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Hypoelliptic Bi-Invariant Laplacians on
Infinite Dimensional Compact Groups

A. Bendikov and L. Saloff-Coste

Abstract. On a compact connected group G, consider the infinitesimal generator —L of a central
symmetric Gaussian convolution semigroup (y)s~o. Using appropriate notions of distribution and
smooth function spaces, we prove that L is hypoelliptic if and only if (z)s~0 is absolutely continu-
ous with respect to Haar measure and admits a continuous density x — p;(x), t > 0, such that
lim; ¢ t log pit(e) = 0. In particular, this condition holds if and only if any Borel measure u which is
solution of Lu = 0 in an open set {2 can be represented by a continuous function in 2. Examples are
discussed.

1 Introduction

Let G be a compact connected group equipped with its normalized Haar measure v.
Let (¢)r>0 be a symmetric Gaussian convolution semigroup of measures and —L
be its infinitesimal generator. The operator L can be interpreted as a second order
differential operator on G and we call such operator L a sub-Laplacian on G (sub-
Laplacians can be characterized in several different ways, see [12]). This paper is
concerned with the hypoellipticity of L under the additional assumption that L is
bi-invariant (this is equivalent to saying that (1;);~¢ is central). The notion of hy-
poellipticity must be carefully defined since several interpretations are possible in
this setting. The aim of this paper and the companion paper [12] is to introduce
and explore some of these possibilities. In finite dimension, there are (at least) two
well established theories of hypoellipticity, namely, €>°-hypoellipticity and analytic-
hypoellipticity. In the present infinite dimensional setting, there are many possible
choices to measure smoothness and it seems important from a practical viewpoint to
allow for as much flexibility as possible, as one may encounter many different types
of smooth functions.

Denote by C(G) the space of all continuous functions on G equipped with the
uniform topology. Let M(G) be the space of all Borel signed measures on G, viewed
as the dual of C(G) and equipped with the total variation norm ||| = |1|(G), where
i = pt — p~ is the usual decomposition of p in positive and negative parts and
ul=p*+p.

Recall that G is the projective limit of compact connected Lie groups [25, 27].
Denote by B(G) the set of all smooth cylindric functions on G, i.e., all Bruhat test
functions. These are smooth functions on Lie quotients of G, lifted to G. We equip
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B(G) with its natural topology [21, Définition 1] and let B’(G) be the topological
dual of B(G), i.e., the space of Bruhat distributions on G. Given an open set €2,
let C(2) be the set of all continuous functions in €2, and let B, (£2) be the set of all
smooth cylindric functions with support in 2.

Let A be a vector space of elements of B’(G). The vector space A will come
equipped with its own topology, not weaker than that of B’(G). Assume that A
is stable by multiplication by elements of B(G). We then say that A is a space of dis-
tributions on G. One typical construction of a space of distributions is as the dual
T’ of a test function space where a test function space is a topological space T such
that B(G) C T C C(G) and B(G) acts continuously on T by pointwise multipli-
cation. The space T is equipped with the strong dual topology, i.e., the topology
of uniform convergence on bounded sets, see [20, Chapitre III]. Of course, we have
M(G) C T' C B'(G) and the topology of T is not weaker than that of B’(G). More-
over, B(G) acts by multiplication on T’. Thus T” is a space of distributions as defined
above.

Definition 1.1  Let P be a left invariant differential operator on G of finite order
(see definitions in Section 2.1). Let A be a fixed space of distributions. Let 8 be a
space of continuous functions. We say that P is A-S-hypoelliptic if, for any U € A
and F € B'(G) such that

PU = Fin B'(G),

and for any open set {2 such that
Vo€ Bo(f2), ¢F €8,

we have
Vo e Bo(), U €S8.

The larger A is, the stronger A-S-hypoellipticity is for any fixed S. Varying 8 leads to
possibly different, a priori not comparable, notions. Let us illustrate this definition
by some examples:

Example 1.2 Let G be a compact Lie group. Take T = § = B(G) = C>*(G),
A = 7. The definition above reduces to the usual notion of €>°-hypoellipticity. In
this case, if P = Elf X? for some left invariant vector fields X;, then P is hypoelliptic
ifand only if {X;, . .., Xi} generates the full Lie algebra of G (Hérmander’s theorem
[28]).

Example 1.3 Let G =T = (R/277Z)*°. Take T = C(G), § = C>° where C*° is the
space of continuous functions having continuous partial derivatives of all orders in
the canonical directions of the fixed product structure of T°°. In this case, A = T’ =
M(T°). In [3, §5.3], the corresponding hypoellipticity is studied for operators of the
form L = — ). a;0?. There it is shown that M-C>°-hypoellipticity holds if and only
if N(s) = #{i : a; < s} satisfies N(s) = o(s) as s tends to infinity.
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Remarks

(i) Note that we are not assuming that PU = F in A but only in B’(G). This
allows us, for instance, to consider M(G)-C(G)-hypoellipticity although, of course,
for a measure U, PU is not, in general, a measure. That is, we do not need the
hypothesis that the distribution space A is stable by P.

(ii) The notion of hypoellipticity is a local property of the operator P. In the
definition above, we have chosen to localize by multiplication by functions in B(G).
This makes sense even if the space § is not stable by multiplication by such functions.
However, if 8 is not stable by multiplication by B(G), it might be extremely difficult
to prove hypoellipticity and also to apply the result in specific examples. We will see
in Section 5 that it is sometimes possible and preferable to use a different localization
procedure.

Definition 1.4 Let (1)~ be a Gaussian semigroup on G.

e We say that (y;);~0 has property (AC) if, for all t > 0, p, is absolutely continuous
with respect to the Haar measure v on G.

e We say that (u )¢~ has property (CK) if (AC) holds and, for all ¢t > 0, y; admits a
continuous density x — i, (x).

e We say that (;);~0 has property (CKx) if (CK) holds and

}ig}) tlog s (e) = 0.

In the companion paper [12], we consider a number of different possible choices for
A and prove the following theorem.

Theorem 1.5 ( [12, Theorem 1.3])  Let G be a compact connected group. Let —L be

the infinitesimal generator of a symmetric Gaussian semigroup ({u;)i=o. Let 8 be a space

of continuous functions whose topology is not weaker than the uniform topology.

(i) IfGisnota Lie group, L is not B'(G)-S-hypoelliptic.

(ii) If the operator L is L°°(G)-8-hypoelliptic, then the group G is locally connected
and metrizable.

(iii) The operator L is L>°(G)-C(G)-hypoelliptic if and only if (1; )¢~ satisfies (AC).

Assume in addition that (1), is central, i.e., L is bi-invariant.
(iv) Fix1 < p < +oo. If L is LP(G)-C(G)-hypoelliptic, then (ii:)¢~o satisfies (CKx).

The purpose of the present paper is to complete this picture in the case of bi-invariant
Laplacians and prove that property (CKx) implies some rather strong form of hy-
poellipticity. More precisely, if (CKx) is satisfied, there exists a space of test functions
T; such that L is J]-8-hypoelliptic for several natural choices of smooth function
spaces § including 77, itself and C(G). As we shall see, the space T has a very explicit
description. Functions in T} have infinitely many derivatives in certain directions
and T/ contains many distributions that are not Borel measures. Let us state a simple
corollary of the main result of this paper and Theorem 1.5(iv) which does not require
further notation.
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Theorem 1.6  Let G be a compact connected group. Let —L be the infinitesimal gen-
erator of a symmetric central Gaussian semigroup (fi);>o. Then L is M(G)-C(G)-
hypoelliptic if and only if (CKx) is satisfied.

Together with the companion paper [12], the present work shows that for the bi-
invariant operators considered here, many reasonable types of hypoellipticity are
equivalent and hold if and only if (CKx) is satisfied. That property (CKx) is an
essential property in this setting is already apparent in previous works by the au-
thors [3,6-8]. For instance, it is proved in [8] that the sheaf of all continuous har-
monic functions associated to L is a Brelot sheaf (i.e., satisfies Harnack’s inequality) if
and only if the corresponding central symmetric Gaussian semigroup (i), satisfies
(CKx). At this point the reader may wonder whether there indeed exists any central
symmetric Gaussian semigroup having property (CKx) in infinite dimension! The
first such examples where constructed in [2, 16] on T°°. By [8], any compact con-
nected locally connected metrizable group carries a host of such Gaussian semigroups
although this existence result is anything but obvious. On the other hand, if G is ei-
ther not metrizable or not locally connected, condition (CKx) (or even the much
weaker condition (AC)) is never satisfied, see [9,26].

Several approaches to hypoellipticity are available for second order sub-elliptic
differential operators in finite dimension. Most seem very difficult to adapt in the
present setting. We will follow the line of reasoning developed by Kusuoka and
Stroock [30, Section 8] for second order differential operators in R”. The tools
used in Kusuoka—Stroock’s approach are: (1) a reasonable theory of distributions
and smooth functions spaces (readily available in finite dimension) and (2) Gaussian
estimates for the time and space derivatives of the heat kernel.

In the present setting, both (1) and (2) need to be developed before Kusuoka—
Stroock’s approach can be brought to bear. Various spaces of smooth functions are
introduced in [10, 12, 15]. The crucial spaces of distributions are introduced and
studied in [15]. Gaussian estimates for the derivatives of the density (¢, x) +— p;(x) of
(t4)s>0 are obtained in [10] under the hypothesis that (1 );~0 is central and satisfies
(CKx). In fact, the main purpose of [10, 15] is to develop the material needed for
the proofs of the main results of the present paper, in particular Theorem 1.6. The
authors are grateful to D. Stroock for asking whether hypoellipticity could be studied
by the method of [30, §8] in the present infinite dimensional setting.

