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Some Properties of Triebel-Lizorkin and
Besov Spaces Associated with Zygmund
Dilations

Fanghui Liao and Zongguang Liu

Abstract. In this paper, using Calderon’s reproducing formula and almost orthogonality estimates,
we prove the lifting property and the embedding theorem of the Triebel-Lizorkin and Besov spaces
associated with Zygmund dilations.

1 Introduction and Statement of Main Results

Ricci and Stein [9] introduced a class of singular integral operators Tz associated with
Zygmund dilations and showed that T is bounded on L?(R?) for all 1 < p < oo.
When the weight w satisfies an analogous condition of Muckenhoupt weight asso-
ciated with Zygmund dilations, Fefferman and Pipher [2] further studied that T is
bounded on L% (R?) forall 1 < p < co.

Applying the discrete Calderén’s reproducing formula and Littlewood-Paley-Stein
theory, Han and Lu [7] introduced Hardy spaces HS(R®) and Carleson measure
spaces CMO? (R?) related to Zygmund dilations. For 0 < p < 1, they presented
that the boundedness of T from HS (R?) to HY (R?) and from HY (R?) to L? (R?).
Liao and Liu [8] extended the boundedness of T, to the Triebel-Lizorkin and Besov
spaces associated with Zygmund dilations.

The main aim of this note is to present the lifting property and the embedding
theorem of the Triebel-Lizorkin and Besov spaces associated with Zygmund dilations
that were constructed in [8].

Throughout the paper, we use C to denote positive constants, whose value may
change from one occurrence to the next. Constants with subscripts, such as C;, do
not change in different settings. We write f ~ g if there exists a constant C > 0
independent of the main parameters such that C'g < f < Cg. Let yz denote the
characteristic function of R.

Suppose that 8 denotes the Schwartz function space. Let (") € $(R) and satisfy

SO (27X =1

JEZ
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for all x € R\{0}, and y® € 8(R?) and satisfy

Y @@ty 2P =1
keZ

for all (y,z) € R*\{(0,0)}, and the cancellation conditions
/R vy (x)x* dx = fRZ v @ (y,2)yP2" dydz =0

for all nonnegative integers «, 3, and y.
By taking the Fourier transform, it is easy to see that the following continuous
Calderén’s reproducing formula holds on L*(R?),

fx.:2) = D vk * vk * f(x,0,2),

jokeZ
where
(1) Vik (3 2) = 20050 (2lx)y @ 28y, 2°K2),
We now recall the product test function on R* = R x R2,

Definition 1.1 ([7]) A Schwartz function f(x) defined on R? is said to be a test
function in 8 z(R?) if f € S(R?) and

'[Rf(x,y,z)x“ dx = fRz flx,y,2)yP2" dydz =0
for all indices «, 3, y of nonnegative integers.

We endow 8z (IR?) with the same topology as S(IR?). We denote by (Sz(RR*)’ the
dual of § 7 (R?).

The definitions of the Triebel-Lizorkin and Besov spaces associated with Zygmund
dilations are as follows.

Definition 1.2 ([8]) Let0 < p,q < 00,5 =(s51,52) € R? and let y/; x be the same as
in (1.1) for j, k € Z. The Triebel-Lizorkin space F;”%(R3) associated with Zygmund
dilations is the collection of all f € (Sz(IR?))" such that

Il s, = I ];Z(W“Z’“Z\wj,k *f‘)q}l/qu < oo.

The Besov space Bs”qZ (R?) associated with Zygmund dilations is the collection of all
f € (82(R?)) such that

i, ={ 5 (222 0 £1,) ") < o0

jrkeZ

Using Calderoén’s reproducing formula associated with Zygmund dilations and al-
most orthogonality estimates, the authors [8] proved that the spaces in Definition 1.2
are independent of the choice of y; x. A rectangle R = I x ] x K on R’ is called a
Zygmund rectangle if

(1.2) I|=27, |J|=2% and |K|=2"U*R
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for some j, k € Z. In what follows, let R}j ¥ be the set of Zygmund rectangles that
satisfies (1.2) for given j, k € Z, and let R be the set of all Zygmund rectangles.

