result. For the classical Hamburger moment problem
and its associated Nevanlinna parametrization, see, for example, [1-7,10,16-20].

In [14] the following result was proved: for fixed numbers ¢ and n, with € > 0 and
0 <1 < im, there exists a constant M (e, n) such that

1
Pl < Mo =11+ )] (1)
for 0 < |z] < o0, n < |arg z| < m — n, where F is any of the functions a, 3, v, ¢.

The analogous result for the classical moment problem provides an analogous inequal-
ity (where the exponential factor contains only the term ¢|z|) valid in the whole complex
plane (see, for example, [1-3,16-18]). Our aim in this note is to extend the inequal-
ity (1.4) to an inequality valid in the whole deleted complex plane C\ {0}.

2. Orthogonal Laurent polynomials

For detailed treatments of the topics discussed in this section, see [8,11-15].

The linear space spanned by all the monomials 2z, n = 0,£1 + 2,..., is denoted by
A, and the elements of A are called Laurent polynomials. The doubly infinite sequence
{en}22 _ . defining the given strong moment problem gives rise to a linear functional S

and an inner product (-,-) on A through the formulae
(fyg) =S[f(z)-3(2)], S["]=¢cn, n=0,£1,£2,.... (2.1)

Let {p,}22, be the essentially unique orthonormal sequence of Laurent polynomials
with respect to this inner product corresponding to the ordering {1,271, 2,272, 22, ... }.
These functions have the form

_ U2m,

Yam(2) = —m T + vom 2™, Vo > 0, (2.2)
U2m+1
Pamt1(2) = ZnT:1 + o+ ugmy12™, vamgr >0, (2.3)

for m =0,1,2,.... All the coefficients of ¢,, are real.

The orthonormal Laurent polynomial ¢, is called regular if u,, # 0. At least one of the
functions ¢,,, @,11 is regular for every n; hence, there is always an infinite subsequence of
{©n} consisting of regular elements. For simplicity we assume that all the p,, are reqular.
This does not restrict the validity of the final result.

The associated Laurent polynomials {1}, are defined by

() )]

t—=z

o) =1

All the coefficients of v, are real.
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Let x¢ be an arbitrary fixed point in R\ {0}. We define the functions a,, 5, v, and
0, (depending on z() by

an(z) = (z — o) ;21)%(930)%(2)7 (2.5)
Bn(z) = -1+ (2 - wo)gwk(%)%(% (2.6)
Tn(2) =1+ (2 = x9) ;i; er(x0)Yr(2), (2.7)
On(2) = (2 — o) :z:ém(xo)w(@- (2.8)

These functions are Laurent polynomials with real coefficients. They satisfy the identity
an(2)0n(2) = Bn(2)ya(2) =1 for z € C\ {0}. (2.9)

Furthermore, for a given xo (except possibly for one value) they are all regular in a
sense analogous to that given above (see [13]). We fix a value of z¢ where this regularity
property holds for all n.

In addition to the Laurent polynomials introduced above, we consider the functions
wy, and T, given by

n—1

wn(z) = Z |§0k(z)‘25 (210)

k=0
(2 = 3 (). 211)
k=0

The two sequences {wy(z)} and {m,(z)} converge or diverge simultaneously, and the
moment problem is indeterminate if and only if these sequences converge for all (or,
equivalently, for some) z € C\ R. When the moment problem is indeterminate, the
sequence {wy,(2)} converges locally uniformly in C\ {0} to a function w(z) and the
sequence {m,(z)} converges locally uniformly in C\ {0} to a function 7(z). Furthermore,
the sequences {a,(2)}, {Bn(2)}, {7n(2)} and {,,(2)} converge locally uniformly in C\{0}
to functions a(z), 5(z), v(z) and §(z), which are then holomorphic in C\ {0} and satisfy

a(z)0(z) — B(2)y(z) =1 for z € C\ {0}. (2.12)

These functions are those appearing in the Nevanlinna parametrization of the strong
Hamburger moment problem stated in § 1.
A further important fact is that when the moment problem is indeterminate the

inequality
/Oo )] 4y < o (2.13)
oo 1412 '

holds. This is the Riesz criterion for the strong Hamburger moment problem (see [12]).
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3. Inequalities

For proofs of the results in this section, see [14].
The following inequalities hold (with z = z + iy):

wn(z)gm('?jf(z)' for 1y # 0, (3.1)
lan(2)] < " ||ﬁn( 2, Im(2)] < » |\5 n(2)] fory #0, (3.2)
90(2) < [+ 7o)z — 2ol /)] for y #0, (3.3)
()] < 1+ 7(x0)|2 — w0|v/w(2) for 2 #£0, (3.4)

where g, is either of the functions «,, or 7, and h,, is either of the functions G, or d,.
From the Poisson formula it follows that

ity () = U [~ alha(Olde 55
2 +y?

for z outside the real axis and h,, is either of the functions (3, or ¢,.
We introduce the angular regions {2, given by

2, ={zeC:n<largz| <7 —n, |2| >0}, (3.6)

where 0 < 7 < %ﬂ'. By using the Riesz criterion (2.13) it can be shown that, for every
e > 0, there is a constant B(e,n) independent of n such that

(2 < Blemen (121 + 7 )| (3.7)

for all z in £2,,. From this result, together with the inequalities (3.1)—(3.4), it follows that
there exists a constant M (e, 7n) independent of n such that

Fael < M |<(1:+ 4] (33)

for all z in §2,, where F,, is any of the functions a,, Bn, Vn, On, wy. From this the
inequalities (1. 4) follow.

