Proceedings of the Edinburgh Mathematical Society (2009) 52, 387-407 ©
DOI:10.1017/S0013091507000910 Printed in the United Kingdom

SEMICLASSICAL LIMITS OF QUANTUM AFFINE SPACES

K. R. GOODEARL! AND E. S. LETZTER?

! Department of Mathematics, University of California, Santa Barbara,
Santa Barbara, CA 93106, USA (goodearl@math.ucsb.edu)
2 Department of Mathematics, Temple University,
Philadelphia, PA 19122, USA (letzter@temple.edu)

(Received 8 August 2007)

Abstract  Semiclassical limits of generic multi-parameter quantized coordinate rings A = Oq(k™) of
affine spaces are constructed and related to A, for k an algebraically closed field of characteristic zero
and g a multiplicatively antisymmetric matrix whose entries generate a torsion-free subgroup of k*.
A semiclassical limit of A is a Poisson algebra structure on the corresponding classical coordinate ring
R = O(k™), and results of Oh, Park, Shin and the authors are used to construct homeomorphisms from
the Poisson-prime and Poisson-primitive spectra of R onto the prime and primitive spectra of A. The
Poisson-primitive spectrum of R is then identified with the space of symplectic cores in k™ in the sense
of Brown and Gordon, and an example is presented (over C) for which the Poisson-primitive spectrum
of R is not homeomorphic to the space of symplectic leaves in k™. Finally, these results are extended
from quantum affine spaces to quantum affine toric varieties.
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1. Introduction

This paper is a study of ideal theory in quantum affine n-space and, more generally, in
quantum toric varieties. The focus is on the relationship between the prime and primitive
spectra of these non-commutative algebras and the Poisson spectra of corresponding
commutative semiclassical limits.

1.1. History and context

A basic principle of the orbit method is that given a non-commutative algebra A,
one should associate to A an algebraic variety V' with a Poisson structure and should
relate the primitive ideals of A to the symplectic leaves in V. This idea first arose in Lie
theory, with the enveloping algebras A = U(g) of finite-dimensional complex Lie algebras
g providing fundamental examples. The symmetric algebra S(g) has a Poisson bracket
induced from the Lie bracket on g, and the identification of S(g) with the coordinate
ring O(g*) turns the affine space g* into a Poisson variety, equipped with the KKS
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(Kirillov-Kostant-Souriau) Poisson structure. In this setting, the Poisson algebra S(g) =
O(g*) is the semiclassical limit of U(g), because its Poisson bracket can be obtained
from the identification of this algebra with the associated graded algebra of U(g) (with
respect to the standard filtration). (See § 1.3 for the semiclassical limit process.) A famous
theorem of Kirillov, Kostant and Souriau shows that the symplectic leaves in g* coincide
with the coadjoint orbits of the associated simply connected Lie group. If g is solvable
and algebraic, the Dixmier map gives a homeomorphism from the space of symplectic
leaves of g* (equipped with the quotient Zariski topology) onto the primitive ideal space
Prim U(g).

Analogous patterns are posited for quantum groups (for which a variant of the semiclas-
sical limit is appropriate), particularly for quantized coordinate rings of algebraic varieties
(e.g. [10, Introduction]). One quickly sees, via examples, that the best results are to be
expected in generic cases (meaning that appropriate parameters are not roots of unity).
Here a fundamental test case is O,(G), the standard single parameter quantized coor-
dinate ring of a complex semisimple algebraic group G. Hodges and Levasseur [10,11],
working with G = SL,,(C), and Hodges et al. [12] extending their results to general G,
constructed bijections from the space of symplectic leaves in G (relative to the semi-
classical limit Poisson structure) onto the primitive ideal space of O,(G). (The struc-
ture of the primitive ideals of O,(G) underlying these bijections was also developed by
Joseph [14,15].) It is an open problem (solved only in the easy case G = SLs(C)) whether
homeomorphisms can be constructed. The problem may be alternatively expressed in
terms of topological quotients. The above results give surjections G — Prim O, (G) whose
fibres are the symplectic leaves in G, and the question becomes: does there exist such a
surjection for which Prim O, (G) has the quotient topology?

We raised the corresponding problem for other quantized coordinate rings in the fol-
lowing form [6,9]: if A is a generic quantized coordinate ring of an algebraic variety V,
is Prim A a topological quotient of V', and is the prime spectrum Spec A a topological
quotient of Spec O(V)? We proved that these indeed hold for quantum tori and quan-
tum affine spaces [9]. (In fact, these results hold in non-generic cases as well, modulo
a small technical assumption.) Later, Oh et al. [17] showed that the maps constructed
in [9] induce homeomorphisms from the spaces of Poisson-primitive and Poisson-prime
ideals in coordinate rings of tori and affine spaces onto the primitive and prime spectra
of corresponding generic quantized coordinate rings. However, the Poisson structures in
these results were not exhibited as semiclassical limits.

1.2. Results of this paper

Our purposes here are threefold. First, we construct a semiclassical limit R = O(k"™)
of the quantum coordinate ring A = O4(k™), when the quantizing parameters generate
a torsion-free group, such that the above-cited results of Oh et al. can be applied to give
homeomorphisms, respectively, from the Poisson-prime and Poisson-primitive spectra of
R onto the prime and primitive spectra of A. Furthermore, since our homeomorphisms
occur in generic settings, the explicit descriptions of the maps involved can be somewhat
simplified, and we take the opportunity to do this. Second, we show that the Poisson-
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primitive ideals occurring in the coordinate rings O(k™) here correspond to the Poisson
cores in the affine space k™, in the sense of Brown and Gordon [5], and do not always
correspond to symplectic leaves in general (over C). Finally, we extend the preceding
results to quantum affine toric varieties, as we did for topological quotients in [6,9].
The paper is organized as follows. In § 2, the semiclassical limit is constructed. In § 3,
the homeomorphisms are presented. Section 3 also contains an example showing that
primitive ideals and symplectic leaves do not necessarily correspond bijectively. In §4,
the special case in which the g;; are all powers of a single parameter is considered. Finally,
§5 contains the generalizations to quantum affine toric varieties and related algebras.