2 Background and Notation
2.1 Projective Structure

The following setup and notation will be in force throughout this article. Let G be
a connected compact group with neutral element e. Assume further that G is locally
connected and metrizable. By Theorem 1.5(ii), this hypothesis is no loss of generality
when studying hypoellipticity. Such a group contains a decreasing family of compact
normal subgroups K, a € N such that (), Ko = {e} and, for each o, G, = G/K,
is a Lie group. As G is metrizable, N is either finite (if G is a Lie group) or countable.
Consider the projection maps 7,: G — G, and m, 3: Gg — G,, § > o. Then G is
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the projective limit of the projective system (G,, 7 8)g>a-
For a compact Lie group N denote by C°°(N) the set of all smooth functions on
N. For any compact connected group G, set

2.1) BG) = {f G—>]R{’ f=¢om, forsomex € Nand ¢ € GOO(GQ)}.

The space B(G) is the space of Bruhat test functions introduced in [21]. The space
B(G) is the inductive limit of the topological vector spaces B(G,) [21, p. 46]. By [21,
Lemme 1], B(G) is independent of the choice of the family (K, )aex-

The Lie algebra ® of G is defined to be the projective limit of the Lie algebras ®,
of the groups G, equipped with the projection maps dm, 3. Following [18,21], we
define the notion of projective family and projective basis.

Definition 2.1 Given a descending family (K, ).ex as above, we say that a family

(Y;)ier of elements of the projective Lie algebra ® is:

¢ aprojective family (w.r.t. (K, )n) if for each @ € R there is a finite subset I, C I
such that dr,(Y;) = 0if i & I,;

* a projective basis if for each o € N there is a finite subset I, C I such that
dr,(Yi) = 0ifi & I, and (dm,(Y;))iey, is a basis of the Lie algebra ®,,.

By [18], ® does admit a projective basis. If (Y;)ics is a projective basis, we can
identify ® with R! as topological vector space. For any Z € ®, there exists a unique
a = (a;)ier such that forany a € N, dn,(2) = Ziel a;dm,(Y;) and convergence in ®
is equivalent to convergence coordinate by coordinate. Since the group G is assumed
to be metrizable, projective families have at most a countable number of elements.
Given a projective family Y = (Y;); C ®, we set

Yo=Y, Y,

for £ = (¢1,...,4) € I*. By definition, in any given projective basis Y = (Y;);, a
homogeneous left invariant differential operator of degree k on G is a sum (possibly
infinite)
P=> aY' acC
S4

One easily checks that this notion does not depend on Y. Such a P can be interpreted
as a linear operator from B(G) to B(G). Indeed, if f = ¢ o 1, € B(G), we have

Pfx) =) aY'fx)= Y a[dna(Y;)dma(Ye,) - dma(Ye)$] (ma(x))
ter (1,0 ) ETE

where the right-hand side is a finite sum since I, is finite for each o € R. The formal
adjoint of P is the homogeneous left invariant differential operator P* of the same

degree k defined by )
p* — (—l)k Za—éyf

ltelx

where / = by ..., ) if €= (ly,...,¥). Adifferential operator P of finite order k is
a finite sum of homogeneous differential operators of degree at most k and its formal
adjoint P* is defined by linearity.
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2.2 Gaussian Semigroups and Sums of Squares

Given a Borel measure g, define fi by fi(A) = ju(A~") for any Borel set A. We say that
u is central if p(a='Aa) = p(A) for any a € G and any Borel subset A C G. Recall
that the convolution of two functions u, v € B(G) is defined by

u*v(x):/u(y)v(yflx) dl/()/):/u(xyfl)v(y) dv(y).
G

G

Accordingly, for f € B(G), define the left and right convolution by a measure y as

u*ﬂmz/fw*@wwxf*mwz/?ufwmw»
G

If u is central, i.e., u(a~'Ba) = u(B) for any Borel set Band any a € G, then pu * f =
f* p.

A convolution semigroup (fi)s~o is a family of probability measures such that
e * fbs = peis and py — 9, weakly as t — 0. A convolution semigroup (ii)e=o is
symmetric if i, = p, forall + > 0. It is central if y, is central for all t > 0. It is
Gaussian if

t 7 (G\V) =0

ast — 0 for any neighborhood V of the identity e € G. For background, see [13, 14,
26].

Given a convolution semigroup (i );~0, define the associated Markov semigroup
(H;)s>o acting on continuous functions by

(22) %ﬂ@:/ﬂmeM-
G

Thus H; f = f * fi;. As (H;)=0 is a Co-semigroup on C(G), it has an infinitesimal
generator —L. By construction, L is left invariant and H, = e~'L. We call —L the
infinitesimal generator of (g );~o. This terminology may be a little misleading when
(f4t)s>0 is not symmetric. Indeed, —L has a natural extension to L? (the infinitesimal
generator of the semigroup (H;);~¢ extended to L?). Abusing notation, call —L* the
adjoint of this extension. Assume that for all ¢ > 0, y; has a continuous density
x — p(x) with respect to Haar measure. Then this density belongs to the domain of
L* and satisfies 0,11, = —L* pu;, whereas

(2.3) atlvlt = —Ljl.

This clearly follows from (2.2).

Using a celebrated theorem of Hunt [29] and the projective structure, Heyer and
Born [19,26] obtained a general Lévy—Khintchin formula for L. In particular, in the
case of a Gaussian semigroup, they give the following description of L as a differential
operator. Given a (finite or) countable set I, let R be the set of all z = (z;) € R!
with finitely many non-zero entries.
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Theorem 2.2  Given a projective basis (Y;)icy, the infinitesimal generators of Gaus-
sian convolution semigroups on G are exactly the second order left invariant differential

operators
L=— Z ai’jY,-Yj + Z b,‘Y,‘

ijel iel

whereb = (b;) € Rl and A = (a; j)ix1 is a real symmetric non-negative matrix in the
sense that a; j = aj; € Rand V¢ € R, > ai &€ > 0. Moreover, the Gaussian
semigroup is symmetric if and only if b = 0.

This theorem describes the form of the infinitesimal generator of any Gaussian semi-
group in a fixed projective basis. Based on this description, it is easy to show that if
—L is the infinitesimal generator of a symmetric Gaussian semigroup (u);>o, then
there are many projective families X = (X;);cr which are adapted to L in the sense
that
VfeBG), Lf=-)> Xf.
il

See [7,10, 11] for details. What such projective families have in common is that they
span a certain Hilbert space H{(L) contained in ® and canonically attached to L. More
precisely, define the field operator I' to be the symmetric bilinear form

(2.4) U(f,8) = - (—L(fg) + fLg+gLf), f,g € B(G).

N —

Definition 2.3  Given the generator —L of a symmetric Gaussian semigroup on G,
let H(L) be the vector space

H(L) ={Z€6:3c2), V[ eBG), |Zf(e)]® <cT(f, f)le)}
equipped with the norm

1Zle = sup {[|Zf(e)]}.
fEB(G)
NORIEES!

It is proved in [10, 15] that the space (L) equipped with the norm ||Z||; is a Hilbert
space. In fact, let X = (X;);e; be a projective family extracted from a projective
basis in ® such that L = — ZiEIXiZ. Then I'(f,g) = >,(Xif)(Xig) and X is an
orthonormal basis of H (L), that is,

HI) = {2= ¢X: Y |G < oo} and HZQX,» i:Zg,?.
1 1 I
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2.3 The Spaces €%, D%, 8k and T%

Any left invariant vector field Z € ® generates a one parameter group t +— €' in G.
By definition, a function f: G — R has a derivative at x in the direction of Z if

AN
Zf(x) = lim M = %f(xe’z)

1
—

t=0

exists. Fix a projective family X = (X;);c; of ® andlet L = — )", X?. Fixk,n € N =
{0,1,2,...}. Consider the set

Alkn) = {X= (N0, A, M)t A €N D N =}

of all possible ways to put # indistinguishable balls in a rack of k + 1 boxes (these are
called compositions of 7 into k + 1 parts). For f € B(G), £ € I, A € A(k, n), set

(2.5) PPAF =P f = LoX, LN X, .. LN X L f

For any integer k and any ¢ € I*, consider the following seminorms on B(G):

(2.6) Nx(f) = X flloo,
(2.7) DY (f) = sup |L" f| oo,
n<k
. o2 1/2
(2.8) Sx(f)zsupH(Zlel) H ,
mSk leqm o0
k ln p2 12
(2.9) Mx(f) = sup  sup H(Z\Px’ fl) H :
(n,m)EN AEA(n,m) relm ©
n+2m<k

Definition 2.4  Let X be a projective family.

(i) Foreachk = 0,1,2,..., let C& be the completion of B(G) for the system of
seminorms N¥, £ € I¥,

(ii) Foreachk=0,1,2,...,let D¥, 8k and T% be, respectively, the completion of
B(G) for the norm D3, S& and M¥.

(i) Set €F° = ﬂkeN ey, DY = ﬂkeN D, 8% = ﬂkeN 8% Ty = ﬂkEN T
and equip each of these spaces with its natural system of seminorms and the
corresponding topology.

