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Abstract

Using a result of Warnaar, we prove a number of single- and multi-sum identities in the spirit of
Ramanujan’s partial theta identities, but with partial indefinite binary theta functions in the role of partial
theta functions. We also calculate the corresponding residual identities and use a result of Ji and Zhao to
recast our identities in terms of indefinite ternary theta functions.
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1. Introduction

Among the most fascinating identities in Ramanujan’s lost notebook are those
featuring partial theta functions, such as [5, Entry 6.6.1]

(@"Dng" n pin
Z (g, g/ ~9) Z

n>0 n>0

1 n nz n n
+ W Za?a +1q3 +2 (1 _aqz +l) (11)
’ ® n>0

and [5, Entry 6.3.11]

(61 q )nq n ("*') (q q )00 n 2n+1 n +n
(1- 2 1
2agaian = 2% " g giare 24

Here and throughout we use the usual g-hypergeometric notation,
(@1, ..., a0, = (@, ax,...,ax O = | [(1 = a1g))(1 = axgh) - (1 - ag’),

valid for n € N U {co}.
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The hidden structure behind Ramanujan’s partial theta identities was revealed by
Warnaar [26], who showed that if (a,, 8,) is a Bailey pair relative to ¢, then

(Q)an _ (-1)'d"q -
n>0 (a)n+l(Q/a)n ( ); 2n+] ay
il r q(l r)n(l r(2n+1))
(q a, Q/a) Z( 1) la q(Z) Z 2r1+1 ay.

n>0

(1.2)

Recall that («,,8,) is said to be a Bailey pair relative to a if

n

b= kZ; Dt @@st

423

(For a history of Bailey pairs and their classical applications, see [4] or [25].) The
right-hand side of (1.2) tends to simplify nicely when «,, contains the special factor
(1 = ¢*"*1/(1 - ¢) and an appropriate quadratic power of ¢, which is indeed the case
for a large number of known Bailey pairs. This leads to all of Ramanujan’s partial
theta identities and it also naturally embeds them in infinite families. For example,
one has [26, Theorem 1.1]

I’l,% 1 k-1 +-~-+n%+n1

(9)2nq" q"-
Z (aCIs Q/ )n Z (Q)n—nk_l e (Q)ng—nl (Q)m

n>0 n>ng—1=--=n1 =0
1 2k ()
— (] _ (l) a’ kn +kn (_1)i+laiq 5 j(qiqukJr])
;g " (@.ag.qla) ;
x Z a(2k+1)nqkn((2k+l)n+2i)’ (1.3)
n>0

which reduces to (1.1) when k = 1. Here we have employed the Jacobi theta function

Jxq) = (x,q/ %, @)co.

For much more on this, see Warnaar’s paper [26]. For further applications of
Warnaar’s ideas and applications to conjugate Bailey pairs, see [20]. For extensive
background on the partial theta identities in Ramanujan’s lost notebook, see [5, Ch. 6].
For applications of Ramanujan’s identities to rank differences for unimodal sequences,
see [14, 15].

For partial theta functions beyond the world of g-hypergeometric identities, we
refer to recent papers of Kostov [16—18], including his resolution of the Hardy—
Petrovitch—Hutchinson problem with Shapiro [19], and to recent work of Sokal [24]
and Prellberg [23] on positivity conjectures involving partial theta functions.

In this paper we prove identities in the spirit of Ramanujan and Warnaar, but with
indefinite theta functions and their partial analogues occurring in place of some of
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the theta and/or partial theta functions. We refer to these as partial indefinite theta
identities. The basic idea is to use Bailey pairs with indefinite quadratic forms in
(1.2), though we shall see that the simplification of the final term is considerably
more involved than with classical partial theta identities. We begin by presenting three
single-sum identities, which we prove in the following section.

Tueorem 1.1. We have

(@D2nq" (r49)/2(3/2rs+(1/2r+
_(1 _a) ( 1)r r+s rs r+s
2 g o 2

n>0 aq. Q/a)n r,s>0

r=s mod 2

(@ N 2r ] 3 ]))2
(aq,q/a)s Z( Da™"q ' (14

r>0

e 2 n
(Q(, ;Iq );(/Cﬁl);nq =(1-a) Z (=1) a2 qrs+(1/2)r+(1/2)s

n>0 r,s>0

r=s mod 2

(q)oo r 3r+l 3r +2r 2r+1
1 1 1.5
(@ ala ) E( )a (I +aqg™™"), (1.5)

(@ 49)2q™" (r+5)/2rs+(1/2r+(1/2)
a — 1 —a _1 ra r+s rs+ r+ N
Z (aq?, ¢*/a; 4*)n ( ) Z D 1

n>0 r,s>0
r=s mod 2
(4995 Zazm il +ag! (1.6)
@q®, 210 ) 4q 1 —ag1 :

r>0

The double sums on the right-hand sides above can also be written in terms of
Lambert series, but we keep the two-variable expression in order to emphasize the
connection with the indefinite theta series, defined for ac < b? by

Jabe(X,y,q) = (Z — Z )(_ 1)r+sxrysqa(;)+brs+c(;).
r,s>0  r,s<0

Partial and complete versions of these series feature in greater generality in our multi-
sum identities, which we obtain using two different types of Bailey pairs. The first are
special Bailey pairs from [21] and the second arise from classical iteration methods.
This results in identities like the following, each of which can be reduced to (1.4) when
k=1.

TueoreM 1.2. For k a positive integer and 0 < £ < k, we have

(@2nq"
(aq,q/a) Z

n>nog_1>+-2n120

(= 1y g2t (e () =i mnier =Sy

VlZO (Q)l’l—nz;cq e (q)nz—l’l] (q)m
— (1 _ a) Z (_1)ra(r+s)/2q(l/2)(2k+1)rs+(l/2)(k—£’)r+(1/2)(k+l+€)s

r,s=0
r=s mod 2
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k

1 P (il
—_— 1N, gl
’ (g,aq,q/a)s Z( Didq Hk,f(l)

% Z a&+2r q(2k2+3k+1)r2+(2k+1)ir(1 — g2k q(2k+1)(2r+l)(k+l—i))’ (1.7)
r>0

where

H]i,[(l') = f|,4k+3,1(q2+k+€”,q1+k_[+i,q) + q2+2k+if1,4k+3,1(q4+3k+€+i,q3+3k_[+i, q)_ (1.8)

TueOREM 1.3. For k a positive integer, we have

(@2nq" q"zfl g+
n>0 (aq, Q/a)n ANy > >Vl]>0 (q)n—}’lk,l e (Q)nz—nl
=(-a) Z (=1) a2 (1/4)(k D2 +(1/2)(k+2)rs+(1/4) (k=18 +(1/2)kr+(1/2)(k+1)s
r,5>0
r=s mod 2
1 2k+2
+ W(Z( l)zazq( )H (i) Z (2k+2)r (2k +3k+1)r2+(2k+1)ir
Z (_1)z+n g+ @kn qQ,(k,z,n,b) j( q3n+t+b, q2k—1)
1<i<2k+2
0<n<2k-2
1<b<2
% Z 2 2X@k=Dyr+m) qu(k,i,n,b,r,m))’ (1.9)
r=0
m>1
where
1;: i+2k+1 _i+2k
H, (D) := o1, 2k+526-1(" 7, ¢, q)
2+2k 4k+3 Ak+2
+ @ o1 okas i1 (¢ T2 ),

0:(k,i,n,b):= (i ; 1) + (1 +k)Qi+ Dn+ 2k + 1)*n®

— (k- 1)(”; 1)—(b+i+3n)(n+ 1,

Ry(k,i,n,b,r,m):=4k* = 1)k + D2k = 1)r* + 2(4k*> = 1)(k + 1)rm
+ 2k + D)(k + Dm? + 2(k + 1)((4k* — 4)n
+(2k = 2)i = b)r + Qk + 1)(2k + Dn + iym.  (1.10)

It is worth taking a moment to compare the partial indefinite theta identities in
equations (1.7) and (1.9) above with the partial theta identity in (1.3). Note that the first
terms on the right-hand sides of (1.7) and (1.9) are partial indefinite theta functions,
while the first term on the right-hand side of (1.3) is a partial theta function. Also
note that the second terms on the right-hand sides of (1.7) and (1.9) involve (complete)
indefinite theta functions while the the second term on the right-hand side of (1.3)
involves ordinary Jacobi theta functions. The final term in (1.9) does not appear in
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either (1.3) or (1.7). Although it is notationally heavy due to its generality, it is merely
a finite sum of products of Jacobi theta functions with partial indefinite binary theta
functions.

We prove Theorem 1.2 in Section 3 along with some similar results, and in
Section 4 we prove Theorem 1.3 and two related results. See Theorems 3.1-3.3 and
Theorems 4.1-4.2. We explicitly state several cases when k = 2.

In Section 5 we use a result of Ji and Zhao [13] to recast all of the partial indefinite
theta identities from Sections 1-4 in terms of indefinite ternary theta functions. In
doing so, we lose the first partial indefinite theta term on the right-hand side but gain
considerably in simplicity. See Propositions 5.1-5.10.

We close in Section 6 by computing the residual identities associated to each of the
partial theta identities in the first part of the paper.