Lemma 1.3 ([7]) Given any large positive integer N, suppose that vy i is the same as
in (1.1) for j, k € Z. Let xg € R and x € R>. Then Calderdn’s reproducing formulas

(13) f=3 X Rlyelx—xr) (Wi * )(xr),

JokeZ peR N RN

(14) fx)= 3 Wik *yjx* f(x)

JrkeZ

converge in both norm of 8 7 (R*) and (8§ 7(R?))".
Lemma 1.4 ([7]) Suppose that y; i and ¢y are as in (L1) for j, k, j', k" € Z. Then

|Wj,k * (/)]-/’k/(.x,y, Z)| <
Z*M(j/\]") 27M(k/\k’)
(27GAT) + [x[)1+M 2777 (2-(kAR) 4 [y + 207 |2])2+M

forany L, M >0, where j* = jifk < k' and j* = j" ifk > k'.

Colim 71y lk=K|L

From Lemmas 1.3 and 1.4, the authors in [8] also obtained the following conclusion.

Lemma 1.5 Let0< p,q<ooands=(s1,s,) € R% Then we have

T [ G A AT S

JIKEZ " pegiNmkN

g ~{ S (272 % Wl Nl )}

jokeZ ReR ;NN

>

where xg, ¥jk, R, N are the same as in Lemma 1.3.

We now introduce the Riesz potential related to Zygmund dilations as follows. For
more results about the Riesz potential, see [3-5,11].

Definition 1.6 Let {y; « }j kez be as in (11) with
supp@(x) c{x:1/2< x| <1},
suppy (y,2) < { (12) :1/2 <[, 2) <1}
Set a = (&g, ;) € R2. For f € (87(IR?))". Then the Riesz potential I, is defined by
L(f)(xy.2) = 3 2702 2% (g, + £)(x.3,2)

I, 1,€Z

for (x, y,z) e R%.

The following result is the lifting property of the Triebel-Lizorkin and Besov spaces
associated with Zygmund dilations.
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Theorem 1.7 Let Ny be any given nonnegative integer and 0 < p,q < oo. Suppose
that s = (so,51) € R? and a = (ag, oy) with || < Ny, || < No.

(i) Forallfe F;’f;, we have HfHF;qZ ~ e (f) HF;TZ“"L
(ii) Forall f € B;”qz, we have |\f|\3;qz ~ I (f) HB;:;,q.

Remark 1.8 Yang [13] introduced the Riesz potential related to flag singular inte-
grals and showed the lifting property of Triebel-Lizorkin and Besov spaces associated
with flag singular integrals. In that paper, |ay| and |a;| must tend to zero. In this note,
we only need to assume that |ag| and || are less than any given positive integer. Thus,
the range of ay, a; in this paper is larger than the related parameters in [13].

The embedding theorem of the Triebel-Lizorkin and Besov spaces associated with
Zygmund dilations can be stated as follows. For embedding theorem on the Triebel-
Lizorkin and Besov spaces in the setting of single parameter, see [1, 6,10,12].

Theorem 1.9  Suppose that a = (ag, a1) and s = (sg, 1) with —0o < sg < ag < 00,
—00 < §1 < @1 < 00, =00 < dg — 2/po =50 — 2/p1, a1 =2/ po = 51— 2/p1 < 00. Then

©)  Ep% = E)% forl< po, pi.qo, g1 < 005

.o A, NS>

(ii) Bp(fz - Bplquorl < Po> p1,q < o0.

>

2 Proof of Theorem 1.7

Let us first formulate some basic results before we verify Theorem 1.7. The maximal
operator M associated with Zygmund dilations is defined by

M) = s o )y

The following lemma is the Fefferman-Stein vector-valued maximal inequality asso-
ciated with Zygmund dilations.

