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ABSTRACT

The 4n2-inequality for smooth points plays an important role in the proofs of birational
(super)rigidity. The main aim of this paper is to generalize such an inequality to terminal
singular points of type cA1, and obtain a 2n2-inequality for cA; points. As applications,
we prove birational (super)rigidity of sextic double solids, many other prime Fano 3-fold
weighted complete intersections, and del Pezzo fibrations of degree 1 over P! satisfying
the K?2-condition, all of which have at most terminal cA; singularities and termi-
nal quotient singularities. These give first examples of birationally (super)rigid Fano
3-folds and del Pezzo fibrations admitting a cA; point which is not an ordinary double

point.
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1. Introduction

Throughout the paper we work over the field C of complex numbers.

1.1 2n2-inequality for cA; points

Birational (super)rigidity of a Mori fiber space is roughly an essential uniqueness of the Mori fiber
space structure in its birational equivalence class (see Definition 2.3 for the precise definition).
Birational non-(super)rigidity of a Mori fiber space implies the existence of a non-biregular
birational map to a Mori fiber space, and this further implies the existence of a mobile linear
system that is highly singular. In order to prove the birational (super)rigidity of a given Mori
fiber space, one has to exclude the possibility of the existence of such a highly singular mobile
linear system. The 4n2-inequality, which is stated in the following, is quite useful in this context,
and it is one of the most important ingredients in the proofs of birational (super)rigidity of Mori
fiber spaces.

THEOREM 1.1 (4n%-inequality [Pukl3, Theorem 2.1]). Let p € X be the germ of a smooth
3-fold. Let M be a mobile linear system on X and let n be a positive rational number. If p is a
center of non-canonical singularities of the pair (X, (1/n)M), then for general members D, D
in M we have

mult, Dy - Dy > 4n?.

To the best of the authors’ knowledge, there is no known example of a birationally (super)rigid
3-dimensional Mori fiber space admitting a singularity other than quotient singularities and
ordinary double points. This is mainly because of the lack of a local inequality for singular
points that is similar to 4n’-inequality.

In this paper we consider a 3-fold terminal singularity p € X of type cAx which is, by
definition, an isolated hypersurface singularity whose general hyperplane section is the Du Val
singularity of type Aj. Our first goal is to obtain a similar inequality for singular points of
type cAj.

THEOREM 1.2 (2n2-inequality for cA; points). Let p € X be the germ of a cA; singularity. Let
M be a mobile linear system on X and let n be a positive rational number. If p is a center of
non-canonical singularities of the pair (X, (1/n)M), then for general members D1, Dy in M we
have

mult,(Dy - Dg) > 2n%.

As applications, we give first examples of birationally (super)rigid Fano 3-folds and del Pezzo
fibrations admitting cA; points.
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1.2 Applications to birational rigidity
We explain applications of the 2n2-inequality for cA; points to birational rigidity of some prime
Fano 3-folds and del Pezzo fibrations.

A Fano 3-fold is a normal projective Q-factorial variety of dimension 3 with only terminal
singularities whose anticanonical divisor is ample. A Fano 3-fold X is prime if its class group
Cl(X) is isomorphic to Z and is generated by —Kx.

1.2.1 Seatic double solids. A sextic double solid is a normal projective variety which is a
double cover of P3 branched along a sextic surface. Birational superrigidity of smooth sextic
double solids was proved by Iskovskikh [Isk98], and later on, birational superrigidity of Q-factorial
sextic double solids with only ordinary double points was proved by Cheltsov and Park [CP10].

In [Pae21], birational geometry of sextic double solids with cAy points are investigated, and it
is in particular proved that a general sextic double solid with a cAj singular point, where k > 4,
is not birationally rigid. Moreover, the following expectation (which we pose as a conjecture) is
made.

CONJECTURE 1.3. A Q-factorial sextic double solid with only terminal cA; and cAs singularities
is birationally superrigid, and a Q-factorial sextic double solid with only terminal cA;, cAs and
cAg singularities is birationally rigid.

We generalize the result of Cheltsov and Park [CP10], and prove the following.

THEOREM 1.4 (= Theorem 4.1). Let X be a Q-factorial sextic double solid with only terminal
singularities of type cAi. Then X is birationally superrigid.

We also consider sextic double solids with a cAs point in §4.4 and construct a Sarkisov
self-link under a generality assumption.

In Theorem 1.4 we are assuming that sextic double solids with cA; singularities are
Q-factorial, which is a crucial condition for them to be birationally superrigid. However, it
is not a simple problem to determine whether a given singular variety is Q-factorial or not. We
provide a criterion for Q-factoriality of sextic double solids with cA; singularities in §4.5.

1.2.2 Prime Fano 3-fold weighted complete intersections. Quasi-smooth prime Fano
3-fold weighted complete intersections are classified under some extra conditions and they con-
sist of 95 families of weighted hypersurfaces, 85 families of weighted complete intersections of
codimension 2, and the family of complete intersections of 3 quadrics in P (see [Ian00, 16.6,
16.7] and [CCC11, Theorems 1.3, 6.1 and 7.4]). The study of birational (super)rigidity of these
objects is almost completed under the assumption of quasi-smoothness.

e It is proved by [CPRO0] and [CP17] that every quasi-smooth prime Fano 3-fold weighted
hypersurface is birationally rigid.

e It is proved by [Okal4] and [AZ16] that a quasi-smooth prime Fano 3-fold weighted complete
intersection of codimension 2 other than a complete intersection of a quadric and a cubic in
PP° is birationally rigid if and only if it belongs to one of the specific 18 families.

e It is proved by [IP96] that a general smooth complete intersection of a quadric and a cubic
in P° is birationally rigid.

It is known that a quasi-smooth weighted complete intersection has only cyclic quotient sin-
gularities [Dol82, Theorem 3.1.6]. Thus, a quasi-smooth prime Fano 3-fold weighted complete
intersection has only terminal cyclic quotient singularities. We consider 78 families of prime Fano
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3-fold weighted hypersurfaces and 18 families of prime Fano 3-fold weighted complete intersec-
tions of codimension 2, and prove birational (super)rigidity of their special members admitting
cAq points.

