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Abstract

In this paper we first show that for a locally compact amenable group G, every proper abstract Segal
algebra of the Fourier algebra on G is not approximately amenable; consequently, every proper Segal
algebra on a locally compact abelian group is not approximately amenable. Then using the hypergroup
generated by the dual of a compact group, it is shown that all proper Segal algebras of a class of compact
groups including the 2 X 2 special unitary group, SU(2), are not approximately amenable.
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1. Introduction

The notion of approximate amenability of a Banach algebra was introduced by
Ghahramani and Loy in [8]. A Banach algebra A is said to be approximately amenable
if for every A-bimodule X and every bounded derivation D : A — X, there exists a net
(D,) of inner derivations such that

lim D,(a) = D(a) forall a € A.

This is not the original definition but it is equivalent. In [8], it is observed that
approximately amenable algebras have approximate identities; moreover, closed ideals
with a bounded approximate identity and quotient algebras of approximate amenable
Banach algebras are approximately amenable.

In this paper, we study the approximate amenability of proper abstract Segal
algebras of Fourier algebras and, subsequently, Segal algebras on abelian groups and
compact groups. The definition of Segal algebras will be given in Section 2.
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Approximate amenability of Segal algebras has been studied in several papers.
Dales and Loy, in [4], studied approximate amenability of Segal algebras on T and R.
They showed that certain Segal algebras on T and R are not approximately amenable. It
was further conjectured that no proper Segal algebra on T is approximately amenable.
Choi and Ghahramani, in [3], have shown the stronger fact that no proper Segal algebra
on T or R is approximately amenable. We extend the result of Choi and Ghahramani
to apply to all locally compact abelian groups, not just T¢ and R¢. Our approach, like
that of Choi—Ghahramani and Dales—Loy, is to apply the Fourier transform and work
with abstract Segal subalgebras of the Fourier algebra of a locally compact abelian
group.

In fact, we prove a more general result in Section 2: when G is an amenable locally
compact group, no proper Segal subalgebra of the Fourier algebra is approximately
amenable. The proof makes use of the equivalence between amenability of G and the
so-called Leptin condition on G.

In the rest of the paper, we try to apply similar tools, this time for compact groups.
In Section 3 our idea is to view the dual of compact groups as a discrete hypergroup.
The Fourier space of hypergroups is studied as well. In Section 4, we introduce an
analogue for hypergroups of the classical Leptin condition, and show that this holds for
certain examples. In Section 5, we apply these tools to show that for a class of compact
groups including SU(2), every proper Segal algebra is not approximately amenable.

2. Abstract Segal algebras of Fourier algebra on amenable groups

Let A be a commutative Banach algebra. We denote by o(A) the spectrum
of A which is also called the maximal ideal space or character space of A. A
commutative Banach algebra A is called regular, if for every ¢ in o(A) and every
open neighbourhood U of ¢ in the Gelfand topology, there exists an element a € A
such that ¢(a) = 1 and ¥(a) = 0 for each ¥ € o(A) \ U. Using Gelfand representation
theory, for a commutative semisimple regular Banach algebra (A, it can be viewed as
an algebra of continuous functions on its spectrum, o (A). For each a € A, supp(a) is
defined as the support of the function a.

Let G be a locally compact group, equipped with a fixed left Haar measure A. The
Fourier algebra of G was defined and studied by Eymard in [6]. In the following
lemma, we summarize the main features of the Fourier algebra, denoted by A(G),
which we need here. We denote by C.(G) the space of continuous, compactly
supported, complex-valued functions on G.

Lemwma 2.1. Let G be a locally compact group and K be a compact subset of G, and
let U be an open subset of G such that K C U. For each relatively compact open set V
such that KVV=' C U, we can find uy € A(G) N C.(G) such that:

(D) uy(G)C[O,1];
2) uylk=1;
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(3) supp(uy) C U; ]
@) Nuvllae) < AUKV)/AV))2.

The existence of uy € A(G) N C.(G) satisfying (1)—(3) is proved in [6, Lemma 3.2].
Also based on the proof of [6, Lemma 3.2] and the definition of the norm of A(G), one
can show (4).