Lemma 2.1 ([8]) Supposethatl < p,q < oco. Then there exists a constant C > 0 such
that

S (Batper) s [ (Zineor)

JEZ JEZ
We now describe a fundamental estimate as follows. We omit the proof here.

Proposition 2.2 Let j,j', k, k' € Zand1 < p < co. For any M > 0, there exists a
constant C > 0 such that

2=M(jnj") 9~M(knk’) p e ded
<
[Rs [ (27 GATY + g [ )M 275% (2= (kAR 4 [y +2j*|x3|)2+M:| X182 X3 S

1 1
2-0ini")(p-1) 2-j*(p-1)p-2(knk")(p-1)°

where j* = jifk <k"and j* = j if k' <k.

https://doi.org/10.4153/CMB-2016-030-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2016-030-9

838 E Liao and Z. Liu
The next result is the almost orthogonality estimate.

Proposition 2.3  Suppose that vy, x, is the same as in (1.1) with j;, k; € Z for i =

1,2,3, 4. Then we have

(21) |‘//j1,k1 * sz»kz * I//js,ks * ll/jA)ka} (x> 2 Z)|
< sz[Ul*]‘ﬂ*\jris|+|J'3*J'4|+|J'1*J'3|+|J'1*J'4\+|J'Z*J'4|]L
2—[|k1—k2Mkz—k3|+\k3—k4\+|k1—k3|+|k1—k4|+|k2—k4\]L

2*(]1A12A13A14)M 2—(k1Ak2/\k3Ak4)M

% (2—(;‘1/\]'2/\]'3/\]'4) + |x|)1+M 2-j* (2—(k1Ak2/\k3/\k4) + |}’| +2j>+|z|)2+M
for any positive integers M and L, where, for i = 1,2,3,4, if min {ky, kp, k3, ka} = ki,
then j* = j;.
Proof Let w(l)(x) 2y M (27x), 1//(2)()/, z) = 2%k+iy(2) (2ky, 2K*iz) and write

l/ljl K * l//]'2 ky * V,js ks * 1//1‘4 k4(x’y’ Z)

(0] (Y] (Y] (Y] (2) (2) (2) (2)
(I//Jl * I//JZ * 1//]3 * 1//14 (x)) (wjl k1 ]2 ka I//]3 k3 W]4 kg (y’ ))
= Il X Iz.

In order to verify (2.1), we only consider the case that ks > k3 > k, > k; and j4 > j3 >
j2 > ji; other cases can be proved by similar arguments. When k4 > k3 > ky > ki, by
the cancellation conditions, we have

ol = [W5o, * ¥k * Wik, * Vo, (2)]
‘/ﬂ.@ J(IZ)kI (y-unz _Vl)_PL—l[W]('ill()/,Z)]]
I:WJz kz(”l “2’V1‘V2)—PL—1[ J(.i)kz(ul,vl)]]
x [ Vi k3(u2 — U3, vy —V3) = P 1[‘//§32)1c3(”2>"2)]]

l//] k (Ll3, V3) du3d1/3du2dv2du1dv1‘

(Ll ol 2

= R \ 2=ki  2=(ji+ki) (1 + 2k1|f1| + 2k1+j1|771|)M1
( |1/l2| + |V2| )L 22k2+j2

27k 2-Gatka) | (14 2Kk2| | + 2katiz|,] ) M2

( |u3| |v3| )L 92ks+js
2—ks  2—(js+ks) (1+2k3|£3‘ +2k3+j3|,73|)M3
22k4+j4
du3dV3du2dvzdu1dv1,

X "
(1+ 2k [u3] + 2k+Ja ) Ma

for some (&, 11), (&2, 72) and (&3, 73) on the segment joining (y—uy, z—v1) to (¥, 2),
(41— uz,v1 —v2) to (ug,v1) and (u3 — up, v3 — v2) to (uz, v2), respectively, where