Remarks

(i) Obviously, D¥(f) depends only on X through L = — >, X?. It is proved
in [10, 15] that the same is true for S’;‘((f) and M§(f). Hence we will also use the
notation

D¥(f) = D¥(f),  SE(f) = Sk(f), ME(f) = ME(S)
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and, fork =0, 1,2,...,00, D¥* = D gk = gk T& = J* To simplify notation, we
also set

(2.10) T, =T
(ii) If we view —L as the C(G)-infinitesimal generator of the semigroup (H;);~o

then D is the domain of the closed operator L.

(iii) The spaces G’)‘(, 8;}, and U'é‘(, can also be described as spaces of continuous
functions with continuous derivatives of order k with respect to the family X. Each
of these spaces is an algebra for pointwise multiplication on which, for any Borel
measure /i, the convolution f — p * f is a bounded operator. Note that if E C C(G)
is such that, for any projective basis Y, E C Cy° then E C B(G). For these facts and
further properties see [10,12,15,21].

We will need to linearize the seminorms involved in the definition of the spaces 8¢
and rJ"L‘. For any fixed k,n, A € A(k,n) and a = (ay) € 2219, set

(2.11) QA=Y ax’, Q*=> aP
lelk lelx

The following Lemma is proved in [15].

Lemma 2.5 Forany f € 88, anyn < kandanya = (ay) € (>(I") with Y |as* < 1,
we have Q' f € Ss" and S="(Q f) < SE(f). Moreover,

Si(f) = sup sup {[|Q;fll}-
n<k acf*(1")
S|
Similarly, for any f € T%, any n,m, A with n+ 2m < kand X\ € A(n, m), we have
QA fETE and METTQ) < MK,
Moreover,
Mi(f)= sup sup sup {[|Qp"flloc}-
(n,m)EN AEA(n,m) ae®(I")
n+2m<k ) a?ﬁl

2.4 Bruhat Distributions

Let us denote by B’(G) the (strong) topological dual of B(G). This is the space of
Bruhat distributions on G introduced in [21] and we refer to [21] for details. Recall
the following definitions. Let U € B’(G). The distribution U is defined by

Vo€ B(G), Up) =U(),

where é(x) = ¢(x~!). Convolutions of a function f € B(G) and a distribution U in
B'(G) are defined by

[f*Ul@) =U(fx¢), [Uxfl¢)=Uldxf), ¢<BQG.
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The distributions f = U and U * f are in fact functions in B(G) and we have

U f(2) =UL,f)=Uly — f(y~'2)),
f*U@ =U@Rf)=Uly — flzp™))

where L, R, are the left and right translation operators defined by

(2.12) Lot fr=Luf, Lif(x)=flax), a€G
(2.13) Ri: f=Rf, Rif(x)= f(xa), acqG.

These formulas allow us to define the convolution of two distributions U,V € B’(G)
by setting
Vo eB(G), UxV(p)=V(Ux¢)=U(p*V).

For any left invariant vector field Z, ZU € B’(G) is defined by ZU (¢) = —U (Z¢),
¢ € B(G). This definition extends to any left invariant finite order differential oper-
ator P by setting (see §2.1)

V¢ € B(G), PU(P)=U(FP"9).

Given a distribution U € B(G) and an open set €2, we say that U restricted to
Q) can be identified with a continuous function if there is a continuous function u
defined in €2 such that

Weﬁm,um:/ww

The next lemma tells us how to recognize that a distribution coincides with a smooth
function in an open set ). We omit the proof, which is standard.

Lemma 2.6  Let X be a projective family. Fix an open set ) and an integer k. Let U be
a distribution in B'(G).

(i) Assume that for each integer m < k and each ¢ € I", the distribution X'U
restricted to C) can be identified with a continuous function uy. Then for any ¢ € By(€2),
the distribution U can be identified with a function in C%.

If, in addition, for each m < k, >, |u|? is a continuous function in €0, then for any
¢ € Bo(QY), the distribution U can be identified with a function in S’;‘(.

(ii) Assume that for each pair of integers m,n with m + 2n < k, each { € I"
and each \ € A(m, n), the distribution P U restricted to Q can be identified with a
continuous function ug \ and that, for all m, n, m+2n < k, Z(elm u47A|2 is continuous
on Q. Then, for any ¢ € B()), the distribution ¢U can be identified with a function
in T%.
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2.5 The Space of Distributions 7/

Fix a symmetric Gaussian semigroup with infinitesimal generator —L. Consider the
topological vector space of smooth functions T introduced in Definition 2.4. Itis a
Fréchet space [20, 11.26]. Denote by 7 the strong topological dual of I7 [20, II1.14].
Elements in J7 are linear functionals U on T7, such that there exist an integer m =
M(U) and areal C = C(U) > 0 such that

Vo €T, [U@)| < CM[(¢).
The topology of T/ is defined by the family of seminorms

ps(U) = sup [U(9)|
¢EB
where B runs over all bounded sets in T} (recall that B C T is bounded if for any
integer k, sup M*(¢) < 00). The space T} is complete [20, IT1.24]. As T} is an
algebra, contains B(G) and has a weaker topology, it follows that J] is contained in
B’(G) and that B(G) acts on T/ by pointwise multiplication. We will need some basic
results concerning convolution on J7. It turns out that there are essential differences

between the general case and the case when L = — ), X7 is bi-invariant. We refer
the reader to [15] for details. The following proposition gathers the results needed in
the sequel.

Proposition 2.7  Assume that L is bi-invariant.
(i) LetU €T]and f € T. ThenU  f € T, and

(2.14) X'L"[U % f] = U * [X'L"f].
Moreover, there exists a constant Cy and an integer m = m(U) such that
(2.15) Yk, MKU x f) < CuM™(f).

(ii) Let ¢, € > 0 be a family of functions in Ty such that ¢. — 0, as € tends to zero.
Then for any U € T/, the distribution U = U * ¢, is represented by a function
inJ1, and

Vi €T, lim U(y) =U(®).

3 TJ/-C(G)-Hypoellipticity

This section contains our main results concerning the hypoellipticity of the infinites-
imal generators of central Gaussian semigroups. For brevity we will use the fol-
lowing notation. Let U be a distribution in B'(G). Let € be an open set. We say
that U belongs to C({2) if there exists a continuous function u on €2 such that, for
all € Bo(Q), U(¢p) = [u¢dv. In this case, we set ||U|looc = ||u]/0,0c Where
[ltllo,00 = supg{|u|}. Given a projective family X = (X;); and an open set €2, we set
(see (2.9))
1/2
ME(Q, f) = sup  sup sup(z |Pf('"f|2) / )

(n,m)EN AEA(n,m) x€Q '
niam<k tel
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3.1 Smoothing

In this section we present basic but critical technical computations that will be used to
prove hypoellipticity results. We focus our attention on the bi-invariant infinitesimal
generator —L of symmetric central Gaussian semigroup (ul),~o. Let also Z € ©.
Assume that for each k = 0,1,2,... there exist a constant A(Z,k) > 1 and an
integer x(Z, k) such that

(3.1) VfeBG), MIZf)<AZ MO
Set
(3.2) P=L+Z.

Note that Z satisfies (3.1) if and only if ZT; C T (see also Lemma 4.3). Our aim is to
study the hypoellipticity of P. To this end we assume throughout this section that the
symmetric central Gaussian semigroup (ul);~ satisfies the property (CK), that is,
uk is absolutely continuous with respect to Haar measure and admits a continuous
density for all + > 0. Under this condition, it is proved in [10, Theorem 4.2] that
uf € T, forall t > 0. We will need the following observation.

Lemma 3.1 Let (ul)i~o be a symmetric central Gaussian semigroup with infinitesi-
mal generator —L. Let Z be a left invariant vector field. Let (14, );~o be the Gaussian semi-
group such that the semigroup H, f = f *[i; has infinitesimal generator —P = —(L+2).

(i)  The measure yit has a continuous density if and only if ji, does, and if they exist,
the two continuous densities have the same uniform norm.

(i) Assume (3.1) and that (ul),~o satisfies (CK). Let x +— p,(x) be the continuous
density of the measure j1,. Then O}, O] i, € Ty, for any integer n = 0,1,2, .. ..

Proof Since L is bi-invariant it commutes with Z. Hence, for any Borel set B,
(3.3) 1 (B) = pf (Bz) = pi (zB),  fix = pf (Bz; )

where z; = exp(tZ) is the one parameter subgroup generated by Z. The first assertion
follows. Moreover, if the two semigroups have property (CK), it follows from [10,
Theorem 4.2] and (3.3) that the densities are in J7 and satisfy M’L‘(u,) = M’L‘(uf .
Moreover 0/ 11y = (—L + Z)" . By (3.1) this shows that 9", € T;. [ |

Lemma 3.2 LetL,Z, P beasabovewith Z satisfying (3.1). Let U € T]. Let A(U) > 1
and the integer k(U) be such that

(3.4) Vo eT, U@ <AUM(@).
Then for any 1 € B(G) there exists C,, such that for all € Ty

max{ | [nPU](¢)

| [PnUT(9)| } < C,AWU, 2)M™ V2 (¢)
with

(3.5) A(U,Z) = A(V)A(Z,k(U)) and k(U,Z)=max{x(Z,k(U)),2+x(U)}.
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Proof We have [nPU](¢) = U((L — Z)n¢) and
Mi((L = 2)(n9)) < [M{(L(ne)) + M{(Z(ne))] -
Hence, by (3.1) and the fact that 7] is an algebra for any fixed integer s,
M{((L = 2)(n9) < [M{™(9) + AZ)IM;“ ()] < CM]"™P (M *P (¢)
with m(Z, k) = max{x(Z, k), 2 + k}. It follows that
| [(7PU1(9)| < CLAMAZ, k(U)M] P U (g).