2. Proof of Theorem 1.1

In this section we prove the three identities in Theorem 1.1 along with some similar
identities. Before getting started, we record some relations for indefinite theta series
from [10, Section 6.1]:

fa,h,c(-xs Y, C]) = ﬁl,b,c(ys X, q) (213)
a+b+c

=1 o @ e g 1) (2.1b)

= Y abe (@ X 4V, @) + j(x,4%) (2.1¢)

= —~xfupe(q'x, ¢"y, @) + jO, 4°). (2.1d)

We also note that for n € Z and any x,
Jq",q) =0, (2.2)
Joq", @) = (=1)'q Dx" j(x, ). 2.3)
2.1. Proof of (1.4). We begin with the Bailey pair [3, Theorem 4 and Lemma 7]

(l _ 2n+1) .
a, = 1 = 2n +n Z( 1)] ](3]+1)/2’ (24)
j=—n
Bn=1. (2.5)

Substituting this into (1.2), we obtain

(@2nq" 7 il
_ (] - 1Y g o DI2=Gj+ D12 aals)
g gjan = 02D T 20

ljl<n

x Z (- 1)jq(l—r)n+2nr+2n2+n—j(3j+1)/2_(_ 1 )jq(1—r)n—r+2n2+n—j(3j+1)/2).

n=0

n>0
ljl<n
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In the first sum on n and j we let n = (1 + v)/2 and j = (u — v)/2. This gives the first
term on the right-hand side of (1.4). In the second term on the right-hand side we
let n=(u+v)/2 and j = (u—v)/2 in the first summand and n = (—u — v — 2)/2 and
Jj = (u —v)/2 in the second summand. The sum on r, n and j then becomes

Z( yaqs )( Z Z )( 1)2

u,v>0 u,v<0
u=v mod 2 u=v mod 2

x q(l 18)u?+(1/8)W2+(T/H)uv+(3 /B u+(5/4)v+(1/2)ru+(1/2)rv

Letting (1, v) = (2u, 2v) or (2u + 1,2v + 1), this can be written

> r+l1
D ad D (fia1@ % d 9 + 4 i@ d ).

r=1
To finish the proof of (1.4), we will show that

H(r):= fian@™.d7.9) + ¢ fiza(@™.q™ . q)
= (=) D25= (D (2 x(r is odd). (2.6)
We begin with the periodicity
H(r)=q ™ H(r + 4), 2.7
which follows from
H(r)— ¢ H(r +4)
= fia, 1(q2+’ 79 -4 fiza@", 4" g)
— _q%+rf 9+r 4+r’q) q 71 (q11+r 10+r, q) by (2.10)

1(q10+r’ 11+l” q) q12+2}’f 1(qll+r, q10+r’ q) by (21d)

12+2rf

ql2+2rf

=0.
Next we have
H(r) = —¢* > H(4 - 1), (2.8)
which follows from
H) = fir @ @) + 4" i@, 6", q)
=4 i@ q" @) = ¢ i@ ¢ q) by (2.1b)
=q "H(-r)
=—¢""H@A-r) by (2.7).
Now we calculate H(i) for 0 < i < 4. First, by (2.1b) we have
i@ @) = 4" fiz1d°. 4", 9),
so H(0) = 0. Second, H(2) = 0 by (2.8). Third, we have
qHD)=4fi714°.4" @) +3°f171(q". 4", @)
=afi71(q 4", @)~ fi71(d%.4.q) by (2.1b)
= (@)%
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from [22, Equation (1.13)]. Finally, (2.8) gives H(3) = ¢ (¢)>,. Induction using (2.7)
gives (2.6), completing the proof of (1.4). O

Before continuing, we remark that the first sum on the right-hand side of (1.4) with
a = 1 is the generating function for 3-core partitions,

CRT
(CI)OO ’

This follows from

Z (_l)rq3rs/2+r/2+s — Z q6rs+s+2r _ Z q6rs+5s+4r+3

r,s>0 r,5>0 r,5>0
r=s mod 2
i Z ~ q5n+3
g q6n+l q6n+4
_ ( qn ~ q2n+1 ~ q5n+3 )
e~ 1 - q3n+1 1— q6n+4 1 - q6n+4
_ Z( q ~ q2n+l )
g 1 - q3n+l 1 - q3n+2
_ (@)%
(@ Do

where we use [12, Theorem 1] for the last equality.

2.2. Proof of (1.5). For the proof of (1.5), we begin with the Bailey pair from [3,
(5.1,

1 = g2n+lynGn+/z 1 .,
o, =174 1_)61 > g, (2.9)
q =n
1
B, = o (2.10)

Plugging this Bailey pair into Warnaar’s identity and simplifying the right-hand side
as in the previous subsection, we obtain

Z (4 @) @nq"

n=>0 (aQ’ Q/a)n
- (1 _a) Z ( l)r (r+s)/2 rs+(1/2)r+(l/2)s
r,5>0
r=s mod 2

(q)oo ror () r r r r T
rala o 2@ i@ g )+ 0 i@ )
b 9 (o) er
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To finish the proof of (1.5), we will show that

H(}") = f1,5,1(61r+2, qr+2’ q) + qr+3f1’5,1(qr+5’ qr+5’q)
—g KR = 3k 4 1,

. \3
- —((Zj qz‘;’ X { g D22 23k 40, 2.11)
T4 if = 0 mod 3.
We begin with the periodicity
H(r)= ¢ H(r +3), (2.12)

which follows from

H(r) - ¢ Hr+3)= fis1(q™. 4. 9) - ¢ fisa@™®, 4", )
== fisa@ . q9) - 7 fisa@t.q"0q) by (2.1¢)
=" fi51(0" a9 - 7 fisa(@t. ¢ q) by (2.1d)
=0.

Now we calculate H(i) for 0 < i < 2. First,
HO) = fi5.1(¢°. ¢ 9) + ¢ fr51(0- 4, q)

=—q fis1(@ ¢ D)+ fis51(@ 7, q) by (2.1b)
=0.

Second, using the periodicity (2.12) and [3, Equation (5.5)], we have

H?2)=q H(-1)=q*(fi514.9.9) + ¢ 151" " ) = (@%@ ¢")co-
Finally, we have
H() = fisi(@ ¢, q) + ¢* fi51(¢°. ¢, @)

=—qfis51(q" 4" 9) — ¢ fis1(q.9.q) by (2.1b)
=—q 'H(-1)

SR C) SN
Induction using (2.12) gives (2.11), completing the proof of (1.5). O

2.3. Proof of (1.6). After replacing ¢ by ¢ in the definition of a Bailey pair, from
the case (a, b, ¢) = (¢*, 1, g) of [6, Theorem 2.2] we have a Bailey pair relative to g2,

2n? An+2 n
g"d-g"") P
o= LV (2.13)
(454"

IBn =

= B4 2.14
(g% qn(=q; ¢*)n (19)
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Inserting this into Warnaar’s identity (remembering to replace ¢ by ¢*) and using
the usual substitutions, we obtain
D (4:47)ng™
2 275 2
i (aq*,q°[a;q*)n
— (1 _ Cl) Z (_1)ra(r+s)/2qrs+(1/2)r+(1/2)5

r,s>0
r=s mod 2

(q ag?, qz/a oo Z( y'a" 2(r;])(f2,6,2(q3+2’,q3+2’,q)

+ " frea(q", q”zf,q)). (2.15)

As usual, define
H(I") = f2,6,2(q3+2r,q3+2r’ q) + q4+2rf2,6,2(q7+2r,q7+2r,Q)-
To simplify the sum over r, we first note the periodicity
r r —(r 2.,
H(r) = "2 H(r +2) + 2(=1y"'q™ ™V j(q. ¢%), (2.16)
which follows routinely from relations (2.1a)—(2.3) as follows:

H(r)-¢"" ¥ H@r+2)= ]02’6’2(q3+2r’ &, q) - 12+4rf S(g"1 Y, g1 g)

— _q3+2rf2,6, (q9+2r 5+2r’ q) + ](q3+2r )
_q12+4rf (q11+2r 11+2r,q)

— q12+4rf2’6’2(q11+2r 11+2r’ q) 3+2r]( 5+2r’q )
+j(q3+2r q2) q]2+4l’f262(q]]+2r q1]+2r q)

— _q3+2rJ( 5+2r,q )+ J(q3+2’r: q2)

=211V g, ).
Next we calculate H(1) and H(2). We have
H(2)=q*H(0)+297j(q.4*) by (2.16)
=q 62 @) + fread qd @) + 247 j(q. ¢)
= b2 @ @) — a7 o2 @ . a) + 247 (g, 4% by (2.1b)
=247 j(q, 4%,
and
H()=qH(-1)-2q7j(g.q%) by (2.16)
=q 2162099 + 162> @) — 247 %j(q, ¢7)
=—¢*$62@". 4", 9) - P62’ . q) — 2472 j(q.4*) by (2.1b)
=-H(1) - 247 j(q. 4",
so that H(1) = —q‘zj(q, q2).
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We now apply the periodicity (2.16) to deduce that for r > 1,

r—1
HQr) =247 jlg.q») ) a7, .17
Jj=0
R r—1 R
HCr-D==q" ja.q Y, (2.18)

j==r-1)

Thus the sum on r in (2.15) is

Z(_l)rarqr(r+l)H(r)

r>1

r—1 -1
= i) Z (aZr—1q2r2—2r Z q—zﬁ + 2a2rq2r2—1
r>1 Jj=—=(r=1) j=0

= —j(q, qz)z a2r+1q2r2+2r

r>0

r

Yy
q 2j ZJ)

r r

+2(q, qz) Z ( 2+l q2r2+2r q—z 7Py g2 q2r2+4r+1 q—2jz—2l'),

r>0 Jj=0 j=0

Letting r = r + j in the final two sums and then summing over j gives

2r+1
Z(_l)rarqr(r+1)H(r) — ](q’ qZ) Z a2r+lq2r2+2r(_1 + 2 + 2aq r+ )
£ £ 1—a2q*+2 " 1= 2gh?
2r+1
_oae 2 2r4l 27242, L T AG
—J(q,q);a q T—ag
and this finishes the proof of (1.6). m]

2.4. Further identities. There are other simple Bailey pairs in the literature like the
ones considered so far, but it is not necessarily the case that these lead to identities as
elegant as those in Theorem 1.1. We close this section by giving one example which
illustrates some of the complications which may arise, and leave further investigations
to the interested reader.