Since 0(A(G)) =G, Lemma 2.1 shows that A(G) is a commutative semisimple
regular algebra.

We say that the Banach algebra (8, || - ||g) is an abstract Segal algebra of a Banach
algebra (A, || - ||#) if:

(1) Bis adense left ideal in A,
(2) there exists M > 0 such that ||b||# < M||b||g for each b € B;
(3) there exists C > 0 such that ||ab||g < Cllallallbllg for all a, b € B.

If B is a proper subalgebra of A, we call it a proper abstract Segal algebra of A.

Let G be a locally compact group. A linear subspace S !(G) of L'(G), the group
algebra of G, is said to be a Segal algebra on G, if it satisfies the following conditions:
(1) S'(G)is dense in L'(G);

(2) S'(G) is a Banach space under some norm || -|ls: and ||flls: >|If|l; for all
fesi Gy

(3) S'(G) is left translation invariant and the map x> L.f of G into S!(G) is
continuous, where L, f(y) = f(x™'y);

@) L. fllst = |Iflls: for all f € S'(G) and x € G.

Note that every Segal algebra on G is an abstract Segal algebra of L'(G) with
convolution product. Similarly, we call a Segal algebra on G proper if it is a proper
subalgebra of L!(G). For the sake of completeness we will give some examples of

Segal algebras.
e Let LA(G):=LYG)NA(G) and |||hlll := lIAll, + |Ihlla) for h € LA(G). Then
LA(G) with norm ||| - ||| is a Banach space; this space was studied extensively

by Ghahramani and Lau in [7]. They have shown that LA(G) with the
convolution product is a Banach algebra called the Lebesgue—Fourier algebra
of G; moreover, it is a Segal algebra on the locally compact group G. LA(G) is
a proper Segal algebra on G if and only if G is not discrete.

Also, LA(G) with pointwise multiplication is a Banach algebra and even an
abstract Segal algebra of A(G). Similarly, LA(G) is a proper subset of A(G) if
and only if G is not compact.

. The convolution algebra L'(G) N LP(G) for 1 < p < oo equipped with the norm
IlA1le + 1Ifl, is a Segal algebra.

° Similarly, L'(G) N Co(G) with respect to the norm ||f|; + ||flle is a Segal
algebra, where Cy(G) is the C*-algebra of continuous functions on G vanishing
at infinity.

e Let G be a compact group, ¥ denote the Fourier transform, and £7(G) be the
space which will be defined in (3.1). We can see that ¥~ (L (5)), which we
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denote by €”(G), equipped with convolution, is a subalgebra of L'(G). For
Ifller Gy := IF £1l 1G> one can show that for each 1< p <2, (E°(G), |l - llgrc))
is a Segal algebra on G.

ProposiTiON 2.2. Let A be a commutative semisimple regular Banach algebra and let
B be an abstract Segal algebra of A. Then B is also semisimple and regular. Moreover,
B contains all elements a € A such that supp(a) is compact.

Proor. By [2, Theorem 2.1], 07(8) is homeomorphic to o-(A) and B is semisimple.

Theorem 3.6.15 and Theorem 3.7.1 of [15] imply that for a commutative regular
Banach algebra A and a closed subset E of o-(A) in the Gelfand spectrum topology, if
a € A such that |p(a)| > 6 > 0 for every ¢ € E, then there exists some a’ € A such that
¢(aa’) =1 for every ¢ € E. We call this property local invertibility.

Now, [14, Proposition 2.1.14] says that if A is a commutative semisimple algebra
with local invertibility and 7 an ideal of A such that (.7 Ker a = 0, then 7 contains
all elements a € A such that @ has compact support in o-(A). In particular, this applies
to B because of density.

Since A is regular, for a closed set E C o(A) and ¢ € 0(A) \ E, we have some
a € Asuchthatalg =0, a(¢) = 1, and supp(a) is a compact subset of o(A). Therefore,
a € B, implying that 8 is regular. O

In [3], a nice criterion is developed to prove the nonapproximate amenability of
Banach algebras. At several points we will rely crucially on this criterion. For
this reason, we present a version of the criterion below. Recall that for a Banach
algebra A, a sequence (a,),en C A is called multiplier-bounded if, for some M > 0,
sup,.cy llanbll < M||b|| for all b € A.

