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Abstract The purpose of this work is to establish a priori C2:@ estimates for mesh function solutions
of nonlinear positive difference equations in fully nonlinear form on a uniform mesh, where the fully
nonlinear finite-difference operator F; is concave in the second-order variables. The estimate is an
analogue of the corresponding estimate for solutions of concave fully nonlinear elliptic partial differential
equations. We deal here with the special case that the operator does not depend explicitly upon the
independent variables. We do this by discretizing the approach of Evans for fully nonlinear elliptic
partial differential equations using the discrete linear theory of Kuo and Trudinger. The result in this
special case forms the basis for a more general result in part II. We also derive the discrete interpolation
inequalities needed to obtain estimates for the interior C%'® semi-norm in terms of the C° norm.
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1. Introduction

The purpose of this work is to use results for linear finite-difference equations to derive
certain Holder estimates for centred second-order difference quotients of solutions of fully
nonlinear positive finite-difference equations. Following [14], let E be an arbitrary set,
which is called a mesh. A linear difference operator L acting on M(E), the set of real
mesh functions, is given by

Lu(z) = Z Az, z)u(z)

z€EE
for any mesh function u, where A is a real-valued function on F x E, which is non-zero
for only a finite number of z values for each = € E. The operator L is monotone if

Alz,2) 20, V(z,2)e EXE, z#z,
and positive if, in addition, for all z € E,

Z Az, z) < 0.
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If D is a subset of E, then the interior of D, relative to L, is defined by (cf. Definition 1.3)
int,(D)={x € D| A(z,z) =0, Vz ¢ D},

and the boundary of D, relative to L, is defined by bdy; (D) = D \ int;, D. With these
definitions a simple maximum principle follows.

If L is positive (monotone) and Lu(x) > 0 for all z € int;, (D), then u cannot
have a positive (zero) maximum in D at an interior point.

On a uniform mesh, we may write certain positive difference operators in a more familiar
form. Let h be a positive parameter and let

={z=h(l,....ln) | L€Z, i=1,...,n}

denote the orthogonal lattice or mesh, with mesh length h, in Euclidean n-space R™. A
real-valued function u on Z} is called a mesh function, and for fixed y(# 0) € Z}; we
define the following difference operators acting on the linear space of mesh functions M:

6 u(z) = ﬁ{u(iE +y) — u(z)},
i {u(z) —ulz - )},

3\

by u®) =y ||

Syu(z) = 5(8; + 65 )u(z) = ﬂ{u(x +y) —u(z - y)}

¢ (1.1)

S2u(z) = 656, u(z) = Iy ”2 {u(z +y) — 2u(z) + u(z — v)},

Y,

where ||y||2 is the Euclidean norm of y. Then we may consider second-order difference
operators of the form

Liu(z) = 3 alz,9)6%u(z) + 3 bz, 9)5,u(z) + c(@)u(z),

y#0 y#0

with real coefficients. This may be written as

toto) = T [550  Se

Sl llvlls 2l
a(z,y) bz, y)]
+3 x—y)+[ 23 558 ¢ (o) uto).
2| Tl ~ 20l 2Tl
If we think of Ly in the form Lyu(z) = 3 A(z, z)u(z), then we see that
a(z,y) — llyll2lb(z, v)] 20, Vz,yeZy, y#0, (1.2)

is a sufficient condition for monotonicity of Ly. Letting u = 1, we see that L, is positive
if, in addition to (1.2),

e(z) <0, VzeZ}. (1.3)
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Under assumptions including that the real coefficients a, b and ¢ satisfy (1.2) and (1.3)
for all z,y € Z} and that a(x,y) has compact support in y, and motivated by the desire
for the approximation of viscosity solutions of nonlinear elliptic equations, Kuo and
Trudinger began, in 1990, to establish analogues for the above positive difference opera-
tors of certain pointwise estimates for linear elliptic differential operators with bounded
measurable coefficients [12]. They derived discrete versions of the Aleksandrov and
Bakel’'man maximum principle {1, 2], the Holder estimates and Harnack inequality of
Krylov and Safonov [9], and the local maximum principle and weak Harnack inequali-
ties of Trudinger [18]. These results constitute sufficient linear theory for our study of
difference equations in fully nonlinear form.

Following [13], consider a general nonlinear difference operator acting on mesh func-
tions u : Z; — R, written in the form

Frlu)(z) = Fr(z,u(z), Tu(z)),

where, letting £ = Z7, Tu(z) = {u{zx +y) |y € E' = E\ {0}} is the set of non-trivial
translates of u(z), and F}j is a given real-valued function on R™ x R x RE'. We will
assume that Fy[u] is independent of u(z + y) for ||y|lec = sup; |y;| > Nh for some fixed
N € N. We may then replace E’ with the stencil [8]

Yn ={y € E'| lyleo < Nh}.

We adopt the following definition of positivity of general nonlinear difference operators
from Kuo and Trudinger [13].

Definition 1.1. The operator F} is positive if
Fh(x,Z,Q'*'U)2Fh($;2,(1)?Fh(m,z‘f"",q-*'n), (14)

for all z € R”, 2,7 € R, q,17 € RY¥ satisfying 0 < Ny < 7 for each y € Y.
When F}, is differentiable with respect to z and g (which we henceforth assume), (1.4)
may be written

- 2 07 Vy € YN7 a_ < Oy (1'5)

pointwise. Notice that the first assumption here corresponds in the linear case to mono-
tonicity A(z,z) 2 0, Vz # z, and the second inequality corresponds to the additional
assumption Y A(z, z) < 0 for positivity. If F' is a fully nonlinear second-order differential
operator of the general form

F[v](z) = F(z,v(z), Dv(z), D*v(z)), (1.6)

in a bounded domain 2 ¢ R™, where F is a given real-valued function on the set
I'=0 xR xR" x S® (5" being the linear space of real symmetric matrices), and v €
C?%(£2), then we have the following definition.
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Definition 1.2. The family of difference operators {F, : R®» xRxRY¥ - R,0< h <
ho}, where hg is a positive constant, is called consistent with the second-order differential
operator F on the domain 2 C R" if for each v € C?(£2)

Fplv](z) — F|(z), ash—0,

uniformly on compact subsets of £2.