Consider the Bailey pair relative to ¢,

1 _ 2n+ly
a,= TG Y v 219
Jj=-n
—1)"
b= g 220

which is the case (a, b, c) — (g, —1,0) of [6, Theorem 2.2]. If we insert this directly
into (1.2), then the first term on the right-hand side diverges. To remedy this, we need
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to move along the Bailey chain. Recall (see [6], for example) that if («,,5,) is a Bailey
pair relative to a, then

a, = a”q"za,,, (2.21)
By=) ——B; (2.22)
=0 (q)n—]
is also a Bailey pair relative to a. Thus we obtain a new Bailey pair relative to g,
2n el — 2n+1
ay= LD Sy,

Jj=—n

RS
Fn= ,Z(; (@[ Dn-j

Now we may use Warnaar’s identity. Simplifying in the usual way, we obtain

$ Vg
S0 @ @) (Dn-(ag, g/ @)
=(-a) Z a(r+s)/2(_l)rq(l/8)r2+(5/4)rs+(1/8)s2+(3/4)r+(3/4)s

r,s>0
r=s mod 2

1 = r+l
o Z(_l)rarq( 5 )(f2,6,2(51r+3, qr+3, q) + qr+4f2,6,2(qr+7a qr+7’ q))
(9,49, 9/ @) “=

Define

r+7 r+

G(r) = fr62(q™. 4™, 9) + 4 frs2(q . q)-

Note that G(2r) = H(r), with H(r) defined in the previous subsection.
For the odd case, we will show that

G(zr _ 1) :f262(q2r+2’q2r+2’q) + q2r+3f2’6’2(q2r+6’q2r+6’q)
=g V2 (@)eo(@ oo (2.23)

We begin by noting that by (2.1c) and (2.1d) we have
GQ2r—1)=¢"GQ2r +3) = f62(¢"". 7%, ) = ¢ frs2(® . 4710 g) =
We also note that
f624". 4" 9) = =’ 262(¢°.4° ) by (2.1b)
and

F62(@*. 6* . @) = =4 fr62(6*. 4>, @) by (2.1b)
=q*he2(d" q* q) by (2.1d)
= —6]4fz,6,2(q]0, q'%.q). by (2.1c)
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To show (2.23) then, it is enough to show that

G() = fro2(G". 0" ) + 4 f626%. 4% @) = 47 (Deo(@s oo
This is equivalent to showing that
Z(_l)jq2n2+n7j2(] _ q2n+l) — (q)oo(qzs qz)om

n=0
ljl<n

which is [2, Equation (3.16)].
Returning to the even case, we use (2.17) and (2.18) to evaluate

Z a2rq2r2+rG(2r)
r>1
— Z a2rq2r2+rH(r)
r>1
—1 r—1
220 . _ 2_ 92
= (g, 2)2 4r 6r 1Zq 2j 2’—J(q,q2)za4r 2q6r 6r+1 Z g 2j
r>1 Jj=-r r>1 Jj==(r=1)
r r
. 2 Ar+d _6r7+12r+5-22-2j . 2 4r42 _6r7+6r+1-257
=J(q,q)z Zq q ’ ]—J(CI,CI)ZZQ q .
r>0 j=—r+1 r>0 j=-r

Now in the first sum we replace (r, j) by (u + v —1)/2,(u — v — 1)/2) and in the second
sum we replace (r, j) by ((# + v)/2, (u — v)/2). We obtain

. 2 2u+2v+2 i +4uv+v? +3u+3v+1 . 2 2u+2v+2 P +4uv-+?+3u+3v+1
Ja.q97) Z a q =749 Z a q

u,v>0 u,v>0
uzv mod 2 u=v mod 2
. 2 u+v 2u+2v+2 i +4uv-+v2 +3u+3v+1
= —jl@.q") ), (- a2 :
u,v=0

Combining this with (2.23), we obtain the following double-sum partial indefinite theta
identity.

Tueorem 2.1. We have

S
D D/ (@
S0 (@347 @Dn-jag, g/ )

=(-a) Z a(r+s)/2(_1)rq(l/8)r2+(5/4)rs+(1/8)sz+(3/4)r+(3/4)s

r,s>0
r=s mod 2

i st

a q(q’ q2)°° 2\u+v i +4uv+?+3u+3y
LD e N g2y . (2.24)
(g glar 2 I

u,v=>0

https://doi.org/10.1017/51446788716000318 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788716000318

[13] Partial indefinite theta identities 267

3. Proof of Theorem 1.2 and related results

In this section we prove Theorem 1.2 and three related results, which we state below.
The proofs use four families of Bailey pairs with indefinite quadratic forms established
by the second author [21].

THeEOREM 3.1. For k a positive integer and 0 < € < k, we have
Z (Q)znq Z (—1)™ qu':]l ()=S0 minis1 =3, ”£+(n12+1)(—q)nk
"0 (aq,q/a), 2t S 20 (q)"—Yle—l c.. (Q)nz—nl(q2§qz)nl(_Q)nM

=(l-a) Z -1y a2 qkrs+(l 12)(k=6)r+(1/2)(k+O)r

r,5>0
r=s mod 2
k

1 o il
B N AN P
’ (9,049, 9/ @) ;( Ddq Hk,f(l)

% Z(_l)r g2+ Dr q(2k2+k)r2+2kir(1 4 g2kr1-2i q(2k2+k—2ki)(2r+1))’
r=0
where

2 k+1+0+i k+1—C+i 1+2k+i 3k+2+6+i 3k+2—{(+i
H (D) = fiaesra(@ ¢+ ¢ franea (@ g ). (3.D)

TueoreM 3.2. For k a positive integer and 0 < £ < k, we have

(@)2nq" Z

(_ 1)"/< qu':ll ("i+i+nk+i)+(nk;1)_2f':1] NN+ _25:1 "i+(n12+l)

n>0 (Clq, Q/a)n NEnop_ > >n1>0 (Q)n—an_l e (Q)nz—nl (q2; qz)nl
— (1 _a) Z ( l)r (r+s)/2
r,5>0
r=s mod 2

x q(l/8)r2+(k+1/4)rs+(1/8)52+(k/2—(1/2)€+1/4)r+(k+(1/2)€+1/4)s
1 2k+2
+ Z( 1)1 a q( D) ag (l)z Qk+2)r (2k+1)(k+l)r +(Q2k+1)ir
(449, q/ @) ke

1 2k+2 '
- Z (_1)(k+3i+€—1)/2 a4 q(”zl)—((k+i+€+1)/2)2
(_q’ aq, (’I/a)oo =1
i#£k+¢ mod 2

% Z (_l)r(k+l) a(2k+2)(r+m) q(k+l)2r2+2(k+l)(2k+1)rm+(k+1)(2k+l)m2
r>0,m>1

v qi(2k+1)m+(k+1)(i—k—£)r(1 n (_1)5 qé’((2r+1)(k+l)+i))’

where

3 . 2+k+{ 2+k—C 242k 4+3k+(: 4+3k—C
H () := fraws22(q™ g7 @) + ¢ fara(g T g ). (3.2)
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TueoreM 3.3. For k a positive integer and 0 < £ < k, we have
Z (@Domq" Z (—1)% qZL("iw*’”kﬂ)—Zﬁﬂ mini = ”i(_q)nk
(aq’ Q/a)n (Q)n—nZk (Q)nzrny(,l T (Q)nrnl (q)ll] (_Q)nk”

n>0 n>nog>nop_1>+>n1 >0
=(1-a Z (= 1) alr+9)/2 /B +et 3/ Drs+(1/8)s+(k=(1/2)=1L/r+ ket (1/2)0+1/4)s
1,520
r=s mod 2
1 2k+3 » o
aiq( ] 2 2 .
+ m Z (— 1)’gzq( 2 )Hlif(l) Z(_l)ra(2k+3)rq(2k +5k+3)r*+2(k+1)ir
q’ Q’ q (o] i1 g
1 2k+3 ,
Tt Z (- 1)(k+3i‘€‘1)/2aiq('§1)—((k+i—€+1)/2)2
(-¢,a9.q/a)w %
X Z (- 1)(2k+ 1 )r/2+ma(2k+3)(r+m)q(k2+3k+9/4)r2+(2k2+5k+3)mz
r>0,m>1
r#zk+i—¢ mod 2
X q(4k2+1Ok+6)rm+(2k+3)(€+i—k)r/2+2(k+l)im
1 2k+3 .
+ Z (- 1)(k+3i+€)/2aiq(”2‘)_((k+,-+g+2)/2)2
(-¢,a9. 9/ &
X Z (- 1)(2k+ 1 )r/2+ma(2k+3)(r+m)q(k2+3k+9/4)r2+(2k2+5k+3)mz
r>0,m>1
r=k+i+{ mod 2
% q(4k2+1Ok+6)rm7(2k+3)(€7i+k+l)r/2+2(k+1)im
where