1.3. Recall that a Poisson algebra over a field k is a commutative k-algebra R equipped
with a Poisson bracket, that is, a k-bilinear map {-,-} : R x R — R such that (R,{-,-})
is a Lie algebra and such that {-,-} is a derivation in each variable. These can arise as
semiclassical limits in the following two ways.

First, suppose that A is a non-negatively filtered k-algebra whose associated graded
ring, R = gr A, is commutative. Given homogeneous elements r € gr; A and s € gr; A,
choose representatives 7 € A; and § € A;. The commutativity of R implies that [, §] €
Aiyj—1, and we set {r, s} equal to the coset of [, 3] in gr;; ;1 A. This provides a well-
defined Poisson bracket on R, and the resulting Poisson algebra is called the semiclassical
limit of A.

For the second construction, suppose that A is a k-algebra and that h € A is a
central non-zero-divisor such that R = A/h.A is commutative. Given any r, s € R, choose
representatives 7, § € A. Then [#, §] is uniquely divisible by h in A, and we set {r, s} equal
to the coset (1/h)[#, §] + hA in R. We again obtain a well-defined Poisson bracket on R,
and this Poisson algebra is viewed as the semiclassical limit of A. The algebra A may
be thought of as a family of deformations of R, namely the algebras A, = A/(h —¢)A
for g € k. By abuse of terminology, R is also referred to as a semiclassical limit of one of
the algebras A4, when ¢ is suitably generic.

2. Construction of the semiclassical limit

2.1. Set-up

Throughout the paper we make the following assumptions.
(i) k is an algebraically closed field of characteristic zero (with group of units k).
(ii) ¢ # 0,1 is an element of k.

(iii) n is a positive integer, and g = (g;;) is a multiplicatively antisymmetric n x n
matrix over k (i.e. ¢;; =1 and ¢;; = qj_i1 € k™ for1<4,5<n).

(iv) The multiplicative subgroup (g;;) = (gi; | 1 < i,j < n) of £ is torsion free. (Note
that the rank of this free abelian group can be no larger than n(n — 1)/2.)
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(v) A = Oq4(k™) is the k-algebra presented by generators x1,...,z, and relations
;%5 = qi;x;x; for 1 < 4,5 < n. This algebra is commonly referred to as a multi-
parameter quantum affine n-space over k.

(vi) K = k[2]((2—1)(s—q)) 15 the localization of a polynomial ring k[z] at the semi-
maximal ideal ((z—1)(z—¢q)). (If desired, K can be replaced by a finitely generated
subalgebra, as noted in §2.6.) Write K* for the group of units of K. Note that
there are well-defined evaluation maps

m:K =k and v,: K =k,

given by 11 (f) = f(1) and ~,(f) = f(q). Moreover, if f € K*, then v1(f),v,(f) €
k.

Our goal is to realize Spec A via a suitable semiclassical limit. Our approach depends
essentially on [17], which in turn relies on [8,9,186].

2.2. We now follow [9, §4] and [8, §1] (cf. [4, §4]).

(i) Let I' = Z", with standard basis elements ¢1,...,e,. For s = (s1,...,8,) and
t=(t1,...,t,) in I, set

n

o(s,t) = H qf;tj.

i,j=1
Then o : I' x I' — k* is an alternating bicharacter:

o(s,s) =1, o(s,t) = o(t,s)7 !, o(s,t+u) =o(s,t)o(s,u)
for s,t,u € I'. Moreover, the subgroup (imo) of k* is equal to (g;;).

(ii) Let I't denote the submonoid of I' of n-tuples without negative entries. For s =
(s1,---,8n) and t = (t1,...,t,) in I'", let 2* denote the monomial

zit - € Al

Note, for all s,t € I'", that

252t = o(s, t)zta®.

Also note that ¢;; = o(e;,¢5) for 1 < 4,5, < n.

2.3. Since (g;;) is torsion free, —1 ¢ (g;;). Hence, it follows from [9, Lemma 4.2] that
there exists an alternating bicharacter ¢ : I' x I' — k* such that o(s,t) = c(s,t)? for all
s,t € I', and such that o(s,t) = 1 if and only if ¢(s,t) = 1. In the proof of [9, Lemma
4.2], ¢ is constructed so that the subgroup A = (imc) of k* is contained in a divisible
hull of (g;;). Since (g;;) is torsion free, so is its divisible hull, and therefore A is torsion
free.
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2.4. We now form the twisted monoid algebra k°I"", with k-basis {z* | s € I'"}, and
with multiplication given via % x 2t = ¢(s, t)x*T, for s,t € I'". (The notational overlap
with §2.2 (i) will be resolved momentarily.) Note that

2 xxt = c(s,t)%zt x2® = o(s, t)at x 2°

for s,t € I't. Hence, the assignment z; — 2%, for 1 < 7 < n, induces an isomorphism
from A onto k¢I'T.

Henceforth, we identify A with k°I'", via the above isomorphism. In particular, the
monomial * of §2.2 (ii), for s € I'", is identified with the basis element 2° of k¢I'T.

2.5. Suppose that Ay,..., A\, form a basis for A, with
C(S, t) = )\[il(s’t) - )\fﬁn(si)
for s,t € I', and for suitable (unique) alternating biadditive maps ¢; : I' x I’ — Z.

2.6. The field k, being algebraically closed, must be infinite dimensional over Q. Choose
Q-linearly independent elements pi1, ..., fi;, € k. Observe that the matrix

1 1
¢ q 1| € M3(k)
2 1 0

has determinant (¢ — 1) # 0 and so is invertible. Hence, for 1 < i < m, there are unique
scalars a;, b;, ¢; € k such that the quadratic polynomial

fi(z) = @iz’ + biz + ¢
satisfies the following conditions:
fi(1) =1, fila) = Ni, fi) = pi,

where f/(z) denotes the formal derivative of a rational function f(z) € k(z). The displayed
properties are all that we require of the polynomials f;. In particular, they need not be
quadratic.

Note that fi,..., fin € K*, because neither z — 1 nor z — ¢ is a factor of any f;.
Since these are the key properties needed for K, we could replace K by the affine algebra
EZ)[f0h - £l if desired.