THEOREM 2.3. Let A be a Banach algebra. Suppose that there exists an unbounded but
multiplier-bounded sequence (a,),>1 € A such that

apQpy1 = dp = dpy1dy
for all n. Then A is not approximately amenable.
The following theorem is the main theorem of this section.

THeorEM 2.4. Let G be a locally compact amenable group and SA(G) a proper
abstract Segal algebra of A(G). Then SA(G) is not approximately amenable.

Proor. Since SA(G) is a proper abstract Segal algebra of A(G), the norms || - |[sa(s) and
Il - llas) can not be equivalent. On the other hand, || flla) < Mllfllsa) for f € SA(G)
and some M > 0. Therefore, we can find a sequence (f;),en in C.(G) N A(G), and
hence by Proposition 2.2 in SA(G), such that

nllfullaey < llfullsay foralln e N. 2.1

If G is a locally compact group, then G is amenable if and only if it satisfies the
Leptin condition, that is, for every € > 0 and compact set K C G, there exists a relatively
compact neighborhood V of e such that A(KV)/A(V) <1 + € [13, Section 2.7].

https://doi.org/10.1017/51446788713000256 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000256

24 M. Alaghmandan [5]

Fix D > 1. Using the Leptin condition and Lemma 2.1, we can generate a sequence
(t,)nen inductively in A(G) N C.(G) € SA(G) such that u,|spp £, =1, suppu, C{x€G:
Uy+1(x) = 1}, and |lunllag) < D. Hence u, f,, = f, and u,u,. = u, for every n € N.

So here we only need to prove unboundedness of (uy),>1 in || - [lsa@). Suppose
otherwise that sup, oy llunllsay = C” for some 0 < C’ < co. Then for each n €N, one
can write

Ifallsae) = lunfullsa) < Cllifulla)llunllsac) < C'Cllfallac)

for some fixed C >0. But this violates the condition (2.1); therefore, (u,),en
is unbounded in |- [lsa). Consequently, Theorem 2.3 shows that SA(G) is not
approximately amenable. O

We should recall that the Leptin condition played a crucial role in the proof. As we
mentioned before, the approximate amenability of all proper Segal algebras on R? has
been studied by Choi and Ghahramani in [3]. We are therefore motivated to conclude
a generalization of their result in the following corollary.

COROLLARY 2.5. Let G be a locally compact abelian group. Then every proper Segal
subalgebra of L'(G) is not approximately amenable.

Proor. Let S 1(G) be a proper Segal algebra on G. Applying the Fourier transform on
L'(G), we may transform S !(G) to a proper abstract Segal algebra SA(G) of A(G), the
Fourier algebra on the dual of group G. By Theorem 2.4, SA(G) is not approximately
amenable. m|

RemMark. In particular, by Theorem 2.4, for an amenable locally compact group G the
Lebesgue—Fourier algebra with pointwise multiplication is approximately amenable if
and only if G is a compact group, in which case it equals the Fourier algebra of G.
Moreover, by Corollary 2.5, for a locally compact abelian group G, the Lebesgue—
Fourier algebra with convolution product is approximately amenable if and only if G
is discrete, in which case it equals £!(G).

3. Hypergroups and their Fourier algebra

Although the dual of a compact group is not a group, in general, it is a (commutative
discrete) hypergroup. We give the background needed for this result in Section 3.1.
Muruganandam, in [12], gave a definition of the Fourier space, A(H), of a hypergroup
H and showed that A(H) is a Banach algebra with pointwise product for certain
commutative hypergroups. In Section 3.2, we study the Fourier space on the dual
of a compact group G, denoted by A(G). We show that indeed for each compact group
G, A(E) is a Banach algebra.

3.1. Preliminaries and notations. For studying hypergroups, we mainly rely on [1].
As a short summary for hypergroups we give the following definitions and facts.
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Let (H, =,”) be a (locally compact) hypergroup possessing a Haar measure s. The
notation A = B stands for

| Jisupp(s, + 6,) : for all x€ A, y € B)

for A, B subsets of the hypergroup H. With abuse of notation, we use x* A to
imply {x} * A. Let C.(H) be the space of all complex-valued, compactly supported,
continuous functions over H. We define

fo()’) = j[; f(t) doy * 6}'(0 f €eC.(H), x,yeH.