4. The general growth theorem

Theorem 4.1. For every positive € there exists a constant A(e) such that

|F(2)] < A(e) exp Hm T |)] (4.1)

for all z € C\ {0}, where F' is any of the functions «, (3, 7, 0
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Proof. We first note that, because of the locally uniform convergence of the sequences
{an(2)}, {Bn(2)}, {n(2)}, {0n(2)}, there is a constant p such that

lan(2) <y B <p (2 <y [0n(2)] < p

for all z on the unit circle and all n. In the following (until (4.11)) we assume that
Re(z) > 0.

Let F,, be any of the functions a,, Bn, Yn, 0n, and let ) be an arbitrary value in (0, %w)
Let € > 0. Then, according to (3.8), there exists a constant M (e cosn,n), independent of

n, such that
1
|Fn(2)] < M(ecosn,n)exp [ecosn(|z + |z>} (4.2)
for all z € £2,.
We let S, denote the region given by
Sy ={2€C\ 2, :|z| >1} (4.3)
and define the function @, by
Qn(z) = Fy(2)e™"". (4.4)

This function is holomorphic in C\ {0}, and |Q,(2)| = |Fn(2)|e” " (with z = x + iy).
For z on the line segments of the boundary 0.5, we have

1
1Qu(2)] < M(ecosn, ) exp { cosn<|z T H)}
z
hence,

|Qn(2)] < M(ecosn,n)e® "  (since |z| > 1).

For z on the circular arc of 05, we have |Q,(2)] < pe 5" (since e > e®s7),
Thus, for all z € 9S,,, we have |Q,(z)| < C(e,n), where

gcosm —e cosn]
s .

C(e,n) = max[M (e cosn,n)e e
Furthermore, since F), is a Laurent polynomial, there is a constant I, such that |F,,(2)| <
Tefl#leosn for sufficiently large |z|. Consequently, |Q,,(2)| < T}, for all sufficiently large
2|, 2 € S,. (Again recall that e5® > e°lzIcosm) Thus,
In{ln M
lim Infln M(r)] =0, where M(r)= max |Qn(2)|

r—00 Inr |z|=r, z€S),

Then, according to the Phragmén—Lindelof theorem (see, for example, [9, Part 1T, The-
orem 7.5 with proof]),
|Qn(2)] < C(e,n) for z € S,,. (4.5)
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Consequently (since © < |z| 4+ 1/|z]),
1
Rl < Clemep (1l + 7 )| (4:6)

for all z in S,,.
Next, let T}, denote the region given by

T,={2€C\ 2, :|z| <1} (4.7
and define the function R,, by
Rp(2) = Fy(z)e™¢/%, (4.8)

The function is holomorphic in C\ {0}, and |R,,(2)| = |Fy(2)| exp(—ez|z|~2). For z on
the line segments of 0T, \ {0} we have
1
|R,(2)] < M(ecosn,n)exp |:€ cos77<|z| + H)] exp(—¢lz|* cosn)
z
(note that exp(e|z|~2) = exp(e|z|~! cosn)).

Hence, |R,(z)| < M(ecosn,n)e®°" (since |z| < 1). For z on the circular arc of 97T},
we have |R,(z)| < C(g,n). Furthermore, since F,, is a Laurent polynomial, there is a
constant A,, such that

|F(2)] < A exp(e]z| ™t cosn)
for sufficiently small |z|. Consequently, |R,(z)| < A, for all sufficiently small |z|, z € T,.
(Recall that exp(ez|z|72) > exp(|z| ! cosn).) Thus,

lim  |R.(2)| < A,.
2—0, ze By

Then according to a version of the maximum principle (see, for example, [9, Part II,
p. 208]) we have

|R,(2)| < C(e,n) for z €T, (4.9)

Consequently (since x/|z|? < |z| + 1/]2]),
1
Rl < Cemep 21+ 1 )| (4.10)
for all z in T5,.

In a similar way we obtain an estimate
~ 1
Rl < Clemep (a1 + 7 )| (111)

|z

for all z in C\ §2, with Re(z) < 0.
Now recall that 7 is an arbitrary fixed value. Taking into account (4.2), (4.6), (4.10)
and (4.11), we find that there exists a constant A(e) independent of n such that

IF,(2)] < A(e) exp [5<Z| + 1)} (4.12)

2|

for all z € C\ {0}. From this we conclude that (4.1) holds. O
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Remark 4.2. The inequality (4.1) is equivalent to two inequalities of the form

IF(2)] < Aole) exp M and  [F(2)] < Ao (c) explel2]).

It may therefore be natural to state Theorem 4.1 in the following form: the functions
a, B, v and ¢ (which are holomorphic in C \ {0}) are of order less than 1 or of order 1
and type 0 at the origin and at oc.
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