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ABSTRACT.8

Classical sea-ice models in climate model resolution do not resolve the small9

scale physics of sea ice. New methods to address this problem include mod-10

ifications to established viscous-plastic (VP) rheology models, sub-grid scale11

parameterisations, or new rheologies such as the Maxwell elasto-brittle (MEB)12

rheology. Here, we investigate differences in grid-scale dynamics simulated by13

the VP and MEB models, their dependency on tunable model parameters and14

their response to added stochastic pertubations of material patameters in a15

new implementation in the Massachusetts Institute of Technology general cir-16

culation model. Idealized simulations are used to demonstrate that material17

parameters can be tuned so that both VP and MEB rheologies lead to similar18

cohesive stress states, arching behavior, and hetereogeneity in the deformation19

fields. As expected, simulations with MEB rheology generally show more het-20

erogeneity than the VP model as measured by the number of simulated linear21

kinematic features (LKFs). For both rheologies, the cohesion determines the22

emergence of LKFs. Introducing grid-scale heterogeneity by random model23

parameter perturbation, however, leads to a larger increase of LKF numbers24

in the VP simulations than in the MEB simulations and similar heterogeneity25

between VP and MEB models.26
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INTRODUCTION27

Representing sea ice deformations in large scale climate models is important but challenging as the large28

scale sea ice conditions very much depend on smaller-scale physics that are poorly resolved at coarse resolu-29

tion. Most continuum sea ice models use the viscous-plastic (VP) rheology (Hibler, 1979) or modifications30

(e.g. the Elastic Viscous Plastic or EVP, Hunke and Dukowicz, 1997), which has been used for decades to31

reproduce the observed sea ice thickness, concentration and velocity fields. At high resolution, VP models32

are able to reproduce some of the large scale statistics of sea ice deformations, for instance the observed33

multi-fractal spatial and temporal scaling (Hutter and Losch, 2020; Bouchat and others, 2022; Hutter and34

others, 2022). At coarser resolutions, however, the scaling properties of sea ice deformations from VP35

models can be inconsistent with observations (Weiss and others, 2007; Bouchat and others, 2022; Hutter36

and others, 2022). In particular, models using the VP rheology tend to underestimate intermittency and37

spatial heterogeneity because they cannot trigger multi-scale deformation events from smaller scale per-38

turbations (Weiss and others, 2007). At grid resolutions of ≈12 km, the VP rheology did not reproduce39

the complicated fracturing processes associated with sea ice deformations and their organisation into a40

network of localised lines with large deformations called Linear Kinematic Features (LKFs) (Girard and41

others, 2011).42

This challenge sparked different approaches to include smaller scale characteristics in large scale models.43

To allow for fine scale features, existing VP models were modified to use different yield curves (Ringeisen44

and others, 2019, 2023), flow rules (Ringeisen and others, 2021), grids (Danilov and others, 2017; Turner45

and others, 2022; Rampal and others, 2016) and numerical methods (Lemieux and others, 2008, 2010; Losch46

and others, 2014). Alternatively, new rheologies were suggested that include sub-grid parameterisations47

to better represent fracture physics. In particular, brittle (elasto-brittle or EB, Maxwell elasto-brittle48

or MEB, brittle Bingham-Maxwell or BBM) rheologies (Girard and others, 2011; Dansereau and others,49

2016; Ólason and others, 2022) introduced a damage parameter that represents the presence of sub-grid50

scale fractures, allowing for (and keeping a memory of) material property degradation under high stresses51

without large deformations. These still relatively new brittle rheologies simulate realistic large scale fields52

with adequate heterogeneity and intermittency even at coarser resolution (grid spacing of ≈10 km) (e.g53

Ólason and others, 2022). Another way of accounting for the missing physical sub-grid scale processes54

is to use stochastic parameterizations (e.g. Juricke and others, 2013) where the effect of unresolved small55
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scales on the large scales are not modeled in a deterministic way from the resolved flow, but by randomly56

perturbing selected model parameters (Berner and others, 2017). This method has also been used with57

brittle rheologies in idealized experiments (Girard and others, 2011; Dansereau and others, 2016).58