THEOREM 1.5 (= Theorem 5.2). Let X be a prime Fano 3-fold weighted complete intersection
which belongs to one of the families listed in Tables 2 and 3. Suppose that X is quasi-smooth along
the singular locus of the ambient weighted projective space, and X has only cA; singularities in
addition to terminal quotient singular points. Then X is birationally rigid.

1.2.3 Del Pezzo fibrations of degree 1. Let m: X — P! be a del Pezzo fibration of degree 1,
that is, it is a Mori fiber space and its general fiber is a smooth del Pezzo surface of degree 1. We
say that X /P! satisfies the K?2-condition if the 1-cycle (—Kx)? is not contained in the interior
of the cone NE(X) of effective curves on X, i.e.

(—Kx)* ¢ Int(NE(X)). (1.1)

We refer the reader to [BCZ04] for more details on K 2-condition and its related condition.

Pukhlikov [Puk98] proved birational superrigidity of nonsingular del Pezzo fibrations satis-
fying the K2-condition. As an application of 2n’-inequality for cA; points, we generalize the
Pukhlikov’s result and obtain the following.

THEOREM 1.6. Let m: X — P! be a del Pezzo fibration of degree 1 with only cA, singularities.
If X/P! satisfies the K?-condition, then X is birationally superrigid.

2. Preliminaries

2.1 Birational (super)rigidity
DEFINITION 2.1. Let m: X — S be a morphism between normal projective varieties. We say
that 7: X — S (or simply X/S if 7 is understood) is a Mori fiber space if:

e dim S < dim X and 7 has connected fibers;
e X is Q-factorial and has only terminal singularities;
e — Ky is m-ample and the relative Picard rank is 1.

We call X/S a del Pezzo fibration if dim X — dim S = 2.
Note that Mori fiber spaces over a point are exactly Fano varieties of Picard rank 1.

DEFINITION 2.2. Let nx: X — 5 and ny: Y — T be Mori fiber spaces. A birational map
x: X --» Y is called square if it fits into a commutative diagram

X
X-=>Y
TFX\L \LWY
3
S-->T

where ¢ is birational and in addition the induced map on the generic fibers x;,: X, --» Y}, is an
isomorphism. In this case we say that X/S and Y/T are square birational.

DEFINITION 2.3. We say that a Mori fiber space m: X — S is birationally rigid if, for any Mori
fiber space Y/T', the variety Y is birational to X if and only if X/S and Y/T are square birational.

We say that X/S is birationally superrigid if, for any Mori fiber space Y/T, any birational
map X --» Y (if it exists) is square.
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Note that a Fano variety X of Picard rank 1 is birationally rigid if the only Mori fiber space
it is birational to is itself, for example it is not birational to other Fano varieties. Birationally
rigid Fano variety is birationally superrigid if and only if any birational self-map is square and,
hence, is an isomorphism.

2.2 Maximal singularity
For a normal variety V', a prime divisor £ on a normal variety W admitting a projective birational
morphism ¢: W — V is called a prime divisor over V. A prime divisor over V is exceptional if
its center on V is a subvariety of codimension greater than 1.

In the following, let m: X — S be a Mori fiber space. For a mobile linear system M on X,
the rational number n > 0 such that M ~g —nKx + 7*A for some Q-divisor A on S is called
the quasi-effective threshold of M.

DEFINITION 2.4. A prime exceptional divisor F over X is a mazimal singularity if there exists
a mobile linear system M on X such that

ordg * M > nag(Kx),

where n > 0 is the quasi-effective threshold of M, ¢: Y — X is a projective birational morphism
such that £ C Y and ag(Kx) denotes the discrepancy of Kx along E. The center I' C X of a
maximal singularity is called a mazimal center. An extremal divisorial contraction ¢: Y — X is
called a mazimal extraction if its exceptional divisor is a maximal singularity.

We have the following characterization of birational superrigidity for Fano 3-folds of Picard
rank 1.

THEOREM 2.5 ([CS08, Theorem 1.26] and [Cor95, (2.10) Proposition-definition]). Let X be a
Fano 3-fold of Picard rank 1. Then the following are equivalent:

(1) X is birationally superrigid;
(2) X does not admit a maximal singularity;
(3) X does not admit a maximal extraction.

Let X be a Fano variety of Picard rank 1, then we say that an a non-biregular birational
map o: X --» X’ to a Fano variety of Picard number 1 is an elementary link of type II if it sits
in the commutative diagram

Y-Z-y
S
X—;>X/

where ¢ and ¢’ are extremal divisorial contractions and 7 is a birational map which is an
isomorphism in codimension 1. An elementary link of type II which is a birational self-map is
called an elementary self-link of type I

LEMMA 2.6 [Okal8, Lemmas 2.34 and 2.22|. Let X be a Fano 3-fold of Picard number 1. If
for any maximal extraction @: Y — X there exists a Sarkisov self-link of type II initiated by ¢,
then X is birationally rigid.

2.3 Exclusion methods
We explain several methods which are used to exclude maximal centers.
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2.3.1 Methods for curves.

LEMMA 2.7 ([CPRO0, Proof of Theorem 5.1.1] and [Okal8, Lemma 2.9]). Let X be a Fano 3-fold
of Picard rank 1 and let T C X be an irreducible and reduced curve. If (-Kx -T') > (=Kx)3,
then I' is not a maximal center.

The following is a simplified version of [Okal8, Lemma 2.11], which is enough for the purpose
of this paper.

LEMMA 2.8 (cf. [Okal8, Lemma 2.11]). Let X be a Fano 3-fold of Picard rank 1, and let ' C X
be an irreducible and reduced curve. Assume that there is a pencil P of divisors on X satisfying
the following properties:

(1) P ~g —mKx for some rational number m > 1;

(2) a general member of P is a normal surface;

(3) for distinct general members S, T € P, we have T'|g = I' + A, where A is an irreducible and
reduced curve such that A # T', and we have (I'- A)g > (—Kx - A).

Then T' is not a maximal center.

