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ABSTRACT

We generalize the method of A. R. Booker (Poles of Artin L-functions and the strong
Artin conjecture, Ann. of Math. (2) 158 (2003), 1089-1098; MR, 2031863(2004k:11082))
to prove a version of the converse theorem of Jacquet and Langlands with relaxed
conditions on the twists by ramified idele class characters.
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1. Introduction

The ‘converse theorem’ in the theory of automorphic forms has a long history, beginning with the
work of Hecke [Hec36] and a paper of Weil [Wei67] relating the automorphy relations satisfied
by classical holomorphic modular forms f to analytic properties of the twisted L-functions
L(s, f x x) for Dirichlet characters x. Soon after, the classical theory was recast in the modern
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setting of automorphic representations by Jacquet and Langlands [JL70], who generalized Weil’s
result to GLo representations 7w over a global field, characterizing them in terms of their twists
L(s, m®w) by idele class characters w. The converse theorem has since been a cornerstone of the
theory, with its generalizations responsible for some of the most striking results of the Langlands
program.

In this paper we show that one may relax the hypotheses of the Jacquet and Langlands
theorem over number fields by allowing the twisted L-functions L(s, 7 ® w) to have essentially
arbitrary poles for all w that are ramified at a finite place. Our approach is based on that
of [Boo03], where it was shown that twists can be eliminated altogether in the converse theorem
for two-dimensional complex Galois representations p over Q; in other words, whenever L(s, p) is
holomorphic, as predicted by Artin’s conjecture, there is a modular form f (of either holomorphic
or Maass type) such that L(s, p) = L(s, f), as predicted by Langlands’ functoriality conjecture.
The possibility of extending this method to a version of the converse theorem with restrictions
on the twists was alluded to in [Boo03], and the present paper is an attempt to realize that goal
in the case of GL9y over a number field.

The precise result that we prove here is the following.
THEOREM 1.1. Let F' be a number field, A its ring of adeéles and m = @), m, an irreducible,
admissible, generic representation of GLo(Ap) with central idéle class character wy, such that

7y is unitary for all archimedean places v. For every (unitary) idele class character w, suppose
that the complete L-functions

Als,T@w) = H L(s,my®@w,) and A(s,7@w ') = H L(s, Ty @ wy 1)

(i) converge absolutely and define analytic functions in some right half-plane R(s) > o;
(ii) continue meromorphically to ratios of entire functions of finite order;

(iii) satisfy the functional equation
As,TQw)=€(s,T@w)A(1 — s, TQw™L),
where €(s, T ® w) is as in [JL70, Theorem 11.3];

(iv) are entire whenever w is unramified at every non-archimedean place.
Then 7 is an automorphic representation.

COROLLARY 1.2. Let p: W — GL2(C) be a representation of the Weil group of F. Suppose
that the associated L-functions A(s, p @ w) are entire for all idéle class characters w that are
unramified at every non-archimedean place. Then p is automorphic, i.e. there is an automorphic
representation w such that m, corresponds to p, under the local Langlands correspondence for
each place v.

Proof. For each place v, let m, be the representation corresponding to p, under the local
Langlands correspondence, and form m = ) m,. The analytic properties of the Weil L-functions
A(s,p®@w) =A(s, 7 ®w), including hypotheses (i) to (iii) of Theorem 1.1, are summarized
in [JL70, ch. 2, § 12]. In particular, (ii) follows from Brauer’s theory of induced characters and the
properties of Hecke L-functions, and (iii) was shown by Langlands [Lan69] and Deligne [Del73]. O

Remarks. (i) Note that m need not be cuspidal, since we allow poles. The cuspidality criterion
is Theorem 10.10 of Jacquet and Langlands [JL70].
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(ii) Theorem 1.1 is a direct generalization of Theorem 11.3 of Jacquet and Langlands [JL70],
except for the mild assumption that m, be unitary for archimedean places v. Although this
assumption is unlikely to present an obstacle in applications, one naturally wonders whether it is
necessary. We remark that even without this hypothesis, our method would show that the finite
L-functions

L(s,mt®w)= H L(s,my®@w,) and L(s,FQw 1) = H L(s, Ty @ wyt)
<00 V<00
are entire for all idele class characters w that have no finite places of ramification in common
with 7; thus, the unitary hypothesis is only needed to preclude the possibility of poles arising
from the L-factors at archimedean places.

(iii) A different approach to weakening the hypotheses of the Jacquet and Langlands theorem
was taken by Piatetski-Shapiro [Pja75] and later by Li [Li79]. In particular, both authors showed
that the automorphy of a given representation is determined by analytic properties of twists by
characters unramified outside of a finite set S of places. In some cases one may take S to be
the set of infinite places, and thus give a stronger result than Theorem 1.1. In fact, Piatetski-
Shapiro’s paper shows that this is the case if F'# Q has class number 1 and at least one real
embedding. However, it does not seem possible to reduce S to the set of infinite places in general.

(iv) Analogous results are known in some cases for representations of GL,, for n > 2. For
instance, Cogdell and Piatetski-Shapiro [CKMO04] proved a version of the converse theorem for
GL,, over a number field F' assuming analytic properties of all twists by unramified GL,_1
representations, provided that F' has class number 1. It seems likely that the methods of this
paper will generalize and make it possible to remove the class number restriction; we will
investigate this in future papers.

The outline of the paper is as follows. We conclude the introduction by recalling the standard
notation and conventions for number fields and their rings of adeles. Next, as the arguments
are rather technical in nature, in §2 we provide a sketch of the proof in classical notation for
holomorphic modular forms over Q; this is based on a version of the argument of [Boo03] due
to Sarnak [Sar02]. There are a few noteworthy differences between the result over Q and the
general case. First, it is not immediately obvious what should play the role of the ‘additive
twists’ from classical analytic number theory, which are important in the proof; we explain the
relevant notion in § 3, as well as its connection to the ‘multiplicative twists’ by Groflencharakters
(or, equivalently, idele class characters). Second, while there are no non-trivial unramified idele
class characters over Q, there are infinitely many such characters over a number field; thus,
unlike the result of [Boo03], it does not seem possible in general (by these methods) to deduce
automorphy from analytic properties of a single L-function.! We recall some of the background
on Whittaker functions and Fourier expansions in § 4 before establishing the connection between
analytic properties of twists by unramified characters and automorphy relations in §5.2. The
proof of Theorem 1.1 takes up the remainder of §5, relying on some combinatorial identities
presented in the appendix.

1.1 Notation

Let F' be a number field and of its ring of integers. For each place v of F, we denote by F,, the
completion of F' at v. To avoid confusion at archimedean places, we will use the symbol || - ||, to

! This is in line with Sarnak’s suggestion that over a number field it is most natural to consider a representation
7 together with its twists m ® w by unramified idele class characters. For a recent example of this phenomenon,
see the results of Diaconu and Garrett [DG09] on moments of GLy L-functions.
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denote the absolute value on Fj,, and reserve | - | for the usual absolute value of real or complex
numbers. Let S, denote the set of archimedean places of F', and define

Sc={veESx:F,=C}, Sp={ve€Syx:F,=R}

We will write v|oo and v < co to mean v € Sy, and v ¢ S, respectively. For v < oo, we let o,
denote the ring of integers of F,, p, the unique prime ideal of o0,, 0;¢ the group of local units
and ¢, the cardinality of o0,/p,. We write Ap for the ring of adeles of F' and A} for its group
of ideles. The symbol Ag ; will denote the ring of finite adeles and F, will denote Hv| o
that Ap = Fo X Apr; we write x, and xy for the corresponding components of x € Ap.

F,, so

We regard F as a subring of Ap, embedded diagonally, and fix an additive character
=@, ¥y of F\Ap whose conductor is the inverse different 971 of F. Namely, 1 =g o tr,
where tr is the trace map from Ap to Ag, and g is the additive character of Q\Ag which is
unramified at all finite primes and whose restriction to R is the exponential function e(z) = >7*,
Further, let d be a finite idele such that (d) =0, where, for any t € Ay, we write (t) to denote
the fractional ideal (t) =[], (p, N F)°rde(t).

Suppose that v|oco and x, : F,* — C* is a continuous quasi-character. Then, for v € Sg, Xy

may be written uniquely in the form x,(y) = ||y||y(x” sgn, (y)Xv) | where sgn, : FX — {£1} is
the local sign character, v(x,) € C and €(x,) € {0, 1}; similarly, for v € S¢, we have x,(y) =
Iyl 6,(5) 0, where 0,(y) = yllylls*, v(x0) € C and k(x) € Z.

We fix our choice of Haar measure on the idéle class group as follows. For each finite place v of
F'| let d*y, be the Haar measure on F,* such that the volume of 0. is 1. For v|oo, let dy, be the
ordinary Lebesgue measure; we then set d*y, = dy,/2||ys||» for v € Sg and d*y, = dy, /7 ||ys v
for v € Sc. This choice of local Haar measures yields a unique Haar measure d*y on A% such
that the volume of [] 0 is 1. Moreover, the Mellin inversion formula at an archimedean

V<00 'U
place v takes the form

~ s—1 1 s d
fs.a= [ 1@sem ol @y fo) = Y [ T osemrluli " 5

21
ec{0,1}

for v € Sk and

d
75 k) /f Py )= Y [ Fls k0 Il 5

kEZ
for v € Sc, where in each case the s-integral is taken along a vertical line to the right of any
poles of the integrand.

Recall that a Groffencharakter of conductor q is a multiplicative function x of non-zero
integral ideals satisfying x(aor) = xf(a)xoo(a) for associated characters x s : (0p/q)* — S and
Xoo : FX — St with X primitive and X, continuous, and all a € o relatively prime to gq. By
convention, we set x(a) =0 for any ideal a with (a, q) # 1. The GréBlencharakters are in one-to-
one correspondence with idele class characters w: F*\Aj; — ST, 1 and the correspondence is such
that xoo = ws'. (Note that by a character we always mean a unitary character, and use the word
quasi- chamcter for the more general notion.)

Let Clg be the class group of F, and h its order. We fix a set {tj}?zl of finite idéles such
that the fractional ideals (t;) represent the ideal classes of F'.

Finally, we recall the standard notation of analytic number theory; we write f(z) = O(g(z))
or f(x) < g(z) to mean that there is a number C' > 0 such that |f(z)| < Cg(z) for all values
of x, where the set of possible z is taken from context. We write O, or <, to indicate that the
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number C' implied by the notation depends on the variable y; the reader should beware, however,
that this is mainly for emphasis, and we will not necessarily indicate every variable on which a
particular expression depends.

2. The classical case

In this section we sketch the proof of Theorem 1.1 in the classical case of holomorphic modular
forms for T'o(IV). For notational simplicity, we consider only trivial nebentypus character, though
that is not essential to the argument.

Let {an}22, be a sequence of complex numbers satisfying a,, = O(n?) for some o > 0, and
define f(z) =Y ..°, ane(nz) for z in the upper half-plane. By Weil’s converse theorem [Wei67],
f € Mp(To(N)) for some k € 2Z~o, N € Z~y if and only if the complete twisted L-functions

Als, [ % x) = 2m)T(s) 3 anx(n)n ™,
n=1

which are initially defined for R(s) > ¢ + 1, continue to entire functions of finite order and satisfy
the functional equation

Als, £ 0) = ex(n) T
for some € € {£1} and every primitive Dirichlet character y of conductor ¢ relatively prime to N.
We relax these assumptions by allowing A(s, f X x) to have poles when ¢ > 1, provided that all
twists, including those with (g, N) # 1, extend meromorphically to ratios of entire functions of
finite order, and that all poles are confined to a fixed vertical strip {s € C: R(s) € [o1, 02]}. This
follows from the hypotheses of Theorem 1.1 in the general setting.

(N2 A(k = s, f x X) (2.1)

We also consider the additively twisted L-functions
A(s, f, ) = 27|a]) T (s) Z ane(na)n™*
n=1

for a € Q*. These are likewise defined initially for (s) > o + 1 but, by Proposition 3.1, they can
be expressed in terms of the multiplicative twists A(s, f X x); thus, they also have meromorphic
continuation to C, with poles possible only for R(s) € [0, 03], and are ratios of entire functions
of finite order. Conversely, if x is a primitive Dirichlet character of conductor ¢, then

Mmszézmﬂm(f)

from which it follows that

S e DI

Hence, if we show that all additive twists A(s, f, @) are holomorphic for R(s) < k/2, then this,
together with (2.1), implies that A(s, f X x) is entire. Since any entire function that can be
expressed as a ratio of functions of finite order must itself have finite order, our hypotheses thus
reduce to those of Weil’s theorem, and the result follows.

Our starting point is an argument that goes back to Hecke. We have assumed that
A(s, f x x) is entire when x is the trivial character, and hence it must also have finite order,
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as remarked above. Hecke proved that these analytic properties, together with the functional
equation, are equivalent to the automorphy relation

f2) = (W)kf(—Nl) . (22)

Now, let & € Q* and set = —1/Na. We consider both sides of (2.2) evaluated at z = 3 + |8y
for a small y > 0. Using the Mellin transform identity e~ = (1/2mi) f%(s)za, I'(s)t* ds, valid for

any t, 0’ >0, we have

z) = ; ane(nB)e= 2™l — Z ane(nf)=— 57 /§R(5)0—+2 ['(s)(2mn|Bly)~° ds.