Further, set

ooty = f1 0o fre?

for s,t € I', where #q,...,0,, are as in §2.5. Then ¢ : I' x I' — K* is an alternating
bicharacter, such that

é(s, 1)) = A A0 = (s, 1)

for all §,te]“.
Set A= (imé) = (f1,..., fm) C K*.
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Lemma 2.1.
(i) The specialization z — ¢ induces a group isomorphism

Yo A f(2)—~f(9) A

(ii) The elements fy, ..., fm form a basis for A, and so A is free abelian of rank m.
Proof. Consider the group homomorphism
Nt KX FE= @) x

Note, for 1 < ¢ < m, that v4(fi) = A\;. Since f1,..., fn, generate Aand Aq,..., Ay, form a
basis for A, we see both that the f; form a basis for A and that +, maps A isomorphically
onto A. O

Remark 2.2. By the construction, v4(é(s,t)) = ¢(s,t), for all s,t € I

Let kT denote the additive group underlying the field k.

Lemma 2.3. The rule ¢¥(f) = f'(1) gives a well-defined injective group homomor-
phism
N RO CN,

Proof. Observe that K is closed under formal differentiation, and so f’(1) is defined
for f € K. Thus, ¢ is a well-defined map from A to k. Now fi(l) =1for 1 < i< m, and
so f(1) =1 for all f € A. Therefore, for all f,g € A,

b(fg) = F(Mg() + f(g' (1) = f(1) + ¢'(1) = »(f) +¢(9),

proving that v is a group homomorphism. Second, for 1 < ¢ < m,

V(fi) = fi(1) = pi.

Since p1, ..., iy, are Z-linearly independent, we conclude that v is injective. O

2.7. Now set R = K°I't the twisted monoid K-algebra with K-basis {z° | s € I'"}
and multiplication given via x°xz¢ = ¢(s, t)z°T¢, for s,t € I'". We again use x; to denote
%, for 1 <i < n.
Recall that ¢;; = o(ei,gj) = c(g4,€5)?, for 1 < 4,5 < n, and set
le‘j = cjij(z) = E(Ei,Ej)2 € K*.
Then

R=K(z1,...,xn | & xxj; = §jxj *x; for 1 <1i,j < n).
For p € k>, set
R, = R/(z — ).
We see that R, = A, since
Gij () = Vq(Gij) = VqC(ei,€5) = c(ei,€5) = i
for all 4, j, and we use this isomorphism to identify A with R,. Under this identification,
the cosets z; + (z — ¢) € R, correspond to the elements z; € A.
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2.8. Next, consider the group homomorphism
s KX f(R)—=f(1) B

Note that 71 (A) = 1 and, in particular, that v, (¢(s,t)) = 1 for all s,¢t € I". We therefore
have an isomorphism from R; onto R := k[z1,...,2,], sending

x;i + (z — 1) — ay,

and we identify Ry with R via this map. We also identify R and R; with the commutative
monoid algebra kI'", with k-basis {z® | s € '} and multiplication given by z¥z¢ = 25+
for s,t € I'".

Since R/(z—1) = R is commutative and z — 1 is a central non-zero-divisor in R, there
is a Poisson bracket on R as in §1.3, and R becomes the semiclassical limit of A = R,
(or, more accurately, the semiclassical limit of the family of algebras R,,). The Poisson
bracket on R is given by

z=1
for all a,b € ]:2, where @ and b denote the cosets of @ and b in R. In particular,

)xi%‘ = @;;(Dziz;

z=1

for 1 < 7,7 < n. (The last equality holds because §;;(1) = 71(Gi;) = 1.)

We treat R as a Poisson algebra in this way, for the remainder of the paper. In the
notation of [17, 3.1], R = k, '™, where u : I' X I' — k is the alternating biadditive map
such that u(e;, e;) = g;;(1), for 1 <4,7 < n. In this notation,

{2, 2"} = u(s, t)zsa"

for s,t € I't.

3. The homeomorphisms

Retain the notation of the previous section. In particular,
A=R;=k(z1,...,2, | zix; = qijzja; for 1 <i,5 <n)
is as in §2.7, with ¢;; = Gi;(q), and
R =Ry =klz1,...,2p]
is the Poisson algebra with bracket
{zi, 25} = @i;(Vxizy,

following §2.8. In particular, R is a semiclassical limit of A.
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3.1. (We now follow [5,7,16,17].) An ideal I of R is a Poisson ideal if {R,I} C I.
We let PSpec R denote the (Zariski) subspace of Spec R comprised of the prime Pois-
son ideals. Each maximal ideal m of R contains a unique largest Poisson ideal P(m),
called the Poisson core of m. The Poisson cores of the maximal ideals of R are termed
Poisson-primitive ideals [5, 3.2] (or symplectic ideals [16, Definition 1.2]) and are prime
(see [5, 3.2] or [16, Lemma 1.3]). The subspace of PSpec R consisting of the Poisson-
primitive ideals will be denoted PPrim R. The Poisson centre Z,(R) is the set of z € R
such that {R, 2} = 0.

In our main result, Theorem 3.2, we will describe a homeomorphism from PSpec R
onto Spec A.

3.2. To proceed further, we need more of the notation of [17].

(i) Let W denote the set of subsets of {1,...,n}, and let w € W.

(ii) Let I, denote the ideal of R generated by the z; for ¢ € w, and let Y,, denote the
multiplicatively closed subset of R/, generated by 1 and the cosets of the x; for
j ¢ w. Let R,, denote the localization of R/I,, at Y,,. We let each z; also denote
its image in R,,.

(iii) Let I, denote the subgroup of I" generated by the basis elements ¢; for j ¢ w, and
let ¢,, denote the restriction of ¢, defined in §2.3, to Iy, X I,.

(iv) Identify R,, with the group algebra kI, via x; <> 2%, for j ¢ w.

(v) Set H =Hom(I',k*), which is a group under pointwise multiplication, isomorphic
to the algebraic torus (k*)™. This group acts on R = kI'" and on R,, = kI, by
k-algebra automorphisms such that

h-a® = (h,s)hs,
for h € H and s € I't or s € I',. Further, set
Sy =rad(cy) = {s € I'y | cw(s,t) =1 for all t € I, },
St ={he€ H|(hs)=1forall scS,}.