4 k—l4r+2  k+lr+3 243 3k—lr45  3k+L+r+6
H (D) = fracean(q 5@ ) + ¢ frakean(@™ 7T, ). (3.3)

3.1. Proof of Theorem 1.2. Let 0 < ¢ < k. From [21, Theorem 1.1, K = k] we have

that X0, %0 is Bailey pair relative to g, where

_ q(k+1)n2+kn(1 -q

2n+1) n ) 5 )
a;k,{’) : — Z (-1)/ q—((2k+1) HQ20+1))/2
q =—n
and N /
ﬁ(k,f) _ Z qu-:ll 2, i)+ (" V-2 i -3, (1)
" n=nop_y =-->n; =0 (Q)n—ny{,] e (q)nz—}’“ (Q)l’l]

Note that when k = 1 and £ = 0, the sum on n; in 85" is identically 1 by the g-binomial
theorem,

4% (-2
DDk (Dn

and we have the Bailey pair used in Section 2.1.

https://doi.org/10.1017/51446788716000318 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788716000318

[15] Partial indefinite theta identities 269

We use the Bailey pairs a/(k 0 and ﬁﬁ,k’f) in Warnaar’s identity (1.2). The left-hand
side and the first sum on the right-hand side of (1.7) are easily obtained. For the second
sum on the right-hand side, we have

1 2 2 -
(_1)r+1 rq(z) Z( 1)/ (1- r)n(l r(2n+1))q(k+1)n +hn—((2k+1) F+QL+1) )2
(9,09, q/ @) Z

r>1 n>0

ljlsn
Carrying out the usual substitutions for n and j in terms of u and v (i.e. n = (u + v)/2,
j = (u—v)/2, and so on), the sum becomes

Z( 1)rarq( l)( Z Z )( 1)(u v)/2

u,v=>0 u,v<0
u=v mod 2 u=v mod 2

% q(1/8)u2+(1/8)v2+((4k+3)/4)uv+u((1/2)r+(3 [8)+(1/2)k+(1/2)0)+v((1/2)r+(1/4)+(1/2)k—(1/2)()

which can be written in terms of the indefinite theta functions f,;.(x,y,q) (by
replacing (u, v) by (2u,2v) and then 2u + 1,2v + 1)) as

i1ya gD ), (3.4)

rx1

where H,:,é,(r) is defined by (1.8).

While this is a nice, clean expression, the infinite sum of indefinite theta functions
is rather undesirable. To eliminate this, we take advantage of the periodicity in these
functions using (2.1a)—(2.1d). We first note that

H, ((r) — ¢ Hy 2k +2 + 1)
6k+6+2r

— fl 43, 1(ql+k—€+r q2+k+[+’,q) —q f1,4k+3,1(q5k+6+[+’,q5k+5_€+r, q)
2+k+t’+rf1 ey 1(q4+5k—{’+r’ q3+k+£’+r7 q) _ C]6k+6+2rf1,4]<+3,1(C]5k+6+g+r, q5k+5—£+r’ q)
5k+6+ fl a3, I(CIS 5k7€+r’q6+5k+€+r’ C]) _ C]6k+6+2rf1,4k+3,1(q5k+6+[+r, q5k+5—€+r’q)
=0,

which implies that H, ((2k +2)r + i) = ¢~ ®**(3)~H! (i) for 1 < i < 2k + 2. Thus,
upon replacing r by (2k + 2)r + i in (3.4), the sum becomes

2k+2
Z( 1)zazq( )Hk [(I)Z (2k+2)rq(2k+l)r((k+l)r+z) (3.5)
i=1 r=0
Moreover, since
3k+3-C  3k+d+L =2 klt’
Sraeesa (@0 gt ,l])— 2 A (@ ¢ g)
5k+5 f k 2-¢
=q" " fiaks (@ )
41<+4 Sk+6+C 5k+5 ¢

= Siare31(q ,q ,q),
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we find that H;’€(2k +2)=0. We also have H,i’[(i) + qzk“‘z"H,i’f(Zk +2—1)=0 for
1 <i<k+ 1 from the fact that

2+k+C+i  1+k—C+i 2k+2-2i
»q " Q) == f],4

3k+3—6—i  3k+4+6—i
q ,q)

Si4k+3,1(q x+3,1(q .q

and

4+3k+0+i 3+3k—(+i —2k—-2-2i k+1—C—i  k+2+(—i )

Siake3,1(q .q ,q)=—¢q Sfiake31(q ,q ,q
— q_k+€_3’f1,4k+3,1(q5k+4_€_i,qk+3+€_i,q)

_ Ak+d—4i SkeS—l—i Sk+6+0—i
=—q Siare3,1(q .q ,q).

Note also that this implies that H ,1 (k +1) = 0. Thus, we can further simplify (3.5) to

k oo
P i+1 .
E :(_1)1 a q( ) Hli,(’(i) 2 : g2+ q(2k+l)r((k+l)r+1)
i=1 r=0

k o

i+1 2k+2-i (*Y 141 - Qk+2)r _(k+D)(r+1D)((k+ D)(r+1)—i)

+Z‘(_1)l u ’q(Z)Hk,g(l)Z(;a gk rel)i
= =\

k 00
_ Z(_l)i d q(";l) H;i f(i) Z g 2k+r q(2k2+3k+1)r2+(2k+1)ir
i=1 r=0
X (1 — @222 @R D@r+ Dk =)y

This completes the proof of Theorem 1.2. |
3.2. Some special cases of Theorem 1.2. It turns out that H ,1 ,(0) is always modular.
This follows from a result of Hickerson and Mortenson [10, Theorem 1.3]. Using their
formulas together with classical methods for proving modular form identities, we find

the following simple infinite products when k = 2:

@@, 4" j(q, %)

1 _
By =4 (7% ¢*)eo ’
2.2 20. 20
HL(2) = - q_z(q)oo(q 4 4)00(2% iq )m7
’ J(q*.q*)
. 10y ;7,8 20
Hzl’l(l) — _q—l (CI)OOJ(q’q )J(q ’q )

(qZO; 6120)00 ’
1 @w(q* 4" (G )

1 _
H,,(2)=—q ;%)

This gives the following two identities.
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CoroLLARY 3.4. We have
(= 1Y (o541 i
ot (4 4 DDy Do D (D
=(1-a) Z -1y a2 q(5/2)rs+r+(3/2)s

r,5=0
r=s mod 2

J(@.a")jq* q
(aq, 4/ @)(4%; )0

20)

Za4r+lq15r2+5r(1 _ a4q10(2r+l))

r>0

3 (7% 4@ 4%)eo Z 42 1P H10r4 T (1 g2 SQre)y
(g, gl dwjig ) 24 1 “a

r>0
and
(=1)2(q)ang (% mma
poms 0 (049 41 DD Dy (D -, (D
=(-a) Z (= 1) a2 g8/ Drs+r+(3/2)s

r,s20
r=s mod 2
#4:9")jq*, ) 3
LA Za4r+1q15r +5r(1 _a4q10(2r+1))
(aq, g/ A)(q™; 7)o
_ iq*, 4", %) 4r+2 157410042 01 _ 2 /52r+1)
(aq, 4/ @)o(q*; °)eo Za 1 (=aa™

r>0

3.3. Sketch of proof of Theorem 3.1. From [21, Theorem 1.4, K = k], we have that

a/,(lk’f), ,Bf,k’[) is a Bailey pair relative to g, where

2kt D +(2k=1)n)/2 dnely N
k0 .= A Ul i Z(—l)fq‘ka—é’j
t l-q :
j=-n
and |
k-1 k-1 14 ny+
,B(k’f) o Z qzizl (nz+i+"k+[)’2i:l LU Y "i*( Y )(_l)nk(_Q)nk
' n>naj_1 == >0 (Dn-nyr = Dinyn, (q2; qz)m =Dy
Again using the g-binomial theorem, we have that 8" = 1/(—q),, so that the case

k =1 and ¢ = 0 corresponds to the Bailey pair in Section 2.2.
Using these Bailey pairs in (1.2), the first two terms give the first two terms in
Theorem 3.1 while the final term is equal to

( 1 7 Z(_l)rﬂarq(;) Zq(l—r)n(l _ qr(2n+1))q((2k+1)n2+(2k—1)n)/2(_l)jq—kf—fj_
q,a9,4/a)oo

r>1 n>0
ljlsn
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This can be written in terms of the f,, .(x,y, g) as

1

Gar e 2V @ DH o) (3.6)

r>1

where H,i (1) is defined by (3.1). Then, as before, we can easily see that
Hp (1) = @ H 2k + 1 +7) =
Moreover, we find that H,f /(2k + 1) = 0. Thus, we can rewrite the sum in (3.6) as

2k

Z(_l)iaiq(i;l)Hz (l) Z( l)r (2k+l)r (2k2+k)r +2klr (37)

i=1

To simplify further, we now note that H,i{,(i) + q2k”*2"H£’€(2k +1-1i)=0 for
1 <i < k. This is because

Ltk lei 1+k—C et 1-2i Yer2ml—i A 2+l—i
Fraes11(@ g gy = P e (L P )

and

2+3k+{+i q2+3k—[+i k+1-0—i  _k+1+6—i

—2k—1-2i
,q)=—q 'frace11(q ,q )
Y Ske2—l—i  k+2+(-
=g " (LG )
Aer2—4i Sk3—l—i Sk43+0—i
—¢" T flaken 1 (@@ ).