For [PhU](¢) = U(n(L + Z)¢), a similar argument gives the desired result.

Consider two distributions U € T/, F € B’(G) such that
PU =F in B'(G).
By construction and (3.1), PT; C T7. Hence PT] C J7]. It follows that
FeTJ] and PU=F in7].

Let 2 be an open set such that F € @(). Fix an open set Qg such that Qy C Q. Fixa
function 19 € By(€?) such that 7y = 1 on a neighborhood of )y and set

(3.6) U=mnU, F=nF, V=PU—F.

Observe that U e T/,F € C(G) C T}, hence V & T}. Moreover, V is supported in
0\ Q. Under the standing assumption that (yl),~ satisfies (CK), Lemma 3.1 shows
that the density x — i, (x) of the measure [i; belongs to T;. Hence, by Proposition
2.7, we can consider

(3.7) U'=Usxpy, F=Fxjy, Vi=Vxj,

which are all in J7. |

Lemma 3.3 LetL,Z,P (ul)i=o, (i1:)r>0 be as above with (ul),~ satisfying (CK) and
Z satisfying (3.1). Let W be in T| and set W' = W x [i,. Then, for allt > 0,

W' PW, € T, and O,W'= —PW'.
Proof Note that for any w € B(G) we have
P(w * 1) = w (Pf,) = (Pw) * [

because P and right convolution by ji; commute. By Lemma 3.1, fi; and Pji; are in
T1. By Proposition 2.7, W', PW"* belong to T and it follows that the double equality
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above holds true if we replace w by a distribution W in J/. Forany 0 < s < t < +00,
we now have

t
Wt—W5:W*(ﬂt—ﬂ5):W*/ﬂ;dT

t t
—W*/PﬂTdT:—/ W x Pl dr

—/(PW)*ﬂTdTZ/(—PW)TdT.

Hence 0,W' exists and ;W' = (—PW)!. As (—PW)" = —PW! this finishes the
proof. ]

_ Fixxy € . We want to show that U € C(Q;) for some neighborhood Q; C
Q1 C Qg of xq. For this, it suffices to bound

sup [|0,U" |, c0-

0<t<1

Indeed, such a bound implies that U is the uniform limit of the continuous functions
U' in Q, as t tends to zero and that

(3.8) 1T llay00 < T 100 + sup [T [0, co-
0<t<1

By Lemma 3.3,
OU" = —PU" = (=PU) * ji = —(V + F) % J3,
=-V'—F.
Thus it suffices to bound
1F 00 and [V g, 00
To handle F' we do not need any additional localization provided by €.
Lemma 3.4 Wehave |F'|| o < ||F||o0 < +00.
Proof By hypothesis F = noF € C(G), and F* = F % y,. Hence,
1 )loe < [1Flloc < +oc. "
We are now left with the task of bounding V. For this, we will need the additional

localization in a small neighborhood 2, of xy. We will be able to control [|[V*||o, o
independently of the continuity of F in €. By construction, V' € T/ is supported in
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0\ Q. Let ©) be an open neighborhood of G \ © such that x, ¢ ©,. Obviously we
can choose the neighborhood €2; of x; so that

(3.9) xy € Q) C Qo, e ¢ @O_IQI
where e is the identity element. To see that such a choice is indeed possible, write

Oy = x00y where 6y is an open set whose closure does not contain the identity e
and write §2; = xw; where w; is an open neighborhood of e. Then condition (3.9)

amounts to e ¢ 6 'w), and this can obviously be arranged by choosing w; small
enough. From now on we fix €2; so that (3.9) holds true.

Lemma 3.5 Let O be an open neighborhood of G\ Qg whose closure does not contain
xg. Let €2y be an open neighborhood of xy such that (3.9) holds true and set © = @O_lQl.
Then

HthQl-,OO S CAMf(@mut)

where, referring to (3.1), (3.4) and (3.5), A = A(U,Z2), k = k(U,Z) and C =
C(0, ).

Proof Since V € T, we have
Vix) = Vo fuy(x) = V(Lmrptr)
and, since V is supported in Q \ Qp, we can write

Vi) = VL i)

where 1, € By(0y) and 77; = 1 in a neighborhood of 2 \Q_o SinceV =PU — F =
P(noU) — noPU, Lemma 3.2 gives

Vo eTr, [V(p)]<CpAM™(9).

Thus
[V (x)] < CAMF (m Loy pa)

If we assume x € §2;, then
ye@o:y_lxe@glﬂlz@
and it follows that there exists C, = C, (19, 171) such that
My (L) < MO, ).

This finishes the proof of the lemma. ]
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3.2 The Condition (CKx)

Recall from [12] that given a symmetric central Gaussian semigroup (y;);>o with
generator —L, property (CKx) is a necessary condition for the J7-C(G)-hypoellip-
ticity of L. We are now ready to prove that (CKx) is also a sufficient condition.
The next result, taken from [10], captures the role of this condition. It follows from
Gaussian estimates [10, Corollary 4.8] for space and time derivatives of the density

x = pr(x).

Theorem 3.6 ( [10, Corollary 4.9])  Assume that (u; )~ is a symmetric central Gaus-
sian semigroup satisfying condition (CKx). Then for any compact set K with e ¢ K,
any integer k, and any o > 0, there exists a constant C (which depends on (i )¢>0, K, k
and o) such that
sup {t “MFK, )} <C.
+€(0,1)

In order to treat the operators of the form P = L+ Z where Z is a left invariant vector
field satisfying (3.1) as in Section 3.1, we need the following corollary.

Corollary 3.7  Let —L be the bi-invariant infinitesimal generator of a symmetric cen-
tral Gaussian semigroup (ul);~o. Let Z be a left invariant vector field satisfying (3.1).
Let (pit)r>0 be the Gaussian semigroup with infinitesimal generator —P = —(L + Z).
Assume that (ul),~o satisfies (CKx). Then, for any compact set K with e ¢ K, any inte-
ger k, and any o > 0, there exists a constant C (which depends on (1t )¢~0, K, k and o)
such that

sup {t "MK, )} <C.
t€(0,1)

Proof By Lemma 3.1, we know that i, € 7. In fact, using the same notation as in
the proof of Lemma 3.1, we have y,(x) = pt(xz,) = pt(z.x) where z; = exp(tZ). By
definition ¢ — z is a continuous map. Thus, for any fixed compact set K and any
open set 2 such that K C Q and e ¢ €, there exists t, > 0 such that Kz, C € for all
t € (0,t). Hence

sup {t"M;(K, )} < sup {t"M;(Q, pf)} < C.
t€(0,t) t€(0,t9)

As M ]Z(ﬂz) is decreasing in t, this proves the desired result. [ |

The following theorem describes our main hypoellipticity result in a form that
will be used to obtain further information in the next few sections.

Theorem 3.8  Let —L be the bi-invariant infinitesimal generator of a symmetric cen-
tral Gaussian semigroup (ul);~o. Let Z be a left invariant vector field satisfying (3.1).

Let (fi1)r>0 be the Gaussian semigroup with infinitesimal generator —P = —(L + Z).
Assume that (ul);~ satisfies (CKx). Consider two distributions U € T/, F € B'(G)
such that

(3.10) PU=F inB'(G).
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Let Q) be an open set in G such that_F € C(2). Then U € C(Q2) and for any open sets
Q) C Qo CQwithQy C Qg and Qy C Q, we have

[Ullar.00 < C(Q0, 20)([|Fllep.00 + A)-

where, referring to (3.1), (3.4) and (3.5), A = A(U, Z). In particular P is T -C(G)-hy-
poelliptic. Moreover, setting U' = U * [i,

Vt S (07 1)7 ||U - U[”Ql,oo < C(Q()u Ql)t(HFHQOqOO +A)

Proof Referringto the setting and notation of Section 3.1, Corollary 3.7 and Lemma
3.5 give B
sup [[V']la,00 < C1A
t€(0,1)

where A is as above and C; = C;(, §21). This inequality together with Lemma 3.4,
(3.8), and the smoothing argument of Section 3.1 yields
Ve (0,1), (U =T 00 <C8, )t ([|Fllaye0 + A

This shows that U is continuous in €2y, being the uniform limit of the continuous
functions U as ¢ tends to zero. Together with (3.4), it also proves the first inequality
in the theorem. To obtain the last statement, we need to estimate

|U" = U"]|0, 0

But U’ — U' = [(1 — 1o)U] * f1, and (1 — ) U is supported in G \ . Thus, for all
t € (0,1), Theorem 3.6 yields
’ (1 —no)U] * ﬂr(x)’ = [U[(1 = 10)Ly—1p1,]|
< AM7((1 = no) L1 py) < CAt

Where C depends on Qq, 1, (4;)r~0 and k. Hence, we obtain ||U" — 17t||911Oo <
C(Qo, 21)At, as desired. [ |

Taking Z = 0 in the above theorem yields the following result which contains the
“if” part of Theorem 1.6 stated in the introduction.

Corollary 3.9 Let —L be the bi-invariant infinitesimal generator of a symmetric cen-
tral Gaussian semigroup (lis)i>o. Assume that ()~ satisfies (CKx). Then L is
T[-C(G)-hypoelliptic.