We are interested in difference operators F}, defined in terms of the standard first- and
second-order difference operators in (1.1). Writing

du(z) = {Syu(z) |y € Yn},  8u(z) = {&u(z) |y € Yn},
let us assume that F}, is of the form
Filu](z) = Fr(z,u(z), fu(z), 6u(z)), (1.7)

where Fj, is a given function on I' = R™ x R x RYM¥ x RY¥. Denote points in I" by
(z,2,q,s). We assume that Fj is symmetric with respect to s4, (since 6§u = Jayu) and
with respect to +q.4, (since ,u = —d_,u). One can show, then, that the conditions (1.5)
are equivalent to

8.7-';1 th OFn
— < 0. .
asy s ‘v’y € YN, 92 <0 (1 8)

2” ”2

In [13], Kuo and Trudinger exhibit various families of nonlinear positive difference
operators which are consistent with the operator (1.6) under appropriate conditions.
They find that if the fully nonlinear second-order differential operator F = F(z, z,p,r)
is locally uniformly Lipschitz continuous in I", with respect to z, p, 7, and satisfies the
structure conditions

AOI < [F"'ij] < AOIa ”F “2 [23%) —Ho < Fz < 07 |F(.’E,0,0,0)| < kla (19)

where \g, Ag, i1, io and k; are fixed positive constants, then there exists an N € N and
a consistent family F}, h < ho, of the form (1.7) satisfying, in addition to the conditions
of positivity (1.8), the stronger condition

OFn afh >\ (1.10)
Osy
for y = y* = he;, i = 1,...,n, and some positive constant A.

(The assumptions in (1.9) are modelled on linear uniformly elliptic equations. If L{u] =
a“ D;; + b D;u + cu — f, then these assumptions correspond to

Mol < ai;} < Ao, ||bll2 S 1, —po<c<0, |f(z)] <k,

and there exist difference operators Ly satisfying (1.2) and (1.3) which are consistent
with L (see [8,12,15]).)
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The family Fj can be chosen to satisfy the additional conditions

OFy, 8_?;1 _ OFn

V Y ——< 3 S ) —< 3 ]: 70)0:0 Sk 3 111
Y € Yn, 75, 9a, | S % 5 S0 Faulz )<k (1.11)

where A, go, <o are constants depending on Ag, p1, Lo, respectively, as well as the dimen-
sion n. The constant N (the size of the stencil) will depend upon n and A/ Xg, while hg
depends in addition upon /Ao (see [8,12,13,15]).

Now we set up the Dirichlet problem for the nonlinear difference operator of the form
(1.7). To do so we need the following definition.

Definition 1.3. If £2 is a subset of R™, then we let 12, = 2N Z}; denote the subset of
mesh points in 2. We distinguish the interior of 25, and the boundary of 2, relative to
Fhr. The interior set, intx, (£2,), consists of those points z € §2;, such that for any mesh
function u, Fy[u](z) depends only upon values of u at points in (2. The boundary set,
bdy x, (£24), is then defined by (25 \ intx, (£25).

Letting ¢ be a continuous function on §2, we may then consider the discrete Dirichlet
problem

Frlul(z) =0, Vz €intz, (2), u(z) = ¢(z), Vz € bdyg, (24). (1.12)

From Kuo and Trudinger [13] we have the following theorem.

Theorem 1.4 (see Lemma 3.2 in [13]). Assuming (1.10) and (1.11) of Fy, prob-
lem (1.12) is uniquely solvable when {2 is bounded.

The proof is by the method of continuity (see {13, §4.1]; see also [5, §§5.2, 17.2]) and
relies upon the discrete maximum principle [12, Theorem 2.1}.

Our purpose is to derive a discrete a priori C?® estimate for solutions u of (1.12) when
F}, depends only upon {s,}—that is, F}, is of the form Fj[u] = Fx(6?u) (we address the
case of explicit dependence upon z in the next paper)—and there is Y’ C Yy such that
{he1,...,he,} CY' and F, satisfies

OF,

<AL —<A, WeY,
0 < %s, yE

0%,

= v Yy \Y’
6Sy 0’ Y€ N\ )

for some positive constants A, A. Our major assumption in addition to the above is
that F, is concave in the second-order variables, {s,}, analogous to the situation for
partial differential equations, where the existence of classical solutions to boundary-
value problems for fully nonlinear elliptic equations is only known, in more than two
dimensions, when the function F is concave or convex with respect to the second-order
partial derivatives of u. In fact, Nadirashvili has shown recently that for dimensions
12 and greater, solutions do not in general exist unless the operator is concave in the
second-order variables [16].

We adopt an approach to finite-difference equations of the form F5,(6%2u) = 0 somewhat
like the approach generally taken for fully nonlinear elliptic partial differential equations,
using the discrete linear theory referred to above. Our main result is Theorem 3.2.
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We have noted that the proof of existence for difference equations in fully nonlinear
form is comparatively straightforward, relying only upon a discrete maximum principle.
The C? estimate is not essential for existence as in the case of elliptic partial differential
equations. We are motivated to derive such primarily by the analogous partial differential
equation theory. However, the estimate is expected to feature in future attempts at
establishing error bounds for convergence.

The only such estimate known to the author is for the two-dimensional case by Hack-
busch in [6].

1.1. Semi-norms

Assume that (2 is an open or closed domain in R". Define
QG ={ren|z+yc @ Vy et} Q= 0\ 2},

noting that these are independent of F,. Let w : £2, — R be a mesh function. Let « €
(0,1). We define the following quantities, analogous to Holder semi-norms of continuous
functions:

lulo;2, = sup |u(z)];
€N,
N, = sup  |6Tu(z)|, -+ throughout or — throughout;

€, 2EYN
rztz€02),

N[U]Q;Qh = sup I(Sgu(g;)l’
T€NRhH, 2€YN
zt2zE0,
82u(x) - 6%u
N[u]Q,a;.Qh = sup I 2 ( ) z (y)l

TYEDn, oy, 26¥y 1T — YIS
ztz, y£2€02;,

When {2 is properly contained in R™ and x € {2 we reserve the symbol d, for the
quantity dist(z,82), and define d,y = min{d;, d,}. We use an underscore to indicate
distances to the discrete boundary. For = € 2}, define the distance from z to the discrete
boundary, 2}, by d, = dist(z, 2}), and let d,, =min{d,,d,}. Then, for u: 2, = R, let
us set

N[u]){;ﬂh = sup dzléfu’(x)‘v

zE.Q,’;, zEYN
rE2€0;

alotu(z) — 6Fu
N[U]I,a;ﬂh = sup C—l:lcj I ( ) (y)l

z,yeﬂ,’;, T#y, 2€YN ”IE - y”g
xtz, 'y:}:ze.(l,i1

bl

in both cases taking ‘+’ throughout or ‘—’ throughout; and define

vulso, = sup  da)6lu(a)l;
z€N}, z€EYN
:c:!:ze.rl;;
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2 2
2+a J0zu(z) — 67u(y)|
N[Ul3 a0, = sup dotoz T "za .
z:yen;u a:;éy, ZEYN T y 2
ztz, y:l:zen;;

Notice that these quantities are defined to be independent of ufps. If (-] is one of the
quantities above, then we will denote the corresponding quantity with Yy replaced with
{xhe;}, by +[]; Yn replaced with Y’ will be denoted by .[-]. The ‘+’ is to be suggestive
of the fact that the quantity involves only the coordinate directions.