In view of the bound on a,,, we may change the order of sum and integral, to get

O (2n(8ly) Z ane(nf)n

27 R(s)=0+2 27” R(s)=0+2

A(s, f, B)y* ds

On the other hand, by (2.2), we have

1= x5 ) (wm)

and, substituting
L —atilaly -
————— =at o)y - ——————
N(B+ilBly) 1 —isgn(a)y

)

this yields

f(2) = e(~Na?)k/? i ane(na)e” 2™y (1 — i sgn(a)y) Fe (—W)
~ 1 —isgn(a)y

Note that if not for the correction factor (1 — i sgn(a)y) *e(—nay?/(1 —isgn(a)y)), which
is approximately 1 for small y, the right-hand side could again be expressed simply in terms of
A(s, f, ). Our strategy is to expand this factor in a Taylor series and treat each term separately;
to that end, we have

nay” 3 / o (=2mnlaly)’
(1—i sgn(a)y)—ke<1_isgzi(a)y) = Zo(i sgn(a)y) (1 —1 Sgn(a)y)—y—k(QjJ“/)
- Z Z (j TR 1> (i sgn(a)y)jJrZM
j=0 £=0 4!
3 o (m+k— 1\ (—2mn|aly)
= S smten > (")

7=0

converging absolutely for y < 1. Note further that for any M, K € Z>, we have

55 e 35 (" ) e

= —J J!

<Cmlaly a0 3 a3 (R () e

m=M 7=0 m=J J
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o0

< (mnlaly) KEI3/2)F Y (3y)merriol
m=M

<<k:,o¢,M,K yM(ny)—K€27rn|a\y,

for y < 1/4, say. Hence, we have

M-1 m 0o
k—1\y/tm @i
f(2) = e(~Na?)*/? Z (isgn(a))™ Z (m N > Z ane(na)e2mmlaly

il J
= e j! dy?

+ O(yM_K Z ]an|n_K).

n=1

Choosing K = || + 2, the error term converges and gives the estimate O(y™—%).

Applying Mellin inversion as before, we have

jtm g = Jjtm i 1
Y S Zane no)e”2rlely — v S A(s, f, )y % ds
7! dyJ J! dyJ 27 R(s)=0+m+2
1 P
= < 5 m)A(s +m, f,a)y”*ds.
270 JR(s)=c+2 J

Moreover, by the Chu—Vandermonde identity, we have

(e [ R Gl B !

Putting everything together, we arrive at

M—-1

2) = e(—Na?)k/? —isgn(a m L stm =k s+m, f,a)y °ds
J(2) = d(~Na2)2 3 (~i sgn(a)) .A(S)UH( )A<+ )y d

211 m
m=0

+ oM ).

Although we have assumed that y < 1/4 throughout this analysis, from the exponential decay
of f(z) and by shifting the contour of the above to the right, we see that the error term decays
rapidly as y — oco. Hence, we can take the Mellin transform of both sides, to get

M—-1

Ao £.8) = (=N 37 (st (T ) Al £ 0) 4 Haaa o),

m=0

where H, pr(s) is holomorphic for R(s) > K — M. Next, suppose that a« =a/q with a, ¢ € Z,
(a,q) =1, and let A be a non-zero integer =1 (mod ¢). Then e(na) =e(nAa) for all n € Z, so
that A(s, f, Aa) = |\|7°A(s, f, «). Replacing « in the above by A«, we have

m

M-1
AP TEA(s, fAT8) = e(=Na?)H? 3T AT (=i Sgn(o‘))m<
m=0

x A(s+m, f,a) + A Hyan(s).

s—|—m—k‘>
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Now, let T be a finite subset of (1 + ¢Z) N Q*, and let ¢y € C for each A € T'. Then

e(—Na2)k/2 Z (Z A ) (—i sgn(a))™ <8 * :Z - k>A(s +m, f,a)

AET
- ) cA\)\]S‘kA (s, £, A718)
AET
is holomorphic for R(s) > K — M.

Fix a non-negative integer mo < M. From the Vandermonde determinant, we see that as long
as T has cardinality at least M, we may choose the c) so that

ZCAA_m—{l = mo,
Fyer 0 if m+#mg
for all non-negative integers m < M. Therefore,

e(—Na?)F/2(—isgn(a))™o ( k) A(s+mo, f,0) = > exlATFA(s, £, A710)

AET

S+ mg —
mo

is holomorphic for (s) > K — M.

Recall that A(s+ mo, f,«) can only have poles in the strip {s€ C:R(s) € [o1 — mo,
o9 — mp]}, while the sum over A\ € T' is holomorphic outside of {s € C: R(s) € [o1, 02]}. Choosing
mo > o9 — o1 and M >mg + max(0, K — o1), we see that (Smk) (s, f, @) must be entire. In

particular, since (‘Zf) has zeros only at integers >k > k/2, A(s, f, «) is holomorphic for
R(s) < k/2, and this concludes the proof.

3. Additive and multiplicative twists

In this section we describe the functions that play the role of the additive twists in the preceding
argument, and the transition between those and the multiplicative twists by Groflencharakters.
Let A be a function of integral ideals satisfying A(a) = O(N(a)¥) for some K >0, so that the
corresponding L-series L(s, A) =), AM(a)N(a)~® defines an analytic function for R(s) > K + 1.
Given a Groflencharakter y of conductor q, the multiplicative twist of L(s, X) by x is the series

L(s, A x x) Z)\ N(a)~®.

Next, let Ty ={e €0} :e=1(mod q)} and note that, for any z € q~'0~! N F*, the function
Yoo (2)Xoo(2) is unchanged if z is replaced by ez for any e € I'y. Thus, we may define

() xo) = o D0 1) (2),

0r:
or T 27

which is a function of principal fractional ideals generated by such z. Let {aj}?zl be a fixed set
of fractional ideals representing the ideal classes of F'. Then, by an additive twist, we mean a
series of the form

L, (5, A, @, Xoo) = Z )\(a)eq(aa;l(oz), Xoo)N(a)™%,

ana;

where a € ajbfqul N F* and the sum runs over non-zero integral ideals a in the class of aj;.
Note that for given o and X, if q; and g5 are ideals such that « € ajb_lqi_l NF* and Yoo is
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trivial on I'y, for ¢ =1, 2 then eql(aaj_l(a), Xoo) = eqz(aaj_l(a), Xoo); hence, we are justified in
omitting q from the above notation.
The precise result that we prove in this section is the following.

PROPOSITION 3.1. Let \ be as above, and suppose that L(s, \) factors into an Euler product
of the form Hp(l/fp(N(p)_S)), where f, is a polynomial for each prime ideal p. If X = X fXoo
is a Grofencharakter then the multiplicative twist L(s, A x x) is a C-linear combination
Sy CiLa,, (8, A, @i, Xoo) of additive twists. Conversely, any Lq, (s, A, @, Xo) may be expressed
in the form Y ", D;(s)L(s, A X x;) for certain finite Dirichlet series D; and GroBencharakters
Xi = Xi,fXoo-

3.1 Multiplicative to additive twists
1

Let x be a GréBencharakter, as above. For a fixed ideal class j, we choose u; € a;9 1q~! —
Up‘q ajb_lq_lp and vj € a; — Up|q a;p. Let a be an integral ideal in the class of aj, so that

a=(v)a; for some v € F*; then v = v;lb for some b € op. Similarly, multiplication by u; defines
an 0p-module isomorphism between op/q and ajb_lq_l / ajb_l. Consider the sum

> X((u5 a))eq((7), Xoo)-

aca;o g7 /a0 1
coset reps. aeF'*

It will be clear from the discussion below that the summand does indeed factor through
ajbfqul / ajbfl; for now, we may just consider it as running through any particular set of
non-zero coset representatives. By the above remarks, the sum equals

Z Xoo(T)xf(w)eq((VujT), Xoo) = Z W Z Yoo (MY ) Xoo (YU ).
z€op/q ve(op/a)x  CF A nETG\0%
(3.1)
Note that we may restrict to « € (op/q)* here, since otherwise x () vanishes.

Changing the order of summation, we get

Y ) Y X @),

:T
[OF 9 nelfg\oy x€(op/q)*

We write v =0b/v; with b€ op in the inner sum. Note that the inner sum vanishes unless b is
invertible mod g, in which case we may replace = by (nb)~!'x. We arrive at

! D Xeolmbui/vp)xp(mb) D xp(@)vee(wjz/vg).

<
T
[OF q] n€Tq\o % z€(op/q)*

Now, for any character £ on (0p/q)* and z € 71071, let 74(2, £) denote the Gauss sum

Y E@)vu(wa).

z€(op/q)*

We then recognize the inner sum above as 74(u;/vj, X ). Since ((u;/v;)q0, q) = 1, it has modulus

VN (q), by [Neu99, VII, Theorem 6.4]; in particular, it is non-zero. Moreover, the fractional ideal
v;)"ta; is also prime to g, and hence we have
J j q

s ) = x{ () = () = M
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Thus, the dependence on 7 disappears, so we get

Xoo(U; /v)7q(u;/v5, Xy)
x((vj)~tay)

x(a) = rjx(a), (3-2)

where x; is a non-zero number independent of a. Finally, we have

SAMD St Y M) X Nean @) V@ 63)

a Jj=1 aca;o g7 /a0t anva;
coset reps. a€F'*

Thus, every multiplicatively twisted L-function is indeed a linear combination of additively
twisted ones.

3.2 Additive to multiplicative twists

Next, we need to express each additive twist appearing in (3.3) in terms of multiplicative twists.
To that end, we consider the C-vector space V' of Dirichlet series spanned by those of the form
N(m)~*L(s, A X x), where x is any GroBencharakter and m is an integral ideal. We will show
that this space is closed under additive twists; in particular, any additive twist of L(s, A) may
be expressed as a linear combination of multiplicative twists, with coefficients that are Dirichlet
polynomials.

Let x = XfXoo be a Groflencharakter, as above. A calculation shows that

- e (2) = Xe=l2)_ (e
€q((2); Xoo) = 0% T FZ ) Yoo (m2)Xoo(n2) = 1755 ; a(z,6),  (34)
nelq\op £€(or/a)*

Xf§|u§:1

where, in the latter sum, £ runs over all characters of (0r/q)* that are inverse to x; on the
image of 0.

Now, suppose that q = q;q5 is composite, with (q;, q3) = 1. Then we also have a factorization
of the characters & as &1, where § is a character on (op/q;)*; the corresponding
Gauss sums satisfy the identity 74(2, £) = 74, (21, &1)7q, (22, £2), Where 2; € q; 107! satisfy z =
z; (mod q;971071). Then we have

&)= Y G@isen)= Y Gl Y Gmsyz).

w€(0r/a;)* ve(or/a)* /(0F/Tq,)  meof/Ty,

Now, since q; and g, are relatively prime, we may assume that the coset representatives y € op
are chosen to lie in qqi_l. It follows that ¥eo(nyzi) = Yoo(nyz). Moreover, there are characters
Xico : Fl — S which complete 5;1 to Groflencharakters, i.e. such that 5;1(6))@'70@(6) =1 for all
€ € 0, and we may choose these to satisfy x1,00X2,00 = Xoo- Thus, we get

&i(y)

Tq, (i, &) = Z Yioo(y7) Z Yoo (NY2) Xi,00 (MY Z).
yE(UF/qi)X/(O;/Fqi) ’ ﬂeofw/rqi
coset reps. yeqq;1
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Substituting this into (3.4), we have

1
€q((2); Xoo) = 1(or/0)"| Z Z Z

¢€(or/a) y1€0r/a)*/(05/Tay) y2€(0r/a5)* /(07 /Tay)
Xf5| «=1 coset reps. y1€qsy coset reps. y2€4q,

0

F

&y)  &(y2)
X1,00(¥1) X2,00 (Y2
Thus, if Y, v(a)N(a)~® is any Dirichlet series, then the additive twist

>~ vl@eg(an; (@), xoo) N(a)

a~a;

) €q, ((ylz)v Xl,oo)qu ((yQZ)a X2,oo)-

is a linear combination of series of the form
Z v(a)eq, (aa; " (1), X1.00)€q, (005 (ay2), X2,00) N (@) .
ana;
In other words, the additive twist by eq; may be built out of twists by e, and eg,.