As part of their development, new rheology parameterizations are often evaluated in idealised experi-59

ments that are designed to test, tune, and compare the model to observed sea ice dynamical behaviour. For60

instance, ideal ice bridge experiments have been used with both the (E)VP (e.g., Dumont and others, 2009;61

Losch and Danilov, 2012) and MEB (e.g., Dansereau and others, 2017; Plante and others, 2020) rheologies62

to demonstrate their ability to reproduce the observed tendency for sea ice flow to become obstructed by63

the formation of self-supporting ice arches in narrow channels (Walker, 1966; Sodhi, 1977). Uniaxial com-64

pression experiments have been used to assess the influence of the plastic flow rules on the orientation of65

LKFs in VP models (Ringeisen and others, 2019, 2021, 2023). A benchmark experiment was also designed66

to assess the LKFs and heterogeneity in the sea ice cover under convergent or divergent wind forcing. This67

benchmark experiment proved useful to formulate metrics and compare LKFs statistics from different sea68

ice models (Mehlmann and others, 2021; Hutter and Losch, 2020).69

Often a given sea ice model code implements only one type of rheology. This leads to rheology compar-70

isons that are confounded by numerical discretization, advection scheme, and grid resolution (Bouchat and71

others, 2022; Hutter and others, 2022). Sea ice model codes that contain more than one rheology are, for72

example, the McGill sea ice model (Plante and others, 2020) or the neXtSIM (Ólason and others, 2022).73

The McGill model contains the MEB and an implicit VP rheology with different solution techniques, but74

is not coupled to an ocean (Plante and others, 2020). The neXtSIM framework, for which coupled set-ups75

exist, is a Langrangian sea ice model and implements MEB, BBM, and m(odified)EVP rheology (Ólason76

and others, 2022; Boutin and others, 2023). Here, we add the MEB rheology to the sea ice component77

(Losch and others, 2010) of the open source Massachusetts Institute of Technology general circulation78

model (MITgcm, Marshall and others, 1997; MITgcm Group, 2021). The sea ice component already con-79

tains VP rheologies with many different options and yield curves (Losch and others, 2010, 2014; Kimmritz80

and others, 2016; Ringeisen and others, 2023; MITgcm Group, 2021) for the purpose of unconfounded81

comparisons between sea ice rheologies in a coupled ice ocean framework.82

In this paper, we investigate the sea ice deformations and heterogeneity simulated by the VP and MEB83

rheologies in the context of ideal ice bridge and benchmark experiments. To do so, the MEB rheology84

is implemented in the MITgcm sea ice component as to provide an unconfounded comparison framework.85
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The MEB implementation follows and is validated against Plante and others (2020). A similar ice bridge86

experiment is then used to compare deformation features of simulations with MEB and VP rheology. The87

spatial heterogeneity simulated with both rheologies is then evaluated in an idealized quadratic domain with88

cyclonic winds (Mehlmann and others, 2021) by tracking LKFs. To further increase spatial heterogeneity89

with both VP and MEB rheologies a stochastic parameterisation is presented.90

MODEL DESCRIPTION91

The MITgcm is a general circulation model used to study atmosphere, ocean, and climate processes at92

all scales (Marshall and others, 1997; MITgcm Group, 2021). It employs a finite volume discretization on93

an Arakawa C-grid. The sea ice model is coupled to the ocean and implements the VP rheology (Hibler,94

1979) with a number of yield curves and solvers (e.g., Losch and others, 2010, 2014; Kimmritz and others,95

2016; Ringeisen and others, 2023; MITgcm Group, 2021). The MITgcm model code and documentation96

can be found at https://mitgcm.org. This paper addresses the dynamics of the sea ice model and all97

thermodynamics processes are turned off.98

MEB constitutive equation99

The MEB rheology consists of a linear elastic part of the constitutive equation for a continuous solid,100

a viscous part of the constitutive equation for irreversible deformations, a local Mohr Coulomb (MC)101

criterion for brittle failure, and an isotropic progressive damage mechanism that rescales the viscous and102

elastic dynamics to initiate avalanches of damage (Dansereau and others, 2016). We repeat the main103

aspects here for clarity.104

The constitutive equation for vertically integrated internal stress σσσ (here in Pa m = N m−1) and strain105

rates ε̇εε for a 2D compressible, visco-elastic, continuous solid is106

σ̇σσ + λ−1σσσ = E(d)CCC · ε̇εε (1)

with the elastic modulus tensor CCC (a function of the Poisson ratio ν) and the viscous relaxation time scale107