PL_I[w](.i)kl(y,z)], PL—I[‘/’EZZ,)kZ(”I’Vl)]’ and PL—I[‘//S,);(}(”Z’VZ)]
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denote Taylor’s polynomial of order L — 1 of w](,i)kl , w;i)kz, and 1//532))]{3 at (y,2), (u1,v1)

and (uy,v,), respectively.
Using the fact that k4 > k3 and the triangle inequality, we obtain

1 gl L+ 24 s + 251

2.2 - < - .
( ) 1+2k3|£3|+2k3+13|1’]3| 1+2k3|u2|+2k3+J3|v2|

We also have

L

|us [v] t (lj3=jal+(ks—ka))L |us| [v]
(2.3) (Z*ks * 2—(j3+k3)) $C2 (2*k4 * 2—(14+k4)) ’

From (2.2), (2.3), and Proposition 2.2, we then have

2 2 2 2
[y + v v B v (2)]

< Ol ial(L+M3)+(ks—ks)L f

|M1| |V1| L 22k1+j1
s ( 27k (k) ) (14 2818 + 285+ |y ) M

|u2| |V2| L 22k2+j2 22k+j3
(% 5705) oo 2 s 2o+ 2
22k4+j4
dusdvsdu,dvydudw

X N
(1 + 2ks|uz| + 2katia]ys|)Ma=Ms-L

22k1+j1

lia=jal(L+Ms)+(ks—ks)L |ua1| |\t
(24)<C2 [I;“ ( 2k~ 2=(jitki) ) (1 + 2k1|£1| + 2k1+f1|;71|)M1

( |ua) . [val )L 22ka+fo
27k T 2=(atka) ) (14 2k2| &y + 2Katiz |y, |) M
22ks+js

X (1 N 2k3|u2| + 2k3+f3|V2|)M3
where My — M3 — L > 2.

By an analogous argument to (2.2), (2.3), and (2.4), for k4 > k3 > ky > ky, it is easy
to obtain that

2 2 2 2
(2.5) |W](‘1,)kl * V/]('z,)kz * 1//]('3,)k3 * W§4,)k4 (}’, Z)|

< 23— jal(L+Ms) 5lj2=j3|(L+M2) 5| j1=ja2|(L+M1) 5 (ks=ka) L5 (k2=k3) L5 (ki=k2)L

dl/lzd\/zdl/lldvl,

22k1

X — -
2-0(1+ 2k y| + 2kiti|z]) M
< G2 lki=kal+ka=ks|+|ks—ka |+ ki=ks|+| k1= ka| +| k2= k4| ] Lo

kalM
270 (2R [y] + 20 [2])2+ M7

where Mz — My —L>2, My —M;-L>2and L =3L,.
Similar to the estimate of (2.5), when j4 > j3 > j2 > j1,

x 2(ia=jalljz=jsl+lj2=1 ) (L+M)

2~hM

2.6 Il < C2-[|jl—jz|+|j2—13\+Us—j4\+|J'1—j3\+|jl—14|+\jz—j4\]f~1 :
(2.6) 14| (270 + |x[)+M
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for any M > 0 and large positive integer L;. From (2.5) and (2.6), the proof of Propo-
sition 2.3 is concluded. ]

In order to prove Theorem 1.7, we also need the following result.

Proposition 2.4  Given any nonnegative integer N, let ji,k; € Z for i = 1,2,3,4

and R € IR;I_N’_k‘_N, R« fR;Z_N’_kZ_N. Suppose that {ar/} is any sequence and

xr = (x5, x5, xx ) is any point in R'. For u = (uy, up, u3),v = (v1,v2,v3) € R,
2=(iiAj2Ajanja) M

R/eﬂz;;v,—kzw (27 Crdndsna) 4 uy = xp])1+M

2—(k1Ak2/\k3/\k4)M
R ||ar|

X 7 (2,(k1Ak2/\k3Ak4) +|ug — xj| + 277 Juz — xg|) M

< NG glli=jel+|ja=jal+|js=jal+lir= sl +l 1= jal+ 2= jall g 2[lj1=al+lis=jal+1ja= 7211 (1)

x Pl kel IGO0 (Y Japl ) ()

R/e€R-Jj2—N.,—k—N

1/r
b

where <r<landj* =j;ifmin{ky, ky, k3, kqa} = k; fori=1,2,3,4.