Hence, it suffices to show that V' is closed under twists by eq with q=p" a prime power.
Suppose that N(m)™* Y v(a)N(a)~® is a typical basis element of V', so that v is a multiplicative
function of integral ideals. Then the corresponding additive twist is the series

Z y(a)epr(maaj*l(a), Xoo) N (ma)™*

a~m~la;

o0 k
—S ) ST u(B)ey (pFmba; (), xe )N (mb) (35)
(bp)=1
bpFm~la;
where o € a;07'p~". We handle first the terms for k < r — ord,(m). Without loss of generality,
we may assume that m is relatively prime to p, for otherwise we may simply replace k by
k + ordy(m) and m by p~°"%(™m in what follows. For a fixed k, we have p~*m~'a; = (3)a; for
some 3 € F* and 1 < j' < h. Further,
1

[of : Tyr]

D Xeo(02)tho(2), (3.6)

neElyr \0;

epr (pkmba;1 (@), Xoo) =

where (z) = pkmbajfl(oz) C pF"mbo~! C pF¥ 071, so that z € pF~"0 L. A calculation shows that
the sum vanishes unless xo is trivial on I'yr—x, in which case we have

Epr (pkmbagl(a)a Xoo) = ep**k(bajjl(a/ﬁ)a Xoo)'

Now, in the previous section, we derived the identity

T , _ Xoolu;/vj)7q(ws/vj, Xr)
xe(%:/q)x Xoo (T)xf () eq((Yujz), Xoo) = X((Uj)q_laj) x(a).

It is not hard to see from the proof that this holds even if x ; is an imprimitive character mod q.
Hence, we may sum over all 7 : (0p/q)* — S! such that xf(€)xoo(€) =1 for all € € 0, to obtain

1 3 xoo(uj/vj)Tq(uj/vj,Xf)x(a)

L, = eq((yu, =S
eq(aa; (1), Xoo) = €q((715), Xoo) [(0r/q)~] o x((vj)~1aj)

xs€E(or/q)>
XfXool x =1
F
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for any integral ideal a with (a,q) =1. Applying this in the present situation with q=p"*,
J replaced by j' and u; = /3 (note that o/f € ajfb_lpk_r — ajfb_lpk_”'l, since (m,p)=1),
we see that epr_k(baj_,l(a/ B), Xso) is a linear combination of x(b) for GréSencharakters y of
conductor dividing p™~*. Thus, the inner sum in (3.5) is a linear combination of multiplicatively
twisted series N(m)™* >~ p~ay, v(b)x(b)N(b)~°. This in turn is equal to

(bp)=1

=S ) N ST s (BN (b)
¢eClp (b,p)=1
where the outer sum ranges over all characters ¢ of Clp. Finally, the inner sum is simply the
full series >, v(b)x(b){(b)N(b)~* with its Euler factor at p removed; from the hypotheses, that
factor amounts to a polynomial in N (p)~*.

It remains only to treat the terms with k> r — ord,(m) from (3.5). For those, we see from
(3.6) that eyr (pkmbajfl(a), Xoo) 1s identically zero unless x is trivial on 0, i.e. xoo is the infinite
part of a GroBencharakter x of conductor o, in which case it equals xoo(z). Thus, we have either
zero or the sum

> > v(p"b)x(p*mba ! (a)) N (pFmb) .

k>r—ordp(m)  (b,p)=1

b~p~Fm—lay

Again, by summing over ideal class characters £, we arrive at
1 - _ s v(p")x ()€ (p"* v(6)x(b)€(b
E Z f(aj) lx(majl(a))N(m) Z ( zv((p)k)s( ) ( ) ( )s( )
§EC/1; k>r—ordy(m)

Now, the sum over k is simply the Euler factor at p of >, v(b)x(b){(b)N(b)~%, with the first
r — ordy(m) terms removed. Hence, we have

v(pF)x (pF) € (p* v(b)x(b)E(b
> (p)x(p)i(p)z ()X()f()

k>r—ord,(m) N(p)*s (b,p)=1 N(b)
-y v(b)x(b)¢(b) < 3 V(Pk)X(Pk)ﬁ(Pk)> 3 v(b)x(b)¢(b)
b N(b)® k<r—ordy (m) N(p)*s (b,p)=1 N(b)®
As before, the restriction to (b, p) =1 and the remaining sum over k£ amount to polynomials in

N(p)~*.

4. Some generalities of the GLy theory
Let 7 be as in the statement of Theorem 1.1. We write V; to denote the space of 7, W (my, 1)
the 1,-Whittaker model of m, for each v and W (rm,¢) =@, W(m,, ¢,) the global Whittaker
model of m. Let M be the conductor of 7; we have M =[], . p{f(ﬂ”), where f(m,) =0 whenever
7y is unramified and f(m,) > 0 otherwise. Let
* Xk f(my)
(O 1> mod p;)

*

Ko,v(p{j(m)) = {g € GLa(0y) : g = (0 :) mod p{(“”)}.

K1,U(P5(m)) = {g € GLa(0y) : g

and
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Now, set K1 (M) = [I,-o Kio(pi™) and Ko(M) =[], Koo(pl™). The definition of 9t is

such that the dimension of the space of K Lv(pg(ﬂ”))—ﬁxed vectors in 7, is 1 for each finite v.

v<oo V<00

Moreover, Kom(pfj(m) ) acts on this one-dimensional space by the central character wy,, where
wr, determines a character of Kow(p{(ﬂ”)) via (25) — wg, (d) if f(my) >0, and 1 otherwise.
Note that for an archimedean place v, V;, is by definition a Harish-Chandra module, which
is not equipped with an action of GLy(F,). Since we consider only unitary representations at
archimedean places, V., can be realized as the space of K,-finite vectors (where K, is the
standard maximal compact, as defined below) in some unitary representation of GLga(F,) on

a Hilbert space b,, which is unique up to isomorphism. Further, the space of smooth vectors
hoo C b, is the canonical Casselman—Wallach completion of Vi, . Let

’UlOO V<00
be the smooth extension of V.

There is an intertwining map, unique up to scalar multiplication, from V> onto W (m, 1)),
which we will denote by £ +— W¢. Let ®(7) denote the set of all functions of the form

NOEDY W§<<’7 1>g> with € € V°, g € GLa(Ap).

yeFX

Then ®(7) is GLa(Afp)-invariant under right translation.

4.1 New vectors at the finite places
For each finite place v there is a unique choice of &, € V., called the new vector, such that We,

transforms via the central character wy, for the action of K, (p{(m’)) and ng((dil 1)) =1, with
d as in §1.1. It satisfies

s—1 1 s
Lowe (7)1l = zs )
Fy

4.2 Archimedean Whittaker functions

In this section we review some facts about the representation theory of GLy(F),) at archimedean
places v, and describe a choice of test vector &, such that the associated Whittaker function has
Mellin transform L(s, m, ® w,) for a given local character w,.

Set K, = O2(F,) for v € Sg, and K, = Ua(F,) for v € Sc; then K, is a maximal compact
subgroup of GLy(F,). The irreducible representations of K, are indexed by non-negative integers.
(See [WeiTl, ch. VIII], for example.) Let pn, N € Z>p, denote all such representations. Then
the restriction of m, to K, decomposes into a direct sum of irreducibles. The smallest non-
negative integer N such that 0 # py C 7|k, is called the weight of m,, and we will denote it
by k(my,). Moreover, if py, and py, are non-trivial constituents of m,|x,, then N; = Ny (mod 2)
(cf. [WeiT1, ch. VIII]).

4.2.1 Real places. Suppose that v € Sg. For any two quasi-characters p; and ug of F)* =R*,
form the induced representation B(u1, p2); it is an admissible (gly(R), K, )-module. (See [JL70,
ch. 1, § 5] or [God70, §2]; the latter provides a concise exposition of such representations.) Let us
write u; = || - ||% sgné, v; € C, ¢; € {0, 1}, 0 =1, 2. Then B(u, p2) is irreducible unless vy — vo is a
non-zero integer and €1 # €. When B(u1, p2) is reducible, its composition series is of length two
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with a unique infinite-dimensional factor; if we take 11 — 5 to be a positive integer (as we may by
swapping p1 and pe if necessary), then this factor is the unique invariant subspace of B(j1, p2)-
We shall denote by 7(u1, p2) the representation B(uq, pz) if it is irreducible, and by o (1, u2) the
infinite-dimensional factor in the composition series otherwise. The representation o (1, p2) is
called a discrete series, while the representation (1, o) is called a principal series unless vy = v
and €1 # €2, in which case it is a limit of discrete series.

Moreover, these types exhaust the infinite-dimensional representation theory of GLo(F},), i.e.
any infinite-dimensional irreducible 7, is isomorphic either to a principal series representation
with €1 < ez or to a discrete series or limit of discrete series representation with vy — vy € Z>g and
(€1, €2) = (0, 1). In these two cases we have, respectively, k(m,) = €2 — €1 and k(m,) =v; — v + 1.
We set v(m,) = (v1 — 12)/2 and €(m,) = €1. Further, we write Sg = Sq U Sp U S1, corresponding
to those places v for which 7, is a discrete series or limit of discrete series, weight 0 principal
series and weight 1 principal series, respectively.

For any &, € V,, let W, denote the associated vector in the Whittaker model W (7, 1,).
We have a decomposition of V;, into weight spaces for the action of SOy (F,) C K, i.e.

Vi, = 1A%

Ty )

kek(my)+2Z
where

£ € Vrgf) — W, <g< cosf sind

_ iko
—dinf  cos 9>> =e"We, (g) for all g€ GLy(F,),0 € F,.

It is known that each Vﬂ(f ) has dimension at most one; precisely, it is one dimensional for every
k = k(m,) (mod 2) unless 7, is a discrete series representation and |k| < k(7,), in which case

ARNEETY

For each k, we choose a basis vector &(,k) for V#f ) (or 0 if this space is trivial), and set
Wi = W ) for shorthand. Further, let

R =sn 7w (V) verr

We can choose the basis vectors in such a way that the fi are related by raising and lowering
operators (see [God70, p. 2.19, Equation (77)] or [JL70, Proof of Lemma 5.13.1]):

2v(my) + 1+ k) frra(y) = 20 £ (y) — (dmy — k) fi(y),
2u(my) + 1= k) fe2(y) =2y (y) + (4my — k) fi(y),
from which one concludes that [God70, p. 2.20, Equation (78)]?

1/4 —v(m,)? 2wk
;’J(y)+</ yQ( Sy "

(4.1)

- 47T2> fu(y) =0.

Moreover, by considering the action of WU((_l 1)) on the 51(}k), one finds that [God70, p. 2.7,
Equation (21)]

For(y) = (=) fi(=y). (4.2)

2 The equation in [God70] is incorrect; the constant 1 in (78) should be replaced by 47°. This is a consequence of
replacing u by 27u as explained in the footnote on [God70, p. 2.19].
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These identities, together with the fact that fi(y) must have moderate growth as y — +oo,
uniquely determine the family f; (and hence also Wj) up to multiplication by a scalar, which
can be chosen a posteriori. (In fact, this is essentially the proof of the local multiplicity one
theorem; see [JL70, Lemma 5.13.1].)

For any v € C, let k,(y) = 4+/|y| K, (27|y|), where K, is the classical K-Bessel function; then
Kk, satisfies the second-order differential equation

v ry(y) + (5 — V2 = 47y )k, (y) = 0. (4.3)

Moreover, £, (y) ~ k1 (y) = 2e~27¥ as y — +00, and

N|=

-1 dy
[ ooyt 5 =Ta(s + n)la(s =) (14)

For v € Sy, one can check that fo(y) = sgn(y)e(””)/iy(m)(y) satisfies all of the above conditions,
and the other fj are then determined by (4.1); in particular,

_ ysen(y) ™)
v(m) + &
For v € S1, one checks using (4.3) and the identities

fr2(y) (Ko (my) (V) F 27 h () (1))

yr,_1(y) =vr, 1Y) = 27lylr, 1 (v),
/ —
Yk, 1 () = —vk, 1 (y) = 27lylR, 1 (y)
that the choice
(v)

fr1y) = |y|1/2K’V(7r,U)— (y) = Sgn(y)\yll/%y(mn

works. Similarly, for v € S;, we may take

1 1
2 2

4yk(mo)[2e=2my if 4 > (),

_ — (14 k(ry)/2 _
fi(m)(y) = (1 +sgn(y))|yl K1/2(y) 0 ity <0,

Given a character w, of E)Y, we choose a test vector &, such that Wg, = 3(Wj +
(—1)clmo) el 1), where k= k(m,) unless v € Sy and e(w,) # €(m,), in which case we take
k = 2. With this choice, one can verify using (4.4) and (4.2) that we can choose the constant of
proportionality so that

/va We, ((y 1>>wv(y)HyHi2 d*y = L(s, m @ wy)
Tr(t + |e(wy) — e(my)| + v (7)) TR(E + |e(wy) — €(my)| — v(7y)) if v € Sp,

Ir(t + |e(wy) — €(m)| + v(m))TR(E + 1 — |e(wy) — €(my)| — v(my)) if v e S,

Tc <t + k(W”Q) - 1>

where t = s+ v(wr,)/2 + v(wy).

if v € Sy,

4.2.2 Complex places. Suppose that v € Sc, i.e. F, =C. The situation here is similar to
the real places except that there are no discrete series representations. To be precise, m, being
an irreducible admissible generic representation of GLy(F,) can be realized as a full induced
representation B(u1, p2) (see [JL70, ch. 1, §6]). We denote this representation by 7(u1, p2).
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For such a m,, let pu(2) = pipy 1(2). By interchanging p; and po if necessary, we may suppose
that k(un) =k(u1) — k(pe2) = 0; then in fact k(m,) = k(p) [JL70, Lemma 6.1(ii)], and we define
v(my) = v(w)/2. In particular,

TolSUs (7)) = Pr(p) @ Pr(wy+2 D~ 5

where py is the unique (N + 1)-dimensional irreducible representation of SUs(F;,) which acts
by right translation on the space Vi of homogeneous polynomials of degree N in two variables.
Let us fix the basis

{XNFR)/2y (N=F)/2 . |k < N, k= N (mod 2)}

for Viy. If py C my, there is an inclusion iy : Vy — W (my, ©) which commutes with the action of
SUs(F,). For each N > k(m,), let Wy ;. be the image of the monomial X V*+k)/2y (N=k)/2 Uging

the identity
y ox\_ (lyl ) (u
(D=0 )

where z € F,, y € F* and u? = y/|y|, we have

PG e ()

Let fn 1 be the function on R given by

ratt) = waa( () reRen

It is shown in [JL70] that the functions fyj satisfy the differential equations?