Srare11(q

Thus, in summary, we find that (3.7) is equal to
k _ o0
Z (=1) aiq(lzl)Hlig(i) Z (=1) a®+Dr q(2k2+k)rz+2kzr(1 4 g2kH1-2i q(4k2—4kt+2k)r+2k2+k—2kz).

This completes the proof of Theorem 3.1. O

3.4. Some special cases of Theorem 3.1. Once again the H,f’ ((1) are always modular
and once again we have simple infinite products when k = 2:

1 @44 ¢"2%¢%; 7)o
7(4,.4") (4%, ¢*)j(@, ¢%°)’
5 @%@ 4" %5 ¢
i@, 4" jq* ¢ jq, 4*°)
1 @eoj(q®, 47
(Do’
1@ i(qt, %)
_g S )
(9o

H%o(l) =—q

H3o(2) = -
H3, (1) = -

H3,(2) =

This gives the following two identities.
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CoroLLARY 3.5. We have
Z (=D™® (q)ann+n§+n3 _"1"2+(1112+1)(_Q)n2
n2n3zim 2 20 (aq, 4/ n(@Dn-n; (@ > (@D -n, (¢% q2)111 (=@ns
= (1 - a) Z (_l)ra(r+s)/2q2rs+r+s

r,s>0
r=s mod 2

(@eo(q" 4" 47 roSrel 10/%+4r 312746
(aq q/a) ](q qlo)j(qS q20)j(q5 C]ZO) Z(_l) a q (1+a q )
’ © ’ ’ ’ r=0

(@D=(q"% 4" %@ 7)o s orag o
(ag, /) (@ ) j(G", (5, ¢2°) } (=D'a"q (1 + ag*™*?)
b (o] ’ N s rZO

and

Z (_ 1)"2 (q)znqn+n§+n3—n1nz+("21)(_q)n2
n>n3>ma>n; >0 (‘161, (/I/a)n((/I)n—ng (q)ng—nz (Q)nz—nl (q22 qz)nl (_(/I)ng
— (1 _ (l) Z (_1)ra(r+s)/2q2rs+(1/2)r+(3/2)s

r,s>0
r=s mod 2

( j(qss qz;))) (_l)ra5r+lq10r2+4r(l + a3q12r+6)
—4,44,4/0)

j(q q r 5r+2 10r2+8r+2 4r+2
e q,aq,q/a)m Z( e (1+ag™™).
r>0

3.5. Sketch of proof of Theorem 3.2. From [21, Theorem 1.2, K = k], for0 < ¢ <k,

aﬁlk’f), ﬁf,k’f) is a Bailey pair relative to g, where

q2n+1 ) n ) 5 .
D, Dig

j=n

(k+l)n2+kn(1 _
l-¢q

aglk,é’) - q

and 1 1
(= 1y gE Ot ()i, w5 e ('

“.- y
0

n>npp— =--=n1 >0

(q)nfny(,l e ((/I)nzﬂz] (CI 5 q )nl

Note that the case k = 1 and ¢ = 0 corresponds to the Bailey pair in Section 2.4.
In Warnaar’s identity the first two terms are the first two terms in Theorem 3.2, as
usual. The final term is

n
. ) S o,
2:( *la (2) 2 :q(l—r)n(l _ qr(2n+1))q(k+1)n +kn } :(_1)/q—k1 ={j
(4, aq, q/a%o = =0 j=n

This can be written in terms of the f,,.(x,y, ) as

g g 2V, a8
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where H,f /(1) is defined by (3.2). Then, using relations (2.12)—(2.1d), we find that
H/if(r) _ q2+2k+rHIi[(2k + 2 + r) — j(q2+k+r+f’ q2) + j(q2+k+r—f7 q2)’

which implies that

;
H,i[((Zk +2)r+i)= q—r(r+1)(k+1)—ri Hlié’(i) _ Z q—mr(2k+2)—mi+m(m—l)(k+1)
m=1

X (j(qk+2+(r—m)(2k+2)+i+{f, qz) + j(qk+2+(r—m)(2k+2)+i—€’ qz))'

Using this in (3.8), the sum becomes

2k+2 . ~
.o i+ 2 2 7
Z (-)ia q( i) H/i((i) Z a2k q(2k +3k+ 1) +(2k+1)ir
i=1 r=0
2k+2 _ 0 r
_ Z(_l)i d q(‘;‘) Z g+ qz(k+1)2r2+(k+1)(2i+1)r Z q(k+1)m2—im—(k+1)(2r+1)m
i=1 r=1 m=1

X (j(qk+2+(r7m)(2k+2)+i+f’ qZ) + j(qk+2+(r7m)(2k+2)+iff’ q2)) (39)

Note that j(gkt>Hr—m@k+2+ixl 52y — () unless i + £ # k mod 2. In the second sum
in (3.9), we make the change of variables r = r + m and then apply (2.3) with
n=1+r(k+1)+(k+i+€~-1)/2 and x = g. This gives j(g,g*) times a finite sum
of partial theta series,

2k+2
Z (_1)(k+3i—€—l)/2 d q(";‘)—((k+i—c+1)/2)2 Z (-1 )r(k+l) gD r+m)
i=1 r>0,m>1

iZk+{ mod 2

% q(k+1)2r2+2(k+1)(2k+1)rm+(k+1)(2k+1)mz+(k+1)(i—k)r+(2k+1)im+€(1+k)r

2k+2
" Z (_1)(k+3i+e—1)/2aiq(’§‘)—((k+i+{f+1)/2)2 Z (= 1)/ k+D) g ks2)(r4m)
i=1 r20,m>1
izk+¢ mod 2

% q(k+1)2r2+(k+1)(2k+1)m2+2(k+1)(2k+1)rm+(k+1)(i—k)r+(2k+1)im—€(1+k)r

Combining this with the first part of (3.9) gives the desired result. m|

3.6. Sketch of proof of Theorem 3.3. We now consider the Bailey pair relative to ¢
[21, Theorem 1.3, K =k + 1]:

((2k+3)n2+(2k+1)n)/2( 1-¢

kL q ) S i —(Qk+1) 2+(2C+1)))/2
a®D .= — Z(_l)fq—« +D+QED )/
q prt
and k 2 k-1 4
0 qz,':l(nhﬁnm)—zz':] M1 =Yy ni(_l)nk(_q)nk
BlO= ),

N>R > 221,20 (q)l’l—”IZk(q)nZk_"Zk—l U (q)n2—n1 (q)m (_q)nk+1 .
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We follow the usual line of reasoning. Using these Bailey pairs in (1.2), we need to
examine the final term, which is equal to

Gar g 2V ad 3.10
(q,aq’CI/a)oo ;( ya'q 2 Hy (), (3.10)

where Hg‘[(r) is defined by (3.3). From the relations (2.1a)—(2.1d), we calculate that
H]i((r) _ q2k+3+rH]i[(2k + 3 + r) = j(qk+r+2—f’ qZ) + j(qk+r+3+f’ q2)’

which implies that

’
H,ff((2k + 3)’, + i) — q—(2k+3)r(r+1)/2—irHlécl’[(l~) _ Z q—mr(2k+3)—mi+m(m—1)(2k+3)/2
m=1

k+2+i—C+(r—-m)(2k+3) k+3+i+0+(r-m)(2k+3) qZ))

x (jq %)+ j(q
Using this in (3.10), the sum is equal to

2k+3

Z( l)zatq( )ka(l)z( 1)a (2k+3)r (k2 +5k+3)r2+2(k+1)ir

2k+3
_ Z (-1)ia q( )Z( 1)a (2k+3)r q(2k2+6k+3)r +(2ki+3i+k)r+3r(r+1)/2
i=1 r=1

« Z qkm2+3m(m4)/27(k+i+3r+2kr)m

m=1
% (j(qk+2+i_[+(r_m)(2k+3), q2) + j(qk+3+i+€+(r_m)(2k+3), qz))'
By shifting the summation (r by r + m) and using the periodicity of j function, we
obtain the desired identity. O

4. Proof of Theorem 1.3 and related results

In this section we prove Theorem 1.3 and two related results which we state below.
The proofs use Bailey pairs obtained by iterating the Bailey pairs in Sections 2.1-2.3
along the Bailey chain. The two results below generalize identities (1.5) and (1.6).