Defining

F oo g() = fH FOLg® dh(),  f):=f@ and = ()

we can see that all of the functions f : H — C such that

Al o= fH O dh(e) < oo

form a Banach *-algebra, denoted by (L'(H, h), *, || - ||»); it is called the hypergroup
algebra of H.
If H is discrete and h(e) = 1,

h(x) = (65 % 6.(e)) ™.

Lemma 3.1. Let H be a discrete hypergroup. For each pair x,y € H,

h(x)h(y)
h(z)

Ox *p, 6)’(Z) =0, * 6y(z)

foreach z€ H.

In this section, let G be a compact group and G the set of all irreducible unitary
representations of G. In this paper, we follow the notation of [5] for the dual of
compact groups. Where H, is the finite-dimensional Hilbert space related to the
representation m € G, we define Xr :=Trr, the group character generated by =, and
d, denotes the dimension of H,. Let ¢ ={¢,: m € 5} if ¢, € B(H;) for each m, and
define

”¢”L"°((’3\) ‘= sup ||¢7r||oo
n

for || - ||, the operator norm. The set of all those ¢ with ||¢||£w(5) < oo forms a C*-

algebra; we denote it by L™ (G). It is well known that £L¥(G) is isomorphic to the von
Neumann algebra of G that is the dual of A(G), see [5, 8.4.17]. We define

L1©) = {6 € L7G): W0l o = D, ol < ols 3.

neG
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for || -|l,, the p-Schatten norm. For each p, .U’(a) is an ideal of .£°°(6), see
[5, Section 8.3]. Moreover, we define

Co©) ={# € L°G): lim :lle = 0}.

For each f € L'(G), F(f) = ( f(”))neé belongs to 00(5), where ¥ denotes the Fourier
transform and

fm) = fG feom(xh) dx.

Indeed, ¥ (L'(G)) is a dense subset of C 0(5) and ¥ is an isomorphism from the Banach
algebra L' (G) onto its image. _

For each two irreducible representations my, m, € G/,\we know that 71 ® > can be
written as a direct product of x{, ..., 7, elements of G with respective multiplicities

mi,...,m,, thatis,
n
T ®my = @ m;r,.
i=1

We define a convolution on 51(5) by

& midn;

On, * Op, i= y

S (3.2)

£

1 2

i=1
and define an involution by 7 =7 for all &, m, 1, €G. Ttis straightforward to
verify that (G, *,”) forms a discrete commutative hypergroup such that o, the trivial
representation of G, is the identity element of G and h(r) = d2 is the Haar measure
of G.
ExampLe 3.2. Let SU(2) be the hypergroup of all irreducible representations of the
compact group SU(2). We know that

—

SUQ2) = (ﬂf)ge(),%,l,%w,
where the dimension of 7, is 2€ + 1, see [9, 29.13]. Moreover,

o+l
e @ mp = @ T =My ® Tp—pj41 ® - - - ® ey (by [9, Theorem 29.26]).
—

So, using definition (3.2), we have that

o+l
67!( * 671'(/ =
r=lt=e

Q2r+1)
@C+ D+ 1) o

Also 75, = ; and h(ry) = (2€ + 1)? for all £.
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ExampLE 3.3. Suppose that {G;}ier is a nonempty family of compact groups for
arbitrary indexing set I. Let G := [], G; be the product of {G}ier, that is, G = {(X;)er :
x; € G;} equipped with product topology. Then G is a compact group and by [9,
Theorem 27.43],

G= {n = ® 7;  such that 7r; € G; and ; = 7o except for finitely many i}

i€l

equipped with the discrete topology. Moreover, for each 7= (). 7; €G, dy=
Hiel dm' .
If mp = (X)l.EI ﬂgk) € G for k=1, 2, one can show that

(5ﬂ-l * (5,,2(71') = l_[ (57{51) *a (57{52)(7'(,') form = ® ;€ 5,

iel iel

where #5 is the hypergroup product in 6, for each i € I. Also, each character y of
G corresponds to a family of characters (y;)icy such that y; is a character of G; and
x(x) = [1ia xi(x;) for each x = (x;)ie1 € G. Note that y; = 1 for all of i € I except finitely
many.