Then S;- is a subgroup of H, and it acts on both R and R,, through the H-action.

To match the notation of [6, 3.4], let o,, denote the restriction of ¢ = ¢? to I,.
The conditions on ¢ in § 2.3 then imply that

Sw={s €y |ow(st)=1forallte,}=rad(oy).
(vi) Let Spec,, R denote the set of prime ideals of R that contain z; for i € w but do

not contain z; for j ¢ w. Localization provides a natural homeomorphism between
Spec,, R and Spec R,,, and this homeomorphism is H-equivariant.

(vii) For P € Spec,, R, let (P : S;) denote the intersection of the prime ideals in the
S:t-orbit of P.
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3.3. Both R and A have k-basis {z° | s € I'"}. We will use & : A — R to denote the
k-linear isomorphism such that ¢(z2%) = 2° for all s € I'".

3.4.
(i) For w € W, set
PSpec,, R = PSpec R N Spec,, R,
PPrim,, R = PPrim R N Spec,, R.
(ii) The maps PSpec R — Spec A and PPrim R — Prim A used in [17, Theorem 3.5]

are defined by the formula
P& 1(P:Sh)

for w € W and P € PSpec,, R. Moreover, as mentioned in the proof of [17, Propo-
sition 3.4], (P : St) = P for all P € PSpec,, R under our present hypotheses, and
so the formula reduces to

P & H(P).

Since this key point is somewhat hidden in [17], we excerpt the result and its proof
in the next lemma. Before doing so, however, we need the following ingredient.

(iii) Recall the isomorphism v, of Lemma 2.1 and the homomorphism ¢ of Lemma 2.3.
Let ¢ denote the composite homomorphism
o .
A2y AL 18 g

which is injective because p(X\;) = ¥(f?) = 2u; for 1 < i < n. Recalling u from
§2.8, observe that

o(c(eireg)) = (v Helei, €5))) = vvy Hai) = ¥(Gi;) = @;(1) = ulei, g5)
for 1 <i,5 < n, and so u = pc.

Lemma 3.1 (Oh et al. [17]). Let w € W and let P be a Poisson-prime ideal in
Spec,, R. Then P is stable under the action of S;5. Consequently, P = (P : S1).

Proof. Let u, denote the restriction of u to I, and note that u,, = ¢c,,. The induced
Poisson structure on the localization R,, = kI, satisfies

{2°, 2"} = uy (s, t) 2z’

for s,t € I}, and so we have Ry, = ky, I

The Poisson-prime ideal P/I,, in R/I,, induces a Poisson-prime ideal Q in R,,, which
contracts to a prime ideal @’ in the Poisson centre Z,(R,,). By [18, Lemma 1.2] (which
is valid over any base field of characteristic zero), @ is generated by @', and Z,(R,)
equals the group algebra of the radical of u,,. However,

rad(uy) = {s € Iy | uw(s,t) =0 for all t € I, } = rad(cy) = Sw,
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because u,, = ¢c, and ¢ is injective. Thus, Z,(R,) = kS,. By definition of S, this
group acts trivially on kS, and so it fixes Q' (pointwise). Therefore, S;5 stabilizes Q,
and hence also P/I,, and finally P. ]

We now apply [17, Theorem 3.5]. Note that the following theorem asserts, in particular,
that the linear map ¢~ ! : R — A sends Poisson-prime ideals of R to prime ideals of A.

Theorem 3.2. Let A= Og4(k™), where k is an algebraically closed field of charac-
teristic zero, and where q = (g;;) is a multiplicatively antisymmetric n x n matrix over
k such that the group (q;;) C k™ is torsion free. Let R = k[z1,...,x,|, equipped with
the Poisson structure described in § 2.8, and let & : A — R be the k-linear isomorphism
of § 3.3. Then the rule P — &~ !(P) determines a homeomorphism

PSpec R — Spec A,
which restricts to a homeomorphism
PPrim R — Prim A.

Proof. We have a homomorphism ¢, from §3.4 (iii), and an alternating biadditive
map u, from §2.8, exactly as described in [17, 2.3]. We can identify R as a Poisson
k-algebra with k,I'", following the notation of [17, 3.1] (see §2.8). Similarly, we have
identified A as a k-algebra with k°I"T, also following the notation of [17, 3.1] (see §2.4).
The theorem now follows directly from Lemma 3.1 and [17, Theorem 3.5]. O

3.5.

(i) Identify the affine space k™ with the maximal ideal space of R. The rule m — P(m)
gives a surjective map k™ — PPrim R, the fibres of which are called symplectic
cores [5, 3.3], and are algebraic analogs of symplectic leaves (cf. [5, 3.3, 3.5, 3.7]).
Specifically, the symplectic core containing a point m is the set

C(m) ={m’' € k" | P(m') = P(m)}.

(ii) Let SympCr k™ denote the set of symplectic cores in k™. The rule m — C(m) gives
a surjective map k" — SympCr k™, and we give SympCr k™ the quotient (Zariski)
topology via this map. By the definition of symplectic cores, there is a bijection
SympCr k"™ — PPrim R such that C(m) — P(m) for m € k.

(iii) It follows from [7, Theorem 4.1 (b)] that the Zariski topology on PPrim R is the
quotient topology from the canonical map k" — PPrim R in (i). (To verify the
hypotheses of [7, Theorem 4.1 (b)], observe that the action of the torus H on R is
a rational action by Poisson automorphisms, and observe that R has only finitely
many H-stable prime Poisson ideals, namely the ideals I, of §3.2 (ii).) Hence, the
bijection SympCr k™ — PPrim R of (ii) is a homeomorphism.

Combining these observations with Theorem 3.2, we obtain the following.
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Corollary 3.3. Under the hypotheses of Theorem 3.2, there is a homeomorphism
SympCr k™ — Prim A

given by the rule C(m) — &~ 1(P(m)).

The symplectic cores C(m), which make up the points of the space SympCrk™ in
Corollary 3.3, have good geometric structure themselves: they are homogeneous smooth
irreducible quasi-affine varieties, as the following corollary shows. In keeping with the
notation of §3.4 (i), set

Max,, R = Max R N Spec,, R

for w € W. Since we have identified Max R with k™, the sets Max,, R partition k™.