TueoreM 4.1. For k a positive integer, we have

2 g+t

(@D2q" g
Z (aq,q/a), Z (Dn-niy @Dy, (=P,

n>0 n>ng_1=--=>n1=0

—(1-a) Z (=1 a9 q(1/4)(k—1)r2+(1/2)(k+1)rs+(1/4)(k—1)sz+(1/2)kr+(l/2)ks

r,5>0
r=s mod 2
1 2k+1 = o .
+ —( (~1)dg D HA0) ) (= 1) a @+ Dr gk +hr+2kir
(9,49, q/ @) ; k ;
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+2 Z (- 1)1 z+(2k+1)n 0> (k,i,n) j(q2n+i+1, q2k—1)

I<i<k+1
0<n<2k-2

% Z (=1)" g+ D@k Drm) qu(k,i,n,r,m))’ (4.1)

r=0

m>1

where
2 2
H() = fr-12k43.2%-1(¢, ¢, @)
142k Aktl jrdkrl

+q" M ok i1 (@ gL g, 4.2)

Qz(k,i,n)::( 5 )+(2k2+k— Dn? + Qik-2n—i—1,

Ry(k,i,n, r,m) = (4k* = 12k + 1)(k — 1)r? + (8k> — 2kymr + (2k* + kym?
+ ((4k2 =2k —-2n+ 2k = 2)i — Dr + 2k2kn + n + )m.
TueOREM 4.2. For k a positive integer, we have
2n§71+2nk71+~-+2nf+2n1 (q q2)n

Z (@*:4")ong™ Z q
(@ ¢ la: g, (%5 @Pn-mey (@5 Gng=m (@ Gy (=G GPny

n>0 1>>n1>0

— (1 _ a) Z (_l)ra(r+s)/2q(1/2)(k71)r +hrs+(1/2)(k=1)s>+(1/2)(2k—1)r+(1/2)2k-1)s

r,5>0
r=s mod 2
1 2k
N g3 s 2kr (4> =2k)r? +(4k=2)ir
T a2 la ) (Z( g H"(l)za 1
9 9 9 (o] l=l rZO
) Z (_1)i+n ki ng(k,i,n) j( q2n+2i+1’ q4k—2) Z @ 2K(@k=1)r+m) qR3(k,i,n,r,m))’
1<i<2k r>0
0<n<2k-2 m=1

where
H (i) := fucr s ak (g™ 1 g)
+ g% fyn arer ana (P N g, 4.3)
Os(k,i,n) =i +i+ (4k —2)in+ (4k*> =2k — Dn*> =2n—2i — 1,
Ri(k,i,n, r,m) = (16k* — 24k> + 8k>)r? + (16k> — 16k* + 4k)rm + (4k* — 2k)ym?
+(16k°n — 16k%n + 8k%i — 8ki — 2k)r + (8k*n — 4kn + 4ki — 20)m.
4.1. Proof of Theorem 1.3. Iterating (2.21) and (2.22) beginning with (2.4) and
(2.5), we obtain the Bailey pairs
® (1 _ q2n+1)q(k+1)n2+kn

l-g¢q

Z(_l)jq—j<3j+1)/2
lilsn

and
n2_| Ry eebnd ny

) _ q k-1
" Z (Q)n—nk_l e (Q)nz—nl

n>ng_1=--->n,=0
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Using Warnaar’s identity, we have

Z ((Q)an B(k)

ﬂ>0 aq’ Q/a)
=(1-a) Z(_1)n+janq(2k+1)(";1)—j(3j+1)/2
n=0
|jl<n
1 = , >
+ (_1)r+1arq(2) q(l—r)n(l _ qr(2n+1))q(k+1)n +kn
(¢, a4, q/a)e Z‘ ;
x Z(_l)jq—jejﬂ)/z‘
ljl<n

Using the usual substitutions, the first sum on the right becomes the first sum on the
right of (1.9) and the threefold sum on the right can be written as

iya gDk, (4.4)

r>1

where H,l(r) is defined by (1.10). Arguing as usual using the relations (2.1a)—(2.1d),
we find that

H(r) - ¢ H 2k + 2+ 1) = j(@™ . ) + jig™ ),

which implies that

r
H,: (k +2)r + i) = qf(kH)r(rH)fir H,: (i) - Z q—(2k+2)mr+(k+l)m(mfl)fmi

(2k+2)(r—m)+2k+l 2k1 k+2)(r—-m)+2k+i+1 qzk—l))

X (j(q )+ j(gq

Using this in (4.4), we find that (after shifting » by » + m on the right-hand side)

r+1
D1y dIHe)
r=1
2k+2 2k+2

— Z( l)lalq( )H (1)2 (2k+2)r (2k2+3k+l)r +(2k+1)ir + Z( 1)z+la1q(l+1)

x Z a(2k+2)(r+m) qZ(k+l)2r2+(2+6k+4k2)rm+(1+3k+2k2)m +(2k+1)1m+(l+k)(21+l)r

r>0,m>1

x (j(q(2k+2)r+2k+z 2k—1 (2k+2)r+2k+i+1, q2k—1)).

)+ J(g
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To use the periodicity of j function, we set r = (2k — 1)r + n. Then the second
summand on the right-hand side above equals

Z (_1)i+1 g+ @kEn q(”l)+(1+k)(21+1)n+2(k+1)2 n?

1<i<2k+2
0<n<2k-2

x Z a(2k+2)((2k— 1)r+m) qz(k+ 12(2k—1)2 P +4(k+1)2(2k—1)rn+Q2+6k+4k>)((2k—1)r+n)m

r>0
m>1

% q(1+3k+2k2)m2+(2k+1)im+(1+k)(2i+1)(2k—1)r

(2k+2)((2k—1)r+n)+2k+l 2k 1 k+2)((2k—1)r+n)+2k+i+1 qZk—l))

x (j(q )+ j(gq

Note that

j(q(2k+2)((2k—1)r+n)+2k+i+b—l , q2k—l )
- (_1)n+1 q—(Zk—l)((2k+2)2’+"+l) q—(h+i+3n)((2k+2)r+n+l) j( qi+3n+b’ q2k—l)

b}

where b =1 or 2. Using this, after some simplification, we obtain the desired
result. m]

4.2. A special case of Theorem 1.3. When k = 2 the H,i (i) are modular, and once
again we have simple infinite products:

L1 (@eo(gs 614)2 st
Hyl) =~ = = =@ ) 4",

n=0
_ Lo (655993
H® =02 0" = =507 ST+ (g
? ; 27 U@(g* g%
Using
Hy()) + " Hy(6 — ) = —¢7'j(q" . ¢) + ¢ j(q" . ).
we obtain after some simplification the following identity.

CoROLLARY 4.3. We have

2
ny+ng

@nd" O ¢
= (aq,q/@n = (@Dn-n,
— (1 _ (1) Z (_])ra(r+s)/2q(]/4)r2+2rs+(l/4)sz+r+(3/2)s

r,s=0
r=s mod 2

(6142114)00 6r+1 _15r2+5r 4 20r+10
(aq, 9/ @)oo(4*; Moo Za 1 (=)

r>0

_ (@ )% Za6r+2q15r2+10r+1(1 — g\
2(9, 9, a9, q/@)(q* 4%
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1

— % 7 Za6r+2q15r2+10r+1(1 _ 2aq5r+2 + azq10r+5
aq, q/a)e

r>0
15r+8

U
(aq,q/ @)

+2a3q _2a4q20r+12_2a4a20r+13)

a6(r+m)+1 q12r2+30mr+15m2+5m+2r—1
r>0,m>1

X(l + aq5m+2r—1 + a2q10m+6r + a2q10m+8r+2 + a3q15m+12r+4

_a4q20m+14r+4 + a5q25m+18r+7 + a5q25m+20r+10)‘

4.3. Sketch of proof of Theorem 4.1. By considering the Bailey pair

( 1- q2n+ 1 )q(’z’)+k(nz+n)

. g

ay = — D =g

1 (i<

and

© Z q”i—l gy ekl ny

By = ,

" Ny 22y 20 (q)n—nk_l e (q)nz—nl (_q)nl

we find

(D2nq" k)
(aq.q/a),” "

n>0
) 2 P 1
— (1 _ a) (_1)ﬂ+]anqk(n +n)—j +
; (¢:a9,q/ @)
|jl<n
% Z(_l)ﬁlarq(;) Z q(l—r)n(l _ qr(2n+l))q(g)+k(n2+n) Z(_l)jq_jz.
r=1 n>0 |jl<n

Using the usual substitutions, the first sum on the right becomes the first sum on the
right of (4.1) and the threefold sum on the right can be written as

Di1ya g H), (4.5)

r>1

where H;(r) is defined in (4.2).
Then we calculate that

H]%(r) _ q1+2k+rH]3(2k + 1 + r) — Zj(é]r+2k, q2k—1),
and hence we find that
HA(Qk + 1) + i) = gD+ D2-ir g2 )

,
) Z q—(2k+1)mr+(2k+1)m(m—1)/2—mi i q(2k+1)(r—m)+2k+i, q2k—1)'

m=1
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Using this in (4.5), we have that

2k+1
Z( 1)’a’q( )Hk(r)_Z( 1)’a’q( )HZ(I)Z( 1) a®+brg QK2 +k)r +2ikr
rzl i=1 r=0

2k+1

) Z( 1)ta1q( )Z( 1Ya Qk+1)r (2k2+2k)r +r(r+1)/2

x Z qm(m—l)/2+km2—(2k+1)(m—i)r—im+k(r—m)

m=1

X j( q(2k+1)(r—m)+2k+i, q2k—1).