2
M
The proof of Proposition 2.4 is essentially contained in the proof of [7]. We leave

the details to the interested reader.
Now we are ready to give the proof of Theorem 1.7.

Proof of Theorem 1.7 We first consider
27) ILeflpsea < Clfl2s,
(2:8) [ aflgzrga < ClLflgeg-

Given any nonnegative integer N, let j;, k; € Zfori =1,2,3,R € iR;er’*krN and
(u,v,w) € R. By the definition of Riesz potential, Calderén’s reproducing formula
(1.3) and almost orthogonality estimates, we have

29) W)k * La(f) (%, 7, 2)]
<22 DRy g f (v, w)]

j2,kz j3,ks R
X |Wj1,k1 * l//jz,kz * st,ks(x —UYy-v,z- W)|

SDNPIPY

j2,k2 ja,ks R
9-Uinj2Ajs) M 2,’("1’\]‘2/\]“‘)M|1//js’k3 * f(u,v,w)]
(2-Grnianjs) + |x — u|)1+M 25% (2= (kinkanks) 4 |y — y| + 275" |z — w|) 2+ M
<C Z Z g-j2@og=keaiy=[lj1=jal+lja=jal+lj1=js[1(L+1-2/r)
ja>ka jasks

x 2_[|k1—k2|+‘k2—k3|+|k1—k3|](L+2—2/r)(MZ( Z ‘st,ks *f|rXR) (x)y’ Z))l/f’
R

R|27 20 g keery=llii=jaltlj2=jsl+lii=isl1L o= [k =kal+lka =kl ki =ks | ]L

X
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where j* = j; when min {ki, kz, k3} = k; fori =1,2,3. When 2. < r <min{L, p, g},

{ Z (2jl(so+a0)2kl(51+al)|V’j1,k1 *Ioc(f)(X,y, Z)|)4}1/q

jioki
j ki(si+on) —ja01y—kaaz 5=[|j1=j2l+lj2=jal+|j1—js|] (L+1-2/7)
<c{ 3 (2htoreghlare) $2 57 gy
ji-ka j2,ka j3,k3

1/r 1/
% 2—[\k1—k2|+|k2—k3\+|k1—k3|](L+2—2/r)(MZ( Z |V/j3,k3 *f|rXR) (x’ 9, Z)) )‘1} q
R
< C{ Z ( Z Z 9U=jz2) a0 9 (ki=k2) a1 5=l ji=jal (L+1-2/7) 5 =|k1—ks|(L+2-2/r)

jioki o j2.ka jasks
« 2(jrj3)so2(krk3)5127|j1—j3|(L+1—2/r)2—|k1—k3|(L+272/r)

x 2j35°2k351(Mz( ; Wjs ks * f|r)(R) (x,y,z)) l/r) q} e

<cf 3 (22025 (Mo R+ 1x) ) )}

ja.ks

where |ao| < L, |1 < L, |so| < L +1-2/r,and |s;] < L +2 - 2/r.
By the Fefferman-Stein vector-valued maximal inequality, we get

P I 2 (27025 (M2 X e o))

<cl{ 3 (22 Shw + ) N selr

(210) [I(f)

By
For (2.8), using the fact that ﬁ < r <min{l, p, g} and the estimate (2.9), we have
Wik * Le(F)], < C z Z 9=j2@0g=kearg=[lji=jal+lj2=js|+1j1=js[1(L+1-2/r)

j2,k2 j3,k3
% 2—[|k1—k2Mkz—k3|+|k1—k3|](L+2—2/r)

ER: Wk, * x| ”

Similar to the estimate of (2.10), it is easy to obtain that

I1a (f)

with |ag|, |a1| < L, |so| < L+1-2/r,and |s;] < L +2—2/r.