(N + k) k=2t N”“f(t) = fia(t) — (1 k) ! J/V’f(t)
— 2 _ T VT 2
+ |:(2 k) (kitzv) +4 ( U)) _ 167T2:| fN,k(t)u
, (4.5)
Ami(N — k)fN”“ZQ(t) = fi ) — (1 + k)fN’f( )
2 Ty ) — alV(T 2
+ |:(2 + k) (kit;) 4 ( U)) _ 167T2:| fN,k(t)a

analogous to (4.1) in the real case.

For fixed N, these equations, together with the condition of moderate growth, determine
the family of fy; up to scalar multiplication. In particular, in the boundary cases k= +N
and N = k(m,), one can show that fy(t) is proportional to tHN/zKQV(M)ij(M)/z(47rt) and
t”k(“v)ﬂKgy(,,v),k/z(47rt), respectively (cf. the proof of Lemma 5.2 below).

We now describe our choice of Whittaker functions at v. Let w, be a fixed character of F,,
and set | = —k(wr,) — 2k(wy), N = max(k(m,), |I|). Then we pick &, such that W, = W ; note
that this is always one of the boundary cases described above. Using the identity

o0 . dt 1 N N
/0 t1+N/2K2V(47Tt)t28 1? = EFC <S + Z + 1/> I'c (3 + Z — V>

3 As pointed out in [Pop08], the equations in [JL70] are not exact; the factor u there should be replaced by 47u.
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and the above formulas for fyj, it is straightforward to check that we can choose the constant
of proportionality so that

Lowe((" ) )l

= 25,1, ) =Te e+ u(m) + E4T N e (1= vy EEEEI),

where t = s + (v(wr,)/2) + v(wy).

4.3 Bounds for the archimedean parameters

For v € S, let m, be as in §4.2. In particular, m, is either a 7(u1, u2) or a o(u1, pe) for some
quasi-characters p1, pe. Using the classification of irreducible unitary generic representations of
GL2(F,), in the notation of §4.2, one has

R(v1) + R(ve) =0 if mp = o (p1, p2),
RO, IR(2)] < 1/2 if 7 = m(ur, o).
In particular, for v € Sy U Sy U S, we have [Rv(m,)| = [R(v1 — v2)|/2 < 3. As a consequence, note
that, for any character w, of FX, L(s, T, ® wy) is holomorphic in a right half-plane R(s) > 5 — §
for some § > 0. Also, recall that if m, = m(u1, u2) is a local component of a global unitary cuspidal

representation, then the Ramanujan conjecture predicts that 7, is tempered, i.e. R(v;) =0 for
1=1,2.

4.4 Fourier coefficients and Dirichlet series

For each v < o0, let &, € V., be the new vector introduced in §4.1; for v|oco, let &, € V., be as
defined in §4.2, with w, equal to the trivial character. Set £ = @) &,; then by construction we

have
Mo =NoE [ (7 )ity (46)

In this section we will write L(s, 7) as a Dirichlet series and describe the Dirichlet coefficients
explicitly in terms of the finite part of the Whittaker function We. For y € A%, z € Ap, we have

(1) = 2wl 7)) = 3 v (())

yeF* yeFX
= ¥ actmntae (),
yeF>

where ag(y,7) = [T« We, (" 1)) and We,, =1, o We,. Observe that ag(y,v) depends only
on the finite part y¢ of y. Moreover, for v < oo and z € o, we have

() (3" )

for all a € F¥. Consequently, (¢,(az) — 1)We, ((* 1)) =0, and hence W, ((* 1)) #0 = acd, .
Therefore, ag(y,v) =0 unless (yy) C 971, and thus

<Z>s(<y ”f)); > ag(yav)w(vx)wﬁm«wm 1))

ye(y) o inFx

685

https://doi.org/10.1112/50010437X10005087 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X10005087

A. R. BOOKER AND M. KRISHNAMURTHY

In particular, setting x = 0 in the above equation and using the fact that a¢(y, v) = a¢(y, ey) for
all € € 07, we may break the sum over v into equivalence classes modulo 0 to obtain

¢§<<y 1>> :weoé\((y)zl:vlﬂFx) A 77%"; e <(n’yyoo 1>> o

ext, since the function y+— is invariant under multiplication by elements o
Next, since the functi ¢¢((Y)) is invariant und Itiplication by el ts of
[I,<o 0, by strong approximation we may rewrite (4.6) as

-5 g—1
e [ oc (V1) )it
FX\AL/TT, 00

h
1 005 bj s—2 s—1
v [ S () Y
o\

1

=

A(s,m)=N(d

where the ¢; are the finite ideéles defined in §1.1. Using (4.7) and replacing yoo by 75 yso in the
above integral, we get

lfs 57l liS
A(s,m) =N(@)2~* ) > ag(tj, ML= 1vlls

J=1 yeof\((¢) "o~ 1nFX)

s—1
. / Ve ((ym 1))\\%0”00 F Y (48)
F

Now, for any non-zero integral ideal a in F', set

)\ﬂ'(a) = a{(tj) ’Y) N(Cl),

where j, 1<j <h, is the unique index such that a=(v)(t;)0 for some v € F. Noting that
I7]lcc = N (), it follows from (4.8) that

Mom) = 3 st T Es. )

v|oo

Ar(m)
L = .
(57 7T> ; N(a)s
Moreover, it can be checked that the Dirichlet coefficients A (a) are multiplicative, i.e. A;(ab) =
Ar(@)A(b) if a+b=o0p.
Next, we consider the integral

Lo oe(w(™ ) ety
FX\AY

where w = (_1 1). A simple calculation using the fact that the central character w, is trivial on

F* shows that this is
_1
H/ We, (w(y” 1>>Ilyv|i Py,
v Ef

Now, using [JL70, Theorems 2.18, 5.15 and 6.4], keeping the notation there, we see that

s_1 1 _
Lowe (o™ )il @ =1l s m L -5 7). (49)

v

and thus
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Thus, we obtain

/FX\A§ ¢>§(w<y 1))‘“/”8_% y=NQ@)* 2e(s, M)Al = 5, 7), (4.10)

where A(s,7) =[], L(s, T,) and (s, ) =[], €(s, my, 1y). For v < oo, the local epsilon factors
€(s, my, Py) are given by
s— f ) (5—s
(5, T 1) = €l YuJoom, (Al |25l ™, (4.11)

where €(my, ¥,,) is a complex number of unit modulus called the root number of m,. (Note that
1, has conductor 9! = (d;!).) Moreover, they satisfy the functional equation €(s, 7, 1, )e(1 —
S, Tyy Yy) = wr, (—1) for all v.

Note that

)L T A (G o R P
/FX\A;%(”( )ty /M;% L) )o@yl 2 dy (412)

and
¢§(<y1 1)w>w7r(y)= > dg(ylm)Wgoo«w“l 1>w>wnw(’yyool)l,

yeEFX

= UI:L W, ((WU_l 1>w> wr, (yyy )7

As above, we see that ag(y, ) is invariant under y — uy for u € [, 0., and a¢(y, v) = 0 unless
v € (y)M 107!, Thus, we have

<¢>g<<y1 1)w>ww(y) = > ae(y™", )

yeop\((»)o 1N~ NFxX)
—1
MY —1y—1
X Z Wgoo << 1)71})0071—00(777:1/00 ) °
neoy

Substituting this into (4.12) and using (4.10), we obtain

where

N@)* 2e(s, )AL — s, 7) Z > et L1

J=1 yeo i\ () inFx)

1
x /FXW'EOO((yOO 1>w>wﬂ'oo(y00)_1||y00||020 dxyoo. (4.13)

Now, for any non-zero integral ideal a, set ar(a) = ag(t; 1 v)/N(a), where j is the unique
index such that a = (y)M0(¢;)~! for some v € F. Then it follows from (4.9), (4.11) and (4.13)
that

wr(d)es(m, )L —5,7) =) N(ag?

where €y (m, ¥) =[], .o €(70, 1y). Consequently,
ar(a) = wr(d)ef(m, ) Az(a).
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Recall that es(m, ) is of unit modulus, and satisfies the identity
€f(7T, ?ﬂ)ef(ﬁ, ¢) = H w7rv(_1)‘

<00

5. Proof of Theorem 1.1

With these preliminaries in place, we can now proceed with the proof. Firstly, it is well known that
for almost all places v of F' the representation m, is unramified; for such a v, let (a” ﬁu) € GLy(C)
be the corresponding Satake parameters associated to m,. Since the products defining A(s, 7 ® w)
and A(s, T ® w™') converge for R(s) > o, it is not hard to see that the inequality ||, |Bo| < ¢7
must hold for some ¢’ > 0. Moreover, from the functional equation, it follows that all poles are
confined to the strip {s€ C:1 -0 < R(s) <o}

5.1 Reduction to additively twisted L-functions

Let w be an idele class character. We aim to show that A(s, 7 ® w) is entire, so that our hypotheses
reduce to those of the traditional converse theorem. Let x,, be the Groflencharakter associated
to w. Suppose that L(s, m) has Dirichlet coefficients A, so that

L(s,m) =Y Ar(a)N(a)™".

The relationship between the classical and adelic formulations of the twisted L-functions is such
that

L(s, A\ X Xw) = H L(s, Ty @ wy),

<00
wy unramified

ie. L(s, \x X Xw) is L(s, 7 ® w) with its Euler factors removed at all places v for which w, is
ramified. When m, is unramified for all such v, the relevant Euler factors are 1, so the finite
twisted L-functions agree. However, when 7, is also ramified, the local L-factor L(s, 7, ® wy)
may be non-trivial, and removing it amounts to multiplying by a polynomial function of ¢, *.
That could cancel a pole of A(s, 7 ® w), invalidating our subsequent arguments.

To get around this problem, we apply a version of the converse theorem [CKM04, Lecture 10,
Theorem 10.1] that allows one to twist only by those characters w that are unramified at places
v in a given finite set .S; in our case, we can choose S to be the set of finite places v for which m,
is ramified.* The expense of doing so is that we only conclude quasi-automorphy of 7, i.e. there is
an automorphic representation IT such that m, = II, for all v ¢ S. To conclude full automorphy,
we apply the standard ‘stability of y-factors’ argument [CKMO04, Lecture 6, §5]. Precisely, we
fix a place u € S and a local character w,. We then consider idele class characters w which have
component w, at w and are highly ramified at all other places v € S. One knows then that the
local functional equations are the same for 7, ® w, and II, ® w, for all places v # u. We also
know that the global functional equations hold for A(s, 7 ® w) and A(s, II ® w). Together these
imply that the local functional equations for 7, ® w, and Il, ® w, agree, and it follows that
Ty =11,

Thus, we may assume without loss of generality that w, is unramified for all v € S, so we
have L(s, ™ ® w) = L(s, A\x X Xw). By Proposition 3.1, this L-series is a C-linear combination

* This is essentially Weil’s version of the converse theorem [Wei71, Theorem 7], though he stated his results in
somewhat different language.
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of additive twists Lq, (s, Ar, @, wy'). We define a complete version of these additive twists by
attaching the same I'-factors as in A(s, 7 ® w); precisely, we set

A, (5, A, wo_ol) = N((a)_laj)s_%Laj(s, A, O, w;}) H L(s, 7y @ wy).

v]oo

(The exponential factor N ((a)*laj)s_% turns out to be a convenient normalization;

see (5.6) below.) Then A(s,7®w) is a linear combination of terms of the form
1

V(@) 1a;)5 A, (5. A v 05,

On the other hand, by the converse direction of Proposition 3.1, Lg,(s, Ar, a,wyl) is a
linear combination (with coefficients that are finite Dirichlet series) of multiplicative twists
L(s, A\r X Xw ). Again using the fact that passing from adelic twists to classical twists involves
multiplying by a Dirichlet polynomial (which in this direction is harmless), we see that
La, (8, s v, wzl) is also a combination of adelic twists L(s, 7 ® w’). Moreover, the w’ that occur
in this expansion satisfy w.  =ws, and it follows that the corresponding L-functions have the
same I'-factors. Hence, Ag; (5, Ay, wl) is a linear combination of complete twisted L-functions
A(s, m ® w'), with coefficients that are entire. Our hypotheses thus imply that Ag, (s, Ar, @, wh)
is meromorphic, with poles confined to the strip {s€ C:1 — o < R(s) < o}.