λ. Note that the stress and strain rate tensors are reduced in their order by using the Voigt notation108

for symmetric tensors. The relaxation time scale λ is written as the ratio of the viscosity ξ, the elastic109

modulus E, and a damage parameter d representing the amount material degradation from accumulating110
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micro (sub-grid) cracks in the sea ice (Dansereau and others, 2016):111

λ = ξ(d)
E(d) = λ0 (1 − d)α−1 (2)

where ξ and E depend on the fractional ice cover, mean ice thickness (i.e., using the forumulation for the112

VP ice strength of Hibler, 1979) and α > 1 is a parameter ruling the transition from elastic to viscous113

behaviour. E0 and ξ0 are the undamaged mechanical parameters and λ0 = ξ0
E0

. In contrast to some previous114

work (e.g., Dansereau and others, 2016), we define damage so that d = 0 for undamaged ice and d = 1 for115

maximally damaged ice.116

The damage increases when the stress states exceed the yield curve (Fig. 1) and it contains the history117

of the previous damaging events (Dansereau and others, 2016; Plante and others, 2020). The increase118

depends on the scaling factor dcrit (critical damage, which is determined by the requirement to bring the119

overshooting stress state back to the yield curve).120

One possible yield curve for the MEB rheology is the MC criterion with a tensile cut-off (Fig. 1)121

(Dansereau and others, 2016). The critical uniaxial compressive stress σc at the intersection of the MC122

yield curve with the principal stress σ1 axis (Fig. 1) is123

σc = 2 ch
√

q (3)

where c is the cohesion and q =
(
(µ2 + 1)1/2 + µ

)2
is the slope defined by the internal friction coefficient124

µ. In contrast to the standard elliptic yield curve of a VP rheology (Hibler, 1979), this yield curve permits125

isotropic tensile stresses. The critical tensile stress σt is defined as the intersection of the principal stress126

σ2 axis with the MC criterion (Fig. 1) so that127

σt = −σc

q
. (4)

Implementation details128

The finite-volume implementation on the C-grid of the MITgcm sea ice model follows for the most part129

the implementation of the MEB rheology in the finite-differences C-grid implementation in the McGill sea130

ice model (Plante and others, 2020).131

We note the structural similarity of the MEB and VP constitutive equations: the product of the elastic132
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Fig. 1. Illustration of elliptic yield curve (VP, black dotted and solid ellipses) and Mohr-Coulomb yield curve

(MEB, black piecewise linear lines). Invariant stress axes (σI , σII) in black and principal stress axes (σ1, σ2) in grey.

σc is the critical uniaxial compressive stress (Eq. 3) and σt is the critical tensile stress (Eq. 4). The maximum tensile

stress Tm (Eq. 6) is indicated by the green dashed line. a and b denote the semi-major axes of the elliptic yield curve.

Grey shading marks the cohesive stress states.

https://doi.org/10.1017/aog.2024.40 Published online by Cambridge University Press

https://doi.org/10.1017/aog.2024.40


Bourgett and others: Comparing heterogeneity with VP and MEB rheology 7

modulus tensor CCC and the strain rate tensor ε̇εε in (1) is (e.g., Dansereau and others, 2016)133

[CCC · ε̇εεn]ij = ν

(1 + ν)(1 − ν) ε̇kkδij + 1
1 + ν

ε̇ij . (5)

This is the same form as the VP constitutive equation σij = 2ηε̇ij +
[
(ζ − η)ε̇kk − P