When we apply Lemma 2.8, we need to compute (I'- A)g, which will follow from the com-
putation of (I'?)g. In this paper we need to consider the case where I' = P! and S has Du Val
singular points of type A along I', and the computation of (I'?)g will be done by the following
method.

DEFINITION 2.9. Let p € S be the germ of a normal surface and I' an irreducible and reduced
curve on S. Let S — S be the minimal resolution of p € S and denote by E1,..., E,;, the prime
exceptional divisors. We define G(S, p,I") to be the dual graph of Ey,..., E,, together with the
proper transform I' of T' on S: vertices of G(S,p,T') corresponds to E,..., E,, and I, and two
vertices corresponding to E; and E; (respectively, E; and I') are joined by (E; - E;)-ple edge
(respectively, (E; - I')-ple edge). We call G(S, p,T) the extended dual graph of (S,p,T).

DEFINITION 2.10. We say that G(S,p,I") is of type A, if it is of the following form.
r
O O- . . O
E, B, E, E,

Here, o means that the corresponding exceptional divisor is a (—2)-curve. In other words,
G(S,p,TI') is of type A, 1 if (S, p) is of type A, (I'- E;) =0 for i # k and (I'- E}) = 1.

LEMMA 2.11. Let S be a normal projective surface, and let I' be a smooth rational curve on S.
Let p1,...,pm be points on I'. Suppose that S is smooth along I\ {p1,...,pm} and that each
extended dual graph G(S, p;,I") is of type A, , for some positive integers n;, k;. Then,

—ki+1)
%) =-2—(K :
() = 5 Z n; +1
Proof. This follows from [Oka20b, Lemma 10.7]. O

3. Local inequalities for cA points

Let V be an n-dimensional variety. For i=0,...,n, we denote by Z;(V) the group of
i-cycles on V', and by A;(V) = Z;(V')/ ~ra the Chow group of i-cycles on V', where ~y, is the
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rational equivalence. For Cartier divisors D1, ..., D; on V that intersect properly, that is, the
irreducible components of Supp(D;) N --- N Supp(Dy) all have codimension equal to k in V,
there is a uniquely defined intersection cycle

Dy Ds -+ Dy € Zn—(Supp(D1) N -+ - N Supp(Dk)).
See [Ful98, Definition 2.4.2].
3.1 Blow-ups and degrees of cycles
Let X be a normal 3-fold, and let B C X be an irreducible subvariety of codimension at least 2.

Let ¢: X — X be the blow-up of X along B. For acycle I' € Z;(X) on X such that SuppI" ¢ B,
we denote by ¢ 1T the proper transform of I" on X.

DEFINITION 3.1. Under the above setting, suppose that B is not contained in the singular locus
of X, and let E C X be the unique exceptional divisor dominating B. Let Z = Y., miZ; be a
1-cycle supported on the exceptional set ¢ ~!(B), where Z; C 0~!(B) is an irreducible curve. We
define the degree of Z with respect to F by

degp Z = Zmz deg(Z; N~ 1(b)),

where ¢ ~1(b) = P2-4m B jg the fiber over a general point b € B.

LEMMA 3.2 [Pukl3, Lemma 2.2]. Let X be a normal 3-fold, B C X be an irreducible subvariety
of codimension at least 2 such that B ¢ Sing X, and let D1, Dy be Cartier divisors on X which
share no common component.

(1) Assume that B is a point. Then, for the 1-cycle
Z = ¢;'D1- ¢, Do — ¢ (D1~ Dy),
which is supported on ¢~!(B), we have
degE Z = multB(D1 . D2) — multB D1 multB DQ.
(2) Assume that B is a curve. Then, for the decomposition
¢.'D1o Dy =Z 4T,
where Supp Z C ¢~ !(B) and Supp p.I' does not contain B, we have
Dy - Dy = (multg Dy multg Dy + degp Z)B + ..

3.2 Blow-up of a cA; point
By [Rei83], a 3-dimensional singularity is a terminal singularity if and only if it is the quotient of
an isolated cDV singularity by a suitable action of a cyclic group (of order > 1). Note that a cDV
singularity is a hypersurface singularity whose general hyperplane section is a Du Val singularity.
Note also that a ¢cDV singular point is Gorenstein since it is a hypersurface singularity and, hence,

3-dimensional terminal Gorenstein singularities are exactly isolated ¢DV singularities (see also
[Rei83, Theorem 1.1]). We consider cAy, singularities which are particular types of ¢cDV points.

DEFINITION 3.3. Let p € X be the germ of a 3-fold singularity. We say that p € X is a singularity
of type cAy (or simply a cAy point), if the germ is analytically equivalent to the germ of a
hypersurface singularity whose general hyperplane section is the Du Val singular point of type Ay.
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An example of an isolated cAy, is a point o € (f = 0) C A%, where
f=ay+ 2 4w,

for some M > k + 1. It is well known that any isolated cAi-point is analytically equivalent to
the above example with k = 1.

LEMMA 3.4. Let p € X be an isolated cAj-point, then it is analytically equivalent to
o€ (f=0)cAt

where
f=ay+2+ M,

for some M > 2.

Proof. By definition, p € X is a hypersurface singularity, therefore without loss of generality we
assume that X is given by g = 0 in A* and p = (0,0,0,0). Since general hyperplane section of
X has the Aj-singularity the general form of g is

22+ + 2%+ th(z,y, 2,t) = 0.
By the splitting lemma [GLS07, Theorem 1.2.47] we may change g into
1:2—|—y2—|—z2+tk:0. ]

In the following we identify p € X with the above hypersurface germ, that is, we assume that
p € X is the hypersurface germ defined by the vanishing of f from Lemma 3.4. We set W = A%
Let ow: W — W be the blow-up of W at the origin p, X the proper transform of X in W, and
©=pwlg: X — X the restriction. We denote by Ey = P3 the exceptional divisor of ¢y and
we set I/ = Ey|¢. The equation of £ in Ey is given by

xy—i—zZ:O,

where z,y, z,w are the coordinates inherited from W. Thus, we can see that F is a quadratic
cone.

For a cycle I' on X, we denote by mult, I' the multiplicity of I', viewed as a cycle on W, at
the smooth point p € W.