In order to prove the inverse inequalities of (2.7) and (2.8), we need to show that the
operator I_,I, is invertible in F s’,% and B;”qz when ag, oy satisfy certain conditions.
Suppose that I is the identity operator and

_7_ - _ ojs%oy—ksary, i
T = I I*DtI{x = Z Z (1 2 y 02 : I)WJz,kz * w]2+]3>k2+k3'
j2,k2€Z j3,k3€Z

gres < Clf g

Thus, it suffices to verify that the operator T is bounded on F;’% and B;’qz with oper-
ator norm less than 1.
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Given large positive integer N, let j;,k; € Z for i = 1,2,3,4, R € fR;"_N’_k"_N,
using Lemma 2.3 and Proposition 2.4. Then

‘v/jl)kl (1= 1 ola) *f(x,y,z)
<C Z Z Z |1_2]’3“02*’(3“1|2*[|il*]’z|+|]'3|+|J'1*]'4|](L*Z/Hl)
j2.ka ja,ks jarka

1/r
x 2—[Ik1—kz\+|ks\+\k1—k4\(L—2/r+2)(MZ( S Wk *f|rXR) (x, 9, z))
R

<C Z Z |1 _ zjsaoz—ksal|2—[U3\+|11—j4|](L—Z/Hl)2—[|k3\+|k1—k4\](L—Z/“'Z)
ja-ks jaska

x (Mz( ;Wﬁ,h *f|rXR)(x)y’Z))1/"

Following the above estimates, we then have

(2 (27025 ok, + (1= Lale) % f(x,3,2)]) ,,)1/,,

ji.ki

ﬁ( Z (2(j1*f4)502(krk4)51 Z Z |1_zisaoszsou|27[|j3\+\j1—j4|](L—2/r+l)
jofa jarks jarka

< liblh i /rgin gt ( MZ( Dok * f|rXR) (x, ys Z)) 1/’) q) "
R

<C Z ‘1 _ 2j3oc02—k3oc1|2—|j3|(L—2/r+1)2—\k3\(L—2/r+2)
j3-k3

X ( Z (2145°2k4S‘MZ( %:|‘/’j4,k4 >(-f|rXR)(x,y,Z))q/r)q,

jarka

where |so| < L —2/r+L|sj| < L —2/r+2. Let 5 < r < min{l, p,q}. By the

Fefferman-Stein vector-valued maximal inequality, we have

IT(f)

i3 00 H—k —|jsl(L=2/r+1) H—|ks|(L-2/r+2
£ < CJZIE |1 - 2f3%0p Ry ial(L=2/r+1) 5=[ks|(L-2/r+2)
3>K3

X

>

(3 (e gl ) ),

Jarka

where C is a positive constant independent of ag, «;. For any given Ny € N, let || <
Ny and |a;| < Ny, and we choose L large enough such that

C Z |1_2j3a02—k3a1|2—\j3\(L—z/r+1)2—|k3|(L—2/r+2) <1
Jja.k3
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Namely, we obtaln IT(f)] g0 < Ci|flga with the operator norm C; < 1. Thatis, T is
bounded on F 7 with an oﬁerator norni fess than 1, so I_, I, is an invertible operator

on F 1. By (2. 7) forall f e F; %, then we have

If

i = [(Lale) " Tala(f)

o1, < ClLalu(f)];

oy < ClL(Dl e

In the same way, we can get | f| B, < [1.()] 3 oo, Therefore, we complete the proof
of Theorem 1.7. ]

3 Proof of Theorem 1.9

Without loss of generality, we take | f| 40 =1 Note that L in this section can be
large enough. By Calderén’s reproducmg formula (1.4), Holder’s inequality, almost
orthogonality estimates and Proposition 2.2, we have

G |yl
il LA kKL A (AT (=) j*(lff) Z(k/\k )(A-5r
<C Y 2liilbylkeKiLy ’0°2 H()b] 4 () po
j' k'€l
<C Z 2—\j'—j|L2—|k—k’|L2(jAj')/P021'*/P022(k/\k')/P02—J"“02—k"11
jiRez