2

]
δij with P = 0 and134

shear and bulk viscosities η = 1
2

1
1+ν and ζ = 1

2
1

1−ν . After re-interpreting these variables, we can re-use135

most of the VP-code without additional changes. For details of the discretisation we refer to Plante and136

others (2020).137

On the staggered C-grid, some variables are naturally defined at center (C) points (e.g., σ11), while138

others are naturally defined at corner (Z) points (e.g., σ12 and ε̇12) (Losch and others, 2010). Numerical139

stability requires that σ12, dcrit, d, λ−1, and E are defined on both C- and Z-points of the C-grid cell. The140

associated averaging is reduced to a minimum, so that only dcrit, d, h, a are linearly averaged to Z-points141

and only (ε̇12)2 is averaged to C-points. E, λ−1, and σ12 are computed for center and corner points with142

the averaged variables.143

Validation144

We confirmed the plausibility of our MEB implementation with analytic solutions and symmetry tests (not145

shown, see Chapters 6 and 7 in Bourgett, 2022) and with a reproduction of an idealized ice channel (Plante146

and others, 2020, not shown).147

The general behaviour of the dynamics is identical to previous results (Plante and others, 2020). At the148

beginning of the simulation the tensile stresses downstream of the channel increase and damage develops149

downstream of each channel boundary. After 3300 s (τ = 0.06 N m−2) a concave shape at the downstream150

end of the channel indicates the ice arching effect. The stress values agree with the previous results (Plante151

and others, 2020, their Fig. 9). The divergent stress in the middle of the channel is small. The tensile152

stresses and the shear stresses in the downstream corners of the channel increase so that damage extends153

over the channel . The ice detaches from the upstream coastline but does not move yet (it remains landfast,154

land-locked by the islands). Both shear and divergent stress fields downstream of the ice channel drop to155

zero when the ice downstream of the channel detaches (not shown, see Chapter 7 in Bourgett, 2022).156
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Table 1. Model parameters of the channel with idealised ice bridge experiment and the quadratic domain with

cyclonic winds (“benchmark”) for the MEB and the VP rheology.

channel “benchmark”

Parameter Definition MEB VP MEB VP Unit

∆x Spatial resolution 2 2, 4, 8 km

∆t Time step 0.5 0.5 120 s

Td Damage time 2 - 2 - s

Th Healing time - - 1 × 105 - s

E0 Elastic modulus 1 × 109 - 5 × 108 - N m−2

P ∗ Ice strength - 27.5 - 27.5 kN m−2

ν Poisson ratio 0.3 - 0.3 -

λ0 Relaxation time scale 1 × 105 - 1 × 107 - s

α Damage parameter 4 - 4 -

µ Internal friction 0.71 - 0.7 -

c Cohesion 10, 30, 50 - 1.56, 25 - kN m−2

e Ellipse aspect ratio - 1.2, 1.6, 2 - 2

ρa Air density 1.3 1.3 m−3

ρi Sea ice density 9 × 102 9 × 102 m−3

ρw Water density 1.026 × 103 1.026 × 103 m−3

Ca Air drag coefficient 1.2 × 10−3 1.2 × 10−3

Cw Water drag coefficient 5.5 × 10−3 5.5 × 10−3

f0 Coriolis parameter 0 1.46 × 10−4 s−1

C∗ Ice concentration parameter 20 20
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COMPARISON OF MEB TO VP157

We can now use the MITgcm model framework to compare small-scale sea ice deformations with the VP158

and the MEB rheology using the same grid spacing, discretization, and parameters.159

For both rheologies the yield curve determines the cohesive strength. The cohesive strength influences160

the shear deformation of sea ice. If sea ice is driven through a narrow channel the cohesive strength controls161

the potential for modelled sea ice to form ice arches (Ip, 1993; Hibler and others, 2006; Plante and others,162

2020).163

For the VP and the MEB rheology, cohesive stress states σI < |σII | are marked by grey shading in164

Fig. 1. In terms of the mechanical strength parameters for maximal compression, shear and isotropic165

tension (P, S, T ), the ellipse aspect ratio is defined as e = (P + T )/(2S) with T = kP and the tensile166

factor k (Bouchat and Tremblay, 2017; König Beatty and Holland, 2010). For the elliptic yield curve, the167

cohesion increases by decreasing the ratio e of the two semi-major axes (making the ellipse “fatter”), by168

increasing P , and by moving or extending the ellipse into the tensile half-plane (k > 0). Even though the169

original VP yield curve does not allow isotropic tensile stresses (T = 0 or k = 0, black ellipse in Fig. 1), the170

tensile strength is not zero. The maximum tensile stress, that is the maximal distance of the yield curve171

to the diagonal σI = σII or maximum of σ1 (Bouchat and Tremblay, 2017, and Fig. 1), is defined as172