4 T/-Ck-Hypoellipticity

We are now ready to state and prove some of the main results of this paper concerning
T/ -8-hypoellipticity. The main question we need to answer is: for which spaces 8 of
smooth functions can we prove hypoellipticity? This section is concerned with the
case when 8 = G} where Y is a fixed projective family.
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4.1 Bi-invariant Laplacians

The next proposition is simple but very useful. It shows that when a differential
operator P is bi-invariant and the space of distributions A is stable under the action
of any vector field Y; of a projective family Y = (Y;);, A-C(G)-hypoellipticity implies
A-C¥ -hypoellipticity for each k = 1,2, ..., 00. Thus, in the present setting, and for
bi-invariant operators, A-C(G)-hypoellipticity is really the main property one should
study. This idea will be developed further in Section 5.

Proposition 4.1  Let P be a bi-invariant differential operator of finite order on a con-
nected compact group G. Fix a space of distributions A and a projective family Y =
(Yi)1. Assume that for any distribution U € A and any i € I, Y;U isin A. Then
A-C(G)-hypoellipticity implies A-Ck -hypoellipticity, for allk = 1,2, ..., co.

Proof LetU € A, F € B’(G)be such that PU = F and ¢F € C% forall ¢ € By(Q).
Then for any integer m < k and any £ € I", Y'U satisfies
PY'U=Y'PU =Y'F

because P is bi-invariant. By hypothesis, the distribution Y‘U belongs to A and for
any ¢ € By(Q), ¢Y'F is continuous. Thus A-C(G)-hypoellipticity implies that YU
coincides with a continuous function in . This proves that ¢U belongs to C% for
any ¢ € By(£2), as desired. [ |

Theorem 4.2 Assume that ({4 )~o is a symmetric central Gaussian semigroup satis-
fying (CKx). Let —L denote its infinitesimal generator. Let Y = (Y;)ic1 be a projective
family and assume that

(4.1) Viel, Y;7. CJ;.

Then the operator L is T}-C%-hypoelliptic for each k = 0,1,2,.... In particular, for
any projective family X = (X;); such that L = — > X? is T|-Ck-hypoelliptic for each
k=0,1,2,....

Proof This statement readily follows from Theorem 3.8 and Proposition 4.1. ]

Remark Let —L be the infinitesimal generator of a symmetric central Gaussian
semigroup. Let Z be a left invariant vector field and assume that Z € JH(L). Then
by Lemma 2.5, ZT; C TJp. A useful necessary and sufficient condition for this last
property (equivalently (3.1)) is given in the next lemma taken from [15, Lemma 5.2].

Lemma 4.3  Let —L be the infinitesimal generator of a symmetric central Gaussian
semigroup. Let Z be a left invariant vector field. Assume that there are constants m and
C such that

(4.2) VfeEBG), [Zfllew <CM ().
Then condition (3.1) is satisfied, that is, ZT C T.

Remark Inequality (4.2) does not imply Z € H(L). See Theorem 6.2.
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4.2 TheCaseP=L+Z7

In view of Theorems 3.8 and 4.2, the question arises of whether or not one can extend
Theorem 4.2 to operators of the form P = L+Z as in Theorem 3.8. The only difficulty
comes from the fact that Z may not commute with other vector fields. This seems to
be a rather serious technical difficulty in general, but it can be easily solved in certain
cases by using the following notion.

Let Y be a projective family. Denote by Y; the right invariant vector field which
coincides with Y; at the neutral element. This leads in a natural way to the definition
of a right invariant version of the space C¥ which we denote by RC. In order to be
able to talk simultaneously about left and right invariant vector fields it is convenient
to introduce a reasonable notion of (non-invariant) vector field. A continuous vector
field on G is a linear map Z: B(G) — C(G) with the property that Z(fg) = fZg +
gZf,i.e., aderivation. It is not hard to see that given a projective basis Y = (Y;);, any
continuous vector field Z can be written

Z = aY;, thatis, for f € B(G), Zf(x) =Y ai(x)Yif(x),

where the coefficients a; are continuous functions. Conversely, each such expression
obviously yields a vector field on G.

Definition 4.4 A (left invariant) projective family Y = (Y;)i¢; is called a special
projective family if there are functions a;;, a;; € B(G), i, j € I, and finite sets J(i),

i € I, such that a; = aj; = 0 forall (i, /) with j ¢ J(i) and

?,‘ZZ(ZZ}YJ', Y,':ZIIETJ»YJ'.

jed jed

Obviously, if Y is a special projective family, then the spaces €% and RCX coincide.
Also, if G is abelian, any projective family is special. The following proposition fol-
lows easily from the structure theory of compact connected groups [27] and the
structure of bi-invariant second order operators, see [8]. See also Section 6.2.

Proposition 4.5 Let G be a compact connected group. Let —L be the infinitesimal gen-
erator of a symmetric central Gaussian semigroup. Then there exists a special projective
family X = (X;) such that L = — 3, X}.

Theorem 4.6  Let —L be the bi-invariant infinitesimal generator of a symmetric cen-
tral Gaussian semigroup (jub),~o which satisfies (CKx). Let Z be a left invariant vector
field satisfying (3.1) and set P = L+ Z. Let Y be a special projective family satisfying
(4.1). Then P is T}-Ck-hypoelliptic, k = 0,1, . ...

5 J,-S-Hypoellipticity, 8 = 8%, 7%, . ..

We now want to study T;-8-hypoellipticity when § = 8% or other spaces of this
type. As mentioned in the introduction, it seems important in the present set-
ting to have as much flexibility as possible in the choice of the spaces of smooth
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functions 8. Having identified a large space of distributions, namely J7, for which
T{-C(G)-hypoellipticity holds, turns out to be one of the keys to the desired flexibility
concerning the choice of 8.

5.1 Smooth Function Spaces

The following definition gives a very flexible tool to define spaces of smooth func-
tions. Recall that any finite order left invariant differential operator on G is a con-
tinuous operator on B(G) and on B’(G). Let I denote the identity operator acting
on functions. In what follows we consider I as an invariant differential operator of
order 0.

Definition 5.1 Let N = {0,1,2,...}. Forany n € N, let O(n) be a set of con-
tinuous linear operators on B(G), each of which admits a continuous extension to
B’(G). Assume further that I € O(0) and O(n) C O(k) if n < k. Denote this data by
O. Set
Bo(G) = {f €B(G):VkeN, sup [|Qf|leo < +oo}
Qe0(k)

and consider the norms defined by

VfeEBo(G), pl(f)= sup [|Qfoo-
Qe0O(k)

Let $5(9) C C(G) be the closure of By (G) for the topology defined by the norm
Pr- Set 8(0) = Ny° 8%(O) equipped with the topology defined by the the family of
norms py, k=0,1,....

It follows from this definition that each Q € O(k) can also be viewed as a continuous
linear operator

Q: $K(9) — C(G).

The following examples illustrates this definition.

Example5.2  Fix a projective family X = (X;) andset L = — )", _, X7.
(a) Enumerate Uﬁ:o I" as {€y, ¢, ...} with ¢, = @ and set (with the convention
X2 = 1)
O(m) ={X 0 =4ty,... 0y}
Then pu(f) = supscyy,,..00} 1 X fll oo and S(O) = €% (one can take k = c0).
(b) Set O(k) = {Q! = > aX" : Y a} <1, n < k}. Then pi(f) = SK(f),
8k(0) = 8k = 8k and §(09) = 85°.
(c) Set O(k) = {L" : n = 0,...,k}. Then pi(f) = D*(f) and 8¥(0) = D is the
C(G)-domain of Lk.
(d) Set

O(k) = {QZ”\:ZWPK’A:ZL& < 1,A€A(n,m),n+2m§k}.

In In

Then pi(f) = MF(f) and 8¥(0) = TF.
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(e) Fix p € [1,+00] and let q be the Holder conjugate of p, i.e., 1/p +1/q = 1. Set
Ok) = {3 aX": Y al <1,n<k}. Then

pe(f) = sg” (%: IXéf\”) l/pH .

We set 8K(0) = S)’}’k. Thus we have S?gk = 8k, whereas 8§°’k corresponds to
having a uniform control over the sup-norm of all derivatives X' f with i € I",
m < k.

(f) Fixa positive function w: N — (0, co) and set

0 =00 = {w(e)'x", £e |1}
0

where |¢| = kif ¢ € I*. Then

p(N)=p(H = sup W)X flloo-
e

e

A function f is in §(O) if and only if it is in C$° and there is a constant C such
that || X! f|lec < Cw(|£]). Examples of potential interest are w(k) = (Ak)™ with
someA > 0anda > 1.

(g) Fixa positive functionw: N — (0,00) and set O = O(k) = {w(n)"'L", n € N}.
Then p(f) = pi(f) = sup,c w(n)7Y||L" f|| oo - For instance, assume that —L is
the infinitesimal generator of a symmetric central Gaussian semigroup (fis)s>o
satisfying (CK). Set w(k) = (k)~. Then it is not hard to see (e.g., [10, Lemma
4.5]) that for all  small enough, i, belongs to the corresponding space §(0O), that
is, || LF e ]| oo < C()KE.

(h) In the above examples, we can replace the family of left invariant vector fields X
by its right invariant counter part X. One can also use both left and right vector
fields.

We will need a local version of Definition 5.1. Fix an open set {2 C Gand B C (. Fix
k =1,2,.... If U is a Bruhat distribution such that QU € C(f2) for all Q € O(k)
then set

pex(U) = sup [|QU||pcc-
Qe0®

Definition 5.3 Let O be as in Definition 5.1. Fix an open set  C G and k =
1,2,.... We say that a Bruhat distribution U belongs to 8kK(Q, ) if QU e () for
all Q € O(k) and there exists a sequence of functions f; € 8¥(9) such that, for any
compact K C €2,

lim pg (U — fi) = 0.
The following lemma relates the previous definition to the use of cut-off functions.