DEFINITION 3.5. Under the above setting, let Z be a 1-cycle supported on Ey. By the degree
of Z which is denoted by degp, , Z, we mean the degree of Z viewed as a 1-cycle on Ey = P3.
By a slight abuse of notation, we use the notation degp Z = degp,, Z when Z is supported
on FE.

LEMMA 3.6. Let p € X be a germ of an isolated cA;-singularity. Let M be a mobile linear
system of Cartier divisors on X, let D1, Dy be general members of M, and use the notation
V(M) =ordg ¢* M. Let I' = D; - Dy and use the notation m = mult, I'. Then, for the 1-cycle

Z = ¢ 'Di- ¢ Do — ¢, 'T,
which is supported on E, we have

degp Z = m — 2v(M)2.
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Proof. Leti: X — W and i: X — W be the embeddings agreeing with the maps ¢ and ¢ . Let
e € A1(Ew) be the class of a line. Then in A; (W), we have
il = ot I + me. (3.1)

Since D; is a Cartier divisor on X, it is defined by a single element in the residue ring
Ox,p = Owp/(xzy + 22 + wM), hence we can take a Cartier divisor G; on W such that G;|x = D;.
It follows that

e sl = yyix(D1 - D2)
= o (G- Ga - X)
= oG- oG - o X
= owG1 - o Ga - X
=i.(¢*D1- 9" Dy),

and thus
ix(p3 ' D1 -9 Do) = ik ((¢" D1 = v(M)E) - ( *Da —v(M)E))
=i, (¢* Dy - ¢*D3) + i (V(M)’E?)
= iyl — 20(M)?%e, (3.2)
where the last equivalence follows from (3.1). By (3.2), the 1-cycle Z is rationally equivalent to
(m — 2v(M)?)e and the claim follows. O

3.3 Tower of blow-ups associated to a divisorial valuation
We set up notation for proving 2n2-type inequalities.

Let p € X be the germ of a terminal singular point of type cA;. Let v be a divisorial valuation
of C(X) realized by a prime divisor Fo, over p € X. Consider the tower of blow-ups realizing v:

Xy 2502 x, 25 X = X, (3.3)

where ;: X; — X;_1 is the blow-up of X;_; along the center B;_1 C E;—1 of von X;_1, F; C X;
is the ¢;-exceptional divisor dominating B;_1, and Ex realizes the valuation v, i.e. v = vg, . For
J > 1, the composite X; — X;_1 — --- — X is denoted by ¢;j; = piy10---¢j.

For a cycle I on X; and j > 4, we denote by I'9) its proper transform on Xjviap;i: Xj — X;
if no component of I' is supported on B;. More generally for any object (-) (cycle, divisor, linear
system) on X; and any j > i we denote by (-)) the proper transform of (-) on X;.

We introduce an oriented graph structure as follows: the vertices £; and E; are joined by an
oriented edge, which is denoted by j — 4, if j > ¢ and Bj_1 C Ei(]*l). For1<i<j<N-1 we
define P;; to be the number of paths from F; to E; in the oriented graph, we set F;; =1 and
we set P;; = 0 for j <7 we define p; = Py ;. We define

K =max{i | B;_; is a cA; point},
L = max{i | B;_1 is a point},

K L N
ZOZZM, ¥ = Z Di, 22 = Z Di-

i=K+1 i=L+1
Note that By =p and we have 1 <K <L < N. The numbers P, ;,p;, K,L are useful for
computing discrepancies and tracking multiplicities for the tower of blow-ups.
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LEMMA 3.7. The discrepancies of E; are given by the following

min{s,K} min{i,L}
Z Piy+2 ) P+ Z Pij:
j=K+1 j=L+1

in particular,

XEN ij+2 Z p; + E p]—20+221+22
=K 41 j=L+1

Let D be a divisor on X and set Kp = max{i | B;_; € DU"D}, then

min{Kp,i}

v, (D)= > P, (D7),
j=1

in particular,

Kp
D) =S pyu, (DY),
j=1

Proof. We prove the claims by induction. The statements clearly hold for ¢ = 1, now suppose
the statements hold for all k < 1.
First, we define values a; = a(E;, X;_1) for all i, clearly

1, i<K,
a; =142, K<i<L,
1, L<N.
By assumption of induction we have
i—1
K1) ~ ©f_10(Kx) +Z(Z%PM> -1)
k=1
Next we compute Ky):
i-1 , k
Kx ~ i (Kx-1) + aiEi ~ ¢jo(Kx) +Z<Zagpkg) Z Y4 wE;
k=1

i—1
~ QOZO KX +Z(ZQJPkJ>E() (aiPm-—i— Z <Zaij7j>)E

k=1 \j=1 kli—k Nj=1

It remains to compute the coeflicient at Ej;,

k i-1
a(B, X)=aiPi+ > Y ajPej=aPi+ > > ajP;

kli—k j=1 kli—k j=1
i—1 %
=a;iPyi+) a; ) Poj=) a;Py,
j=1  kli—k j=1
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where the second equality follows from P ; = 0 for j > k and the last equality follows from
Pij= ) Py

This proves the first assertion and its special case. The proof of the second assertion is
analogous. 0

Ezample 3.8. Suppose in 3.3 we have B; ¢ E,(j) for all k < 4. Then the oriented graph is the
following simple chain.

EN En—1 E> E,
s e ) N
Q 4N 4 ’O
Clearly, in this case we have p; =ps =---=py =1 and

a(X,EN)=K+2(L-K)+(N-L)=N+L-K.

Ezample 3.9. Suppose N =4, By, B3 are points, By € E;Q) N Es, and Bs = Ef’) N Eés) N Es,
then the graph is as follows.

Thus, we can see that p;1 = p2 =1, p3 = 2, and py = 4.

Let M be a mobile linear system of Cartier divisors on X = Xg. Let Zy = D; - Dy for general
members Dy, Dy € M. Recall that we want to prove a lower bound for multg, Zo.