Tm = 1
2

{
(1 + k)

√
1 + e−2 − (1 − k)

}
P (6)

and is non-zero for all k ≥ 0 (Fig. 1).173

We use an idealized ice channel to tune yield curve parameters of both rheologies to give similar results.174

Building on this experience, we analyse the effect of grid-scale heterogeneity on the solution in a quadratic175

domain with cyclonic winds (Mehlmann and others, 2021) with similar cohesion for VP and MEB. The176

VP models uses a JFNK solver that converges with a relative precision of 10−4. All model parameters are177

summarized in Tabel 1.178

Channel with idealised ice bridge179

Inspired by previous ice arch simulations (Dumont and others, 2009; Dansereau and others, 2017), we180

use an idealized channel set-up modified from Plante and others (2020). A 800 km by 200 km domain181

with a grid resolution of 2 km and closed boundaries with a no-slip boundary condition in the x -direction182
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features a channel in the y -direction. The channel itself is 200 km long and 60 km wide. The domain has183

open boundaries at y = 0 km and y = 800 km with Neumann conditions for all variables. The Neumann184

conditions ensure that sea ice can drift freely into and out of the domain and does not need to detach from185

a solid boundary at y = 800 km, so that slowing down of the ice upstream the channel is solely determined186

by the ice arching. The sea ice cover is forced by surface stress in the negative y -direction (“southwards”)187

that increases linearly from 0 to 0.625 N m−2 within 10 h. The simulation is run for 240 h with no further188

increase of the forcing. The slowing down of the sea ice upstream of the channel due to the formation of189

ice arches is used for comparison between VP and MEB.190

Different parameters of the yield curves were tested to allow cohesive stress states. We choose the191

parameters so that the maximum tensile stress Tm (6) of the VP rheology is equal to the critical tensile192

stress σt (4) of the MEB rheology, since both represent the maximum positive value of the principal193

stress σ1 (Fig. 1). Specifically, we choose c = 10 kN m−2 and 30 kN m−2 leading to σt = 10.4 kN m−1194

and 31.24 kN m−1 for MEB. The corresponding Tm are computed with P ∗ = 49.92 kN m−2 and P ∗ =195

149.92 kN m−2, k = 0.05, and a small value for e = 1.2 (Kubat and others, 2006; Lemieux and others,196

2016).197

Except for the VP simulations with Tm = 31.24 kN m−1, the effect of ice arching to the upstream ice198

drift velocities can be observed and the ice slows down for both VP and MEB simulation (Fig. 2). The199

parameter set with Tm = 31.24 kN m−1 makes the ice so stiff that it does not start to move at all. The200

ice drift in the MEB simulation with c = 30 kN m−2 decreases within 40 h. For 10 kN m−2, the ice drift201

upstream increases quickly and then slows down gradually with rates that are very similar between the202

MEB (mmeb = 1.45 × 10−7 m s−2) and VP simulations (mvp = 1.43 × 10−7 m s−2) (Fig. 2, solid lines).203

Also, the velocity fields upstream (Fig. 2, Fig. 3) are very similar with c = 10 kN m−2 for MEB and its204

correspondent mechanical parameters for VP. The maximum “southward” velocity upstream is reached205

after approximately 15 h.206

The effective ice thickness is generally similar for both rheologies (Fig. 3). In both cases, leads form207

downstream of the channel and ridging occurs upstream of the channel. Some differences in the exact208

location and shape of the leads and ridges are attributed to the different failure processes, namely the209

damage propagation and the associated normal flow rule for the MEB and VP rheologies, respectively. For210

instance, some ice remains attached to the islands downstream of the channel in the VP simulation as the211

deformation transitions from lead opening downstream of the islands to pure shear on the sides, while in212
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[t]
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t/h
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0.3