3.2. The Fourier algebra of the dual of a compact group. For a compact
hypergroup H, Vrem in [17] defined the Fourier space similar to the Fourier algebra
of a compact group. Later, Muruganandam, in [12], defined the Fourier—Stieltjes
space on an arbitrary (not necessarily compact) hypergroup H using irreducible
representations of H analogous to the Fourier—Stieltjes algebra on locally compact
groups. Subsequently, he defined the Fourier space of a hypergroup H, as a
closed subspace of the Fourier—Stieltjes algebra, generated by {f #, f: f € L*(H, h)}.
Muruganandam also showed that when H is commutative, A(H) is {f =, 8: f,g €
L?(H, h)} and ||[ullaz) = inf || fll2llgll> for all £, g € L*(H, h) such thatu = f * g. He calls
the hypergroup H a regular Fourier hypergroup, if the Banach space (A(H), || - llac))
equipped with pointwise product is a Banach algebra.

We prove a hypergroup version of Lemma 2.1 which shows some important
properties of the Banach space A(H) for an arbitrary hypergroup H (not necessarily
a regular Fourier hypergroup). Some parts of the following lemma have already
been shown in [17] for compact hypergroups and that proof is applicable to general
hypergroups. Here we present a complete proof for the lemma.

Lemma 3.4. Let H be a hypergroup, K a compact subset of H and U an open subset
of H such that K CU. Then for each relatively compact open set V such that

K %V« V C U, there exists some uy € A(H) N C.(H) such that:
(1) uv(H) =0,

) uylxg=1;

(3)  supp(uy) CU; l

@) Nuvllaw < (hg(K = V)[hg(V))2.
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Proor. Let us define |

uy = le*V o 1y

Clearly uy > 0. Moreover, for each x € K,
ha(Vyuy(x) = 1g.y #5, Ty(x)
= f L () Lilyv(x) dhy(t)
H

= [ kL) bt
H
= f L 1g.w®1ly(®) dhy(t) (by [1, Theorem 1.3.21])
teH
= [ (v dix 6y diyo
v
= hy(V).
Also [1, Proposition 1.2.12] implies that

supp(1 g,y 4 1y) S (K # V = V) C U,

which implies that uy is compact supported. Finally, by [12, Proposition 2.8], we
know that

Mevllolltvll _ (K« V)2hu(1y): _ ha(K * V)
hu(V) hu(V) ha(V):

This concludes the proof. O

[y llac <

Remark. For each pair K, U such that K C U, we can always find a relatively compact
neighborhood V of ey that satisfies the conditions in Lemma 3.4. But the proof is quite
long and in our application the existence of such V will be clear.

Given a commutative hypergroup, it is not immediate whether it is a regular Fourier
hypergroup or not. We will show that when G is a compact group, the hypergroup G
is a regular Fourier hypergroup.

Derinition 3.6. For A(G), the Fourier algebra on G, we define
ZA(G) :={f € A(G) : f(yxy™") = f(x) for all x € G},
which is a Banach algebra with pointwise product and || - ||4)-

Tueorem 3.7. Let G be a compact group. Then Gisa regular Fourier hypergroup
and A(G) is isometrically isomorphic with the center of the group algebra G, that is,
A(G) ZLY(G). Moreover; the hypergroup algebra of G, Ll(G h), is isometrically
isomorphic with ZA(G).
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Proor. Let F be the Fourier transform on L'(G). We know that | [2(G) 1S an isometric

isomorphism from L*(G) onto 1:2(6). By the properties of the Fourier transform, [5,
Proposition 4.2], for each f € ZL*(G) and g € L'(G)

FHoF@=F(f+8)=F(g*f)=F&)oF). (3.3)

So F(f) commutes with all elements of 00(5); therefore, ¥ (f) = (@rla,xd,)
family of scalars (a,), .z in C. Hence,

IF G =D dellFmls = > de@Pllaa B = ) @2ds® = " ah().

neG neG neG neG

G for a

Using the preceding identity, we define 7 : ZL*(G) — L2((?, h) by T(f) = (@),
Note that { x,} .z forms an orthonormal basis for ZL*(G). Since F (yz) = d;'ly,,,.
T(fH)=T(f) for each feL*G), where f(x)=f(x""). So 7 is an isometric
isomorphism from ZL*(G) onto L*(G, h).