For p>0,if S C Z} and u: S — R, then define

lullp;s = (Z h"lu(:v)l")l/p.

z€S

Let v : £2 = R be a real-valued function where 2 is an open or closed domain properly
contained in R™. We shall need the following semi-norms:

vlose = sup |u(=);
TEN
2
() = sup &2Jv(z)|;

TENR

@) 240 |V(z) — V()|
vlgo.n = sup dir*——————:
| ]O’QYQ z,yEN i llx — y”g
THAYENR

2 2 2
WIS o = ISh + [U]§ a0

W= suwp d2|DPu(z)|;
T zeq, |Blhi=2
['U]; 0= sup d2+a IDHU(IL‘) — Dﬂu(y)l
o z,yEN, T#y g "I - y“g

18lly=2

Here  is a multi-index. If, for example, 8 = (1,1,0,...,0), then DPu = §%u/dx,0z,.

2. The diagonal case, essentially

For ¢ > 0 define B;(y) = {z € R™ | ||z — y||2 < ¢}, the open ball in R™ of radius ¢, and
then, of course, B;(y)r = B:(y) N Z}. Recall that

oscu = sup |u(y) — u(z)|.
v v,2€V

Theorem 2.1. Let h > 0. Assume that {hey,...,he,} C Y' C Yy. Assume that
Fn:RY = R is concave, and assume that for all s € RY" and for all yevY,

OFn(s)  ,

A< <
Osy
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for some positive constants A\, A, and

OFn(s)
Osy

0,

for all y € Yn \'Y’. Assume that {2 is an open or closed domain in R™. Let v : 2, - R
and v : 2, = R be mesh functions. Suppose that

Fr(6%v(z)) = ¥(z), Vz € intx, (£23). (2.1)

Ifr€(0,1), Ro > /nNh/(1 — 1) and z¢ € intgx, (intx, (£2,)) are such that Bg,(zo)n C
int s, (intz, (2,)), then for any y € Y’ and any R such that /nNh/(1 — 1) < R £ Ry,

osc szu
Br(xo)n

R\* 2 2
< C(E) {}?1618' Bng?fo)h 6YU + RO[w]l;BRO(zO)h + ROW}]ZBRO%/RN'*(ZO)"}’

where C = C(n, N, A\, A, 7) is positive and o € (0,1) with the same dependence.

Proof. Here we emulate the continuous theory in [5, §17.4]. In order to effectively
differentiate the equation twice in an arbitrary direction Y € Yy, we use an idea from
the proof of [19, Theorem 2.1] (that of adding the two inequalities below). Since F, is
concave, we have

2
Frn(6*v(z £Y)) < Fr(6?v(z)) + Z wwgv(z tY)- ézv(a:)],
Y

yeyY’

for all z € intg, (intr, (£2,)), and all Y € Yy. We restrict to = € intz, (intx, (£2)) here
so that 6§u(z +Y) is defined in (2. Add the two inequalities represented here to find

that
OF (62
Y@ +Y) - 2(z) + Pz -Y) < Y W[&gv(x +Y) - 282v(z) + S2v(z - Y)).
yey’
Upon division by ||Y||2 this becomes
OFn(6%v(z
Fu(z) < Y ———"(68 ( ))ﬁyajv(z).
yeyl Y
Defining
Liw=Y" a(z,1)éu(z),
yeY’
where )
o(z,y) = OFp(6%v(z))
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and w(z) = 6% u(z), the above inequality may be written
Liw(z) > 639(z),

for all z € intx, (intx, (12)), forall Y € Yy.

We now apply the discrete weak Harnack inequality [12, Theorem 4.3]. Suppose
7€(0,1), 7o € 2, and Ry > 0 are such that Ry > /nNh/(1 —7) and Bpg,(zo)}n C
intx, (int £, (£25)). Choose R such that /nNh/(1 —7) < R < Rp.

For 0 < 1 set

M, = sup w, me = inf w.
Bor(zo)n Bor(zo)n

Applying [12, Theorem 4.3] to M; — w (which satisfies Ln(M; — w) < —629(z) and
M; —w 2 0 in Bgr(zg)s), we obtain a weak Harnack inequality; that is, there exists a
positive number p (independent of 7) depending on n, N, A and A, such that

A\" 1/p R
{(ﬁ) Z (Ml - U))p} < C{ min (Ml - 'U)) + X"(S%w”";BR(IO)h}

Brr(z
Brr(zo)n’ o)

4R?
< C Ml - MT + T[¢]293R+\/1?Nh(730)h ) (22)

where C = C(n, N, A\, A, 7). We emphasize that by definition [¢]2,5,, ~v,(z0)s iS inde-

pendent of (z) for = ¢ Bry smnn(To)r- The treatment here of 6% |ln;84(z0), follows
from the fact that

1/n
||a%¢||n;an(zo),,=( ) h"|6%w<w>|")

z€EBRr(xo)n
1/n
< s gewia (Y 1)
y€EBRr(Zo)n z€Br(zo)n
D) R+h n\1l/n
< sup v (X))
YEYN, x,2EYy€Bpy mnn(To)n

< [¢]2;33+\/ﬁwh($o)h2(R+ h) < [¢]2;BR+ﬁNh(IO)h4R7

since a )
-7
h<-—-—+R<R.

< vnN
Following [5, §17.4], to conclude a Holder estimate for w from (2.2) we need a corre-
sponding inequality for —w, which we obtain by considering (2.1) as a functional rela-
tionship between second-order difference quotients of v. In fact, it is a functional relation-
ship between pure second-order difference quotients of v, and thus a discrete equivalent
of [5, Lemma 17.13] is not necessary, although this is only because of our rather strong
assumption 8F/ds, =0 for all y € Yy \ Y. (In fact, the formulation of an assumption
for the quantities {0Fx/3s, | y € Yn}, analogous in some sense to the assumption of
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positive definiteness of the coefficient matrix in the continuous case, may well allow our
assumptions to be weakened; we do not pursue this here.)
Using the concavity of Fj again, we have, for any z, z € int g, (£21),

2u(z
s 200G (52,,)  520(2)) < Fu(60(2)) - Fa(Bo(a));

5 Os,y
that is,
2
> thgl v(2)) [wy(2) — wy(z)] < ¥(2) — (), (2.3)
yeyY’ Y

where wy () = 62v(z). Now set

Moy = sup wy, My, = inf w, 0<o<gl, yeY.
Bor(zo)n Bor(z0)n

Each of the functions w, satisfies (2.2), so that by summation over y € Y’, y # Y for
some fixed Y € Y,

() 5 5o w])”

Brr(zo)n y#Y

o> (IR

y#Y Brﬂ(xo)h

R2
< C{ Z(Mly - M"'y) + z 7[¢]2;BR+\/FNh(IO)h}7

y#EY y#Y

by (2.2), where the first inequality follows by the Minkowski inequality, whether 0 < p <
1, or p > 1. For p > 1 the constant is, of course, 1. For 0 < p < 1, || - || p;s is not a norm,
but