v̄
/m

s−
1

MEB, c = 10 kNm−2

MEB, c = 30 kNm−2

VP, P ∗ = 49.92 kNm−2

VP, P ∗ = 149.92 kNm−2

Fig. 2. Averaged ice velocities parallel to channel upstream of channel. The sea ice does not move at all (VP)

or rapidly stops (MEB) for the high cohesion case (c = 30 kN m−2, P ∗ = 149.92 kN m−2, dash-dotted lines). There

is a slow and very similar stopping effect by the formation of an ice arch in both the MEB simulation and the VP

simulation for the low cohesion case (c = 10 kN m−2, P ∗ = 49.92 kN m−2, dashed lines). The solid lines are the linear

regression of the ice velocities.
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Fig. 3. Snapshots of the effective ice thickness h and the ice drift velocity (arrows) for the VP rheology (left two

panels) and the MEB rheology (right two panels) at t = 12 h and 24 h. Note that the colour scale is chosen to

emphasize deviations from the initial state (h = 1 m).
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the MEB simulation the damage propagation is directly along the coastlines. Upstream of the channel,213

the ridging area contains additional diagonal patterns in the MEB simulations due to the formation of214

secondary fracture lines, while the ice thickness is smoother and more uniform in the VP simulations.215

Our results agree with other ice arch simulations (Dumont and others, 2009; Dansereau and others,216

2017; Plante, 2021, Chapter 5) and demonstrate that the cohesive strength of the ice plays an important217

role in ice arching so that corresponding mechanical parameters lead to similar results between the different218

rheologies.219

Quadratic domain with cyclonic winds220

A quadratic box with closed boundaries, constant anticyclonic (clockwise) ocean circulation and a moving221

cyclonic wind system was suggested to compare different sea ice models (Mehlmann and others, 2021).222

This “benchmark” problem was used to analyse how different VP models simulate sea ice deformation,223

in particular LKFs. Here, the “benchmark” problem is repeated with the MITgcm using different grid224

spacings (∆x =2, 4, 8 km) to analyse spatial heterogeneity in both the MEB and VP models. Note that225

for all grid resolutions the simulation is produced with the same time step (∆t = 120 s for VP, ∆t = 0.5 s226

for MEB). In the MEB case, this value is chosen to ensure that the constitutive equation is well resolved227

at the highest resolution (i.e., according to the CFL criterion for resolving the elastic waves).228

To choose similar yield curve parameters for MEB and VP as in the channel experiment, we have to229

consider the following: The VP-parameters of this benchmark P ∗ = 27.5 kN/m2 with e = 2 and no tensile230

stress (k = 0) lead to a very low cohesion of 1.56 kN m2 (Eq. 6). Using the large P ∗ values implied by the231

cohesion of the channel experiment in the VP rheology would change the benchmark dramatically from232

previously published results (Mehlmann and others, 2021), so that to compare the different rheologies we233

instead adjust the MEB parameters to match the low VP cohesion. The low cohesion of 1.56 kN m2 leads234

to very low stress states. For comparison, we also use a high value of c = 25 kN m2. These cohesion values235

cover the range of previously reported values (Plante and others, 2020; Dansereau and others, 2016). The236

model parameters for the experiments are summarized in Table 1.237

Results from Mehlmann and others (2021) are reproduced by our VP simulations, with more radial238

features in the compressive stress field than circular ones and without tensile stress states (Fig. 4). In both239

models, there are fewer identifiable deformation patterns and the deformation fields also become smoother240

with decreasing resolution (not shown, see Chapter 8 in Bourgett, 2022).241
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Fig. 4. Snapshot of the stress invariant σI at t = 2 d and with ∆x = 2 km of the VP simulation on the left and the

MEB rheology with low (center) and high (right) cohesion. Positvite values mean convergence. Divergent (negative)

stress state are only allowed in the MEB-model. The size of the stress invariant depends on the choice of the cohesion.