By shifting the variable r by r + m, the second summand on the right-hand side equals

2%+1 '
) Z(—l)iaiq('El) Z (_1)r+ma(2k+1)(r+m)
i=1 r20,m>1
> qr(r+l )/ 2+2Kk2 +2k) 2 +(4K2 +2k)mr+(2k2 +k)ym? +(2i+ Dkr+2ikm+ir i q(2k+1)r+2k+i’ q2k—l ).
To use the periodicity of the j function, we shift r by (2k — 1)r + n. Then, from (2.3),
we observe that

(ke (k=D 2k 2k1 (2k=1)(Qk+1)r+n+1)+2n+i+1 q2k—1)

)=Jj(q
— (_1)n+r+1q—(2k-1)((2k+1)2r+n+1)

J(q

—2n+i+1)((2k+1)r+n+1) 2n+i+1  2k—1
47 ),

xXq Jq

which, after some simplification, implies the desired identity.

4.4. Sketch of proof of Theorem 4.2. By iterating Bailey pair (2.13) and (2.14), we
obtain a Bailey pair relative to ¢,

2kn?+2(k—1)n 4n+2
q (1 -q ) L2
¥ = — PG (4.6)
q j=—n
ﬂ(k) _ Z q2"271+2"’<*1+"'+2"%+2"1(q; q2)nl (4 7)
S N L IR C el P U I G R
Plugging these into Warnaar’s identity and proceeding as before, the final term
becomes
(r+1) 173
> I d gV H (), (4.8)
(¢*, a9, 47 @)

where H,? is defined in (4.3). Then, by employing relations for the f; ;. function, we
find that
H}(r) - " H} 2k + r) = 2j(g™* 1, ¢* ),
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which implies that

r
H]fj (2](1" + l) — q72kr(r+l)—2irHlf: (l) -2 Z q74kmr+2km(m—l)72mij(q4k(r—m)+4kfl+2i’ q4k72).

m=1

Therefore, after omitting the product, (4.8) is equal to
Z( l)lalql HH@O)Z 2kr (4k2 —20)r2 +(4k-2)ir
r>0

_22( l)z i P+ Z 2kr+m) q4k2r2+(8k274k)mr+(4k2—Zk)mz+(4ki+2k)r+(4k—2)im

r=0,m>1

><](q(étk—Z)(rH)+2r+2i+1 q4k—2)
- Z( l)laqu HH(Z)Z 2kr (4k2 —2k)r2+(4k=2)ir
r>0
12 Z (_1)1+n ki ng(k,i,n) j( q2n+2i+17 q4k—2) Z @ 2R(@k=T)r+m) qR3(k,i,n,r,m)’
1<i<2k >0
0<n<2k-2 m>1

where we set r = (2k — 1)r + n for the last equality and Qs(k, i, n) and Rs(k, i, n, r, m)
are defined in the statement of the theorem.

S. The Ji-Zhao identity and three-variable indefinite theta functions

In this section we recast the partial indefinite theta identities from Sections 1-4 in
terms of indefinite ternary theta series. We define

ga,b,c,d,e,f(X, V,2,q) = ( Z + Z )(_1)HHIXrySZIqa(g)+brs+c(;)+d”+em+f(£),

r,s,t20  1,5,t<0

Special cases of this function have recently occurred in the study of torus knots [11]
and the Gromov—Witten theory of elliptic orbifolds [7], and as we shall see shortly, a
number of g-hypergeometric series can be expressed in this way. For a general theory
of multi-variable indefinite theta functions, see [27].

We make use of an identity of Ji and Zhao [13]. Arguing as in Warnaar’s proof of
(1.2), they proved that if (@, 3,) is a Bailey pair relative to ¢, then

Z (Dawq" , 1 Z q"a,
(aq,q/a)n (%, aq,q/a)e &4 (1 — g2m+)

n>0 n>0

X (1 + ;(—1)’q@<(aq"“>’ + (¢! /a)’)). (5.1)

Note that the left-hand side is the same as in Warnaar’s result but the right-hand side
is different.
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We begin with identity (1.4). If we use the Bailey pair in (2.4) and (2.5) in (5.1), we

obtain
(Dnq" 1 Z( 1) 2 2 iGiD/2G) s r
i (aq, qla), (g, aq,q/a)e £
ljl<n
r=0
" 1 Z (_1)r+ igr q2n2+2n— JBj+D/2+(5)+(n+1 |
(9,09, q9/a)e
ljl<n
r>1

Letting n = (u +v)/2 and j = (u — v)/2 in the first sum, and letting n = (—u — v — 2)/2,
= (u —v)/2 and r = —r in the second sum, we have

(@2nq" e
=0 (Clc],i]/a)n_(q,aq q/a)w( Z Z )a( 1)+

r,u,v<0
u= vm0d2 u=v mod 2

D)+ (1/8)+(T [ Duv+(1 /8 + (3 Du+(5/4)v+(1/2)ru+(1/2)rv

x ¢t

Replacing (u#,v) by (2u,2v) or (2u + 1,2v + 1), we arrive at the following
proposition.

Prorosition 5.1. We have

(@2n9" 1
Z - = (817011108 ¢, 4.9 + q*g17.1.1.11a9°. 4", 4%, 9)).
i (aq.q/a),  (q.aq,q/a)w

We proceed to find the three-variable indefinite theta functions for the other
identities in the paper. The method is always the same, so we omit the details. Using
the Bailey pairs in (2.9), (2.10), (2.13) and (2.14), we have alternative versions of (1.5)
and (1.6).

PropositioN 5.2. We have

Z (@ (D" 1

= (g1511.11(aq% ¢ 4. 9)
(aq,q/a), (9,aq,q/a)w

n>0

+q°8151.1.1109, 4 G%, 9)),
)2 2" 1

Z (4:9 _
(aq®>, ¢*la; g, (G% aq?, ¢*1a; ¢*)eo

n>0

(8262222008, 4, ¢*, @)

+q*g26002009", 4", 4", 9)).

The identities corresponding to those in Theorems 1.2 and 1.3 are contained in the
following two results.
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ProposiTiON 5.3. For k a positive integer and 0 < € < k, we have

(Q)an
Z (aq,q/a), Z

n>0 n>npp—1=-->n1>0

(—1)""qztﬂ("§+,~+"k+i)+("“') i minie1— Z, 17

(Q)n—ngk_l te (Q)nz—nl (Q)nl

= (grakss.0.01.1(agd " G g, 9)
(9,09, 9/ @)

242k 3k43—L  ktdil 2
+q7 7 g1ake3,0,1,1,1(aq .q .47, q)).

ProrosiTiON 5.4. For k a positive integer, we have

n2_ gy eetni 4

(9)2nq g
(061, Q/a>n Z (Q)n—nk,l e (Q)nz—m

n>nj_1=--=>n1=0

n>0

1
= ———(ga-126+5.2%-1.1.1.1 (ag™, ¢!
(g, aq, q/q)oo
4h+2 43

+ " g1 ks i1 (ag™ 2, ¢ 4L ).

4> 9)

Before stating the result corresponding to (2.24), note that inserting the Bailey pair
in (2.19) and (2.20) into (5.1) does not lead to a divergent series, unlike with (1.2). We
iterate (2.19) and (2.20) along the Bailey chain to obtain

kn2+(k—1)n(1 _ q2n+1)
l-g¢

q

ieWWﬂ

j=n

ai(n) =

N2 g+ 4 (=1)m

_ q
= ), Droner Do P POy

n>ng_1=-->n1 =0

The result is stated in the next proposition.

ProrosiTion 5.5. For k a positive integer, we have

(_ 1 )nl qni] -1 +~~+n%+n1

(9)2nq"
Z (aq’ Q/ )n Z (Q)n—nk,] e (Q)nz—nl ((]2; q2)n|

n>0 n>ng—1=---=n1 =0

= (gmam22%211.1@* ", ¢ g, 9)
(9,09, 9/ @)

2% 4k-1 41 2
+q" gau-201122k-2,11,10a9" ", G, 47, q)).

When k = 2 the left-hand side is the same as in (2.24).

We turn to the three results stated in Theorems 3.1-3.3 at the beginning of Section 3.
We obtain the following indefinite ternary theta series versions.
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ProposiTiON 5.6. For k a positive integer and 0 < € < k, we have

(@amq"
Z (aq,q/a), Z

n>0 n>np_1=->n1=0

(= 1y gZ @t men=i mnsa =S () gy
(Q)n—nzk—l e (Q)nz—nl (qz; qz)nl (_q)”k+1

1 _
= ——————(gras1.0.11.1(agd L G g, 9)
(9,99, q/ @)
20 k240

+9" g1 sa3 1011 ag L 7 4L ).

ProrosiTioN 5.7. For k a positive integer and 0 < € < k, we have

Z (@anq" Z (= 1) gZict Otmeir () =S mimier =2, (")
n>0 (aq q/ )" n>nop—y >+>n; >0 (‘Dn—nqu e (Q)nz—nl(q »q )nl
1 _
= (g24k221.1.1ad L ¢ g, q)
(9,99, q/a)x
+ g a1 @@L L AL g)).