We say that Q is local if for any Bruhat distribution U, U = 0 in an open set {2 implies
QU =0in Q.
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Lemma 5.4 Fix O as in Definition 5.1 and k = 0,1, . ...

(i) Assume that each Q € O(n), n = 0,1,2,..., is a local operator. Let U be a
Bruhat distribution. If pU € Sk((‘))for all € Bo(Q) then U € 8K(Q, O).

(ii)  Assume that, for any open set Q) and any ¢ € By(S2), we have

(5.1)  Vfes80), of €80) and pi(of) < CQ,d)pax(f).
Then, for any open set ) and any Bruhat distribution U,
U €8 0,0)=>Ve¢eByQ), ¢U eS8 0).

Proof Assume ¢pU € 8K(O) for any ¢ € Bo(£2). Exhaust ) by an increasing se-
quence of open subsets ; with Q; C Q. For each i, pick ¢; € Bo(£2) with ¢; = 1 on
Q;. Then f; = ¢;U € 8k(09), and for each compact K C Q, pgx(U — f;) = 0fori
large enough (we use here that each Q is local). This proves (i).

Concerning (ii), observe that the assumption implies that B,(G) acts on Sk(O) by
pointwise multiplication. Suppose U € 8%(£2,0) and let f; be as in Definition 5.3.
Let ¢ € Bo(2). Then ¢ is supported in a compact K C (). Let €2; be a relatively
compact neighborhood of K in (2. By (5.1) we have

pr(o(fj — fi)) < C(Q1, 9)pa,k(fj — fi)-

By construction,
lim po, (U — fi) = 0.

It follows that ¢ f; is a Cauchy sequence in S¥(0). As 85(0O) is complete, there exists
v € 85(O) such that lim;_, o ¢fi =vin 8k(O). By assumption, we also know that ¢ f;
converges uniformly to ¢U. It follows that pU = v € 8¥(0) as desired. ]

Example 5.5 Referring to Example 5.2(a), (b), (d) and (e), the hypothesis (5.1) of
Lemma 5.4(2) is satisfied because these spaces are algebras. See [10, 12,15]. In the
case of Example 5.2(c), whether or not (5.1) is satisfied is not known in general.
It is satisfied when G = T°°, see [15]. In Example 5.2(f), (5.1) does not always
hold. Indeed, as the constant function 1 is in 8¥(0), it follows that (5.1) implies
B(G) C §k(0). But in general, in Example 5.2(f), B(G) ¢ §%(0).

5.2 Applications to Hypoellipticity

The following theorem provides a convenient way to obtain many hypoellipticity
results.

Theorem 5.6  Let —L be the infinitesimal generator of a symmetric central Gaussian
semigroup (jul)i~o. Let Z be a left invariant vector field and set P = L + Z. Let O be as
in Definition 5.1. Assume that L, Z, O have the following properties:

(i)  The semigroup (ul),~o satisfies (CKx) and Z satisfies (3.1).

https://doi.org/10.4153/CJM-2006-029-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2006-029-9

Hypoelliptic Bi-Invariant Laplacians 713
(ii) Forany Q € |, O(k), Q is a left invariant differential operator of finite order
and ZQ = QZ.
(iii) Foranyn =0,1,..., there exist m = m(n) and C = C(n) such that,

VQeO(m), Vo €T, QpeC(G) and |[Qdll <CM['().

(iv) For any Q € Ugo O(n), Q*T, C T and, for any n,k = 0,1,... there exist
m(n, k) and C(n, k) such that

VQeO(n), Voe T, MHQ ) <Cln MM (¢).

Fixk = 1,2,... and an open set Q. Let U,F € T] be such that PU = F in B'(G).
Then F € 85(Q, O) implies U € 8¥(Q2, 0).

Proof Let Band r be such that
Vo e T, max{|U()],|F(¢)|} < BM(e).

By hypothesis, for any n and any Q € O(n)

PQU = QF in B'(G).
Moreover, for any Q € O(k), QF € C(£2) and for any set {2y with closure contained
in €,

[1QF||0y.00 < payk(F).
Also, for Q € O(k), QU € T/ because QU (¢) = U(Q*¢) and

MI(Q*¢) < Clk, )M ()

with C(k, q), m(k, q) as in hypothesis (iv) of the theorem. The same line of reasoning
shows that QF € T/. Moreover, we have

Vo e T, max{|QU(¢),|QF(¢)|} < BC(k, nM!"*"(¢).

Thus Theorem 3.8¢ shows that g] € C(£2). Moreover, by Theorem 3.8, for any open
sets €2, Q; with € C Qg and )y C €,

Vi e (0,1), [JQU = (QU) (o0 < tC1(Q, ) (pg; 1 (F) + B)

where U" = U * [i;, (1t)r=0 being the Gaussian convolution semigroup generated by
—P as in Section 3.1. By hypothesis (ii), (QU)* = QU*. Hence

lim pey,,,(U = U*) = 0.
t—0" b

Since U* € T and, by hypothesis (iii), T, C 8%(0O), this proves that U € 8%(€2, 0) as
desired. [ |
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Remarks

(1) The conclusion of Theorem 5.6 resembles closely T;-8%(O)-hypoellipticity
but is different in general. This is because the localization procedure used in The-
orem 5.6 is not always equivalent to the localization by multiplication by functions
in B(G) used in Definition 1.1. However, if we assume that (5.1) holds, then the con-
clusion of Theorem 5.6 is equivalent to saying that P is T;-8%(O)-hypoelliptic. See
the next two theorems.

(2) The hypothesis that the operators Q are differential operators of finite order
is made for convenience only. It enables us to consider the adjoint Q* without addi-
tional explanations.

(3) Note that the hypothesis that ZQ = QZ is automatically satisfied if Z = 0.

The following results are corollaries of Lemma 5.4 and Theorem 5.6.

Theorem 5.7  Assume that ({i;)=o is a symmetric central Gaussian semigroup satis-
fring (CKx). Let —L denotes its infinitesimal generator. Let Y = (Y;)iec1 be a fixed
projective family in ®.

(i)  Referring to Example 5.2(e), fix p € [1, 00] and assume that for any k € N there
exist C(k) and n(k) such that

(5.2) PR < clom® (),

Then L is Tﬁ—S{;’k—hypoellipticfor each integer k (for p = 2, 8{;’]( = 8%).
(ii)  Assume that for any k € N, there exist C(k) and n(k) such that

(5.3) ME(f) < ClMIP(f).

Then L is T|-T%-hypoelliptic for each integer k.

Note that (5.2) is automatically satisfied when L is related to Y by L = — Y Y7 and
p € [2,00]. Similarly, (5.3) is automatically satisfied when L = — Y Y2

Proof Consider the case of the spaces 8% (the case of si*", p # 2,and T% are very
similar). To apply Theorem 5.6 we need to check that (5.2) implies Theorem 5.6(i)
and (ii). According to Example 5.2(b), it suffices to show that for any n, k and any
a = (ag)p with >, |as|* < 1, we have

M/ (Qf) < C(n, k)Mzn(n,k)(f)

whereQ =", a,Y". This can be proved by the argument of the proof of [15, Lemma
5.2], using the family of right invariant vectors X = (X;) corresponding to X. [ ]

Next we consider the case of P = L + Z.
Theorem 5.8  Let —L be the bi-invariant infinitesimal generator of a symmetric cen-

tral Gaussian semigroup (ul);~o. Let Z be a left invariant vector field and set P = L+Z.
Assume that (ul),~ satisfies (CKx) and that Z satisfies (3.1).
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(i)  The operator P is is T} -Sk-hypoelliptic as well as T|-T¥-hypoelliptic for each k €
{0,1,...,00}.

(ii) Fix anintegerkandareal p € [1,00]. LetY = (Y;);cs be a fixed special projective
family (see Definition 4.4). If Y satisfies (5.2), (resp., (5.3)), then the operator P is
‘J'i-S{i"k-hypoelliptic (resp., T}-T& -hypoelliptic).

Proof We need to modify the proof of Theorem 5.7 because the Q’s used there do
not necessarily commute with Z hence with P. To prove (i), observe that the spaces 8
can be defined as is in Example 5.2(e), but using right invariant vector fields (because
L is bi-invariant). Thus we write L = — > X? where the X = (X;);¢; is a projective
family of left invariant vector fields and consider the (right invariant) operators Q% =
S aX’, S a2 < 1. The advantage is that Q = Q commutes with P since any
left invariant operator commutes with any right invariant operator. All the other
assumptions of Theorem 5.6 are trivially satisfied in this case. This proves (i) in the
case of the spaces 8¥. The proof for T% is similar. Note that this proof does not work
for the spaces 8§* of Example 5.2(e) with p # 2 because it is not clear that the right
and left versions of these spaces coincide.

To prove (ii), we use the same trick as above (defining the relevant function spaces
using right invariant vectors instead of left invariant vectors). This works well because
we assume that the projective family is special and this implies that ¥ = (Y;); yields
the same function spaces as Y. This ends the proof of Theorem 5.8. ]

5.3 Applications to Harmonic Functions

Let —L be the infinitesimal generator of a Gaussian semigroup (14 )s>o. A distribution
U is harmonic in a domain  if LU = 0 in 2. In the present setting, an important
question is to decide whether or not such a distribution can be represented in 2 by
a continuous function. This is of course closely related to hypoellipticity. Let A be
a space of distributions (in particular, A is stable by multiplication by Bruhat test
functions). Following [12, Definition 1.4], we say that the operator L is A-regular if
for any Bruhat distribution U and domain (2,

Vo e By(Q),oU € Aand oLU =0 = Y € By(Q), dU € C(G).