Corollary 3.4. Let w € W and m € Max,, R. Then the symplectic core C(m) is a
smooth irreducible locally closed subset of k™, and it equals the S;5-orbit of m in k™.

Proof. Irreducibility and local closedness will follow from [5, Lemma 3.3] once we
know that all Poisson-primitive ideals of R are locally closed points in PSpec R. The
latter fact will follow from the Poisson Dixmier—-Moeglin equivalence of [7, Theorem 4.3].
As we have already noted in §3.5 (iii), the torus H acts rationally on R by Poisson
automorphisms, and there are only finitely many H-stable Poisson-prime ideals in R.
Hence, the hypotheses of [7, Theorem 4.3] are satisfied. Investing that theorem into [5,
Lemma 3.3], we find that C(m) is locally closed and that its closure is the set

{m’ € Max R | m' D P(m)},

which is irreducible because P(m) is a prime ideal. Therefore, C(m) is irreducible. Lemma
3.3 of [5] also shows that C(m) is smooth in its closure. Smoothness in &™ will follow from
the general theory of algebraic group actions (e.g. [2, Proposition 1.8]), once we exhibit
C(m) as an orbit of an algebraic group.

The S;--orbit of m appears as the fibre of the quotient map Max R — Prim A4 in [9,
Theorem 4.11]. Hence, we need to show that this quotient map, call it u, agrees with the
one obtained in our present setting, namely the map

k" - PrimA,  m— & (P(m)),

which is the composition of the homeomorphism in Corollary 3.3 with the quotient map
k™ — SympCr k™. By construction, the fibres of 7 are the symplectic cores in k™.

Since m € Max,, R, [17, Proposition 3.4] shows that (m : S1) = (P : S;5) for some
P € PSpec,, R. But (P : S5) = P by Lemma 3.1, and so (m : S;) = P is a Poisson-prime
ideal. In particular, (m : Si2) is a Poisson ideal contained in m, whence (m : St) C P(m).
On the other hand, the Poisson-primitive ideal P(m) is S -stable by Lemma 3.1. Since
it is contained in m, it must be contained in (m : Si). Therefore, P(m) = (m: S ), and
we conclude that

7(m) =& H(m:SL).
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This shows that 7 agrees with p, as desired. By [9, Theorem 4.11], the fibres of p over
points in Prim,, A consist precisely of the S t-orbits within k™. Therefore, C(m) equals
the S::-orbit of m.

Note from its definition that S;- is a closed subgroup of the torus H, so that it is an
affine algebraic group. Since H acts rationally on R, its induced action on Max R = k™ is
morphic, as is the corresponding action of S;:. Standard results (e.g. [2, Proposition 1.8])

w *

thus imply that the S;-orbit C(m) is smooth (and locally closed). O

When k = C, an affine variety equipped with a Poisson structure can also be partitioned
into symplectic leaves (e.g. see [5, 3.5]), and it has been a goal of research in quantum
groups to represent primitive spectra of quantized algebras as spaces of symplectic leaves.
This correspondence between primitive ideals and symplectic leaves, however, can break
down when the symplectic leaves are not algebraic (i.e. not locally closed in the Zariski
topology), as noted by Hodges et al. [12, p. 52], Vancliff [18, Theorem 3.8] and Brandl [3,
Example 6.4]. The following provides an explicit example of this phenomenon, in the form
of a quantum affine 3-space.

Example 3.5. (i) Let &k = C, choose @ € R\ Q and choose ¢ € C transcendental
over the field Q(a). We would like to construct an example of the form O,(C?), with
some ¢;; = q“. However, that would require working with z® in our semiclassical limit
construction §2.8, and we cannot form 2% in K. To replace z, we use the first-order
Taylor approximation 1 + «a(z — 1), and consequently we use 1 + a(q¢ — 1) in place of
¢“ in the defining relations for this example. Because ¢ is transcendental over Q(«), the
elements A\; = ¢ and Ay = 1+ a(g — 1) generate a free abelian subgroup of C* of rank 2.

We now take

DYDY
g=[)\? 1 1
211

and form A = Oq((C3).

(ii) The primitive spectrum of A is easily calculated by the methods of [8], as follows.
Let W denote the set of subsets of {1,2,3}, and for w € W set

Jw = (x; | 1 € w) € Spec A,
Aw = (A) )l | 5 ¢ wl,
Prim, A ={P € Prim A | PN {1,292, 23} = {a; | i € w}},

Sw{(zGZS

a; =0 for i € w and qu; 1f0rallj¢w}.

i¢w
Then Prim A is the disjoint union of the sets Prim,, A, and each Prim,, A is homeo-
morphic to Prim A,, via localization and contraction [8, Theorem 2.3]. Moreover, since
A, is a quantum torus, Prim A,, consists precisely of the ideals induced from maximal
ideals of the centre Z(A,,) [8, Corollary 1.5], and Z(A,,) is spanned by the (cosets of
the) monomials z® for a € S, (e.g. [8, Lemma 1.2]). In particular, when Z(A4,,) = C
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(equivalently, when A,, is simple), Prim,, A consists of just the ideal .J,,. In the present
example, this occurs in the cases w = @, {2}, {3}, {1, 2, 3}. Hence,

Primg A = {{0)}, Primyoy A = {(z2)},
Primz A = {(z3)},  Primg o3y A = {(z1,22,23) }.

In the remaining four cases, A, is a commutative Laurent polynomial ring over C, and
so we obtain

Prim{l} A= {

Prim{l,g} A= {

Prim{l)g,} A = {

x1,T2 —b,x3 —¢) | b,c € C*},
Z1,T2, T3 —c) | c€ C*},
xr1,T2 —b,l‘3> | be (CX},

Ty —a,Ta,T3) |a € C*}

o~ o~~~

Prim{z’s} A = {
Hence, Prim A may be pictured as follows:

...<$1_a7x27x3> ...... <x1,x2_b,x3> ...... <x1’x2’x3_c>... ...<m1’x2_b’m3_c>...
(a€C) (beC) (ceC) (b,c e C%)

(iii) In setting up the semiclassical limit, we may choose ¢ as in §2.3 so that
c(e1,e2) = A1, c(e1,€3) = Mg, c(ez,e3) = 1.