Ezxample 3.10. Suppose N = 1, that is v is realized by a single blow-up. Consider the intersection

of the proper transforms D%l), D§2) on Xi. By Lemma 3.6 it takes the form

Do~ 2+
where

degp, Z1 = multp, Zg — 2v(M)?* > 0.

Note that a(Eq, X, (1/n)M) = (1 — (v/n)) <0 if and only if (M) > n. Thus, non-canonicity
at divisor Fq implies

multp, Zg > 2.

Ezample 3.11. Suppose N = 2 and suppose that Bj is a point such that X is smooth at By. As
before, by Lemma 3.6 intersection on X; takes the form

D DY =414 2,

where

degp, Z1 = multp, Zo — 2vg, (M)>.
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Using Lemma 3.2 we compute similar intersection on Xo:
D . DY = (DY - DSN® + 7z, = 2P + 2P + 2,

where
degp, Zo = multBl(Z(()l) + 71) — 4vg, (M(l))z'

Since degp, Z2 is non-negative we have

0< multBl (Z(()l) —+ Zl) — 4I/E2 (M(l))Q < multBO ZO + degE1 Zl o 4VE2 (M(l))2
= 2multp, Zo — 2vp, (M)? — v, (MD)2,

or

2 multBO Zy > 2vg, (M)Q + 4I/E2 (./\/l(l))2

It remains to use non-canonicity to find the lower bound on the right-hand side of this
inequality.

In general, we proceed similarly to the examples. We define v; = v, (M(i_l)). For general
members D1, Dy € M, we define a sequence of 1-cycles Z; on X; by
D1 - Dy = Zy,
D DY = 7D+ 7,
o e (3.4)
DSL) Déz) _ (Dngl) .Délfl))(z) + 7,

]

D (D DN 4 2,

Note that Supp Z; C E; and for any i < L we get

DYDY =20 + 2"+ + 20, + Z;.

(2
For any 7,7 with L > j > ¢, we set

m;j = multp,_, (Zl.(j_l)).

Then there is a lower bound on multiplicities of Z = Zy at B; in terms of v;.

PROPOSITION 3.12. Suppose p € X is a terminal singularity of type cAy, and let v be a divisorial
valuation of C(X) centered at p. Let M be a mobile linear system of Cartier divisors on X and
let Zog = D1 - Dy be the intersection 1-cycle of general members D1, Dy in M. Then, for p;,v;
and m; ; defined as above, the following inequality holds:

K N L
QZPWiQ + Z pivi < Zpimo,i- (3.5)
i=1 i=1

i=K+1
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Proof. Set d; = degp, Z;. By Lemmas 3.2 and 3.6, we obtain a system of equalities corresponding
to the sequence of cycles (3.4):

207 +dy = mo,,
2v3 4 dy = mo 2 + M1,
i +drg =mok + -+ MK_1K, (3.6)
V%(—H +dg11 =mo k41 + MK K41,
vi+dp=mor+ -+ mp_1r.

We multiply the ith equality in (3.6) by p; and sum them up:

2sz’/ + Z piv; +szd —Zp]m03+z Z YSULRE (37)

i=K+1 i=1 j=i+1

For each ¢ with 0 < i < L — 1, we consider the expression

L
> pimay
Jj=i+1
which appears in the right-hand side of the summation (3.7). We have m;; < d; for any i,j
with L > j > i > 1 by [Pukl3, Lemma 2.4].! Note that, for i > 1, we have p; > > j—iDj, and if
m;j # 0, then j — 4. It follows that, for i = 1,..., L — 1, we have

L
Z pjmi; = Z pimij < d; Z pj < pid;.

j=it1 i+1<<L i+1<<L
m; ;70 Jj—t
Thus, for i =1,...,L —1, we can remove all m;, and p;d; from the summation (3.7) if we

replace = with <, and obtain

2pr ~ Z piv; +pLdL<szmOz (3.8)

i=K+1

It remains to give a lower bound for d;, in terms of v;. First, we decompose
Zp, =Ty +arBr,
where Supp 'y, does not contain By, and ap > 0. Thus, we may decompose
L+1 L+1 L+1 L+1 L+1
DY DD = 7Y oz Y oz,
where Supp Z1,+1 C Er+1. We apply Lemma 3.2(2) to ¢r41:
L L N L
Dg ) 'Dg )= (SOL+1)*(Z£ ) A+ Zp1+ F( +1)) + (Vi1 +degp, | Zi41)Be.

Thus, we have aj, = V%_H + degEL+1 Zr+1 and

dy, = degEL (FL + (V%-i-l + degELH ZL+1)BL) > (VL—i-l + degEL+1 ZL+1) degEL By,

! This is valid for j < L by applying the lemma, for the ambient fourfold.
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Iterating the application of Lemma 3.2(2) for ¢; with i = L + 2,..., N, we obtain

N N
dp > Y videgp, (pic1n)Bici> Y 1.
i=L+1 i=L+1
Combining this inequality with (3.8), we obtain the inequality (3.5). O

COROLLARY 3.13. Let the notation and assumption be as in Proposition 3.12. Then the following
inequality holds:

L

2u(M)?
Zpi v(M)
=1

moi 2 5 N :
2im1Pi+ 23 g pi

Proof. The minimum of the left-hand side of (3.5), viewed as a quadratic form in v;, under the
constraint

N
Zpiyi = V(M)7
i=1
is attained at
2v(M)

K L :
i1 Pi+ 230 g P

Calculating the minimum, we get the required inequality. O

2V1:‘-':2VK:VK+1:”-:I/N:

3.4 2n2-inequalities for cA; points
We keep the notation as in § 3.3. Recall that

K L N
So=_pn Ti= >, piy Ta= > pi (3.9)
i=1

i=K+1 i=L+1

THEOREM 3.14 (2n2-inequality for cA; points). Let p € X be a terminal singularity of type cAy,
M be a mobile linear system of Cartier divisors on X, and let n be a positive rational number.
If p is a center of non-canonical singularities of the pair (X, (1/n)M), then for general members
D1, Dy in M we have

mult,(Dy - Do) > 2n2.
Proof. By the assumption, there exists a divisorial valuation v of C(X) centered at p such that

(X, (1/n)M) is not canonical at v, that is, the inequality v(M) > na(v, X) holds for v. Thus,
by Lemma 3.7 we have

V(M) > n(ZO + 21 + 22). (3.10)
Note that
multp(D1 . DQ) = mo’l Z m(m (311)
for any 1 <+ < L. By (3.10), (3.11) and Corollary 3.13, we obtain

(Lo + 221 + 3)2
(20 + 21)(20 + 231 + 222).