”fl +fot-+ fM”p;S < Ml/p(”fll'p;s + ||f2”p;S +--+ ”fM“p;S),

and the number of non-zero directions in Y’ other than Y is at most (2N +1)™ — 2. Since

My — M7y < 0SCBL(z0)n Wy — OSCB, p(z)n Wy it follows that
h n ry 1/p R2
{ (ﬁ) > [Z(Mly - wy)] } < C{W(R) —W(R) + T[Qp]z;gmmh(,o)h},
B.r(zo)n yAY
(2.4)

where, for 0 < 7 < 1,

W(TR) = Z osC  wy = Z Moy — My

yev: Brr(@o)n yey’
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Rewriting (2.3) with £ € Br(zo)r, z € B-r(Zo)r, and singling out Y € Y’, we obtain

2 z
D 1, 2) — ()] < 90) - (o) + 3= P o) s
so that with 0 < A < 8F/0sy < Afor all y € Y’, we have
wr () = miy < 3{20R Wz + 4 (M, — w2} (25)

y#EY

The fact that
() — ¥(2)| < 2nR[Y)1;Ba(z0)n

is a result of it being no more than 2nR steps of size h in the coordinate directions from
T to z.
Applying Minkowski with M = 2 to (2.5) we have

(), ormr]”

Brr(zo)n

<G

1/p
Z (2nR[¥)1;Br(z0)n )p}

Brr(xo)n

G,z (Zon-w) 1]

Brr(zo)n ‘y#Y
< CR[zp]l;BR(Zo)h + C{W(R) - W(TR) + R2[¢]2§Ba+\/ﬁNh(10)h }7
by (2.4). It follows that

() 5 )"

Brr(zo)n

< C{W(R) - W(TR) + R[w]l;BR(zo)h + R2[¢]2;BR+\/;N,,(20)A}7 (26)

where C depends on n, N, A, A and 7. Also, setting w = wy in (2.2), we have

" 1/p
{(]_’;) Z (MIY - wY)p} < C{MIY - M-rY + RQ[w]Q;BR+ﬁNh($O)h}' (2.7)

Brr(zo)n

Add (2.7) to (2.6), using the Minkowski inequality, to obtain

() 5, 0o}

Brr(zo)n

< C{W(R) - W(TR) + R[¢]1§BR(IO)h + R2[¢]2;BR+‘/;N;,(10)A}'
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Summing over Y € Y’ leads to

W(R) < C{W(R) - W(TR) + R["p]l;Bn(Io)h + R2[¢]2§Bﬂ+ﬁNh(IO)h}’

and, hence,

W(rR) < YW(R) + R[’d’]l;BR(-To)h + R2[¢]2§BR+ﬁNh(Io)h’

for v = 1 —1/C. The following modified version of [5, Lemma 8.23] then gives us a
Holder estimate for centred second-order difference quotients. The proof follows that
of [5, Lemma 8.23] very closely.

Lemma 2.2. Let W be a non-decreasing non-negative function on an interval (0, Ry).
Suppose there exist vy, 7 € (0,1) and a positive number 1 such that for all R such that
0 < 71 < R € Ry, W satisfies the inequality

W(TR) £ YW(R) + o(R),

where o is also non-decreasing and non-negative. Then, for any p € (0,1) and R such

that 1 < R € Ry,

W(R) < c((}—’%)awmo) +o(RRS)),

where C = C(v) and a = (1 — p) logy/log T are positive constants.

Note that if p = logvy/(log ™ + log~y), then u = a. Making this choice in Lemma 2.2
applied to W gives C = C(«y) such that

R o
W(R) < C(E) {W(RO) + RO['(/}]l;BRO(Io)h + RS[¢]2;BRO+\,,—,N,,(::0);,},

for Ry > R >n=+/nNh/(1 — 7). The result now follows. a

For 2 C R" define 2(t) = {z € 2 | dist(x,092) > t}, the subset of 2 consisting
of all points whose Euclidean distance from the boundary of 2 is at least ¢. Of course,
2ty = R()NZ}.

Theorem 2.3. Assume Fp, : RY — R is asin Theorem 2.1. Let §2 be an open or closed
domain properly contained in R™, and let v : §2, — R be a mesh function. Let M > 0 be
such that 2(Mh), C intz, (2,) (so M > /nN is sufficient; M > N is sufficient when
2 is the Cartesian product of n closed (not necessarily finite) intervals such that the
corners of {2 are themselves lattice points). If

Frn(6%v(z)) =0, Vz € 2(Mh)s,

then
*[v];,a;ﬂh < CIvIO;QZa

where C = C(n, N, M, )\, A) > 0, and o € (0,1) has the same dependence. In particular,

+[v];,a;9h < CI'U'O;.Q,';'
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Proof. Let us first prove that
{)3,0:0, < C(n, N, M, A, A)[0)5.0, - (28)

Note that the choice of M ensures that intr, (2(Mh),) C intg, (intx, (2,)) (the left-

hand set may be empty). If z € 2, and d, > Mh+ /nNh, then z € intx, (2(MR)).

Choose distinct z,z € 2}, and y € Y’ such that z +y, z+y € £2;. Suppose, without loss

of generality, that d, < d,. We discretize a standard argument as, for example, in the

proof of [5, Theorem 4.8]. Let 7 = 3 in Theorem 2.1, and let a = a(n, N, A, 4) € (0,1) be

the associated constant in that theorem. Let Ry = d_/(6v/nN + M), Ro = Ry + 2\/nNh,
= |lz — z||2(= h), and R = R + 2/nNh. Consider two cases:

(i) z € Br,(x)s, and

(i) z ¢ Bg,(z)n.

Case (i). Note that d, < (6y/nN + M)h would imply that R; < h, and Bg,(z)r =
{z}, contradicting z # 2. Hence, we may assume for now that d,, > (6y/nN + M)h.
Consequently, for any p € Bg,(z)s,

d 1
> — = - == — - -
4> d. —Ro=d, (6\/EN+M+2\/ﬁNh> ( 6\/_N+M)‘$ 2v/nNh
> (6v/nN + M — 1)h — 2¢/nNh = 4y/aNh + Mh — h > (v/aN + M)h.