Under the mild assumptions that S is a topological space of continuous functions
whose topology is not weaker than the uniform topology and that C(G) C A, [12,
Proposition 3.4] asserts that L is A-8-hypoelliptic if and only if L is A-regular. By
Theorem 4.2 and the result of [12], we obtain the following statement.

Theorem 5.9 Let —L be the infinitesimal generator of a symmetric central Gaussian
semigroup (i );=o. Then L is T|-regular if and only if (11,)r=0 satisfies (CKx).

By the closed graph theorem, hypoellipticity translates easily into more quantita-
tive statements such as the following corollary of Theorem 5.7.

Theorem 5.10  Assume that (1)~ is a symmetric central Gaussian semigroup satis-
fring (CKx). Denote by —L its infinitesimal generator and let X be a projective family
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such that L = — %, X?. Fix a domain Q C G and a compact subset K C . Let
u € L'(Q) be a solution of Lu = 0 in Q) in the sense of Bruhat distributions. Then, for
any k € N there exists a constant C = C(L, §2, K, k) such that

s o\ 12 /
st;p(Z|X u|) <C 52|u\du.

Lelk

A more subtle question concerning harmonic functions in a domain 2 is to ask
in which sense does Lu exist and vanish in §2. More precisely, assume that L =
— > X?. The best one might hope for is that for every compact K C (,

1

17 supg [XFu| < oco. A slightly weaker statement is that Lu = — > ° X?u con-
verges absolutely locally uniformly in €2. We can only prove the following even weaker
result.

Theorem 5.11  Assume that ()¢~ is a symmetric central Gaussian semigroup satis-
fring (CKx). Denote by —L its infinitesimal generator and let X be a projective family
such that L = — ", X?. Fix a domain Q C G, and a continuous harmonic function u
in Q0. Then, for any compact subset K of 0, Y, X?u is summable to 0 in C(K).

Proof First we need some simple facts concerning the Riesz transform in L*(G). Let
L% = L3(G) be the orthogonal complement of the constants in L*(G). On L3, L2
is well defined by spectral theory. The i-th Riesz transform is R; = X;L~'/? (here
X; and L™Y/? commute because L is bi-invariant). The vector Riesz transform of a
function f € L} is Rf = (R; f);. By integration by parts, we have
(5.4) Viels, Y IRfIE=IIf15
1

For any finite set ] C I, let Rjf = (R; f);c;. It is clear that for any fixed f € L3 and
for any € > 0 there exists a finite set Jy such that, for any finite set ] C I'\ Jp, we have
(5.5) D UIRfI < e

j€J
Let u be harmonic in 2. Let K be compact subset of {2 and (2; be an open set such
that K C Q and Q; C Q. Let ¢ € Bo(Q) with ¢ = 1 on Q. Setv = du — [ pudv.
Observe that v is a continuous function in L2 and that, by the hypoellipticity results
of Theorem 5.7, Lv = (Lo)u + ¢u + I'(¢, u) is also a continuous function in L3. We

claim that the series > X?v is summable in L*(G). To see this, let w be an arbitrary
function in L§ and compute | [ w(>, X}v) dv|. We have

‘/W(Zva)du‘ = ‘Z/v(XfL—lLv)du‘
] ]

- ‘/Z(XiL’l/Zw)(XiL’va) du‘
]

< (/E;Riwzazu) 1/2(/2[:RiLv|2du) "
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Now, by (5.4), [ 3, [Riw|* dv < [|w|)3. Hence

2
H;vaHz < ; IRL|.

As Ly is in L}, (5.5) shows that ), X?v is summable in L*(G). To finish the proof of
the theorem, we observe that for any finite set J, > ]Xizv is a harmonic function in
@ (recall that L commutes with each X;). Applying Theorem 5.10, we obtain

sup’z]:Xizu‘ —sup‘EJ:Xizv’ <C/Ql‘z]:Xizv

2
]

gc(/’z]:)@v‘zdu)

As Y X?v is summable in L*(G) it follows that > X?u is summable in C(K). [ |

dv

1/2

6 Examples
6.1 Laplacians on T = T

Let G =T = R/27Z where R = R* and Z = 7Z°°. Thus, T is the countable product
of circle groups, each isomorphic to T = R/27Z. For the following discussion it
is important to observe that the product structure is not intrinsically attached to T.
More precisely, writing T as an infinite product is equivalent to choosing a projective
basis E = (E;) of its Lie algebra R = R>°, with the property that

(6.1) Z:{Z:ZziEi:ziEZ}.

Once this product structure is fixed, E; = 0; can be identified with partial differen-
tiation in the i-th coordinate. Any symmetric non-degenerate Gaussian semigroup
(£¢)¢>0 is determined by a symmetric positive definite matrix A = (a;,;), so that

L=-— Zai,j&@j.
ij

See [3,4,7,14]. Set Zg = {z = > zE; : zi € Z, z; = 0 for all but finitely manyi}.

Define

(6.2) W(s) =#{0 € Zo: Y _a; ;00 <s}.

Then by [7, Theorem 5.13], the semigroup (14 )¢~o has the property (CKx) if and only
if

(6.3) lim s~"/2log W (s) = 0.
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By Theorems 5.7 and 1.5, it follows that L is T;-8k-hypoelliptic, (resp., T7-T¥-hypo-
elliptic) if and only if (6.3) holds. It should be noted that this statement is rather ab-
stract in general since the condition (6.3) is hard to check, and the spaces Sy, T} and
T/ do not have very explicit descriptions in terms of the matrix A. From this view-
point it is worth mentioning that (6.3) is equivalent to M(G)-C(G)-hypoellipticity.
We are going now to describe more explicit examples.

Example 6.1 (The symmetric diagonal case)  Assume that E is a projective basis of
R such that (6.1) holds. We say that (u)s~o is E-diagonal if A is a diagonal matrix

with a;; = a;, that is,
L=— Z a,-@f.

In what follows we always assume that a; > 0 for each i. Much is known about the
properties of (p)¢~o in this case. See [3,7,16]. In particular, H(L) is the Hilbert
space contained in R with orthonormal Hilbert basis

(a;/zai)iEI-
Instead of the function W defined at (6.2), it is easier to work with
(6.4) N(s) = #{i:a; <s}.

In terms of the function N, the E-diagonal semigroup (u)¢~o associated to the se-
quence (g;) is (CKx) if and only if

N(s) = o(s) at infinity.

Let 8 be one of the spaces Cf, 8k or 7§,k = 0,1,2, ..., 0o. Then T}-8-hypoellipticity
holds if and only if N(s) = o(s) at infinity. This improves upon the result in [3]
by enlarging the distribution space from M(T) (Borel measures) to I/ and allowing
different spaces of smooth functions.

For any integers k, r, [15, Proposition 5.5] gives

(6.5) Vo eBM), [0 bl <a; a8 (@).

The condition N(s) = o(s) at infinity implies that ) a; 1=¢ < o for any € > 0. This
and (6.5) show that
(CKx) = 87° =T, = Di°.

We now record some further consequences of (6.5).

Theorem 6.2 Let L = — Y a;0? be such that N(s) = o(s) at infinity. Let X = (X;)
be a projective family with X; = Y~ x; j0;.
(i)  Assume that for each i there exists n; > 0 such that

Z |xi7j|a]-_"" < o0.
j

Then X;T; C Tp and L is T}-Ck-hypoelliptic.
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(ii) Let 8 be one of the spaces 8% or T, k = 0,1,2,. .., 00. Assume that there exists

n > 0 such that
Z(Z |xi,j

i

12
2) a;" < oo.
Then T|-8-hypoelliptic.

Proof Part (i) follows from (6.5) and Theorem 4.2. Part (ii) requires more work. To
apply Theorem 5.7, it suffices to show that (a) P = Y X? satisfies PT; C J7 and (b)
for each integer k, there exists C and m such that

[ vxtl| <cmpee)
Lelx

for all (by) with Y~ b7 < 1. By (6.5), we have

1Pol = | 3o x20| < 303 awinl)10,03,61
i Ji,j2 i
< Z(Z Ixi,jlxi.,jz|) a;"a;"S;"(¢)
jujp i

< [Z(Zbab) “a) st

j

This proves that P has L-finite order. A similar argument shows that for any (b,) with
> bi < 1, we have

Snxts| < [ (ki) T e
j

lerx i

This proves (b). Theorem 6.2(2) then follows from Theorem 5.7. |

The following corollary of Theorem 5.7 and (6.5) should be compared with the much
weaker but more general statement obtained in Theorem 5.11.

Theorem 6.3 Let L = —_ a;0? be such that N(s) = o(s) at infinity. Fix a domain
Q C T. Let u be a continuous function in ) such that Lu = 0 in  (in the sense
of distributions). Then for any integers k, n and any compact K C €, there exists a
constant C(k, n, K) such that

VeeTr, sup|dy,---Opul < Clk,n,K)lag---ap]™" stglzp{|u|}
K

In particular, for any € > 0, the series ., |a;0tu|* converges locally uniformly in Q.
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Example 6.4 (The diagonal case with a first order term) Let us now consider some
examples of diagonal but not symmetric Gaussian semigroups on T. As above, let
E = (E;), E; = 0;. Let

L:—Za,@f, Z:Zbi&, P=L+"Z.
Let N be defined as in (6.4). Theorems 4.6, 5.8, and 6.5 give the following result.