In view of (i), the group A = (im ¢) is free abelian with a basis A1, Ag. Since « is irrational,
we may (and do) choose uq = 1 and po = . The polynomials f; of §2.6 are then given
by

fi(z) = z, fa(z) =14+ a(z—1),

whence ¢12(2) = 2% and ¢13(2) = (1 + a(z — 1))?, while Ga3(2) = 1. Consequently,
6,12(1) =2, 6/13(1) = 2a, q/23(1) =0.

(iv) The semiclassical limit of A in this example is thus R = Clx1, 22, 23], equipped
with the Poisson structure such that

{21, 22} = 22129, {21, 23} = 201 23, {x2, 23} = 0.

This is a quadratic analog of the KKS Poisson structure on the dual of the standard
example of a non-algebraic solvable Lie algebra (see, for example, [19, Example 2.43]).
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The Poisson-primitive ideals of R can be computed via the Poisson analogue of the
methods of [8] (see [7, Theorems 4.2, 4.3]). These ideals are given by the same sets of
generators as the primitive ideals of A described in (ii); in particular, the picture of
Prim A obtained there serves also as a picture of PPrim R. From this picture, we see that
the symplectic cores in C? for the Poisson structure under consideration are the following
sets:

the individual points on the x;-axis;

(a
(b

the individual points in the zox3-plane;

d

)
)
(¢) the zqxo-plane with the z1- and xzs-axes removed;
(d) the zqxs-plane with the z1- and xs-axes removed;
)

(e) the space C* with the three coordinate planes removed.

(v) Finally, we indicate how to find the symplectic leaves for this Poisson structure
on C3. These are not all algebraic, just as in the case of the KKS Poisson structure on
the dual of a non-algebraic solvable Lie algebra (cf. [19, Example 2.43 and discussion
on p. 67] and [5, Remark 1, p. 203]). We first recall from [5, Proposition 3.6 (1)] that
each symplectic core is a union of symplectic leaves. This immediately implies that those
individual points which are symplectic cores are also symplectic leaves. We determine
the other leaves by considering Hamiltonian paths, as follows.

In full, the Poisson bracket on R is given by the formula

oy (2L 09 _0F 09 of 99 of 99
{f, 9} =221 (8;51 Jdry  Oxg 61’1) 2021 (axl Oxz  Ozz 0xq >7

which also defines the unique extension of the bracket to the algebra S of smooth complex
functions on C3. For f € S, the derivation Hy = {f,-} on S gives a smooth vector field
on C3, and the flows (integral curves) of such vector fields Hy are the Hamiltonian paths
for the given Poisson structure.* By definition [20, p. 529], the symplectic leaves of C3
are the equivalence classes for the relation ‘connected by piecewise Hamiltonian paths’.

Paths of the form c(t) = (a, be™, ce®®") with a,b,c € C are flows of H,, /, and paths
c(t) = (ae®, b, c) with a, b, c € C are flows of H_,, /5. It follows that the third and fourth
symplectic cores listed in (iv) are connected with respect to piecewise Hamiltonian paths,
and hence these cores are also symplectic leaves. Moreover, each of the surfaces

Ya={(a1,az,a3) € (C*)? | a3 = da$},

for d € C*, is connected with respect to piecewise Hamiltonian paths. On the other hand,
any Hamiltonian path within (C*)3 must satisfy @3(t)/z3(t) = aia(t)/z2(t) and so must
* Specifically, a flow of Hy is a path c(t) = (x1(t), z2(t), z3(t)) such that

¢(t) = Hye(t) = <— 2171932[;9—;; — 2azlz3§—;,2mlmgg—i,2az1m3§—i>,

where the dot denotes d/d¢t.
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be contained within one of the X;. Therefore, the Y; are the remaining symplectic leaves
of C3. These form a one-parameter family of non-algebraic surfaces whose union is a single
symplectic core.

We conclude that, while Prim A is homeomorphic to SympCr C? (Corollary 3.3), it is
not homeomorphic to the space of symplectic leaves in C3. For instance, Prim A has just
one dense point, while the space of symplectic leaves in C® (equipped with the quotient
Zariski topology) has uncountably many.

4. Uniparameter quantum affine spaces

The Poisson structure on k™ in Theorem 3.2 can be given more explicitly in the unipa-
rameter case, namely when the scalars ¢;; are powers of a single scalar which is not a
root of unity. We treat this scalar as a square (as we may, since k is algebraically closed),
and write it in the form ¢ to match our existing notation.

4.1.

(i) Assume that the scalar ¢ € k> is not a root of unity. Let = (r;;) be an additively
antisymmetric n x n matrix over Z, and take g;; = ¢*" for all i, j. Assume that
T # 0, so that at least one ¢;; # 1.

(ii) Under the present assumptions, the natural choice for the multiplicatively antisym-
metric bicharacter ¢, as in § 2.3, is to define it so that

c<5i’ €j> = qr”

for all ¢, j. The group A = (imc¢) is then cyclic, of the form (¢"), where r is the
greatest common divisor of the integers r;;. Note that 7 # 0 because r # 0.

(iii) Take A1 = ¢" as the basis element for A and let ¢; be the corresponding alternating
biadditive map on I' as in §2.5, so that c(s,t) = ¢"*(5Y for s,t € I'. Thus,
61(81',63') = ’I“ij/T for 1 < i,j < n.

(iv) Since r # 0, we may take p; = r. It is most convenient to take a possibly non-
quadratic choice for the polynomial f; in § 2.6, namely f1(z) = 2". It is easily seen
that this satisfies the desired conditions:

fi1) =1, filg) = Ay, 1) = .
Define ¢ as in § 2.6, and observe that
éege5) = Zrli(eies) = pris
for 1 <i,5 <n.

(v) Defining ¢;; as in §2.7, we have §;;(2) = é(e;,£;)% = 2" for 1 < 4,7 < n. Conse-
quently,
Gi;(1) = 2ry;
for 1 <i,5 < n.
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In view of §4.1, the uniparameter cases of Theorem 3.2 and Corollary 3.3 can be stated
as follows.