Note that the above remarks apply equally well with 7, w replaced by 7, w™!, respectively.

Because of the structure of the argument, it will be convenient to show first that A, (s, Az, @, Xoo)
has no poles for R(s) < 1/2 for arbitrary a, xoo; thus, A(s, ¥ ® w™!) is holomorphic for R(s) < 1/2
as well, for any w as above. Reversing the roles of 7 and 7 in the argument, it then follows from
the functional equation that A(s, 7 ® w) and A(s, ¥ ® w™!) are entire, as required.

5.2 Automorphy relations from unramified twists

We begin by showing that for any £ € V; that is K (9)-invariant, ¢¢ satisfies an automorphy
relation akin to (2.2) from the classical argument. We say that a representation 7 satisfies
condition A,, where w is a character of F*\A%, if A(s,7®w) and A(s, 7 ® w™!) are entire
functions bounded in each vertical strip of finite width, and satisfy the functional equation

As,TQw)=€(s,T@W)A(l — 5, T Qw™1).

For our particular m, note that the hypotheses of Theorem 1.1 and the Phragmén—Lindelof
principle imply A, for all w that are unramified at every finite place. We recall a lemma due to
Piatetski-Shapiro, which generalizes a result proved by Jacquet and Langlands [JL70, Proof of
Theorem 11.3].

LEMMA 5.1 [Pja75, Lemma 4]. Let X C A;f be a compact subgroup. Assume that M is a linear
subspace of ®(7) and

¢<<a“" 1)>:¢<<“ 1)) for all p € M,a € A%, x € X.

If A, is satisfied for all characters of F*\A}. which are trivial on X, then, for any ¢ € M,

() -olol* ) mranocar

where w = (_1 1).
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X
v<oo Ov

We take X =]] and M to be the linear span of {R(1 (%o,o))gbg  Too € Foo}, where

1
R, denotes the right regular action by g € GLa(Ar). Applying the conclusion of the lemma to

R(1 (zoo,O)) gf)g, we have
1

()0 el )0 )

for all zo € Fio,a € Af. Choosing o, = ax! B for some B € F*, we have (“ 1) (1 (‘%i”o)) =

(a (5°i°’0)); finally, replacing a by (Bsctoo, ay), we get

e () O O] (o otw) 0 o)

for all a € Ay and 8 € F*.

5.3 Producing additive twists

Define class group representatives a; = (tj_l)‘ﬁb and a; = (t;)0. Suppose that we are given a j,
1 <j < h, a non-zero integral ideal q and a continuous character X0 : Iq\FX — S L. we regard
these data as fixed from now on, and will not explicitly indicate their dependence in various
expressions. Set X, = wr. Xoo and choose £ € V. as described in §4 so that &, is the new vector

at all finite v and
Yy P oN—1 15T g -1
Lowe (%)) ol ay = 2ism e )

for v|oo. With this choice fixed, we define, for o € a;0q71 N F* and y € F,

B(y, a) = Xéo(y)lqﬁg(((ﬁ”y’ ) (6“’1’ O)>>,

where 3 = —a~!. Further, let T be a finite subset of (14 q) N F* containing 1, to be chosen
later, and set

g =qNMNnN ﬂ (A8~ Hd)o.
AET

Then A3 € a&bq’fl N F* for every A € T, and x/, factors through I'y\ F$. We have

Dy, @) = Xoo¥) " D W€<<7(ﬂmy’ v W(ﬁ?’m»

yEFX

— ) X w7 )) (5.2

yEFX

where ag(a, ) =[[,<00 We, (" 1)) and We =], We,. For v < oo, we saw in §4.4 that
We, ((*1)) =0 for a ¢ 0, !, where 9,1 is the conductor of ¢,. Further, we break the sum over vy
into equivalence classes modulo 07, to get

Oy, a) =x)™ Y aglt; ) Y woo(mﬂ)wgm«mﬁy 1))

760?\(a;._1ﬂFX) neoy
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Since 78 € 09’1, the map 7 — s (ny3) factors through I'y\oy, and thus

b= X ) X vwmd) X we (7). 69

e o?\(a}‘lﬂFX) nely\og ecly

We consider the integral
1

1
e O (y, a)|lylles * d*y. (5.4)
[oF: Ty] /Fq/\FoXo

In view of the bound on the Satake parameters of 7, it will be clear from the arguments below
that this converges for R(s) sufficiently large. Substituting (5.3) into this expression, we have

1
M/F/\F; Z ag(tj,7) Z Yoo (M75)

*yeo;\(a;._lﬂFX) nely\oy
envys _ -1
< we () e it
EGFq/

Combining the integral and the sum over I'y/, and making the change of variables y — (ynB3) "y,
we obtain

e Dl el s s o)

X
05 : Ly
760;\(a;710FX) [ L ] nely\og

s—1
></ Wsm(<y 1>>xéo(y)1HyHoonXy-
Fi

Note that the inner sum 1/[o : T'g] Enerq,\o§ Yoo (M78) X o (1176 is precisely eq ((75), X&)- Thus,

we get
3 ag(t;, V)eq (v8), Xo0) IR
oy, SR [ (V) )l e 69)
yeo s \(@ I nFx) 17l ® Foe
As shown in §4.4,
~(a
aﬁ(tJ’FY): ( ) ’

where a = (y)a}, so that

aé(tj7’)’)6q'((%5)7 X/oo) :N(a/~)s_% Z Aﬁ(a)eq’(aa;_l(ﬁ)a Xgo)
’ N(a)®

=
'yealx,\(a;*lﬂFX) 171lo a~al
This is precisely the additive twist N(ag)s_%La;_ (s, Ary B, X5 ). Moreover, the integral in (5.5)
equals Hv|oo L(s, ™, ® X, 1). Putting everything together, we have
1
o : Ty]

= N((ﬁ)_la;)s_%lja; (s, A, B, X:;o) H L(s, m ® X;_l) = Aa;. (s, A, B, Xgo) (5.6)

v]oo

_1
[ el ey
Dy \F3%
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For future reference, we note that if we replace (y, @) in this analysis by (A~'y, Aa) for some
A €T (and hence also replace 3 by A™13), we arrive at

1

— s—1 s—1 —
e / SNy, Aa)lylloe 2 Ay = N((X)* "2 A (5, Ae, A1 8, Xoo)-
[UF . Fq/] Fq/\Fgé J

5.4 Taylor expansions

We now recompute (5.4) using (5.1). For any y € A}, the Iwasawa decomposition yields

o) B0 (2 Y1 2

where x € Ap, ¢/, z € A} and k is an element of [Toj00 Ko - [Ty<oo GL2(0n). A calculation shows
that we may take

, tj_l if v < o0, 0 if v < o0,
Yo =14 _ Oévyvi if ’U|OO, Tv=9_ % — if ’U|OO,
1+ 9o 1+ 9o
) w if v < o0,
tj if v < o0, I 1 ] -
Zy = = —
v O[;l\/]. "‘yv% lf U|OO, v 1—|—yy<y 1?/1)) lf U|OO.
VIV v

Then

= xéo(y)‘1Wg<<z Z) (W 71$>k>
= > xgo<y>1ww<wlz>w<vm>wg<(7y' 1)k>

where we have used our assumption that w, factors through F*\A%. Thus,
/
B a) = 3 el ) Mmoo (7)) 6
yEFX

where

ac(y,7) =[] wm(%yq’,)‘lwfv«%y; 1>w>.

<00

Recall that the support of the function W, (( " )w) is 0,191, L. Since ¢, = t;l for v < 0o, we
may rewrite (5.7) as

Oy, )= Y ég(tj‘lm)xéo(y)1wwoo(71Z)woo(vx)ng(<wl 1>k>

'yeuj_lﬁFX
Note that for v|oco we have

Wy, (7712) = Wr, (Va)ilwmj ( V1+ Yov)
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and
dw(vx)——dw(av)wv<—

Recalling that w;olo Xho = Xoo, We therefore have

Ay YolYvYo
1+ 4l

)

Oy, 0) =xa(=1) D aet; " Mxeo(70) oo (v0) [T ®olyor vow), (5.8)
,ye%flmpx v|oo
where
13
_ Ay
Dy (y, A) = Ay 2 ) L)

Xo(—Ay) " wn, (V1 + y7) 1y (—

for any y, A € F.

Ji
W,
1 +yy> & (

)

V1+yy

Although ®(y, «) is invariant under y — ey for any e € I'y, that is not apparent from the
right-hand side of (5.8). This will be remedied in the process of taking a linear combination
over different choices of a. However, in so doing we must carry out the arguments in a different
order from the classical case, taking the linear combination before we take the Mellin transform.
The key results concerning the Taylor expansion of (5.8) that we need in order to complete the
proof are contained in the following lemma; we postpone its rather technical proof until the next

section.

LEMMA 5.2.

(i) For v € Sc, there are polynomials Pv(s; m, n) such that

1Al ™20, (4)"

—m<n<m
n=m (mod 2)
<[ PlsmonLis et o6yl as
%(s):%
for all M € Z>o, K € R>g and y, A € F,} with |y| < % In particular, for m even,
27i)™/? 2) +1—
Py(s;m,0) = <( i) > Lm/2) +1- 570 ® x0),
(m/2)! L(1—s,m ® xv)
(ii) For v € Sg, there are polynomials P,(s; m) such that
O, (y, A) = Onr ik (Jy[™ | Ayl ™)
A—m/2 m/2 m/2
+ > : Py(s;m)L(s, T © x;, ' @ sgny’?) || Ayllo "ds
271 §R(s):l
me27Z 2
0<m/2<M

for all M € Z>o, K € R>g and y, A € F* with |y| <
(2mi)™2 L((m/2) + 1 —

%. In particular, for m =0 (mod 4),

S, My & Xv)

Po(s;m) = (m/2)!

L(l — 8, Ty & Xv)

We express the conclusion of the lemma in more compact notation as follows. For each v € Sk,

let p, : F,X — C* be a quasi-character of the form u,(y) =1y
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deg(py) =my /2 and
1

2mi

(mo/2)+5—s

B i) =g [ R moLe R0t @sml Byl ds.
=32

where P, is as given by the lemma. Similarly, for v e Sc, let uv(y):||y||vm”/29v(y)”v =

y(motne) 2g(me=10) /2 for some m, € Z>0, Ny € My + 27 with |n,| < my, and put deg(u,) =my,

and
1

2mi

(mo/2)+5—s

L) =g [ Pleiman e Foo it o0yl ds.
S)=3

Then, for each v|oco, we have

Oy, A) = Onrre(fyM 1Ay ) + D ml(A) 7 L(Ay, o).
p:deg(p) <M

Next, define pu: FZ, — C* by u(y) = [[,jo0 #o(yv), and put deg(p) = 3_, o deguw), I(y, p) =
[ 1o Zo(yv: o). Note that p is a monomial of total degree deg(y) in the [F': Q] variables y, for
v € Sg and y,, ¥y for v € Sc. Let Ry denote the set of all such p with deg(p) < M. Multiplying
the series given by Lemma 5.2 over all v|oo, we have

TT (00 40) = Oseae (A max ) + 3 ) 1Ay 0

v]oo HERNM

for any y, A € F$ with max,|o [yu] < % Moreover, replacing (y, A) by (A~ly, AA) for some A € T,

we have
11 ¢v(A51yv,AvAu)=0M,K,T<HA1/HSOK maX\yv!M> + D (A4 (Ay, ), (5.9)
’U|OO U|OO /LERM
provided that y satisfies
1
dr = = mi in | Ayl 5.10
rg‘gg!yvk T 2%?%?&?' vl (5.10)

Note also that the implied constant in (5.9) now depends on the set T
Let ¢y € C for each A € T'. Substituting (5.9) into (5.8), we have

3 oW By, ) = Onrcr <r51|3‘;< ™S S Jeae(t; )] - Hwy\looK)

AeT ’yeaj_lﬂFX AT
+ (D) Y et s (o) (ra) YD exu(hya) T (vay, ). (5.11)
'Yea;lmFX HERM AET

LEMMA 5.3. Let M € Z>¢ and o € Rys. Then there is a finite subset T'C (1 +q) N F* and
coefficients ¢ € C for each A € T such that

— 1 lf,LL:M()’
D o) = {O

\eT if 7 po
for all p € Ryy.

Proof. Let 7,: F —C, 1<i<[F:Q)], be the distinct field embeddings of F' into C and 7:
F — CFQ the ‘canonical embedding’ 7= (71, .. ., Tir.g))- It is well known that the image of
any non-zero integral ideal under 7 is a lattice of full rank, and it follows easily that the
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set S ={r(A"1): A€ (1+q)N F*} is Zariski dense in CF*@, Moreover, as noted above, (A=)
is a monomial function of 7(A™!) of total degree deg(y).