{5 (@2 000) "

Nz po

X

=C Z 2*|J"*J‘|L2*\k*k'\Lz(j/\j')/Po2]'*/17022(k/\k’)/P02*j'ﬂ02*k'al.
j',k’

We first claim that

Mz

(3.2) { i (2j502k51|wj)k(f)|)ql}l/‘h

oo k=N

sc{ji

=—oo k

s

(21'502’“1 > Wik * $yu * by (f)|) ql} "

K,

Il
Z

< 24N/,

We consider (3.2) in the following four cases:
Casel. j> j and k > k';
Case2. j>j and k < k';
Case3. j<j and k> k's
Case4. j<jand k<K'
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We first deal with Case 1. By the estimate (3.1) and the fact that ao — ﬁ =59 — %,
2 2
e then have
(3.3)
N i 9y 1/q

{2 5 (22w

j=—o0 k=N

N oo iso Ak 1 =1Ly =lk=K'|L 2] [P0 2K [ pory—' a0 oK' Qi 1/
SC{ Z 2(2150251 Z i) 22i'/poy Poy—jaoy ul) }
j=—o0 k=N > il k>k!

i Y 2 ])(*‘“")zzf/Plz-lk-k’\Lz(k—k’m22’<’/P1)ql}1/%
0o k=N = j>j",k>k’

Mz

<C Z 22]/p1kz kzk 9 |-k’ \Lz(k K )3122k /1
j=—o0 '=—o00 k>k’

N
< oW/ N Q2K

k'=—o00

< QNI

where -L < PZ—O —ap<Land-L/2<s; <L/2.
In order to estimate Case 2, by an analogous argument to (3.3), we obtain

[ S5 (@)™}

j=—o00 k=N

< C{ i i (stozksl Z kzk 2*|]”*]'\L2*|k7k'|L22j/po22k/p02*j'u027k'a1)‘11}1/‘%1
j>j" k<k’

oo k=

j=—o0 k=N
N o g . . / /N Dy Yan
< { Z Z ( Z Z 515" =ilL92j/ P15 (j=j") a0y —lk=K'|Lyks1 5 2k/po 5=k a]) }
oo k=N \ j>j! kek!

( Z 2_|k_k,|L2k5122k/P02—k’a1) ql} 1/%'

< eV
k<k’

e

Therefore, we need to verify

{ i ( 5 2—\k—k'|2L2k5122k/p02—k’a1)‘11}1/‘11 < NI
k=N = k<k’
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When k' — 2k > —N, we then have

G.4) { i ( > 2’“‘”‘"L2’<5122k/posz'a1)‘11}1/%

k=N = k<k’

:{ i ( 5 2—|k—k’|L/22(k—k’)a12(2k—k’)L/22—k(L/2—2/p1))ql}l/ql
=N K<k’

k=N

with -L/2 < a; < L/2and 2/p; < L/2.
When k' - 2k < =N, if -L/2 < a; < L/2 and 4/p; < L/2, then

(3.5) { i ( Z 2_|k_k,‘L2k3122k/p02_k’a1)ql}l/ql

k=N~ k<k’

{ i ( Z 2—\k—k’IL/22(k—k')alz(k_k,)L/ZZZk,/pl)ql}l/q1
k=N " k<k’
= { i ( Z 2_‘k—k’|L/22(k—k’)ulz(k’_Zk)(2/P1—L/2)2_k(L/2_4/p1))ql}l/ql
k=N ~ k<k’
< C2N/py,

IN

By analogue arguments to (3.3), (3.4), and (3.5), we can similarly obtain the desired
results for Cases 3 and 4. Here we omit the details.
Similar to the proof of (3.2), we get

el N . qiy /g1
(3.6) (X2 (22" nl) | <catim
j=N k=—oo
with —L < ay, so, ﬁ - S0, ﬁ -si<L,-L/2<ay,s1<L/2,and 4/p < L/2.
By the estimate (3.1) and the fact that ao — ﬁ =sp— %, a, — % =5- %, we obtain