It is then easy to get the required inequality. O

multy(D; - D) > 2n? (3.12)
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THEOREM 3.15 (2n2-type inequality for Kawakita blow-ups). Let p € X be a terminal singu-
larity of type cAy, analytically equivalent to o € (f = 0) C A*, where

=ay+ 22 +wM
Y

for some M > 2. Let n be a positive rational number, and M be a mobile linear system of Cartier
divisors on X. Let E be the exceptional divisor of (s,2t — s,t,1)-blow-up of p € X, where s,t
are coprime integers such that 0 < s <t < M /2. If the pair (X, (1/n)M) is not canonical at E,

then, for general members D1, Do in M, we have

212
ltp(Dy - Dg) > ———n?
multp (D1 - Ds) S(Qt—s)n

Proof. Consider a fan corresponding to A* with the following description

v, = (1,0,0,0),
vy = (0,1,0,0),
v, = (0,0,1,0),
vy = (0,0,0,1).

Then the toric morphism corresponding to adding the ray p = (s,2t — s,t,1) to the fan is the
(s,2t — s,t,1)-weighted blow-up of A%. We can also add the ray p by performing a sequence of
regular blow-ups at points, curves, and surfaces corresponding to adding the following rays to
the fan:

w = (1,1,1,1),

U2 = (27 27 27 ]-)7

uS = (87 S? S’ 1)7

Us+1 = (378+ s+ 171)7

Uy = (Sutat)l)a
Ut+1 = (Sat+ ]-atv 1)5

ugr—s = (8,2t — s,t,1).

From this description we can see that the first s morphisms are the blow-ups at a points, first
at (t =y =2z=w=0), then at (x =y = 2z = u; =0), the next ¢t — s morphisms are blow-ups
at curves (y = z = u; = 0), and the last ¢ — s morphisms are blow-ups at surface (y = u; = 0).
The restriction of the morphisms to the proper transforms X; of X gives us the s blow-ups at
singular points of X followed by ¢ — s blow-ups at a curve and ¢ — s blow-ups at a divisor as can
be seen from the local equations of Xj:

Xo: a:y+z2+wM:0,

X1 xy—1—22+uiw*2wM =0,
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M—2s M_O
— Y%

Xs xy—l—22+u8 w

. 2 M—-2s—1, M __
Xepr o ay+us2® +uliy? M =0,

Xt ay+ul 24w M =0,

) t—s—1.2 |  M—s—t—1, M _
Xip1: wy+ul ] 27 uy” w™ =2,

Xor s xy+ 22+ u%__S%wM =0.

We can see from the toric description that for every blow-up we have B; C E; \ Ei(i)l, SO
we can drop u; in the local equation of X; for j <. This fact also implies that the graph
corresponding to the tower of blow-ups is a simple chain and we have p; = 1 for all . Thus, we
have N =t, Yo=K =L =35, ¥1 =0, and 33 =t — s. The required inequality is obtained by
substituting these values into the inequality (3.12). O

Remark 3.16. In Theorem 3.14, compared with the 4n2-inequality (Theorem 1.1), we keep the
dimension three but we make the germ of a point worse by introducing singularities. As a result,
we weaken the original inequality.

On the other hand, one can increase the dimension and see what kind of singularities still
satisfy the 4n?-inequality; see, for example, [Puk17]. This approach has been applied to prove
birational rigidity of many families of high-dimensional varieties: hypersurfaces, cyclic covers,
and complete intersections [Puk19a, Puk19b, EP18, EP19].

3.5 Corti inequality for cA; points
We keep the notation as in §3.3 and let X, 31,39 be as in (3.9). The following is a version of
Corti inequality [Cor00, Theorem 3.12] for cA; points.

THEOREM 3.17 (Corti inequality for cA; points). Let p € X be a terminal singularity of
type cA1, and let M be a mobile linear system of Cartier divisors on X. Let FY,...,F; C X be
irreducible surfaces containing p. For the intersection 1-cycle Z = D1 - Do of general members
D1, Dy in M, we write

l
Z=7Zn+Y 7
j=1

where Supp Z; C F}, and Z), intersects 22:1 F; properly. Let n and v; be positive rational
numbers such that p is a center of non-canonical singularities of the pair

l
1
<X, ~ M- Zijj) (3.13)
i=1

Then there are rational numbers 0 < t; < 1 such that

l l
mult, Zj, + Z t; mult, Z; > 2n? + 4n? Z Vit;-
=1 j=1
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Proof. We first note that by Lemma 3.7
a(EomX) = Z:0 + 2% + EQ;

where we recall that E, = En is the prime exceptional divisor realizing v. By the assumption
that the pair (3.13) is not canonical at v, we have

k
V(M) > n(Eo 4+ 23 + X0+ ZVjV(Fj)). (3.14)
j=1

For j =1,...,1, we set

0, if pe Fj,
Kj = . (i—-1) .
max{i < L | B;_; ¢ F; }, otherwise,

and then set
K;
Ej = Zpi.
i=1

Then by Lemma 3.7 we have

i1 _
V(FJ) :ZpimultBi—1 Fj(z ) Zzpi::j-
i=1 i=1

Observe that
mio = multp, | Z(()%l) = multp, , Z,(ffl) + Z multp, , Zj(.%l),
j=1

and that if 4 > K, then multp, , Z J(i_l) = 0. This decomposition implies that

L L | K |
3 s = 3t 74+ 33 it (7
i=1 i=1

j=1i=1
l
< (So + ) multy Z, + Y E;multy, Z;, (3.15)
j=1

since multBi_l(Z,(j_l)) < mult, Z}, and multBi_l(Z](.i_l)) < mult, Z; for every 1 <1i < L.
By the inequality in Corollary 3.13 combined with two inequalities (3.14) and (3.15), we get
the inequality

l
(Zo + %y) multy, Z, + Y =;mult, Z;
j=1

L
> Zpimo,i
i=1
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l
(B2 — Zj:l Vv (Fj))?
Yo + 231 + 2%

l
> 2n%%0 + 4n*Y + 4n? Z v;v(Fj) + 2n?
j=1

l
> 2112(20 + 21) + 4n2 ZWEJ-, (316)
=1

where the last inequality follows from the inequality v(F}) > E;.
Dividing (3.16) by 3¢ + X1 and setting