Next, consider the vector space V of functions f: Ry — C. To each A€ (1+q)NF* we
associate the function fy € V defined by fy(u)=p(A!), and define V' CV to be the span
of the fy. If V' £V, then there is a non-zero linear functional L : V — C which vanishes on V.
Note that L evaluated at fy is a polynomial function of 7(A~1), and hence its existence contradicts
the Zariski density of S. Therefore, V/ =V, and the conclusion follows by choosing T' such that
{fn: A €T} is a basis. O

We now fix mg € 4Z with 0 < mo < M, and take uo(y) = ||y\|<7>no°/2 in Lemma 5.3. Then (5.11)
simplifies to

D eaxeo N TRy, M)
AET

= Ermoa(y) + Xo(=1) Y ae(t; !, )Xo (1) oo (Y [y | " T (vay, po),  (5.12)
'yEaj_lﬂFX

where Enfmg.q(y) is defined by this equation and satisfies

EM,mo,a(y)<<M,K,morql)1@§|yv|M > laelt; - lveyll X
’yea;lﬂFX

Applying the same folding analysis as before, the sum over v in (5.12) can be factored as

Xoo=1) D0 a7 ) D Yee(mra)xee mya)lyall "2 > I(enyay, po).

~vE o;\(a._lﬁFX) nely\og ecly

Multiplying this part by [|y||se 2 / lof : T'y], integrating over I'yy\FX and unfolding the sum over

€, we get
. /2)—s -1
oD X el (), xeo) el / Iy, o)yl d¥y. (5.13)
e o} \(ay 'NFX) Foo
Note that
_1 m mo _

J I<y,uo>||yu202de=P<”f;m‘])L(”;’”w@Xml)’

F%
where

P(s;mo) = [ Puo(simo) J] Po(s;mo,0)
vESR vESC
(2ri)mo/ 2\ U L1 — 5+ (mg/2), Too © Xoo)
B ( (mo/2)! > L1 =5 M0 ®xo0)
Recall also that the Fourier coefficients &E(tj_l, ) are related to the Dirichlet coefficients Az of
L(s,7) via

(5.14)

o A
et ) = wn(d)es(m, ) N((’)

where a = (y)a;. Hence, (5.13) is precisely £ P (s + (m0/2); mo)Aa, (s + (m0/2), A7, @, Xoo), Where
K = Xoo(—Dwr (d)es (m, 1)
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Moreover, choosing K = o + 1, the error term converges and gives the estimate

EM,mo,a(y) KM, mg,o MAX |yv‘M||yH;oK (5.15)
oo

v

for any y satisfying (5.10). It is now clear from (5.12) that Ejs .« factors through I'y\ F and
decays rapidly as ||y||co — 00. Hence, the integral

1

HM,mo,oc(S) = m

_1
/ Etmo.a(®)|ylls? dy
Ty \FZ

converges for R(s) sufficiently large. Let FL = {y € Fx : ||ylloo = 1}. Then any y € FX can be
expressed as t/F:Qy/ where t = ||y||oo and 3’ € FL. Thus,

[F@] /oo _1 / 1/[F:Q] x dt
Hyrmgals) = ——— t° Ermg,a(t’ d*y —.
M, 05 (S) [0;‘ . Fq/] 0 2 Fq/\Folo M, 0 ( y) y t

Fix a compact fundamental domain Fy for I'y\FL and set 8} = infyer, minv|oo(6T/|yv|)[F:Q].

Then, by (5.15), the inner integral is OM’mo,a(tM/[F:Q]_K) for t < 6., and it follows that Hps mg.q
is holomorphic for s > K + 1 — (M/[F : Q]).

Putting this together with the analysis of the left-hand side, we have

mo mo
kP <3 + 7, mO) Aaj (S + 7) )\%7 «, Xoo)
_ a1 _
= Z C)\XOO()‘) 1N((A)) 2Aa; (87 /\71'7 A 1/87 Xi)o) - HM7m07<X(S)'
AeT

Choosing mg > 40 — 2 and M > max(mo, [F': Q](mg + 20 + 2K — 1)/2), we see that P(s; mg)Aq;
(8, A%, @, Xoo) is entire. Finally, in view of (5.14), note that the zeros of P(s;mg) are among the
poles of L(1 — 8, oo ® Xoo). As observed in §4.3, since 7, is unitary for every v|oco, there are
no such poles for (s) < %, and it follows that Aq; (s, Az, @, Xoo) is holomorphic for f(s) < %, as
required.

5.5 Proof of Lemma 5.2

Note first that we may express the result in terms of 7, rather than 7,, thanks to the isomorphism
Ty ® Xy L 2 m, ® X4 s this is more convenient since our test functions are chosen from the
Whittaker model for m,. Moreover, it is easy to see that if the conclusions of Lemma 5.2 hold for
some choice of x,, then they hold for | - |, as well, for any v € iR. Hence, we may assume without
loss of generality that v(wx,) + 2v(xy) = 0. With this normalization, a short computation shows
that the polynomials that we expect are

_ 1 k(o) Hh(wry ) =2k(X)|
Py(s;m,0) = (—1)™/? <S 1 4 + ”(77”))
m/2
o — 1 bm)=Kom ) H 20O _ o
X < 5/2 ( )>, (5.16)
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for v € S¢ and m even, and

(_4)m/4 s—1—]e(xy,) —e(my) | +v(my) s—1—|e(x))—e(mo)|—v ()
T ’ 2 if v € So,

(;n@ﬁ) m/4 m/4
(_4)m/4 s+, (=Dv(my)—1 s—=x4(=Dv(my)—2

Py(s;m) =q ~——— 2 2 ifves,, (5.17)
(2) m/4 m/4
m/4
PR .
(=)™ /2 if ve Sy
m

for v € Sg and m =0 (mod 4).
5.5.1 Complex places. Let notation be as in §4.2. Our first task is to get a better

understanding of all of the Whittaker functions Wy, since it is not only the boundary ones
that play a role. It is easiest to do this via their Mellin transforms; precisely, we define

Foals) = [ xall=lal @,

so that

Faalt) = - /@R o o (5.18)

"~ 2mi

for t > 0 and any oy > 0 sufficiently large. Then the differential equations (4.5) become

2
ATi(N + k) fap_o(s) = 1672 fy i <s + ;) - [<25 —1- ;“) - pQ} INk <s - ;) (5.19)

and

2
—Ami(N — k) [ pea(s) = 167 fyk <5 + ;) - {(25 — 1+ g) - q2] INk <s - ;) (5.20)

where we write p = 2v(m,) + k(my)/2, ¢ =2v(my) — (k(my)/2).

Next, let

(s) =Tc <s + v(my) + W)FC <5 — v(m) + W)

and
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Up to a shift, y(s) is the L-factor of m, twisted by any character that is not orthogonal to Wiy .
In terms of Fy , the differential equations become

(Fyi(s+1/2) — Fy (s — 1/2) if k< —k(m,),
2s—1+k/24¢q
F 1/2
= s +1/2)
25 —1—k/2+p .
_]\;:ikFN,k—z(S): - e FN,k(S—l/Q) if —k(ﬂ'v) <k§k(7rv),
2s — 1+ k/2)2 — ¢?
( 167T/2 ) FN7]€(8+1/2)
(25— 1— k/2)? — p? |
- 6.2 Fni(s—1/2) if k> k(my)
and
(2s —1—k/2)* — p?
167T/2 FN,k(5+ 1/2)
(2s —1+k/2)* — ¢* .
o 162 Fnr(s—1/2) if k< —k(my),
—F —{2s—1—-k/2+
I T ne2(s) / P Pyi(s+1/2)

A7
2s —1+k/2+¢q
4

\FN7]€(S+1/2)—FN7]§(S—1/2) lfk,’)k‘(ﬂ'v)

FNJg(S—l/Q) if —k(ﬂ'v) §k<k(ﬂ'v),

In particular, we have Fiy +n(s +1/2) — Fn +n(s —1/2) =0, i.e. Fiy 4+ is periodic with period 1.
From Stirling’s formula and the fact that ]?N,k must decay in vertical strips (since Wy, is
smooth), it follows that Fiv +y is constant. A simple inductive argument then shows that Fiy j is a
polynomial of degree (N — max(k(m,), |k|))/2 and, if we normalize matters so that F; is monic

)

for some [ € [~N, N], then Fy, has leading coefficient (27)max(k(mo).|kl)=max(k(mo).[t))/2{(k=0)/2,
From these facts, it is easy to verify the formulas for fy; given in §4.2.

Since 7, is unitary, fN,k(s) = Fn () (s) is holomorphic in a right half-plane R(s) >  — &
for some § > 0, as noted in §4.3. It follows from Stirling’s formula that we have
—(m—e)ls|

INk(8) Ky Nk R(s) e €

for fixed € >0 and any s € C with fixed real part R(s) > 1. We shift the contour of (5.18) to
R(s) = K + 5 for some K € Rx( and differentiate to obtain

a £(a)
t t — ~
al 2T JR(s)=K 41 a '

(1 - 28) ’ e~ (T=9lsl |4,
a

2
:‘<2$+a—2>‘< <|23—1|+a—1> < gl2sl+a,
a a

9K
Ly N Ket /

R(s)=K+3
1—-2s
a

Note that
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Since 4 < €™, we may choose € small enough that the integral converges, giving the estimate
y g

2 £k (2)

ol SmeNEK 2028 (5.21)

for all a € Z>g, K € Rxg.

Next, we compute the right action of l/m( 7)) on We, = Wi, where | = —k(ws, ) +
Qk(Xv) — k(wﬂ'v) + 2k(X’U) Note that

(X Y)@ _1y>:(X+yY Y —3X),

so that X(NV+0/2y (N=0)/2 ig mapped to

(X + yY)(N+l)/2(Y o yX)(N_l)/2

(14 yy)N/2
(N+1)/2 (N—1)/2

N+ —l
Y Y Y ( +>( >yj1(y)j2 K (N4D/2) 2=y (V1) /2) 41—

7j1=0 Jj2=0 g2

(N+1)/2 (N=1)/2

N1\ /Nl
=1+u) N DY >« 132< >< 2)
J1=0  j2=0 J2
> ‘y|j1+j29v(y)h J2X((N+l)/2)+j2—j1Y((N—l)/2)+j1—j2_

Thus, after a short computation using our assumption that v(wy,,) + 2v(xy) =0, we have

(1)

- — Ay Ay
"(—Ay) Lwr, (V1 —t )W I+yy ———r
Xo(—Ay) wr, ( +yy)e< 1fF,J/Rler 3 ( 1) T
N+I\ /N-l
— Z < 2 >< 2 )(_1)j2|y’j1+j29v(_A)j2j1

J1,j220 J J2
N A+ A)yy |Ay|
1 N2 (AT Ay oy | = ). 5.22
X ( +yy) 6( 1"‘3/? fN,l+2j1 271 1+y§ ( )
Next, using (5.21), we have
= Swa(l4y) 7"
ka( | Ay ) _y Ik y <_|Ay|yy>
T\ 1+ yy = a! 1+ yy
F4y)) 7 Aylyg )\ . 27 \°
- 2 S () o (i 2 (75))
0EZao : vy 0€Zx0 vy
2a<ag 2a=aq

P4 (| Aylyg\® e
=) (—Hyy) + O, k.o (1 Ayl ¥ 9]%0)

(ZGZQ()
2a<ag
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for any ag € Zzo and y such that |y| < 3, say. Multiplying by e(—(A + A)yy/(1 + yy)), which
has modulus 1, we have

— (a) _ — _
|Ay| (A+Ayy\ Ing(AYD) 7 | Aylyg\* ([ (A+ Ay
fN”“(Hyy)e(_ 1+ 4y ) 2 <_1+yy)e<_ 1 +yy >

a€Z>o
2a<ag

+ O, N Koo (1 Ayl ¥ y]0). (5.23)

Since e(z) is a bounded function of x € R, Taylor’s theorem yields

bo-1 (QWZx)b bo
e(w) = Y T + On(lal™)
b=0 ’

for any by € Z>¢. Taking by = ag — 2a and substituting into (5.23), we have

ka< | Ay| >e<_(A+A)yy>
P\ +yy 1447

¥ £ (1Ay)) | Aylyg aao_ﬁ‘i_ll 2mi(A+ A\’
B al 1+ yy b! 1+yy

a€Zxo b=0
2a<agp

(Ay)* £\ (1 Ay]) ’
al

+ Om,,N,k,K,ao( Z

(ZGZ;Q
2a<ag

(yy)“!Ayy\“°2“>

+ Oy Nk Ko (1 AY 1 ¥ [y]0).
Applying (5.21) with K replaced by K + ag/2 —a (and taking the maximum of the implied

constants over all choices of a), we see that the first error term can be absorbed into the second.
Expanding the bth power, we have

ka< | Ay| >e(_(A+A)yy>
"\ 1+ yy 1+yy

b A E (LAY (gD (2mi)b (b )
- Ty R (e

a,b€Z>o t=0
2a+b<ag

+ O, Nk Koao (1 AY 15 [y]0). (5.24)