Theorem 4.1. Let A = Oq(k™), assuming that k is an algebraically closed field of
characteristic zero and q = (¢*"7), where q¢ € k* is not a root of unity and (r;;) is a
non-zero additively antisymmetric n X n matrix over Z. Let R = k[x1, ..., z,], equipped
with the Poisson structure such that

{.’Ii, SCj} = 27’1']'501‘33j

for 1 <i,5 <n, and let ® : A — R be the k-linear isomorphism of § 3.3. Then the rule
P+ &71(P) determines a homeomorphism

PSpec R — Spec A
that restricts to a homeomorphism
PPrim R — Prim A.
Moreover, the rule C(m) — ¢~ (P(m)) determines a homeomorphism

SympCr k™ — Prim A.

5. Quantum affine toric varieties

We extend our main results to quantizations of affine toric varieties and, somewhat
more generally, to certain cocycle twists of affine commutative algebras. By a quantum
affine toric variety over k we mean, as in [13], an affine domain over k equipped with a
rational action of an algebraic torus H by k-algebra automorphisms, such that the H-
eigenspaces are one-dimensional. Since a rational action of H is equivalent to a grading
by the character group of H (e.g. [4, Lemma I1.2.11]), the quantum affine toric varieties
over k are also the affine domains over k, graded by free abelian groups of finite rank, with
one-dimensional homogeneous components. The latter description is convenient for our
present purposes, as it allows us to define quantizations via cocycle twists. As in [9, § 6]
and [6, §4], neither one-dimensionality of homogeneous components nor absence of zero-
divisors is needed in our proofs, and so we can work with a more general class of twists
of graded algebras.

5.1.

(i) Let R be a commutative affine k-algebra graded by an abelian group G, and let
¢: G x G — k* be a 2-cocycle. The twist of R by c [1, §3] is a G-graded k-algebra
R’, with a G-graded vector space isomorphism r — 7’ from R — R’ (the twist
map), and multiplication given by r's’ = ¢(«, 8)(rs) for a, 8 € G and r € R,,
s € R@.

In [9, Theorem 6.3], topological quotient maps Spec R — Spec R’ and max R —
Prim R’ are constructed, under the assumptions that G is torsion free and —1 ¢
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(ime) (or char k = 2). As discussed in [6, 4.3], the proof of [9, Theorem 6.3] provides
an alternating bicharacter d on G such that R’ is isomorphic to the twist of R by
d and, after replacing ¢ by d, the torsion-freeness hypothesis on G is no longer
needed.

Thus, we now assume that c¢ is an alternating bicharacter on G. Moreover, we
assume that the subgroup (imc¢) C k* is torsion free. Set A = R',andlet ®: A — R
be the inverse of the twist map.

(ii) Since R is affine, we can choose a finite set of homogeneous k-algebra generators
for R, say 71,...,7n. Set §; = degr; for 1 < i < n. Define I" and I'" as in §2.2, let
p: I’ = G be the group homomorphism such that p(e;) = §; for 1 < i < n, and set
¢ =co(p x p), which is an alternating bicharacter on I". Also, set ¢;; = ¢(g4,¢5) =
c(0;,0;) for 1 < 4,7 < n and g = (G;5).

Now set A = O4(k™) and identify A with kI, with k-basis {z° | s € ['"}. The
corresponding semiclassical limit, as in §2.8, is the Poisson algebra R=kol +, for
a suitable alternating biadditive map @ = wé¢ : I' x I' — k, where ¢ is an injective
group homomorphism from (§;;) = (imé&) to kT, as in §3.4 (iii). We also write R
with k-basis {2® | s € ' }. Hence, there is a k-linear isomorphism & : A — Rsuch
that #(z*) = z° for all s € I't, as in §3.3.

(iil) Let 74 : A — Aand TR : R — R be the natural k-algebra quotient maps, such that
wa(x;) = r} and wr(x;) = r; for 1 < i < n. Then we obtain a diagram of k-linear
maps as follows:

“ & .

R A
TR lﬂ'A

R 2 A

This diagram commutes because

-1
Srp(z®) = ( H 5(si5i7sjaj)) Dra(xit - ar)

1<i<j<n
-1
= ( H C(Si(sizsj(sj)> @((rfl)’ ... (r::n)/)
1<i<j<n

= o} r))

Sn
n

= WRé(LL'S)

— 51
_’]"’1 DERN'S

for s € I't.
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The I'-grading on R induces a G-grading via the homomorphism p, which we write
in the form R = @ R[a], where

Rla] = EB kx®

sep~H(a)NI't

for a € G. With respect to this G-grading, mr is G-homogeneous, in the sense that
mr(R[a]) C R, for all a € G. Hence, ker mg is a G-homogeneous ideal of R.

(iv) We next show that ker m is a Poisson ideal of R. To see this, let a, 8 € G and note
that, whenever s € p~*(a)NI'T and t € p~1(B) N '™, we have

{a* '} = pils,t)2"a" = ge(a, B)a'a.

It follows that {a,b} = pc(a, B)ab for all a € R[a] and b € R[3]. Consequently, any
G-homogeneous ideal of R, and in particular ker mg, is a Poisson ideal.

Now R becomes a Poisson algebra quotient of R, such that

{a,b} = pe(a, B)ab

whenever «, f € G and a € Ry, b € Rg. (In particular, {r;,r;} = @c(d;,6;)r;r; for
1 <4,j < n.) We view R, equipped with this Poisson structure, as a semiclassical
limit of A.