We claim that 7(f8) = T(f) *, 7 (g) for all £, g€ ZL*(G). To prove our claim it
is enough to show that 7 (yx Xr,) =7 () *1 T (¥x,) for my, my € G. Therefore, using

Lemma 3.1, for each two representations 7y, 7, € G,

T(Xﬂ']Xﬂ'z) = T(i miXﬂ'l'.)
i=1
= i mlT(Xﬂ:)
i=1

= midy 5

=1 '
= d;II 671’1 *h dl;zl 6”2
= T(Xﬂ]) *h T(Xﬂz)'

Now we can define a surjective extension 7~ : ZL!(G) —>A(§), using the fact that
lin{ x,} .z is dense in ZL'(G) as well and ||f]l; = inf ||g1]l2llg2]l> for all g1, g» € L*(G)
such that f = g1£,. Using the definition of the norm of A(@), ||7'(f)||A(5) =||fll; for
each f€ZL'(G). To show that the extension of 7~ is onto, for each pair g, g» €
ZLZ(G);\we note that g,¢> € ZL'(G). So, 7 is an isometric isomorphism. This implies
that A(G) is a Banach algebra with pointwise product and hence (A(G), -, || - || A@) =
(ZL(G), #, 1| - lI)-

The second part is similar to the first part of the proof. This time we consider the
restriction of the Fourier transform from ZA(G) onto .£'(G). Again by an argument
similar to (3.3), we define an isometric mapping 7~ from ZA(G) onto L!(G, h). Since
lin{ x,} .z is dense in ZA(G), we observe that 7 is an isometric isomorphism from
ZA(G) as a =-algebra with complex conjugate and pointwise product onto L! (G, h) as
a x-algebra with convolution #;. O
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4. The Leptin condition on hypergroups

In the proof of Theorem 2.4, we used the Leptin condition for amenable groups.
In this subsection we study the Leptin condition for hypergroups. In [16], the Reiter
condition was introduced for amenable hypergroups. Although the Reiter condition
on hypergroups behaves similar to amenable groups, the Leptin condition is a problem
for hypergroups. This difficulty is resulted mainly from the following fact: in general
hypergroups, when we convolve the Dirac measures of two elements, although the
probabilistic measure which is yielded from this convolution is finitely supported, we
do not necessarily have a bound on the cardinality of its size. There are some attempts
to answer this question for some special hypergroups in [10].

Recall that for each two subsets A and B of X, we denote the set (A\ B)U(B\ A)
by A A B.

DermviTioN 4.1. Let H be a hypergroup. We say that H satisfies the Leptin condition if
for every compact subset K of H and € > 0, there exists a measurable set V in H such
that 0 < A(V) < co and (K = V)/h(V) <1 + €.

We will use the Leptin condition, in the case where H is the dual of a compact group
G, to study approximate amenability for Segal algebras on G.

Remark. In the definition of the Leptin condition mentioned above, we can suppose
that V is a compact measurable set. To show this fact suppose that H satisfies the
Leptin condition. For a compact subset K of H and € > 0, there exists a measurable
set V such that (K = V)/h(V) < 1 + €. Using regularity of &, for each positive integer
n, we can find compact set V| C V such that A(V \ V|) < h(V)/n. This implies that
0 < (V1) and (V)/h(V}) <n/(n —1). Therefore,

WK = Vi) < h(V) (h(K* Vl))
(Vi) — h(VD\  h(V)
So we can add compactness of V to the definition of the Leptin condition.

< _+e.
n—1

Note that since the duals of compact groups are commutative, they are all amenable
hypergroups [16], but as we mentioned this amenability does not say anything about
the Leptin condition on these hypergroups. So the next question is: for which compact
groups G do the hypergroups G satisfy the Leptin condition? We will now show that
Examples 3.2 and 3.3 sometimes satisfy this condition.

ProrosiTiON 4.3. The hypergroup Sﬁ(\Z) satisfies the Leptin condition.