Next, using the inequality

’(‘a_b_g)’:‘<r+a+b+g_1>‘<2r+a+b+N/2
T r
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we have
0 N
_ \—a—b_ —a—b— %
()" D (L) = Y ( . ) JylfPe 22
r=0
—q—p-—N
- Z ( . 2 >HyH1()2a+2r+b)/2 +ON,M< Z (QHyHU)(2a+2r+b)/2>
r€Z=o r€Zxo
2a+2r+b<ag 2a+2r+b>ag
—q—b-N
PV ) [T
T€Z>0
2a+2r+b<ap

for y with |y| < 4. Substituting into (5.24) and applying (5.21) with K replaced by K + b/2,

we get
. Ay| (A+A)yy
()
(1+y7) TNk 1147 e -
b a+b p(a) .
_ Z Z(—l)a|Ay‘ * fN7k:(|Ay|) (27TZ)b b —a—0b— % ” H(2a+2r+b)/2
al b! t r Yllv
a,b,r€Z=o t=0
2a+2r+b<ag
X Ou(— A" + Oy Nk (| Ayl ™ y]%). (5.25)

Now, any term of (5.22) with j; + j2 > M becomes part of the final error term by
substituting (5.25) with ag =0. For j; + jo < M, we set ap = M — j; — jo. Putting everything
together, (5.22) becomes

3 (_1)af1(\?,3+2j2—2j1 (1Ay]) (2i)® <b) <_a b 12v>

o a! b! t r
J1,J2,a,b,1,t€Z>0
2a+2r+b+j1+jo<M
t<b
% (_1)]2< 2 >< 2 >”y||1(]2a+27‘+b+]1+]2)/2|Ay|a+b9v(_A)2t—b+]2—]1
J1 J2
+ O, N ([ Ayl [y ™). (5.26)
Now, writing m =2a + 2r + b+ j1 + j2 and n=b — 2t + j; — jo (thus replacing the variable t),
this is
M-1
> > lyl[7726,(—A) ™ >
m=0 nez J1,J2,a,b,7€ZL>0
In|<m,n=m (mod 2) 2a+2r+b+j1+j2=m
[n+j2—j1|<b
(a) N N+I\ /N-I N
y (_l)a-i-jg’Ay‘a+be7l+2j2—2j1(|Ay’) (27i) <b+, b > (;) <2) (—a —b- 2)
al AN e A1 J2 r
+ Ony N s ([ Ayl " [yl
By Mellin inversion, we have
(a)
IN 14250 —25, (1AY]) 1 1—-b—2s\~ 1
Aylatb 252 —2)1 :/ Y b/2)||Ay||z = ds.
144/ l 377 Jagy N ) Nreen(s b2 A0S ds
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Further, we replace a by ((m —b — j1 — j2)/2) — r to get

POTEEDS B

Iyl / ( 2 )( : )

" In|<m e (mod 2) i R()=3 jgaz0 \ I J2
n|<m,n=m (mo

\b
" 3 (T (b
B! +J1—Jj2—"n
beZ 2
[n+j2—j1|<b<m—j1—j2
b=n-+j2—71 (mod 2)

(m—=b—j1—32)/2
(1) ((m—b=ia=i1)/2)—r <’"

<)

r=0

1—b—2s ~
(i ) Forssaman o+ b2l Al

_ m+b+N—j1—j2
2
r

*ds + Ory v, ([ Ayl K lyI™M).

Now,
m—b—j1—j2/2 N
S ()b (T R (1 -b -2
r=0 T w —r
B W_1>< Ty )

T

(m—b—j1—342)/2
m—b—ji—jo _
2

— _1\(m—b—j2—31)/2
> (7,

r=0
mAN—b—j1—j

_ (_1)(m—b—j2—j1)/2 2 =28

- m—b—ji—j2

2

(oo ) (5.27)

Substituting this yields
N+ /N
> ()0
1,220

M-1

2 —

BN DR

m=0 nez T2
[n|<m,n=m (mod 2)

L@m)t (b 25— 5 —1
> i (S A |
beZ ’ 2
\n+j2—j1\<6b<m—j1—j2
b=n+j2—7j1 (mod 2)
K M
ly|™).

x Fwisain (s + b/2) [ Ayl ds + O, worcar (1 Aylly

It is easy to verify that
V42,25, (8 + 6/2)

PN it2a—27 (5 +/2)
: = FN 42,25, (s +b/2)
205) =21 20(5)
is a polynomial function of s, so the whole expression takes the form

M-1
1 1_
m/2 -n . 275
S X ey [ Rlmeneaela s

nez
[n|<m,n=m (mod 2)

+ Oy v i, (1 Ayl % [y ™),
where P,(s; m,n) is a polynomial. Moreover, since we have assumed that v(wyr,) + 2v(x,) =0
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we have
Yi—an(s) = L(s, T @ Xy ' ®60,7) = L(s, 0 ® X, @ 6,™).

It remains to evaluate this polynomial when n =0 and m is an even integer. In this case

we have

o/ NHL N-I
P,(s;m,0) = —1)72 2><2>
im0 = 3 0= ) (]
J1,52=0
X 3 (27”')1)(17 b .>(25_N_ >le+2]2 2, (5 +b/2)
s B! +J12—J2 m b2J1 J2 ’YZ( )
|[jo—J1|<b<m—j1—j2
b=j1+j2 (mod 2)

We make the change of variables b = 2r — j; — jo:
I 1425525, (8 + 7 + (1 + j2)/2)

N4\ /N-I Ny i N
> (=12 (2+> <2) (2mi)=r—Iim)e (23 -3 - 1) :
' ' — ) (r — 5! m
J1,J2,7€Z N g2 ) (r—j1)(r — ja2)! 5 — T Y(s)
0<j1,j2<r
We evaluate this first in the case when N = k(m,). Then Fy x(s) is the constant i(k=0)/2

so that
(2m)* N7 fnaraj,—oi (s 41+ (1 + 42)/2)
(r = J1)(r — j2)! "(s)
_(c1yh (277)27’_“_]2 Vi+2jo—25: (s + 1+ (J1 + J2)/2)
(r— )(T — J2)! Y(s)
WI( Nf+r—j1—1><s+u(7rv)+N41+r—j2—1>
=71 T —J2
— (_1)7“-1—]'2 <_8 +v(my) = N4+l> <_3 —v(m) = N4_l>
r—=J1 r—J2
This gives
s (D0 )
P J Jo T T —J1 r—7J2
0<j1,j2<r
Applying the Chu—Vandermonde identity to the j; and js sums, this simplifies to
Z(_l)r 25 — X — 1\ (s —v(m) + X\ [—s + v(m) + 2H
= 5= r r
Finally, by Lemma A.1(i), this is
(—1)m/? s—f—u(wv)—%—l 3—1/(71'1,)—%—1
m/2 m/2 ’
in agreement with (5.16).
Next, we handle the case [ = —N. Then the only non-zero term in the sum over j; is the one
with j; = 0. Writing j in place of jo, we thus have
i 7N rs .
Z (28 . % . 1) ml% ) ( 27T'L)2T J <N) fN,Qj*N(S—i_T _]/2) (5 28)
= e = rl(r—g)! \\J v-nN($)
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Set
Fnp(s —k/4)
e SN T B/
) = =)
so that
frai-n(s+7—j/2) _ Gnagj-n(s+r— N/ (s +r - N/2) (5.29)
7-n(5) 7-n(s)
and
Gn,-n(s) = (2m) N <N +2k(7rv)> ! (N —5(7%)>!
s + V(T['U) + 2N+f(ﬂ'v) _ 1) S — V(’“’U) + m_fk(ﬂ—v) — 1)
X N-+k(m,) N—k(my) '
2 2
Moreover, substituting into (5.20), we have
(N —k
GN,k(S) = GN’k(S — ].) — Z(47T)GN7]€+2(S). (530)

It follows that Gn (s) is a polynomial of degree (N — k)/2.

‘We now consider the sum

Sr(s) = Sp(s—1) - 3 (EJQ;;;])JFI <;> ( .N >GN,2J’+2N(5)

=0 I
-ste-5 (1) (ever v

=Sp(s—1) = Spy1(s) + S (s),

since (J )= (TH) - (;) Hence, Sy41(s) = Sy(s — 1), so by induction we have S,(s) = Sp(s —
r)=Gn-n(s—
By (5.29), we have
N (Comi)2i (N Faag (s 47— §/2)  (—4n?) N\ yn(s+7 - N/2)

Z ' . = '2 Sr S + T — Z

= =it Y-n(8) r! Y-n(8)

_ay N\ (s 7= N/2) (45 (s +7 = N/2)

a 7“2 A v-n(s) 2 (s —N/2)

<s+1/ N+km’ —i—r—l)(s—y(m)—w—kr—l)
r

r

<—s —v(n N+’;<ﬂv>) <—s + u(my) + N—’jl(“))
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Finally, applying Lemma A.1(i), we have that P,(s;m, 0) is

S -1y (25é JEVT— 1) (—s - u(m?f N+Z<m)> <—s + U(FUB«JF W)

_ (12 <s +v(my) T—n;“jf“ - 1) (s — v(m,) ;L/Z—T) - 1>’

as required.

The case [ =N is handled by an entirely similar argument. Alternatively, using the
isomorphism m, ® ¥, ! 27, ® x;} and working instead with the Whittaker model for 7,
effectively replaces [ and v(m,) by their negatives, and thus the result for [ = N follows formally

from that for [ = —N.

5.5.2 Real places. Again let notation be as in §4.2. The function that we must analyze is

(1)
Vite

1+y

/ -1 2 Ay? _1ﬁy2
Xo(—Ay) " wr, (V1+y?)e( — 5 |We, vy

We start by considering W, in place of W, :

L)
Vity?
:X;(—Ay)_lwm(m)e(_liy;)(§+Z/ 22 (( - >>

, _ 1 —isgn(k)y)*
) (D O (A (-2 san

1+ y?

et (Ve (- ()

We apply a similar argument to that leading up to (5.26) in the complex case to derive the

Taylor expansion
(1—isgn(k)y)* /Ay’ Py
(1+y?)H/2 L+y7 )Ty

. 27i)b
= Or k(A M)+ Y (cayimen GT
a,b,r,jE€ZL>0 ’
2a+2r+b+j<M
a k
" (—Ay) +bf;£a)(—Ay) —a—0b— % k| 2t 2r bt
al r J

for all y with |y| < . Moreover, assuming that v(wr,) 4+ 2v(xv) =0, we have x,(—Ay) 'wr,

(VIAy|) = X, (=1) = (—=1)<X%) . Substituting

ta+b (a)t 1_p_ 1 g
7f’7 ()— / s+be)<2 b 3) sgn(t)e||¢)|Z2 5 ds,
a' ER( a

66{0 1}
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(5.31) thus becomes

Or e (14l ™) + 3t oy 2 sl Ay O g
abr]>0 T2 ¢c{0,1}
2a42r+b+j<M
b /1 Ikl
% (_1)ai—j sgn(k) (27TZ) (2 —b- 3> <_a —b— > <‘k’>fk(8 + b, 6) 2a+2r+b+j ds.
b! a r J

Next, we write 2a + 2r + b+ j =m/2, where m € 2Z>, to get

Or, o (1 Ay 15 [y1M)

—A)"m/2 e(xy)+(m/2)+b+e
+ ), (-4) 37 / N > sgn(—Ay)°

me2Zx=o abrj>0 ~2 ec{0,1}

m/2<M 2a+2r+b+j=m/2

Ayl i) G (b= (e b= (‘ iits 0,01 as

= Oﬂv,k K(HAva K’y‘M)

D S

mEQZgO b,r,j=0 =3 E{O 1}

m/2<M 2r+b+j<m/2
b+j=m/2 (mod 2)
b
”A H m/2 ( 1)m/2bj/27‘ijsgn(k)(27;z)
;—b—s —m/2-btj— k| k
; ? " (M b, €) ds.
X<m/2;b_j—7“>< r ><]> k(s +0,€)
Note that
—m/2—-b+j— k|+1
I O R T Gty
mf2—b=j _ . r S\ m2obg P
r=0 3 -

with the same proof as (5.27). Also, using (4.2), we see that
Fuls, ) = it a—sen®) £ (s ).

Substituting these, we have

O, i (| Ayl ¥ y1™)

+ Z (—A)"™/2 Z 27”/ Z sgn(—Ay) ) tite

1
mEQZ>0 b,j=0 =3 66{0 1}
m/2<M b+j<m/2
b+j=m/2 (mod 2)

|k|+1

—8:b—j+(e—e(m j)(1—sgn 27.[.6 o

X “Ay”gm/2)+(1/2) Zb F+{emelme)+i)(1 ~o (k))( b') <m/2 b— j) (| |)f|k|(5+b E)d
: e

Now, considering We, = (W}, + (—1)<(m) <) W_; ) /2 with k > 0 in place of W}, selects the
term with € = j + €(x},) (mod 2). (This holds even when k=0, since €(x}) = €(m,) and j =0
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in that case.) Thus, we have

— —m 1 m2)+——s
Oroirc(lAylT K lyM) + 7 (—A) ™2 — /m s 14 1

211
me2Z>0
m/2<M
b _ k+1
-b—‘(27T) s 2 kN + /
x > e <m/2bj ) Fels b.m/2 4 b)) ds

b,j>0 2
b+j<m/2

b+j=m/2 (mod 2)

As in the complex case, we see that fi(s+b,m/2+b+ e(x})) is a polynomial function times
L(s, 7 @ Xy ' @ sgny m/2 )=L(s, T ®@x, 1 ® sgnUm/Q), so the whole expression can be written in

the form
O (™[ Ayl ™)
A—m/2 _
X S [ Pl mLs R sl Ay ds
21 §R(s):l
me27
o<m/2<M

as required.