Theorem 6.5 Assume that N(s) = o(s) at infinity and that there exists an integer n
such that > |bila; ™ < oo. Let 8 be one of the spaces CX, 85, T, Then the operator P is
T§-S-hypoelliptic.

Example 6.6 (Hidden diagonal cases)  Recognizing whether or not there is a pro-
jective basis of T in which a given Gaussian semigroup (u);>o is diagonal is not an
easy problem. See the discussion in [14]. To illustrate this, consider an increasing
sequence (a;)7°, a; > 0, and form the matrix A = (a; ;) with a; ; = min{o, o},
that is,
ap ap ap o
ap Q O
A=|% @ a3 Q3
ap Gy Q3 gy

We will verify below that A is positive definite. Let (g );~0 be the symmetric Gaussian
semigroup associated to L = — . j ai,j0;0;. If we set

Xi=)Y E, X=(X),
j>i
then X is a projective basis and, setting oy = 0,

L=— Z(Ox,‘ — Oz,-,l)Xiz.
i

This shows that A is positive definite. Moreover, the lattice Z defining T equals the
X-integer lattice

ZX:{z:ZziXiER:ziEZ}.

Thus, viewed in the product structure of T induced by X, (1)~ is diagonal, that is,
(4 )r>0 1s X-diagonal with coefficients a; = (a; — «;—1). By Example 6.1 above, it
follows that (p);~¢ satisfies (CKx) if and only if

N(s)=#{i:a; — aj—; <s} =o(s).

For instance, if o; = i” for some 3 > 0, then (CKx) holds if and only if 3 > 2.
In terms of hypoellipticity, we see that L is T;-C%-hypoelliptic if and only if N(s) =
o(s). Observe that the projective basis X is very different from our original basis E.
However, for each i, E; = X; — X;y;. Hence, E; € J;. By Theorem 4.2 and Lemma
4.3, we see that L is also T/ -Ck-hypoelliptic.
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Example 6.7 Fix a > 0, 0 € R, and consider the tridiagonal matrix A = (a; ;)
with a; ; = a;; givenfori < j by

P2+ o (i+ 1)% ifj =1,
aij = oi ifj=i+1,
0 ifj>i+l.

We easily compute a projective basis X = (X;) in which L = — Zi’j a; j0;0; has the
form L = — > X?. It suffices to take

X; = l.a(Ei +0E;y1) = l'aEé7 where E:T =E; +0E;;.

Case 1 Let us first consider the case where o € Z. In this case,
Z, = {ZziEf 1 (z) € Z‘X’} =ZCR.

It follows that the semigroup (u;)~¢ is E?-diagonal with diagonal coefficients i2<.
Thus this semigroup satisfies (CKx) if and only if & > 1/2. It follows that L is
T/-C% -hypoelliptic if and only if & > 1/2. Observe that

(6.6) E=Y ﬂxj

«
Y

Thus, if @ > 1/2 and 0 = 0,+1, then E; € H(L). In this case we see that L is
T/-CZ-hypoelliptic. If instead o is an integer with |o| > 1, then E; & H(L) and, in
fact, is not of finite L-order. Thus we cannot conclude that L is T7-C5°-hypoelliptic.

Case2 In general, if o is not an integer, we do not see how to express (1 );~0 as
a product semigroup (and one certainly should expect that, for some o, this re-
ally cannot be done). However, (y);~0 can be compared efficiently with a diagonal
semigroup as follows. Let D be the diagonal matrix with (7,i) entry d; = a;; =
i2® + 0%(i + 1)*®. Then, forall £ € R(e0),

Zdifiz - ZZ lai jlI&il1€;] < Zai,jfiﬁj < Zdzfiz +ZZ |ai 1€ 1€;]-

i<j ij i<j
For j > i+1,4a;;=0,and

g
|aii+1] < 1|—‘

1/2
75 (aialla i)

Thus
|o|

&illgj| < 1752 > (aiillaisrinD'21&] 1l
i

Z|ai,j|

i<j
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By Cauchy—Schwarz inequality, this yields

( 12-100‘2) dez < Zazjfzgj ( l-i|-a|'2) Zd,flz

It follows that, assuming as we may that |o| # 1, the semigroup (u,) satisfies (CKx)
ifand only if #{i : d; < s} = o(s), that is, if and only if « > 1/2. Thus, T/-C%-
hypoellipticity holds for any o and any « > 1/2 and does not hold if &« < 1/2. By
(6.6), T/-C-hypoellipticity also holds if |o| < 1and & > 1/2.

6.2 Semisimple Groups

Recall that a compact connected group G is called semisimple (see [27, Definition
9.5]) if its commutator G’ = [G, G] is equal to G itself. In the case of compact
connected Lie groups, this definition coincides with other classical definitions. It is
proved in [8] that many questions about symmetric central Gaussian semigroups on
general compact connected groups can be split into a purely abelian part and a purely
semisimple part. In particular, whether or not a symmetric central Gaussian semi-
group satisfies the property (CKx) can be reduced to purely abelian and semisimple
parts. See [13] for the treatment of some explicit examples. In this section, we de-
scribe in concrete terms how the hypoellipticity results of this paper apply in the case
of semisimple groups.

Let G be a compact connected metrizable semisimple group. Then there exists
a sequence (;) of compact simple Lie groups and a closed central subgroup H of
¥ =[] Z; such that

G~ Y%/H.

Since the center of ¥ is a product of finite groups, H is totally disconnected and the
projective Lie algebra ® of G equals the projective Lie algebra of ¥, that is, equals the
product of the Lie algebras &; of the simple Lie groups ;. Because G and ¥ have the
same projective Lie algebra, there is a natural one-to-one correspondence between
finite order left invariant differential operators on G and on X. By Theorem 2.2, this
induces a one-to-one correspondence between Gaussian convolution semigroups on
G and on X. For each i, denote by A, the Laplacian on ¥; induced by the Killing
form on &;. This Laplacian A; is sometimes called the Casimir operator. Up to
scalar multiplication, it is the unique bi-invariant second order differential operator
without constant term on X;. For each i, let n; be the dimension of X;. Set J; =
{m+---+mn_y+1,...,n +---+n;}. Denote by (E;) je, a basis of S; such that

-> E.

Jj€Ji

Denote by E the projective basis of ® formed by the vectors E;, j = 1,....
We can now describe the set of all symmetric central Gaussian semigroups on G.
Namely, there is a one-to-one correspondence between symmetric central Gaussian
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semigroups (4 )~ on G and sequences a = (a;) of non-negative numbers such that
the infinitesimal generator of (4 );~¢ is given by

L:Za,‘A,‘ :—ZZaiE?.

i jEJ;
SetEj = a; lf] € ],‘al’ld;{( = Egl---a}k ifl = (by,...,4) € {1,2,...}k. In this

notation,
L= —Za,‘A,‘ = —Z@E?
i j

Note that the vectors ail/zEj7 j € Ji,i=1,2,... form an orthonormal basis of H(L)
and a special projective basis in the sense of Definition 4.4. Set

(6.7) NGs) =Y m.

iai<s
Then it is proved in [5] that (p,);>¢ satisfies (CKx) if and only if
(6.8) N(s) = o(s) at infinity.
In this setting, Theorems 4.2 and 5.7 give the following statement.

Theorem 6.8 Referring to the notation introduced above, let § be one of the spaces CE,
8k, T, Then L is T}-S-hypoelliptic if and only if (6.8) holds true.

The results of [15, §5] imply that assuming that N satisfies (6.8) (in particular,
n; = O(a;)), we have

Vee{1,2,... 5, Vo €8°, [|E¢|loc < Crm(@)A, ™.
This immediately implies that 87° = T and yields the following results.
Theorem 6.9  Let L be as above and assume that (6.8) is satisfied. Let X = (X;) be a

projective family with X; = 3 x; jE;.
(1)  Assume that for each i there exists r; > 0 such that

Lila," < oo.
zm:(%aﬁf|xl’]|)am Sy

Then X;Tp C Ty and L is T} -Ck-hypoelliptic.

(ii) Let 8 be one of the spaces 8% or T&, k = 0,1,2,..., 00. Assume that there exist
r > 0 such that
Z(max |x,»7j|) a,,’ < oo.
. J€Jm

Then L is T|-8-hypoelliptic.
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(i) Let Z = Y z;E; and assume that there exist s > 0 such that

JE€Tm

Z(max|zj\) a,,’ < oc.
m

Then L + Z is T}-Ck-hypoelliptic. Moreover, if X and 8 are as in (ii) above, L + Z
is ] -8-hypoelliptic.

The proof is similar to that of Theorem 6.2 (the first part of the statement in (iii) uses
the fact that E is a special projective basis). We omit the details.

Theorem 6.10 Let L be as above and assume that (6.8) is satisfied. Fix a domain
Q C G. Let u be a continuous function in ) such that Lu = 0 in Q (in the sense
of distributions). Then for any integers k,n and any compact K C 2, there exists a
constant C(k, n, K) such that

Vee{1,2,... 35 sup |E‘u| < Clk,n, K)A; " sup{|u|}.
K Q

In particular, for any € > 0, the series y . |a;Eu|® converges locally uniformly in Q.
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