Proor. Take a compact subset K of Sﬁ(\2) and € >0, k:=sup{f: m, € K}. We select
m > k such that for V = {m}}" |,
h(m x V) S0 2
vy —osmte
1Qm+2k+ 1% + 1Qm+2k + 1)* + 12m + 2k + 1)

= : : : <l+e
3Cm+ 13+ 32m+ 1> + ;2m + 1)

4.1)
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Then for each x € K, x « V C . = V. So, using (4.1),

WK V)  h(m = V)

ORG) <l+e.

This concludes the proof. O

Prorosition 4.4. Let {G}ier be a family of compact groups whose duals have the Leptin
condition and G = [, G be their product equipped with product topology. Then G
satisfies the Leptin condition.

Prook. Let K € G be an arbitrary compact subset. Then, there exists some F' C I finite
such that K C ®i€F K; ® Ef., where K; is a compact subset of G;, and Ef, = ®

where the 7 are the trivial representations of the corresponding a

ien\F 710>

Using the Leptin condition for each G;, there exists some compact set V; which
satisfies the Leptin condition for K; and € > 0, that is, hg,(K; = V;) < (1 + €)hg, (V).

Therefore, for the compact set V = ((X)ie r V) ®EL,

MK D) T 2B gy gn

nvy L e v

This concludes the proof. O

Remark. If G is finite then G satisfj@s the Leptin condition; hence, for a family of finite
groups, say {G}ic1, G := [ ;e Gi, G satisfies the Leptin condition.

5. Segal algebras on compact groups whose duals satisfy the Leptin condition

In this section, we apply this hypergroup approach to answer the question of
approximate amenability of Segal algebras. We show that every proper Segal algebra
on G is not approximately amenable if G is a compact group and G satisfies the Leptin
condition. To prove this theorem we need some preliminary results. The proof of the
following lemma is adopted from [11, Lemma 1].

LemmA 5.1. Let A be a Banach algebra and J be a dense left ideal of A. Then for
each idempotent element p in the center of the algebra A, that is, p* = p € Z(A), p
belongs to .

Proor. Since J is dense in (A, there exists an element a € J such that ||p — a||# < 1.
Let us define

b:=p+ i(p -a)'.
n=1
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One can check that pb — pb(p — a) = pba, which is an element in /. On the other

hand,
pb - pb(p —a) = p(p + Z(p - a)”) - p(p + Z(p - a)”)(p - a)
n=1 n=1
=p+p ) (p-a'-p ) (p-a) - p(p-a)
n=1 n=2
=p+p(p—a)-p(p-a)=p.
This concludes the proof. |

CororLary 5.2. Let G be a compact group. Then lin{ x} 5 is || - |l1-dense in ZL'(G)
and for every Segal algebra S'(G), its center, ZS '(G), contains lin{ XrhreG

Proor. Let 7~ be the map defined in the proof of Theorem 3.7. Then, 7 ZL'(G)) =
A(G). Also for the discrete hypergroup G, A(G) equals the || -|| A@—closure of

lin{o,}, .z [12]. Therefore, ZL'(G) is the || - ||;-closure of lin{ Xrhregr SInCE T (xz) =
a’;'&,, for each 7€ G. On the other hand, by Lemma 5.1, § '(G) contains all central
idempotents d,y, for each 7 € G. O

The main theorem of this section is as follows.

TuEOREM 5.3. Let G be a compact group such that G satisfies the Leptin condition.
Then every proper Segal algebra on G is not approximately amenable.

Proor. Let S 1/(\G) be a proper Segal algebra on G. Fix D> 1. Using the Leptin
condition on G, for every arbitrary nonvoid finite set K in G, we can find a finite
subset Vg of G such that h(K * Vg)/h(Vg) < D?. Using Lemma 3.4, for

1
VK .

= ——— g 1
h(Vi) K+Vg *n Ly

we have ||vK||A(5) <D and vg|lg =1. We consider the net {vg: K C G compact} in
A(E) where vk, > vk, whenever vk vk, = vk,. So (vk)gg forms a || - IIA@—bounded
netin A(G) N c(G). Let f € A(G) N ¢.(G) with K = supp f. Then vg f = f. Therefore,
(vk)kcg 1s @ bounded approximate identity of A(G).