To compute P,(s;m) for m divisible by 4, we write b=2r+ 4, j =2t + 9 with 6 € {0, 1},
to get

=2 > 7"+t2”2r+5< s — 5 )< k >fk(8+2r+55+e(xu))
5€{0,1} r,t=0 @r+o)\F—6—r—t)\2t+9 L(s,m® X5 ")
(5.32)

We now break into cases according to whether v € Sp, v € S or v € 5y.

Weight 1 principal series. In this case we have k=1,

Fr(s, 0+ €(x}))) =Tr(s + 8 + X, (—1)v(m))Tr(s + 1 — 6 — X, (—1)v(7))
and
L(s, m @ Xy 1) = Tr(s + Xy (= (m))Tr(s + 1 = X, (=1)v(m)),
so that

Fe(s +2r + 6,0+ e(x)))
L(Sa Ty & X;)_l)

5+2r4-20+x,, (= Dv(my) 1 sH2r+1—xp (=Dv(my) 1
=770 l(r 4 5)! ( 2 ) ( 2 >
r+ad r
s _5+XL(—21)V(7FU) _8+1—XL(2—1)V(7%)
= (— —ar— ! !
(—m) 7’.(7“—1—(5).( s )< . )

Moreover, only the t =0 term contributes to (5.32), so we have

Z Z r+62 and s—1 _M _M ‘
2'f‘+§) %_5_74 T+(S r

§e{0,1} r=0
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Replacing r by r — ¢ in the inner sum and using the equality 2271/ (QT 1) 22r / (2:) for r > 1,

this is
L2 (s—1 _% _w
Z“”m(mﬁ( )X )

r=>0 r 4 6e{0,1}

_1 _stxe(EDv(me) N /o s=l=xp (=Dv(my)
GO )0
r=0 ( Z_T r r

Applying Lemma A.1(ii), we have

/A D)2y st Du(m) -1
rsm =T (T2 ) )
(%4) m/4 m/4

in agreement with (5.17).

Weight 0 principal series. If k=0 (so that ¢(x},) = €(m,)), then we have t =§ = 0:

@O (s I\ (st 2n ()
2" <’z;—r> Lo mex))

Note that

fo(s +2r,e(x))) _ Ir(s+2r 4+ v(my))Tr(s + 2r — v(my))
L(s, m @ x5 b) Ir(s+ v(my))Tr(s — v(my))

s+2r+v(my) _1 s+2r—v(my) _1
T T

_ stv(my) _ s—v(my)
n ()
r r
Therefore, by Lemma A.1(ii),

P(sim) = Y (1) (222) @__ %« > <_s+:2<m>> <_s—:§m>

r=0 r
(_4)m/4 5—1/(72Tv)—1 s+1/(72rv)—1
= Coin JCia )

as required.
If k=2 (so that e(x),) =1 — e(my)), we have

Z Z 27T2T+6< s—% )25f2(8+2’r‘+55+6( X5))

5€{0,1} r>0 r+ oI\ —o—r L(s,m @ X0 ')

_ Z(_l)r (277)2T ( S = % ) ]72(8 —+ 27’, G(XZ))

T-1-71) Ls,m®@xi )

Note that

§
) I'r(s+1—=04+v(m))I'r(s+1—0 —v(m))

et
—~
»
™
~~
=
S~
N—
+
>,
N~—
Il
N
|
DN

s
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and

so that

L(s,m, ® ;") = Ti(s + 1+ v(m))Tr(s + 1 — v(m)),

fa(s+2r +6,€e(x,) +0)
L(s, 7 @ Yo )

—2r, 42 <s +2r + %)‘S (SHTH;W(”) -1
=7 Tt ——=
2

+2r4+1—v(my
s+2r ! (mv) 1
T T
:ﬂ_er!Q(s + 2 + %)5 (_S+1+21/(7FU)) (_S+1—V(7FU)
27

Moreover, we calculate that

2 .
T T
Z 22T+6T!2< S_% ><S+2T+1>6_22TT!2( 5—% )
\m _§5— | \m _1—
se (oL} @Cr+o)\GF—6—r 2 @ \F—-1-r
27 m/2+1

1
73
(2:) 2r +1 (’Z—r)'

Therefore, applying Lemma A.1(iii), we get

1 s+1+v(my) s+1—v(my)
S N ) T2
)OO0 )
s+v(my)—2
2 2
it )it )

In this case we have k = k(m,) > 1 and

as required.

Discrete series.

fr(s,0+€(x}) = Lis, m @ x5 ")

k(my) —
(s M),
2
so that

fe(s+2r+0,0 +€(x)))
L(Sa ﬂ_U ® X’lU_l)

k(my)—1
_ or_s (5t 73 +2r+o6—1
(2m) (2r + 5)( o 4§

o Kk(my)—1
:(_2ﬁ>—2r—6<27«+5)!< ST )

2r + 0 '
We make the change of variables 2r + 6 = jo, 2t + § = 251 — jo with 0 < js < 241, to get

riem= 2 (55 ) ()

J2
_ Z(il)ﬁ <s - k(7ru2)+1> (_5 + &

) +1 >
2
Jj120

J1,J220

TN 251
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Next, as a special case of (A5), we have

< s+ W“) 2 (—S - ’“”Zf“)( g + bmo= 1)
271 (*1) J1 J1 7

J1

so, by Lemma A.1(ii), we arrive at

(e g
Py(s;m) = (-1) (m/2)< m/4 >< m/4 >:(_1) ( m/2 )

m/4

as required.

ACKNOWLEDGEMENTS

We would like to thank Laurent Clozel, James Cogdell, Guy Henniart, Peter Sarnak, Akshay
Venkatesh and the anonymous referee for their helpful remarks. We are also grateful to the
University of Iowa, University of Michigan, Université Paris-Sud and Erwin Schrodinger Institute
for their hospitality and support at various times over the years. Finally, we dedicate the paper
to Ilya Piatetski-Shapiro, whose profound impact on the converse theorem and the field of
automorphic forms in general will be felt for generations to come.

Appendix A. Binomial coefficients

The binomial coefficient polynomials (2 ) are defined for z € C, n € Z by

x z(zx—1)---(x—n+1) Iz +1)
(n) - n! - nll'(x +1—n) (A1)

forn >0 and (2) =0 for n < 0. These directly generalize the usual binomial coefficients (’:), and
it easy to see that many of the familiar properties hold in full generality, e.g.

(=66 GG =G0
(=2 ()00

(The last one of these is known as the ‘Chu—Vandermonde identity’.) For some, one must exercise
caution, e.g. (::) = ( holds when m € Zx, but not in general otherwise. On the other hand,

and

mon)

we have (7) = (=1)"("~ 711 ?), which is new to the general setting.

We will also need the following less obvious identities.

LEMMA A.l1. For z,y € C and n € Z, we have:

o B0 )r ()0
o EEEIR )0

T
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Proof. For (i), we begin with the identity

(79;) <fb> N mf:n (m+n — k)!(:!— m)\(k — n)! <i> (A2)

k=max(m,n)

for &, m,n € Z>p, which has the following combinatorial interpretation. Let X be a set of
cardinality x, and choose subsets of M, N of cardinality m, n, respectively. The number of ways
of making such a choice is the left-hand side, (;Z) (i) On the right-hand side, we consider all
possibilities for the cardinality & of the union K = M U N. Given such a k, there are (i) ways of
choosing the elements of K among those of X; this is then multiplied by the number of ways
of dividing those elements among the three sets M N N, N\M and M\ N, which is the trinomial
coefficient k!/(m +n — k)!(k — m)!(k — n)!.

Thus, (A2) holds for all = € Z~¢. Since both sides are clearly polynomial functions of x and
Z>q is Zariski dense in C, it in fact holds for all x € C. Further, by the Chu-Vandermonde identity

we have
(m+n— k;)!(:!— m)(k—n)l (Z) (an) - Z (ZZTD (:) (k; Tn)

S () )
G -ZCO6 )00 6) o

for all z € C. Next, from

) 0= (GG

Multiplying (A3) by ("™*™)/(”), we thus have
(")) )G
()@ S (6

which is the required identity with y = —m — 1. Since the negative integers are Zariski dense
in C, the identity holds for all z, y.

Thus,

A1), we see that

or

To prove (ii) and (iii), we first derive the identity
(=D
r—t

for z>1 and t € Z>g. This clearly holds for t =0, since z — 1= (y/z + 1)(/z — 1). Hence, by
induction, it suffices to show that replacing ¢t by ¢t + 1 in the left-hand side has the same effect

(-t (e = L ap (A1)

711

https://doi.org/10.1112/50010437X10005087 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X10005087

A. R. BOOKER AND M. KRISHNAMURTHY

as differentiating with respect to z. To that end, we have

d (_1)tx x— t t—2x
@x_t(z 1) (\fil)Q 2
“1itg t+1
— (x 1_)t (z — 1)2%“1 <(2$ — t)—dzt (Vz£1)2720 4 (- 1)7;;+1 (Vz+ 1)2”90).

By the Leibniz rule, we see that

dt+1 dt+1
(= D (a1 = (e (E ) — (4 ) (1)
so that
d (_1)tx x— t t—2x
% — t (Z 2 (\/>:‘: 1 2t—2
_ tl‘ t+1
— (x l_)t (2 — 1)296+1 <(2 — 2t — 1) (fi 1)2t2 jzm (z—1)(Vz+ 1)2”90)).

On the other hand, replacing ¢ by ¢t + 1 on the left-hand side of (A4) yields

ot 1 (_1)t+1x dt+1

(z—1) x_t_letH(\/gi 1)2t+2-22
Thus, we must show the equality
dt dt+1
(20— 20— 1) (V£ P2+ (5 - )(VE £ 1))

z—t d* 2t+2-2
= i VEEDT
This follows from the directly verifiable identity

(22— )(VEE 1) > + (= D(VEED) ) =

by changing z to x — t and applying d*/dz".
Next, we show how (ii) and (iii) are deduced from (A4). First note that, by the identities

(—4)F (- 1F 2% 1 fz-1\ _1( =
Ck+1G) 2 kDY and k+1< k >_w(k+1)’

j:]_2 2z
x—ldz(f )

(iii) is equivalent to

Z(il)n—T 227"+1 r+y —y —r— % _ 7% 22n+1 T y— %
e iy \n—r)\r+1 r z () \n+1 n )
Thus, (ii) and (iii) can be written in the common form
Sy 2 <fc + y) (y + 551> <f - 3)
B 2r+6 —
2 e U J U
_ _g522n+6 x+6—T1 y_g
x) () \ n+d n

for § € {0, 1}. Again, by a density argument, it is enough to show this when y =z — ¢ for ¢t € Z,,
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in which case the desired identity is
Z(—l)n_r 22T+6 2$—t t—l"i‘(s%l —x—g
() \n—r r+0 r
B t— x\° 92n+9 ;U—I—‘s%l a:—QtTJ”S
-\ =z (2”7j5) n+0 n '
Working from (A1), we derive
92r+9 ;1?—1—5%1 x—%TJ”S az—% _ 2z x—@ ' (A5)
(2”;“5) r+4 r t 2r + 6 t
From the binomial theorem we have, for z > 1,

(Yo B ()

t
n z
n=0 n=0

Taking the sum and difference over both choices of the sign, we have

Substituting (A5), we get

r= 3\ oo 2 (e Y (w =B\ e 4 (VDT 4 (D))
t )= )\ r+d r dzt 2

Replacing = by t — x, we get

+ 01\ o 2% g 0N g O
1) Ty 2 2 —r
( )< t >Z(2r+5)< r >< 7._|_6 >Z
1

T

)2t—21’ + (_1)6(\&_ 1)215—21’
dzt 2 '

B S B ()
= (1 =ty ) L < (f+ )Zt 2x+(2—1)5(\/2_1)2t—2x.

Thus,

Therefore, (ii) and (iii) are equivalent to the equality of generating functions

(1 _ 271)217t2w+(5/2) dt (\/E-i- 1)21‘/72‘% + (—1)5(\/5— 1)21‘/72‘%

(_1)t(z+5{2—1) % 2
B o 5Zt_x+(6/2)it(ﬁ+ 1)23;_'_(_1)5(\/2_1)235
S\ z (w—é/?) dzt 2
t
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or
-1 t+61‘ B dt B B
( ) (2_1)290 tit[(\/g"i‘l)% 2x+(_1)6(\/g_1)2t 2:5]
r—t dz
dt
= SR+ P+ (1) (V- 17,

which follows immediately from (A4). O
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