The presence of radial or circular features and the range of the stress values depends to some degree on242

the choice of cohesion for the MEB rheology. Using the MEB rheology with a cohesion similar to that of the243

VP simulations yields much smaller stresses but otherwise similar features as in the VP simulations, with244

mostly radial features and only a few circular stress features. Increasing the cohesion in the MEB model to245

get similar stress states as in the VP simulation (Fig. 4), however, changes these patterns and the features246

are mostly circular. Using the VP rheology with analogous values to match the cohesive stress states247

results in the same dependency (not shown). This dependency suggests that the shape of the features are248

sensitive to the shear strength; fewer cohesive stress states (gray area in Fig. 1) strongly result in smaller249

shear stresses, which favors radial features, while more cohesive stress states result in larger shear stresses,250

which favors the production of circular features.251

There are other yield-curve related causes for the different stress fields: for example, the different yield252

curve shape of the MEB rheology allows isotropic tensile stresses (see negative σI in Fig. 4), while the VP253

rheology with the standard elliptical yield curve does not; and the MEB model does not have a flow rule.254

Neither of these causes are explored here.255

Further, the rheologies are compared by means of the number of LKFs as detected by a tracking256

algorithm (Hutter and Losch, 2020, with parameter modifications by Mehlmann and others, 2021) (Table 2).257
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Fig. 5. Snapshots of the shear deformation rate ε̇II at t = 2 d and with ∆x = 2 km of simulations without

(above) and with (below) a stochastic pramaterisation of the heterogeneity at the grid-scale (index “st”). The shear

deformation rate using the VP rheology on the left and using the MEB rheology with low and high cohesion in the

center and on the right.

The number of LKFs increases for both rheologies with increasing resolution. As expected because of the258

damage mechanism and long-range elastic interactions that produce sub-grid fracturing (Dansereau and259

others, 2016), the MEB simulation (independent of the choice of cohesion) has more LKFs than the VP260

simulation on all grids, especially on ∆x =2 km grid. Increasing the cohesion tends to lead to fewer LKFs261

(Table 2). Note that the decreased heterogeneity in the MEB simulations with high cohesion is associated262

with a much less extensive damage field. As the damage mechanism is known to be a numerical error263

integrator (Plante and Tremblay, 2021), this raises a question about the impact of numerical noise in264

seeding the heterogeneity.265

https://doi.org/10.1017/aog.2024.40 Published online by Cambridge University Press

https://doi.org/10.1017/aog.2024.40


Bourgett and others: Comparing heterogeneity with VP and MEB rheology 16

Table 2. Number of LKFs for both VP and MEB rheology for simulations with 2 km, 4 km, and 8 km grid spacing

∆x. The index “st” indicates that the simulation uses a stochastic parameterisation of c (cohesion) for the MEB

rheoogy or P ∗ (ice strength) for the VP rheology. The MEB simulations are run with a high value of c = 25 kN m2

and with a low value of c = 1.56 kN m2

Grid resolution ∆x

2 km 4 km 8 km

MEB (c = 25 kNm−2) 128 51 21

MEBst (c = 25 kNm−2) 241 76 23

MEB (c = 1.56 kNm−2) 143 52 15

MEBst (c = 1.56 kNm−2) 390 89 21

VP 51 31 7

VPst 317 106 30

STOCHASTIC PARAMETERISATION266

One of the main motivations to develop a brittle rheology was the observation that models with VP rheology267

underestimate observed spatial heterogeneity (Girard and others, 2011). We indeed found the MEB solution268

to be more heterogeneous. Alternatively, heterogeneity can be increased with stochastic parameterisations269

(Juricke and others, 2013, their Fig. 6, and personal communication). In fact, early brittle models used270

a stochastic cohesion parameter c to introduce disorder (Girard and others, 2011; Dansereau and others,271

2017). We now adopt the same method to account for faults and cracks in the ice below the spatial grid272

scale ∆x and draw the cohesion parameter c from a (pseudo-)random uniform distribution between 0.5c0273

and 1.5c0 of the unperturbed cohesion c0. The resulting heterogeneous cohesion field is constant in time274

throughout the simulation. Because the critical stresses σc and σt depend on c (Eqs. 3 and 4), a stochastic275

cohesion also leads to a different (but constant-in-time) damage criterion for each grid cell.276