Theorem 5.1. Let k be an algebraically closed field of characteristic zero and R a
commutative affine k-algebra, graded by an abelian group G. Let ¢ : G x G — k* be
an alternating bicharacter such that the group {imc) C k* is torsion free, let A be the
twist of R by ¢ and let ® : A — R be the inverse of the twist map. Equip R with
the Poisson structure described in § 5.1 (iv). Then the rule P — &~ !(P) determines a
homeomorphism

PSpec R — Spec A,

which restricts to a homeomorphism
PPrim R — Prim A.
Moreover, the rule C(m) — ¢~ (P(m)) determines a homeomorphism
SympCr Max R — Prim A.
Proof. By Theorem 3.2, the rule P — &~ !(P) determines homeomorphisms
PSpec R — Spec A and PPrim R — Prim A.
Observe that the first homeomorphism restricts to a homeomorphism 7 : V' — W, where

V ={PePSpecR|P Dkerng} and W ={P e SpecA|P Dkerma}.
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The quotient maps 7z and 74 induce homeomorphisms 73 : PSpec R — V and 7 :
Spec A — W, which fit into the following commutative diagram:

PSpec R POt () Spec A
c c
Vv - W
T T
PSpec R P () Spec A

Thus, we have the desired homeomorphism PSpec R — Spec A.

The fact that P — &~ !(P) also determines a homeomorphism PPrim R — Prim A
follows in the same manner, once one observes that 73 and 7% map PPrim R and Prim A
homeomorphically onto V' N PPrim R and W N Prim fl, respectively.

The final homeomorphism will follow from the results above in the same manner as
Corollary 3.3 once we show that the Zariski topology on PPrim R is the quotient topology
induced by the Poisson core map P(-) : Max R — PPrim R. Set

X ={meMaxR|mDkerng},

and observe that we have a commutative diagram

- P() R
Max R PPrim R
Cc Cc
0 A
X —VNPPrimR
TR Th
P()

Max R ——PPrim R

with surjective horizontal maps. As in §3.5 (iii), it follows from [7, Theorem 4.1(b)] that
the topology on PPrim R is the quotient topology from the top map in the diagram.
It follows that 6 is a topological quotient map, and therefore so is the bottom map, as
desired. O

5.2. The uniparameter case of Theorem 5.1 is the case in which ¢ = ¢? where ¢ € k*
is not a root of unity and d : G x G — k is an antisymmetric biadditive map. We can
then take ¢ : (imc) — k to be the g-logarithm, so that pc(a, 8) = d(«, 8) for o, 8 € G.

https://doi.org/10.1017/50013091507000910 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091507000910

406 K. R. Goodearl and E. S. Letzter

The Poisson structure on R is then given by

{a,b} = d(o, B)ab
for o, € G and a € Ry, b € Rg.

Acknowledgements. The research of K.R.G. was supported by a grant from the
National Science Foundation, and the research of E.S.L. was supported by a grant from
the National Security Agency. This research was also partly supported by Leverhulme
Research Interchange Grant F/00158/X (UK).

References

1. M. ArTIN, W. SCHELTER AND J. TATE, Quantum deformations of GL,,, Commun. Pure
Appl. Math. 44 (1991), 879-895.

2. A. BOREL, Linear algebraic groups, 2nd edn (Springer, 1991).

3. M. K. BRANDL, Primitive and Poisson spectra of single-eigenvalue twists of polynomial
algebras, Alg. Representat. Theory 9 (2006), 241-258.

4. K. A. BRowN AND K. R. GOODEARL, Prime spectra of quantum semisimple groups,
Trans. Am. Math. Soc. 348 (1996), 2465-2502.

5. K. A. BROWN AND I. GORDON, Poisson orders, symplectic reflection algebras and repre-
sentation theory, J. Reine Angew. Math. 559 (2003), 193-216.

6. K. R. GOODEARL, Quantized primitive ideal spaces as quotients of affine algebraic vari-
eties, in Quantum groups and Lie theory (ed. A. Pressley), London Mathematical Society
Lecture Notes, Volume 290, pp. 130-148 (Cambridge University Press, 2001).

7. K. R. GOODEARL, A Dixmier—-Moeglin equivalence for Poisson algebras with torus actions,
in Algebra and its applications (ed. D. V. Huynh, S. K. Jain and S. R. Lépez-Permouth),
Contemporary Mathematics, Volume 419, pp. 131-154 (American Mathematical Society,
Providence, RI, 2006).

8. K. R. GOODEARL AND E. S. LETZTER, Prime and primitive spectra of multiparameter
quantum affine spaces, in Trends in ring theory, CMS Conference Proceedings, Volume 22,
pp. 39-58 (American Mathematical Society, Providence, RI, 1998).

9. K. R. GOODEARL AND E. S. LETZTER, Quantum n-space as a quotient of classical n-
space, Trans. Am. Math. Soc. 352 (2000), 5855-5876.

10. T. J. HODGES AND T. LEVASSEUR, Primitive ideals of C4[SL(3)], Commun. Math. Phys.
156 (1993), 581-605.

11. T. J. HODGES AND T. LEVASSEUR, Primitive ideals of C,[SL(n)], J. Alg. 168 (1994),
455-468.

12.  T. J. HODGES, T. LEVASSEUR AND M. TORO, Algebraic structure of multi-parameter
quantum groups, Adv. Math. 126 (1997), 52-92.

13.  C. INGALLS, Quantum toric varieties, preprint (1999) (available at http://kappa.math.
unb.ca/~colin/research/pubs.html).

14. A. JOSEPH, On the prime and primitive spectra of the algebra of functions on a quantum
group, J. Alg. 169 (1994), 441-511.

15.  A. JOSEPH, Quantum groups and their primitive ideals, Ergebnisse der Mathematik 3,
Volume 29 (Springer, 1995).

16. S.-Q. OH, Symplectic ideals of Poisson algebras and the Poisson structure associated to
quantum matrices, Commun. Alg. 27 (1999), 2163-2180.

17.  S.-Q. OH, C.-G. PARK AND Y.-Y. SHIN, Quantum n-space and Poisson n-space, Com-
mun. Alg. 30 (2002), 4197-4209.

https://doi.org/10.1017/50013091507000910 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091507000910

Semiclassical limits of quantum affine spaces 407

18. M. VANCLIFF, Primitive and Poisson spectra of twists of polynomial rings, Alg. Repre-
sentat. Theory 2 (1999), 269-285.

19. P. VANHAECKE, Integrable systems in the realm of algebraic geometry, 2nd edn, Lecture
Notes in Mathematics, Volume 1638 (Springer, 2001).

20. A. WEINSTEIN, The local structure of Poisson manifolds, J. Diff. Geom. 18 (1983), 523~
557.

https://doi.org/10.1017/50013091507000910 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091507000910