Hence, Bgr,(z)n C intz, (2(Mh);), and

2re |62v(x) — 82v(z)|

e — 2|3

2
240 OSCBr (z)n 5yv
Ra

< ((6v/nN + M)R))

2
0SCBx ()n Jyv
R ’

since, with h < R, we have R = R+ 2/nNh < 3\/nNR. Now Ry > R > 2\/nNh, so
Theorem 2.1 with 9 = 0 implies that

Javal80(@) — B20(a)] _

—Iz

< ((6v/aN + M)Ro)***(3y/nN)*

< CR2sup osc 6 v

Iz - zlIg % yev Bro@n ¥

<2CR}sup sup |5zv(p)|.
YEY' pEBRry(z)n

Now, with
d,
< —
6vnN + M
we have
d, d 2,/nNd

2/ANh = =z < 14,
Ro = +2/nNh < e T G aN £ M < 2

6V/nN + M
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Then, for any p € Bg,(z)r, we have d, >d, — Ro > 2Ro — Ro = Ry. It now follows from
above that

2+a
422

82v(x) — 62v(z
V) 0Ol 6wy Rl
IIZL' - 2”2 pEBRo(z)h, yeY’
g C*[v];;ﬂh'

The final inequality relies upon the fact that p+y € £} for all p € Bg,(z), and all
y € Y’ because Bg,(z)n C intx, (2(MAR)p).

Case (ii). When ||z — z||2 > R, we have

|62v(z) — 62v(z)|

Iz - 2|13

52u(z)| + |820(z)
Rf
< (6VAN + M) (&162u(x)| + d2167u(2))) < C uleliia,

d2te < ((6v/nN + M)R;)**e |

=Tz

The final inequality follows since z, z and y were chosen to satisfy z + y,z +y € 2}.
Combining the two cases and taking the supremum on the left-hand side over distinct
z,z € 2, and y € Y’ satisfying z &+ y,2 £ y € 2}, we have (2.8). Interpolation via
Lemma, A 2 gives the result, since o depends only upon n, N, A and A. O

3. A Poisson promise and the main result

Theorem 3.1. Let 2 =[],_,[a;:h,b;h], where a;,b; € Z and a; < b; for each i =
1,...,n. Let Fy, be as in Theorem 2.1. If u : £2;, — R satisfies

Fr(6%u(z)) =0, Vz €intx, (2),

then
N[u];,a;flh < C|“|0;n;;:
where C = C(n, N, \, A) > 0 and o = a(n, N, A\, A) € (0,1).

Any second-order difference quotient 6§u(z) with y € Yy may be expressed as a linear
combination of difference quotients {62 u(z’) | Y € Y1, ' in a mesh neighbourhood of z},
with the size of the mesh neighbourhood uniform in z € §2,. It follows that it is sufficient
to estimate 1[u]; .., in order to establish Theorem 3.1. We defer the proof to the next
section.

From Theorem 3.1 we now derive the key theorem of this paper, which will be used
in our discretization of Safonov’s derivation of a C%* estimate in the general case that
the difference operator depends explicitly upon the independent variables, to appear in
a subsequent paper. We denote the closed n-cube in R™ with centre z, side length 2R
and edges parallel to the coordinate axes by

Kr(z) ={y €R"| |y -zl < R},

and, of course, Kgr(z)r = Kp(z) NZ}.
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Theorem 3.2. With z¢ € Z}, assume that R > (2N + 1)h, and let 2, = Kr(xo)n.
Let u : 2, — R satisfy
Fulu)(z) = Fr(6%u(z)) =0, Vz €intg, (£2s),
where Fp, is as in Theorem 2.1. It is further assumed that F,[0] = 0. Then

lul,

. < CR™?*©
N[u]2’a’KR/2(IO)h bdyr, (I?fz((zo)h)

where a = a(n,N, A\, A) € (0,1) and C = C(n,N, A, A) > 0.
Proof. By Theorem 3.1 we have a € (0,1) and positive C such that

N[u];yQQKR(IO)h < CIulO;KR(Io)f.'

Choose distinct =, z € Kg/2(zo)n, y € Y, such that  +y and 2 £y € Kg/a(wo)n- It

follows that
|02u(z) — 62u(z)|

d*te <C . i
Yz ”fL‘ — Z“% |u|0,Ka(zo)h
Now R ON — 1
de: >da: —h 2 3R - s T =N 1 )
SO we have )
(2N —1)R\** |62u(z) — 2u(2)| < Clul ‘
2@N + 1) [o—ylly - e
and, hence,

Nlu)2,0:K 5 5 (o) S CR—2_Q|U|0;KR(10);"- (3.1)

In order to estimate the right-hand side we apply the discrete maximum principle to the
linearization for arbitrary mesh functions vy, vg,

Fip[v1](z) = Fhlv2](z) = La(v1 — v2)(z), Vz € 24,

where
Ly = Z a‘(x’y)‘szy
yEYN
1 oF
a(@y) = | G Eu@)dt
0 y
and

we(z) =tvi(z) + (L —t)va(z), 0Kt L
Taking v; = wu, the solution, and vy = 0, we have
Ly(u)(z) =0, Vz €intg, (2s).
Using the ‘discrete maximum principle’ [12, Theorem 2.1], we have

max |u] € max |ul.
intz, (£2n) bdy z, (25)

This together with (3.1) gives the result. |
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4. A promise fulfilled

In this section we fulfil our promise of proving Theorem 3.1. We do this using the continu-
ous theory for Poisson’s equation (a suggestion of Neil Trudinger) applied to a continuous
extension of u, due to Kunkle [10].

To present Kunkle’s result, consider the closed n-cube of side length h given by the
Cartesian product of n intervals: [0,h]” = [0,h] x --- x [0, h]. This lies at the centre of
the n-cube of side length 3h: [—h,2h]™ = [~h,2h] X - -- X [—h, 2h], and, of course, the
set of mesh points in this cube is [—h,2h]* NZ}. This set could be thought of as a
mesh neighbourhood of [0, h]™. For a multi-index 8 = (£1, 82, - - ., Bn) we use the notation
8Pu = (64,)P1(8,,)P - - - (6}, )P~u. We denote the set of points used in the definition of
a difference quotient by supp, the support of the difference quotient. Then, for any set
of mesh points S C Z}, we define

|6%u)o,s = sup |6Bu(x)|.
z€8, supp §Pu(z)CS

With these understandings we may quote a result of Kunkle’s.

Theorem 4.1 (see Theorem 13.2 in [11]). Let 2 be the Cartesian product of n
closed (not necessarily finite) intervals such that the corners of 2 are themselves lattice
points, and assume that in each of the orthogonal directions e;, {2 has diameter at least
3h. With 2, = 2N Z7, let u : 2, - R be a mesh function on §2,. Then there exists an
interpolant u, € C*°(R™) (so ue(z) = u(z) for all € 2,) and a constant C depending
only upon n and the choice of a particular compactly supported function 1 : R — R (we
fix a choice for the duration of this paper) such that for all § satisfying 0 < §; < 3 for
eachi=1,...,n, we have

lDﬁueIO;Q < Cl‘sﬁu’O;Qh'

In fact, if z € §2, and dist(z, 062) > 2h, then
| DPiclo;z4(0,)n < Cl6Pulo;et(=h,2mjmnzp-

If 6% is not bounded (for instance if £2 is not compact), then for every compact subset
K of §2 there is a compact K’ C £ such that

ID'B’U,elo;K < Cléﬁul();K/nzx.