ProrosiTion 5.8. For k a positive integer and 0 < € < k, we have

(@Damq"
(aq, q/a), Z

n>npp>nog—1 =211 =0

2 k=1,.2 k-1 4
(=1)m qnz,(+nzk+2i:1 (M e d) = 200 2) Miltie1 =22 i (_fl)nk

Drn-n Dn—nns " Drnyns (@, (D,

n>0

k+2-C  k+3+C
= ——————(g2ak+a2.1.1,1(aqd" 5,4 q, q)

(g,aq,q/a)e
3k+5-C  3k+6+(

+¢* gra144211.1(aq ,q 05 q).

Finally, we have the two results stated at the beginning of Section 4. Corresponding
to Theorems 4.1 and 4.2, we have the following propositions.

ProposiTion 5.9. For k a positive integer, we have

N gy a4

(9)2nq" q"-
Z (aq Q/a)n Z (q)n—nk,l e ((/I)nz—nl (_q)nl

n>0 n>ng_y>-->n1 >0

(g aq, q/a)oo
+q"  eu 1k n-110.1(@g™ !, ¢ 2L g)).

% 2k
(8ok-1.2k+32k-1,1,1,1(aq™", ™", 4, q)

PropositioN 5.10. For k a positive integer, we have
(q q2)2nq q2n§_1+2nk_1+-»-+2nf+2n1 (q; qZ)nl
; (aq,q*/a;*)n nan;ZmZO (O R U N A I G T
B 1
(@%aq?, a4
+ g% g arak-2222ag* ", %1 ¢, ).

4k-1 41 2
(8ark—2.4k+2.4k-2222(aq™" ", 4" ,q",q)
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6. Residual identities

In this final section we compute the so-called residual identities corresponding to
the partial theta identities in Sections 1-4. The notion of the residual identity of a
partial theta identity goes back to Andrews [1], the idea being to evaluate the residue
around the pole @ = ¢" and then use analytic continuation to replace ¢" by a. This has
been further discussed by Warnaar [26] and the second author [20], who both set out a
number of examples and gave some applications. Here we give details for the partial
theta identity (1.4) and simply state the other results.

In (1.4), we take the limit as a — ¢" after multiplying both sides by 1 — ¢"¥/a and
shifting the summation variable on the left-hand side by N. We find that

Z (Doneng"™ Z( 1) g2+ DN g3rr+ 2,
(qN+1)n+N(Q)n ( N+1)

n>0 r>0
and so Nl
Z (@2n@™" " Danq" Z( 1y 2N v,
(qN+1) (q2N+1) ( ) N+1)
n>0 N ngn < 20
or IN+1
+
G Dwmq" Z( 1y N i,

@V (@ (q)oo

Since this identity holds for any N € N, analytic continuation enables us to set a = g*"
As a result, we have proven that

(a('Z)ann — L _ 1, n(3n+3)/2
2, @ adn (@ 2, (-a'q '

n>0 n>0

r>0

This is a special case of a transformation of Fine [8, Equation (25.96),b =0, =z =q].
If we compute the residual identity of (1.5), we get

(a2q; qz)n(a@nqn n 3n 3n +2n 2n+1
= e VT

n=0 n>0

This is equivalent to a known identity (see [20, (2.12)]).
The residual identity of (1.6) is

Z (aq)rq" _ (a9)%, Z az’qr2+2r1 +aq™!
(@¢.@n (@, P 1 —ag™!

n>0

which is a special case of an identity of Watson [9, Equation (3.2.11), a = a*¢*, b — o,
c=gq,d=e=aq].

We now state the residual identities of Theorems 1.2, 3.1, 3.2 and 3.3, using the
same notation H,i[(i) as in these theorems. We extend the definition of (a), to all
integers in the usual way, by @

a)co

(a)n = (aqn)oo .
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THEOREM 6.1. For k a positive integer and 0 < £ < k, we have

(anrH— 1 )nqn
Z (Dn Z

n>0 Nog—12+-2n1 20

- 1 _
(=1y% qu:I' O e+ ()= S minia =S i

(aq)nfny(,l e (Q)nzfnl (q)m

— 1 k i i-1 (i+]) 1 K
= Ggans 2V HLO

% Z 4k+2or q(2k2+3k+1)r2+(2k+1)ir(1 — k22 Gk D@D 1=y

q
r>0
THEOREM 6.2. For k a positive integer and 0 < € < k, we have
Z (a qn+1)nq Z
(@n

n>0 Nog—1 =211 20

(=1)ym qu;ll (2, ) -2 minia -3 ni+("‘2”)(_ D,
(aq)n—}’lzk_l e (Q)nz—nl (qz’ qz)nl (“])nk+1

k
- 1 ii-1 (5N g2 -
- (q,q,aq)w;(_l)a D)

x Z(_l)r gk+Dr q(2k2+k)r2+2kir( 1 4+ g2k+1-2i q(2k2+k—2ki)(2r+1))_
r=0

THEOREM 6.3. For k a positive integer and 0 < £ < k, we have

- 1 1
Z?:ll(”/%n*'”kﬂ)*(nk; )T minin =X (M)

(@q" " Z (-1)*q

n>0 (Q)n Nk 1>_"2an0 (a(/I)nfnZk,l e (Q)nrnl (q ’q )ll]
2k+2 1 o
PR i+ 2 i
Z( l)zaqu( 5 )Hg F0) Z a(2k+2)rq(2k+l)(k+l)r +(2k+1)ir
" @ q.a9) aq) —
1 2k+2

_ Z (_1)(k+3i+t’—1)/2 a! q B =((k+i+0+1)/2)?
4909«
i#k+¢ mod 2
% Z (_l)r(k+l) a(2k+2)(r+m) q(k+l)2r2+2(k+l)(2k+l)rm+(k+l)(2k+l)m2

r>0,m>1
X qi(2k+1)m+(k+1)(i—k—f)r(1 + (_l)qu((2r+1)(k+l)r+i))
THeOREM 6.4. For k a positive integer and 0 < £ < k, we have
(a qn+l) q Z (_1)nqu,il(n£+,»+nk+,-)—zf;' nini =36, ni(_q)nk
(Q)n (aQ)n—nZk(Q)rm—nzk_] e (q)l’lz—nl (q)l’ll (_Q)nm

n>0 ok >Nop—1 =--=n1 =0
1 2k+3 _ o
— Z (- l)i ! q('El)H,f'g(i) Z(_ 1) q2k+dr q(2k2+5k+3)r2+2(k+1)ir
(49, aq)w N
1 2k+3

b Z (_1)(k+3i—€—1)/2 ! q(f;‘)—((k+i—f+1)/2)2
(4.9, a49)w =
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% Z (= 1)+ Dr/2em Qs 3)(r+m) q(k2+3k+9/4)r2+(2k2+5k+3)m2

r>0,m>1
r#k+i—¢ mod 2

><q(4k2+10k+6)rm+(2k+3)(£’+i—k)r/2+2(k+l)im

2k+3

1 Z( 1)(k+3l+f)/2al lq BN~ ((k+i+0+2)/2)?
" o q a9 P
> Z (- 1)(2k+1)r/2+m o 2kH3)r+m) q(k2+3k+9/4)r2+(2k2+5k+3)m2
r>0,m>1

r=k+i+{ mod 2
><q(4k2+10k+6)rm—(2k+3)(f—i+k+1)r/2+2(k+1)im

Finally, we state the three residual identities corresponding to Theorems 1.3, 4.1
and 4.2. Recall the notation from the statements of these theorems.
THEOREM 6.5. For k a positive integer, we have

2
1+ tny+ng

@q" g g
Z (@n Z @Pn-n_, = Dny-n,

n>0 Ag_1>-->n1 >0
1 2Uet2 1 .
140" | 2 2 .
= (—a)(Z(_l)lal lq( 2 )H}l 0) Z a(2k+2)rq(2k +3k+1)r2+Qk+1)ir
q,4,04)~ \ 4 —
Z (—1)i*ngit@he2m=1 fOkinb) j dnih k=1
1<i<2k+2
0<n<2k-2
1<b<2
X Z 4 hD(@h=Dr-+m) qu(k,i,n,b,r,m))
r>0
m>1

THEOREM 6.6. For k a positive integer, we have

iy +endng

(@q" " )g" g
(Q)n Z (aQ)n—nk_l e (Q)nz—nl (_Q)nl

n>0 Ny =-->n12>0

2k+1

(q - aq) (Z( l)l i— lq('+ )Hz(l) Z( 1)r 2k+1)r (2k2+k)r +2kir

12 Z (- 1)1 i+Q2k+1)n—1 Qz(k,z,n)j(q2n+t+l’q2k71)

1<i<2k+1
0<n<2k-2

% Z( 1)y g2k l)r+m)qR2(klnrm))

r=0
m>1
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THEOREM 6.7. For k a positive integer, we have

(@q*™*; ¢*)ng™ g
Z (4% 4*)n Z (G% g9 n-ny, -

n>0

2 2n+2. 2n? +2nk_1+~--+2nf+2n1(q; qZ)n
1

(6]2; qz)rzz—nl (6142 6]4);11 (_q; qz)nl

ny— 1>-*->Vl1>0

2
2:( W ’“H3(1) 2: 2kr (4k —2K) P2 +(4k-2)ir
(q 7%, aq* q*)eo (

r>0

+2 Z (_1)z+na2kn+z—1qgg(k,i,n)j(q2n+2i+1’ q4k—2)

1<i<2k
0<n<2k-2

% Z 2H@k=Dr+m) ng(k,i,n,r,m)).

r>0
m>1
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