__ 5
Yo+ %1
we get the required inequality. O

tj

4. Sextic double solids

Recall that a sextic double solid is a normal projective 3-fold X which is a double cover of P?
branched along a sextic surface. A sextic double solid can be expressed as a weighted hypersurface
in P(1,1,1,1,3) with homogeneous coordinates x,y, z,t,w of weights 1,1,1,1,3, respectively,
defined by an equation of the form

w2+96(x7y727t) =0, (41)

where g € C[z,y, 2, t] is a homogeneous polynomial of degree 6.
The aim of this section is to prove the following.

THEOREM 4.1. Let X be a factorial sextic double solid with at worst terminal singularities of
type cAy. Then X is birationally superrigid.

In the rest of this section, X is a sextic double solid and we assume that X is factorial and has
only terminal Gorenstein singularities. We do not impose any other condition on the singularities
unless otherwise specified. We denote by m: X — P3 the double cover and by B C P2 the branch
divisor which is a sextic surface.

Remark 4.2. Under the assumption that a sextic double solid X has only Gorenstein terminal
singularities, Q-factoriality of X is equivalent to factoriality of X, that is, Pic(X) = Cl(X) =
Z|—Kx] (see [Kaw88, Lemma 5.1]).

4.1 Exclusion of smooth points
The exclusion of smooth points as a maximal center is done as follows.

PROPOSITION 4.3 [CP10, Lemma 3.1]. No smooth point of X is a maximal center.

4.2 Exclusion of curves

LEMMA 4.4. A curve on X is not a maximal center except possibly for a curve of degree 1
which passes through a singular point of X and whose image via w is not contained in the sextic
surface B.

Proof. Let T' be a curve on X. Suppose that I' is a maximal center. Then (—Kx -TI') <
(-Kx)? =2 by Lemma 2.7. It follows that T' is a curve of degree 1 on X. By the assump-
tion, there exists a movable linear system M ~ —nKx on X such that the pair (X, (1/n)M) is
not canonical along I'. In particular, we have multr M > n.
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In the following, we merely repeat the arguments in the proof of [CP10, Lemma 3.8] for
readers’ convenience. Suppose that 7(I') is contained in the sextic surface B C P3. We choose
and fix a smooth point p € I' which is contained in the smooth locus of X and which is not
contained in any curve in Bs M other than I'. Let L C P? be a general line tangent to B at m(p)
and let A be the inverse image of L by m. We see that A is a curve of degree 2 which is singular
at p. Moreover, by our choice of p, A is not contained in the base locus of M. Then we obtain

2n = (M- A) > mult, Mmult, A > multy M mult, A > 2n.
This is a contradiction. O

In the following, let T be a curve of degree 1 such that I' N Sing X # () and «(T") ¢ B. The
image 7(I') C P? is a line and we can write

P:(elzﬁgzw—ggz(]),

where (1,05 € C[x,y, z,t] are linear forms and g3 € Clx, y, z, t] is a cubic form. We define P to be
the linear subsystem of | — K x| consisting of members containing I', which is the pencil generated
by ¢1 and ¢35, and let S, T be distinct general members of P. We have T|g = T' + A, where

A:(€1:€2:w+93:0).

By the assumption that 7(T') ¢ B, we have g3 # 0, in other words, A # I'. Consider the scheme-
theoretic intersection

FrNA={=l=w=g3=0)CP(1,1,1,1,3), (4.2)
which consists of 3 points counting with multiplicity.

Remark 4.5. We have ' N A = 7~ }(7(I") N B) set-theoretically. A singular point p € X necessary
satisfies w(p) € B, so that a point p € I' N Sing X is contained in T' N A.

We choose and fix a point p € I' which is a cAy point of X, where k =1,2. We choose
homogeneous coordinates x,y, z,t,w of P(1,1,1,1,3) so that X is defined by
—w? +a'fo+ a2’ fs+ 2’ fa+afs + fo = O, (4.3)

where f; = fi(y, z,t) is a homogeneous polynomial of degree i, and p=(1:0:0:0:0). This
choice of coordinates is possible by [Pae21, Theorem A]. Replacing coordinates y, z,¢ (while
fixing the point p=(1:0:0:0:0)), we may assume 7(I') = (z =t = 0) C P3, that is, {; = z
and ¢9 = t. Then we can write

D= (2=t=w— ey + pxy® +vy®) =0) C P(1,1,1,1,3), (4.4)
for some A, u, v € C. Note that at least one of A, u, v is non-zero since w(I') ¢ B. Note also that
x4f2(y7 07 0) + x3f3(y7 07 0) +eeet f6<y7 07 0) - ()\.’1323/ + /’nyQ + Vy3)2 (45)

since I' C X. With this choice of coordinates, the pencil P is generated by z and ¢. The point p is
a multiplicity 1 (respectively, 2, respectively, 3) point of I' N A if and only if A # 0 (respectively,
A =0and u # 0, respectively, A\ = p = 0 and v # 0). Let S be a general member of P. We analyze
the type of G(S,p,T").

LEMMA 4.6. Under the notation and assumption as above, let p € I' be a cA; point of X. Then
the following assertions hold.

(1) Ifmult,I'NA =1, then G(S,p,T") is of type Ay 1.
(2) If mult,I' N A =2, then G(S,p,T") is of type A1 or Ass.
(3) If multy,I' A = 3, then G(S,p,T") is of type A1, A3o or As 3.
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Proof. We choose homogeneous coordinates of P :=P(1,1,1,1,3) as above, that is, p=(1:0:
0:0:0), X is defined by the (4.3), and I' is as given in (4.4). In the following, we assume
that a general member S € P is cut out by the equation ¢t = 0z for a general § € C. We set
U, :=P(1,1,1,1,3) \ (x = 0) and, by a slight abuse of notation, we identify U, with the affine
space A* with affine coordinates y, 2, t, w.