With the stochastic cohesion the number of LKFs increases for all grid resolutions independent of the277

cohesion (Table 2). The number of LKFs for the MEB simulations with the stochastic cohesion is also278

much higher than for the VP simulations discussed above (consistent with Girard and others, 2011).279

Can we also obtain more spatial heterogeneity with stochastic parameters within the VP model? The280

VP model does not contain the fast feedback caused by the damage parameter, but the ice strength P ∗ can281

be perturbed by drawing from the same (pseudo-)random field as the cohesion in the MEB rheology, such282
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that the elliptic yield curve is enlarged or reduced for each grid cell according to P ∗′ ∈ [0.5P ∗, 1.5P ∗]. This283

choice of P ∗ increases the number of LKFs in all resolutions (Table 2). The LKF numbers are comparable284

to the corresponding MEB numbers and even higher for lower resolutions.285

In both rheologies, heterogeneity of the results can be increased by introducing spatial variability to286

mechanical ice properties (c, P ∗). The simulations (e.g., shear deformation rate, Fig. 5) contain features287

of heterogeneity that appear similar to previous results (Girard and others, 2011, their Fig. 3b). We find288

(Table 2) that a VP model with a stochastic parameterisation can have a similar spatial heterogeneity as289

the MEB rheology. Note, that here a random perturbation of mechanical parameters was similar in both290

rheologies, whereas Girard and others (2011) compared a standard VP model with smooth ice strength to291

an EB model with stochastic cohesion. We also note, that this random perturbation of cohesion is generally292

not used in realistic large scale MEB or BBM simulations with realistic domains (e.g., Rampal and others,293

2016; Ólason and others, 2022)294

CONCLUSION295

Simulations with the MEB rheology tend to be more heterogeneous (i.e., have more linear kinematic296

features) than simulations with the standard VP rheology. This result was anticipated, but shown here297

in a controlled environment without confounders. Furthermore, we demonstrate that adding disorder by298

stochastic mechanical parameters (cohesion for MEB, ice strength for VP) increases heterogeneity to similar299

levels in the VP and MEB simulations. We conclude that grid-scale heterogeneity is one important driver300

to produce prominent large-scale deformation features, such as LKFs. Grid-scale heterogeneity can be301

introduced in various ways, for example, by a brittle rheology based on physical considerations or by local302

modification (physical or statistical) of material properties. The latter can be applied to sea ice models303

independent of the constitutive equation.304

By appropriate choice of model parameters, the most important material property (here: cohesion in305

a landfast ice simulation in a channel) can be similar between MEB and VP rheologies. This choice leads306

to similar deformation patterns (Fig. 5, left and middle column), but the stress states are very different in307

magnitude between VP and MEB (Fig. 4, left and middle pane). In contrast, tuning the stress states to be of308

similar order of magnitude (Fig. 4, left and right pane) leads to very different deformation patterns (Fig. 5,309

left and right column). In this sense, our results suggest that described differences between deformation310

patterns can be decreased by tuning the yield curves of the respective rheology.311
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As a technical note, there is some structural similarity between the constitutive equations for VP and312

MEB such that after re-interpretation of some variables, a large part of the VP code can be used for the im-313

plementation of the MEB rheology (Plante and others, 2020). The time-derivative term, however, increases314

error memory in the system (Plante and Tremblay, 2021). Numerical details, such as averaging between315

center and corner points of the C-grid, prove to be crucial for stability of the MEB implementation (see316

also Brodeau and others, 2024). The new damage equation and in particular the elastic wave propagation317

further pose strict constraints on the time step, so that a time splitting method for the MEB code should318

be used (Ólason and others, 2022).319

In our simulations, disorder introduced by noise (stochastic parameters) seems to be an important320

driver of heterogeneity. The VP simulations without additional noise in the ice strength have much fewer321

LKFs than those with a stochastic strength parameter. The same is true for the MEB simulations but to322

a smaller extent. The damage parameter in MEB integrates failure by construction, but also numerical323

errors (Plante and Tremblay, 2021). We speculate that these numerical errors may trigger failure and plan324

to investigate if using a stabilizing scheme for stress correction that minimizes the numerical errors (Plante325

and Tremblay, 2021) will also reduce the simulated heterogeneity.326
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