(This is a straightforward modification of Kunkle’s result, which has an important
consequence for the proof of the general estimate for F; depending explicitly upon z,
to feature in a subsequent paper. See [7] for an exposition of Kunkle’s construction and
details of the modification. Kunkle’s work generalizes that of Favard [4] and DeBoor [3]
from mesh functions of one variable to mesh functions of several variables.) We will also
need the following two Lemmas.

Lemma 4.2. Let {2 be as in the statement of Theorem 3.1. There exists C dependent
only upon n such that for all « € (0,1) and, for all f € C%(£2):

I[flﬂh];,a;ﬂh < C[f];,a;ﬂ‘
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Lemma 4.3. Let {2 be as in the statement of Theorem 3.1. Define
0 = []l(a: = )b, (b: + 1)A],
i=1

a closed domain 2h greater in diameter than {2 in each direction. We have, for example,
2+ (h) = 2. Denote 2% NZ} by 2. Let v : 2} — R be a mesh function on 2", and let
ve be the extension of v|g, to 2 provided by Theorem 4.1. Let o € (0,1). There exists
a positive constant C dependent only upon n and « such that

2 *
[A’Ue]é’zx;n <C +[’U]2,a;(2:"

where Awv, is the Laplacian of ve.

These will be proved at the end of this section.

Proof of Theorem 3.1. As noted after the statement of Theorem 3.1, it suffices
to estimate 1[u]; ..o, - Let o be as provided by Theorem 2.3. Define the mesh function
v .Q,“: — R by

u(z), z€,
v(z) = b +1b
0, T €2 U().

Then, since v coincides with u on 2}, we have 1[v]3 ..o, = 1[ul} 4.0, Note that we
can only be sure v satisfies the difference equation on 2((N + 1)h)p = 27 ((N + 2)h).
However, Theorem 2.3 addresses just such a predicament, and so, applied to v on .Q,f, it
yields

+[v];,a;g; < Clvlo;a,, (4.1)

since (£2;7)! = (2.
Let v, be the C? interpolant of v on {2 provided by Theorem 4.1. Then, by Lemma, 4.2,

1[“];,&;.(2;, = 1[1}];,01;.0;, < C[ve];,a;ﬂ' (42)

We estimate the right-hand side using the continuous theory for Poisson’s equation. In
particular, Theorem 4.8 from [5] gives us

[vel3.as2 < C(n, @) (el + [A6l$ )
= C(n, @)([velos2 + [Avel s + [Ave] ). 0)
< C(n, 0)(veloia + [vel3o + [Ave)$2 )

Interpolating the second summand on the right-hand side, for example using [5, inequality
(6.8)], this becomes

[vel3 as2 < C(n, @) (|eloy2 + [Ave)L0 ) (4.3)
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This together with (4.2) allows us to proceed. We use, in turn, (4.3), Theorem 4.1,
Lemma 4.3 and (4.1) to conclude:

* 2

1[ul3 a2 < Cllveloe + [Bveliia,o)

< C(l’U'O;Qh + '*'['U];,a;n;f)

£C

[vlo;2, = Clulo;n; -

To conclude this section, we must, of course, prove Lemmas 4.2 and 4.3.

Proof of Lemma 4.2. Note that forall z € .Q,il we have d, = d, so we dispense with
the underscore notation for this proof. Choose distinct z, y € 2§ and z € Y} such that
z+z,y+z € 2} and 62 f(z) # 62 f(y). Since {2 is convex, the mean value theorem implies
that there exist s,t € (—1,1) such that with ' = z + sz, ¥’ = y + tz and % = z/||z|l2,

d2+a |6Zf(x) — 5ff(y)| — d2+a IDiif(xl) - Di'if(yl)l
zy

S FE Iz — ol
: B F(x'Y — DB F(y'
< ren D21 - D71
== ol

for B with |||, = 2 giving the maximum of |D?f(z') — D? f(y/)| over all such multi-
indices, and using the fact that ||2]|; < /n. Note that

I o ! - — a
s~ vlle e’ =zl +le=slle+ly=v/lls _ ViR |, vk
[ERTE == vl h h

From above we then have

82f(z) — 82 (y)| |DAf(z') — DPf(y)
d§+a' z z < d¥en(2yn+1)* .

Y - yllg Y = —y'lls
If d, = h, then z is parallel to the boundary and d,, = h = d,. If d, > 2h, then
dy 2d; —h 2 d; —d;/2 = d;/2, and hence d; < 2d,. So, in either case, d; < 2d,..
Likewise, dy, < 2d,, and hence dg, < 2d,/,s. Continuing from above, then, we have

2 _ 52 ¥é3 n o ¥éj ’
Iz —yll$ e’ —y'lIS
< 871(2\/17 + 1)[f];,a;!2'

Taking the supremum on the left-hand side over distinct z, y € 2% and z € ¥; such that
z % 2,y + z € 2} establishes the lemma. 0

Proof of Lemma 4.3. Choose ¢ € {1,...,n}, and distinct z, y € §2. Consider two
cases:

(i) llz = ylico < 2h, and
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(i) flz - ylleo > 2h.
Case (i). ||z — yllo € 2h. By the mean value theorem, for some £ = tz + (1 — t)y,
where t € (0,1), and Z = (z — y)/||lz — y||2, we have
|Diive(z) — Diive(y)]
lz —yll$

dzg® = d2+*|D; Diwe(€)llle — yll3 =

<23 Djive(O)lllz — ylli ™. (4.4)

j=1
By Theorem 4.1 there is a constant C > 0 such that for any ¢,j,k € {1,...,n},
IDawoulE)] < It 3t 5, o)

for some z, € {25, such that supp 5;;; 5}-;,. Ny

he, U(Zh) C $2,. In addition, Theorem 4.1 gives
us that if dist(§, 392) > 2h, then

supp 87, 0r, Or, v(zn) C Kan(€)- (4.5)
We now consider two subcases:
(i)(a) d¢ = dist(£,09) > 2h, and
(i)(b) de < 2h;
and show that in either subcase, defining d, = dist(z, ($2})®) = dist(z, 82F), we have
that for all z;, € supp 6;;,- o5, .01, v(zh),
duy < 2 4dy. (46)

Subcase (i)(a). d¢ > 2h. If 24 € suppd;, 8}, dn,, v(zn), then we have by (4.5) that

heg
+d, > dist(£,002%) — 2h =dist(£,002) + h~2h > dyy — h 2 dgy — 4d,,
since 25, € 12, and d¢ > dgy, and (4.6) follows.
Subcase (i)(b). d¢ < 2h. We must have d;, < 2h, and h < 4d;, for all

2y € supp &7, 67, &7, v(zn),

since we still have
SUpp 07, O, O, v(zh) C 2h.