(3.7)
N

(55 (2P hyu)™ "™

j=—00 k=—o0

158

j=—o00 k=—oo

1/q

(2j502ksl Z 2—|j’—j|L2—\k—k'|L2(J'/\J")/P02.i*/PoZz(kAk,)/Poz—j'ﬂoz—k'“l)ql }
1k

< C2iNIPy

where—L<;—O—ao,}%—al<L,and—L<a0,a1<L.
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Since sg < ag and $; < a4,

(3.8) { i ( ]302k51|wj’k(f)|)q1}1/q1

j=Nk

™Mo QMg
NgE:

T
Z
T
z

e
Nk

Ii
P4

IA

{

k

il
Z

J
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( 2i(s0=a0) gk (s1-a1) pjao ykar |V’]¥k (f)‘) ql} "

' ay Ya i
(2J(so—ao)2k(S1—a1)) } sup 2]a02ka1|1//j’k(f)|
j-k

gzN(so—ao)zN@l‘m{ 2 (2"“"2"“‘|1/’j,k(f)|)qu}l/q0

jrkeZ
4N( !

JrkeZ

Therefore, from (3.2), (3.6), (3.7), and (3.8), we have

1% = o0 [ e l{( > (22w, (™"
ik

24+ /1

jrkeZ

) C24(N+D)/py 0o
<C ) p
N= C24N/P1 =
=—00 ]_Nk:N
) C2A(N+D)/py
<C Z P1/4N/P
N=—oco c2iin

(S (22 yn) )

< 5o HS (22w ") "
tPl_lH( 2 i (2f5°2k31|wj,k(f)|)QI)l/% N

tpl—l‘{( Z (2ja02ka1|¢j,k(f)|)qo)l/qo 1

JrkeZ
C24(N+1D)/py

< ¥ o fo, NS (2 0)")

j.keZ

<cp [ {( 2 (22l

jskeZ
oo , q0y 1/q
stlfO (2 (22 (D))
< Clf o

jrkeZ
<C,

1/q0
>

which concludes Theorem 1.9(i).

https://doi.org/10.4153/CMB-2016-030-9 Published online by Cambridge University Press



https://doi.org/10.4153/CMB-2016-030-9

Some Properties of Triebel-Lizorkin and Besov Spaces 847

Suppose that f € B;”qz. By Calderén’s reproducing formula (1.4), Minkowski’s in-
equality and almost orthogonality estimates, we have

) ay /4
Iflg <{ X (292 % lwia* by by (D)}

j,kGZ j',k'EZ
jso~ks g+ 1/q
g{ 2 (2 2 Y H%,k*‘Pj',k'||Hr||¢j',k'(f)|\po) }
j,kEZ j',k’EZ
g{ Z (2j502k51 Z 2—\]”7j|L2*|k7k'|L2(j’/\j)(1,%)2]-*(17%)
jrkeZ k€.

1/q

’ 1 q
« 22K Al ')Hﬁbj',k'(f)”po) }

S{ Z (21502k51 Z Z—UI_j|L2_|k—k,|L2(f,/\j)(ﬁ_;j)zj*(%—ﬁ
j keZ j'k'eZ

_ k’ k 1 _ 1 q l/q
x 220G gk () |

where1+1/p; = 1/r+1/po. And we consider it in four cases as we did for the estimate
(3.2). When j' > jand k" > k, by Holder’s inequality and the fact that ag — 2/po =
So — 2/p1 and a — 2/1)0 =85 - 2/p1,

) g , 11 a1 94 1/q
S (% 2 KRG ) g (£)p,) )
joke€Z ~ j'>j,k'>k

<ol ¥ (3 2y DegKngleske g, L (),,) '}
joke€Z ~ j'>j,k'>k

<ol ¥ (2w N}

jkez

where |ag| < L and |a;] < L. We can similarly deal with another three cases with
|a;i],|si| < L for i =1,2. We leave the details to the interested reader.
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