Using 7~ defined in the proof of Theorem 3.7, we can define the net (ug)y g in
SYG) by ug :=T "(vg). We show that (ug),g satisfies some conditions. First of

all, since 7 is an isometry from ZL!(G) onto A(@), (ug)gcg is all - |li-bounded net in
S1(G), by Lemma 5.1. Moreover, since 7~ is an isomorphism,

ug, *ug, =T " vg) * T (vi,) = T ' vgvi,) = T o)) = ug,

for vk, > vg,, which we equivalently denote by ug, > ug,. Let (ug)g .z be the net
constructed.
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Claim. For every Ky C 5, K finite, the net {ug : ux > ug,} is unbounded in the norm
of S1(G).

To prove the claim, assume towards a contradiction that there exists a finite Ky and
C > 0 such that |luk|lsi ) < C for all ux > ug,. Since G is compact and SYG) is a
Segal algebra, we know, by [11], that S 1(G) has a central approximate identity which
is bounded in L'-norm. Denote this by (e,),. By Corollary 5.2, let us generate a
net (e;, Ja.1>e>0 in lin{ x} &, where |le;, . — e,ll1 < € for each pair of («, €); therefore,
(€} a1>e50 € ZS '(G). We show that (€}, e)a1>e>0 1s still a central | - [|;-bounded
approximate identity of S !(G). Doing so, for each f € S !(G), note that

el * = flsio) < lle.e * f—ea * fllsia) + llea * f = flisic)
< lleg.e = eallillfllsic) + llea * f = fllsic)s

which goes toward 0 as @ grows and € — 0. Moreover, for each (a, €), there exists
some finite set K’ such that Ko C K’ C G and 7 (e, Jvg =7 (e, ) for each v <vi;

e

hence,
le), sy = lim _|le, o * ukllsi(c)-
KoCK—-G
Consequently,
ey sty = lim _lle;, . * uklls (o)
KyCK—G
< sup e, dlilluglls i) < Clle, -
KocK<G

This implies that (e}, ()a,15e>0 18 || - lls1()-bounded. But a Segal algebra cannot have
a bounded approximate identity unless it coincides with the group algebra [2], which
contradicts the properness of S ' (G). Hence, the claim is proved.

To generate a sequence which satisfies the conditions of Theorem 2.3, fix a
nonempty finite set Ky C G. By our claim, we inductively construct a sequence of
finite sets Ky C K; C--- in G such that ug, > ug, , and |lug,lls1) = n for all n € N.
Since ug, * ug, , = ug,_,, by Theorem 2.3, § (G) is not approximately amenable. O

CoroLLARY 5.4. Every proper Segal algebra on SU(2) is not approximately amenable.

Remark. After this work was submitted, we found that a weaker version of the Leptin
condition is satisfied by the dual of SU(3). One can use this to show that proper Segal
algebras on SU(3) are not approximately amenable. This will appear in a subsequent
paper which is currently in preparation.

CoROLLARY 5.60. Let {G;i}ic1 be a nonempty family of compact groups whose duals
satisfy the Leptin condition, and G =[], G; equipped with product topology. Then
every proper Segal algebra on G is not approximately amenable.
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6. Further questions

Is every proper Segal algebra on a compact group G not approximately
amenable? This question was first asked about locally compact abelian groups
by Dales and Loy [4], which we have answered in this paper. We have also
shown that the conjecture holds for the compact group SU(2) and for products of
finite groups.

For which other compact groups do their duals satisfy the Leptin condition? Can
one find a compact group G whose dual does not satisfy the Leptin condition?
One may want to study the Leptin condition for the dual of other compact
connected Lie groups, say SU(n). A further study on SU(3), done by the author,
suggests that SU(3) may not satisfy the Leptin condition. But this statement is
still a conjecture.

For locally compact groups, the existence of a bounded approximate identity of
the Fourier algebra implies the Leptin condition. In the hypergroup case, it seems
that we cannot prove this implication. Can we find a regular Fourier hypergroup
H whose Fourier algebra has a bounded approximate identity while H does not
satisfies the Leptin condition?
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