Inequality (4.6) is now obvious.

Now
|Djiive()] < Clon,, One, Orie, V(@)
= Clé,fejé,zwiv(a:h + he;)|

= Cl6t, 63 v(an),
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where z, € supp J,J{ej(S,'fei(S,feiv(xh) C {2, and satisfies (4.6). Continuing from (4.4) we
have
léﬁeiv(zh + hej) — (Sﬁeiv(zhﬂ

- hl—a(Z\/ﬁ)l—a

_ |62 ,U(zn + hej) — 8670, v(zn))
< C(2vm)lme2?re 42t | S .

d25%| Dyisve(©)llle — 3™ < CdZy

< Clo)

Case (ii). ||z — y||oo > 2h. Choose mesh neighbours z, yr € (£2;)¢ of z and y, respec-
tively, so that |zn — 2|l < 2h and |yn — Ylloo < 2h. We have d,, > 2h, and, therefore,
using the geometry of £2 we have d;, = d; — 2h > d; — d,, and so d; < 2d;,. Likewise,
dy < 2dy, . It is not difficult to show that ||z, — ynll2 < (2v/n + 1)||z — yl2. Set w = he;,
and then write by the triangle inequality

| Disve(x) — Dijve(y)|

di-’rcx
T el
. —D.. i — 52
< d?;;j_a [(\/ﬁ)aan’Ue(fz) Dn:e(xh)' |D‘nve(xh) J‘Z;U(zh)'
o = 2l e =3
8u(zn) — 82 82v(yn) — Disve
+ (2\/ﬁ+ l)a! wv(zh) w/l;(yh)l I wv(yh) av (yh)l
lzh — yull lz —yll$

| Diive(yn) — Diive(y)|

+ \/ﬁ & . 4.7

N )

We address the summands on the right-hand side in turn, reducing the first, second,
fourth and fifth to case (i) ||z — y||co < 2h addressed above. If z;, # z, then we have for
the first summand on the right-hand side that d,, < d,; < 2d; 5, since d; < 2d;,, and

g2t | Disve(@) — Diive(zn)| _ g2+ag2ta | Disve(x) — Dyzve(zh)|
~
v |z — zxll$ T llz — znll$
*
< C +[v]2,a;_():-:

by case (i), since ||z — Zn||co € 2h. The last summand on the right-hand side of (4.7) is
dealt with similarly.
With w = he;, the second summand on the right-hand side of (4.7) satisfies

| Disve(zn) — Sgv(zn)| | Diive(xh) — Diive(z')|
- yll$ lz - ylig

by the mean value theorem, where =’ = z), + the;, t € (—1,1), and, hence, ||zr — 2’|z <

h < ||z —ylleo < |lz—yll2- Also, since we have restricted x5, to (£2})¢, we have d;» > h and

dzy < dgp < dy + 3h < 4d,r. Therefore, if ’ # zp, then, remembering that d, < 2d,,,
we have

2+ _ J24a
dzy =dg, ,

| Disve(zh) — éﬁ,v(xh)l g 42t 2ta |Disve(zn) — Dive(z)]
~ ’
lz - ylls EhoT lzn — 2|13

2+4+a
dzy

< C+[v];’a;g’<‘l-,
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the final step following again by reduction to case (i), since ||zp — Z'|| 0 £ 2k. The fourth
summand on the right-hand side of (4.7) is dealt with similarly.
Finally, for the third summand on the right-hand side of (4.7), by choice of z; and y,

dzy < QdIh:yh < 2+dz‘mym

and then, if x5 # yn, we have

J+a 162, v(zn) = 6Fc,v(yn)l < o2ta gite |63, v(zn) — 67, v(yn) < 92+a
lzr — yrll$ EhoYh llzrn — yrll$

4—[11]2,0‘;9;_L >

by definition.
The arbitrariness of ¢, z and y allows us to infer the result. 0

Appendix A. Interpolation inequalities

Lemma A 1. Let 2, = {a,a + h,a + 2h,...,b — 2h,b — h,b} C Z}. We define the
boundary (2% = {a,b}, and the interior 28 = {a+h,...,b—h}. Letu: 2, - R be a
mesh function on (2. Assume that b — a > 5h, ensuring the existence of at least two
distinct points z,y € {2} such that z+ h,y+ h € §2}, so that 1[ul3 4., > —00. Suppose
1< 7 < k<2, wherej, Ic € Nand0 < a < 1. Then, for anye > 0, there exists a constant
C =C(e,a,j, k) > 0 such that

l[u];;rl,, < Clulo;ﬂ;; + € I[U]I‘;,a;r);,: (A 1)

where 1[ul o., is defined to be 1[ul}.;, . Note that each term in this inequality is inde-
pendent of the values of u on the boundary .Qb

Proof. For notational convenience we omit the presubscript ‘1’°, and the subscript 25,
the set {2, being implicitly understood, except that |ulo will denote [uly,q; . We loosely
trace the proof of [5, Lemma 6.32], and consider several cases.

Case (1). j =1, k = 2; a = 0. We wish to show that
[ul] < Clulo + €[ul3, (A2)

for any € > 0. Let = be any point in (2}, d, its distance from 2%, and u < } a positive
constant to be specified later. Set d = pud, and K = Kg(z)h, ={y € 2 | jly — | < d}. If
d<handz+he€ 2, then

h Iu(w Eh) —u(z)]

- < Zub. (A3)

4.6 u(z)| <

If, however, d > h, then let d; = [[d/h]]h, the largest integer multiple of h less than

or equal to d. (Here, [2] denotes the ‘greatest integer function’.} Note, then, that d; >
d—h > d — d,, since d; > h, which implies that 2d, > d, so

d; <d < 2d; (A4)
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and

1 2 2
1 c2c2 A
4 “dsSd (A5)

Instead of the differential calculus used in [5] at this point, we use the following identity
from [17, p. 638]:

M-1
w(z + Mh) = u(z) + MhS;u(z) + b D [6Fu(z + kh) - 5 u(z)), (A6)
k=1

for z,z + Mh € §2,, M € N, where the sum on the right-hand side is equal to zero if
M = 1. By symmetry we also have

M-1
u(z — Mh) = u(z) — Mh&;u(z) - h D [6; u(z — kh) — 6, u(z)], (A7)

for z,z — Mh € 2. Then (A 6) and (A 7) imply that

M-1

SEu(e) = Tz E ﬁz) —u(@) _ =3 Fule £ kh) - Sfu@)]  (A8)
k=1
M-1

Fu(z £ Mh) — u(z))
Mh

k
Z h&Zu(z % Lh).
1 I=1

EIH

k

Let M be such that Mh = d;. To show that the right-hand side of (A 8) depends only
on values of u on (2}, it will suffice to show that z + Mh € 2} . By definition of d, d; and
M, we have d_y \y, > d, — d = d, — pd, > 1d,. Then, since d > h, we have d, > 2h,
and hence d_ 5, = h; that is, z + Mh € 2. In fact (noting that Mh < d < (M + 1)h),
z+ Mh € K C £2;. In particular, £ = h € K, which is to say, z € K ". 1t follows, using
(A 4) and (A 5), that

M-1 k
u(x += Mh u(x 1
|0 u(z)| < [l M})L )l + oz > hldhu(z £ 1h)|
k=1 I=1
2ulp , h (M -1)M 2
< + — sup |[dru
o T 5 yithl au(y)|
<2y 1 - Dh sup (62u)
d yEheK
4|ulo +1
< —— +1d sup |6iu(y)l
d ytheK
< 4o +1d sup d;? sup_ d2|hu(y)|.
d ytheEK ythe
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Since d, > d, —d = (1 — p)d, > d,/2 for all y € K, it follows that
4
d.|6Eu(z)| < d ulo + d iud, sup d? sup d2|6Fu
—z| h ( )| _xﬂdxl IO b1t y:!:th—y y:tth_yl h (y)l

4 a\> ..
<hulo+ b sup (%) bl
ytheK =y

L

<;Wb+2ﬂﬂa

since d2 / 45 < 4. Hence, considering (A 3),

* 4 *
[Wi= suwp d|8u(@)| < ~lulo+ 2uful;.
TEN;, B
zheN;

Choosing u = p(e) less than £/2, we conclude (A 2) with C = 4p~!.

Case (2).j=2,k=2;a>0.Asbeforeletz € 2,0 < p < 3,d = pd,, K = K4(z)n,
and d; = [d/h]h. If d < h and z + h € 2}, then

h? lu(x + h) — 2u(z) + u(z — h 4
Lula)] < 5% o) < Zhuo (A9)
If, however, d > h, then d; > h and (A 4) and (A 5) hold. Again using the identity (A 6)
with M € N chosen such that Mh = d;, this time applied to 5;u, we obtain

M-1
Sfu(z + Mh) = 6} u(z) + MA(5})?u(z) + b > [(67)2u(z + kh) — (67) u(z)]
k=1
M-1
= 6} u(z) + Mho}u(z +h) + b Y [fu(z + (k + 1)h) — SZu(z + h)].
k=1

It follows, since M > 1, that replacing x with = — h,
M-1

Sfu(z + (M ~ 1)h) = 6} u(z — h) + MhSZu(z) + h > _ [67u(z + kh) — 67u(z)),
k=1

in which case

Sfu(z+ (M —1)h) —fu(z—h) 1 = 2
2ufx) = -2 h - — [62u(z + kh) — 62u(x)]. (A10)
ru(z h i ; ru(z ru(z)]. (
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As in the paragraph after (A 8), one can show that z+ Mh € K C {2}, and therefore the
left-hand side of (A 10) depends only on the values of u on 2;. Therefore,

|67u(z)|
2 1 M-1
< g sup [65u@)l+ 5 i D 1hulz + kh) ~ Su(@)|
1 y,y+he k=1
4 M-1
<< sup 4t sup dy |68 u(y)| L M- sup d 2" *d2t*|6hu(y) - Shu(z))
dyy+heK © yy+he M yinex
4
<5 sup d ' sup d |6hu(y)|+d° sup dmy2 % sup di;"‘léhu(y) (z)|
dyy+hek ° yy+heK yytheK yEheK |z — yl"‘

Y#ET
As in case (1), d, (and therefore d,, ) is greater than d,/2 for all y € K. It follows that
4
d2|6?u(z)| < d2—— sup d, 1 sup d 16 u(y)|
~ud, y,y+heK v, y+heK

2
+d.iﬂa(_l: sup 4;2—01 sup d2+a|5hu() 6 (:E)l

yEhek yrheK |z — y(a
y#T
2
S 32 Sllp d |5+u(y)|+#a22+a sup di;—a Iéhu( ) ’U/(iL')I
y :1:

8
< —[u]} +po2% )3,
7
Hence, considering (A 9),

) 4 8 .. ,
[u]z = sup d2|6%u(z)| < —lulo + =[u]] + 22+a#a[u]2,a-
TELN, H H©
z+hefl

Now, if u = p(e, @) is chosen so that 8u* < ¢/2, then, with C' = 8/u and C” = 4/u?,
we have
[ul; < C”[ulo +C'[uli + geul; 4
By (A 2) there exists C"” such that
* 1 *
[ull < C"|ulo + 0 Ul
and so finally we arrive at
[u]; < Clulo + €[ul3 o
as desired.
If instead of (A 10) we use (A 8) in the argument of case (2), modifying the details
accordingly, then we obtain (Al)for j=1,k=1,a>0.
Finally, the case j = 1, k = 2, a > O follows from cases (1) and (2). a
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Lemma A 2. Let {2 be an open or closed domain properly contained in R™. Let h > 0
be sufficiently small that 2} # 0, and such that there exist z € 2} and z € Y’ such
that + z € 2i. Let u: 2, — R be a mesh function on 2. Suppose 1 < j < k <2,
where j,k € N, and 0 € a« < 1. Then for any € > 0 there exists a constant C =
C(e,a,j, k,N,n) > 0 such that

*[u];;ﬂh < Clulo,n;, + 8*[“]2,01;.0,,'

Proof. Let ¢ > 0. Let z € 2.
If d, < 3y/nNh and z € Y’ such that z + z € 2}, then

B2 |u(z + 2) — 2u(z) + u(z — 2)|

d2[62u(z)| < InN? o

< 367'LN2|’LL|0;Q;",

and, similarly,
d, |85 u(z)| < Clulg,n;-
However, if d, > 3\/nNh and z € Y’, then consider B, = Bq_(z) N Z}, the ‘closed’
mesh ball of radius d, centred at z. Let

S={zxkz|keN}nB).

Note that S consists of at least seven points. We will apply Lemma A1 to S. With this
in mind, define $* = {z € S|z +2,z—2 € S} and S® = §\ §¢ (so S° consists of the two
endpoints of S), and for y € S%, let sd, = dist(y, S®). We have, for example, that for all
y € S, sd, < d,. Note that d, — \/nNh < sd, < d,. Since d, > 3/nNh, we have

d
>d. — =z = 24 .

Application of Lemma A 1 gives
max{d, |67 u(z)|, d362u(z)|} < Clulo;st + € 2[ulk a;s

where k = 1 or 2 accordingly, 0 < & < 1, and the semi-norm ,[u]* is the same as ,[u]*
except that z is fixed in its definition. It follows that

max{d, |67 u(z)|, d2162u(z)|} < Clulo,ny + € 2(ulk ;2

since, for any T € S%, sd; < d;. In the light of the first part of the proof, this is true for
all z € 2% and all z € Y’ satisfying z + z € £2}, and the result follows. O
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