We first prove assertion (1). Suppose mult, I' M A = 1, that is, A # 0. In view of the (4.5),
we can write

fa= Ny +yl(z,t) + q(2,1),

where ((z,t) and ¢(z,t) are linear and quadratic forms, respectively. Note that at least one of
¢(z,t) and q(z,t) is non-zero since p € X is of type cA;. By eliminating the variable t = 0z, S is
defined in P(1,1,1,1,3) by the equation

—w? + 2 (N + Cyz +n2?) + 2% fa(y, 2,02) + - = 0,

where ¢,n € C satisty ({,n) # (0,0). By setting x = 1, S N U, is isomorphic to the hypersurface
in A3 defined by

y?Z7w

—w? + AN2y? + Cyz + 0z + h>s(y, 2) =0,

where h>3(y, z) is a polynomial of order at least 3. The point p=(1:0:0:0:0) corresponds
to the origin and the curve I is defined in A? by the equations

z=w—\y—py? —vy> =0. (4.6)

It is easy to see that p € S is of type A; and the proper transform via the blow-up of p € S
of I intersects the exceptional divisor transversally at one point. It follows that G(S,p,T") is of
type A1 1.

We prove assertion (2). Suppose mult, I' N A = 2, that is, A = 0 and p # 0. We can write

f2 = yﬁ(z,t) + Q(Z’t)v

where £(z,t) and q(z,t) are linear and quadratic forms, respectively. Let {,n € C be such that
{(2,02) = (z and q(z,0z) = n22%. Then, by eliminating ¢ and setting z = 1, S N U, is isomorphic
to the hypersurface in A3 _ . defined by the equation

y7z7w
—w? + Cyz + 12" + 2(ha(y, 2) + ha(y, 2)) + p°y* + h>s(y, 2) = 0, (4.7)

where hg, hs € Cly, z| are homogeneous polynomials of degree 2, 3, respectively, and h>5 € Cly, 2]

is a polynomial of order at least 5. The curve I' is defined in A® by the equations

z=w—puy® — vy’ =0. (4.8)

Suppose that ¢(z,t) # 0. Then ¢ # 0, and it is easy to see that p € S is of type A; and
G(S, P, F) is of type Al,l-

Suppose that ¢(z,t) = 0. Then ¢ =0 and 7 # 0. The exceptional divisor F of the blow-up
S — S of S at p is isomorphic to the hypersurface

(—w? +nz? =0) c P? .= P?

y’z7w7

where the polynomial —w? + 122 is the least degree part of (4.7). It follows that £ = E, + E_,
where E4 = (w + /fz = 0) are smooth rational curves which meet only at q := (1:0:0) € P2.
By (4.8), the proper transform I' C S of T intersect E only at q. The point p is in the y-chart,
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denoted by S, of the blow-up S — S, and S, is the hypersurface in A3 := A3 defined by

y7z?w
—w? +n2% + zy(ha(1, 2) + yhs(1, 2)) + p>y* + h>5(y. v, 2) /y* = 0.

Note that p corresponds to the origin, and it is an ordinary double point of S, Moreover, on S’y,
we have

F:(z:w—uy—vaZO)CA?’,
Ey=(y=w—nz=0)CA3
Let S — S be the blow-up of S at p with exceptional curve F. Then S is smooth along F,
F2(—w? 4 n22 +p?y? =0) P2 =P2

y?Z’w

is a smooth rational curve, and TNF ={(1:0:p)}, FNEL={0:1: +/n)}, INEL=0.
This shows that G(S,p,T") is of type Ajz.
We prove assertion (3). Suppose mult, I' N A = 3, that is, A = g = 0 and v # 0. We can write
f2=yl(z,1) +q(z,1)
as before. If ¢(z,t) # 0, then G(S,p,I') is of type A;; as in the previous case. We assume
{(z,t) = 0. Then ¢(z,t) # 0, and by eliminating ¢ and setting = 1, S N U, is isomorphic to the
hypersurface in AZ,z,w defined by the equation
—w? +n2% + zh(y, 2) + v*y° = 0,
where 1 € C is non-zero and h(y, z) is a polynomial consisting of monomials of degree 2,3,4, 5.
The curve I is defined in A3 by the equations
z=w—vy =0. (4.9)
We write
Wy, 0) = agy® + a3y’ + auy® + asy’,
where o; € C. Let S — S be the blow-up of S at p with exceptional divisor E. We see that
E=FE,+ E_, where
Ey=(w+nz=0)CcP*=P2
are smooth rational curves which meet only at p := (1:0:0) € P2, Moreover the proper trans-
form I' C S of I' meet Ey only at p. The y-chart S, of the blow-up S — S is the hypersurface
in A3 := A;Z’w defined by
2 2 2 3 2,4
—w” +nz" + zy(ag + azy + auy” + asy” + ) + vy =0,
where the omitted terms consist of monomials divisible by z. The point p corresponds to the
origin of A%. On this chart Sy, we have
F=(z=w-—wvy?=0)CA?
Er=(y=w=+nz=0)CA>
Now let § — S be the blow-up of S at p with exceptional divisor

F = (—w? +n2% 4+ agzy = 0) c P? .= P?

y7z7w :

The proper transform I' ¢ S of T intersects F' only at the point p := (1:0 :AO) € P2. We denote
by S, the y-chart of the blow-up S — S at p, which is the hypersurface in A3 defined by

—w? 4122+ 2(n + a3y + gyt Fasy® + ) F iyt =0.
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The point p corresponds to the origin of A3, and S has an ordinary double point at p. Note that
the proper transforms Fy C S of Ey are both disjoint from the y-chart S

Suppose that ae # 0. In this case S has an ordinary double point at p. We see that I intersects
F transversally at p, FNEL = {(0:1: +./n)}, and E.NT = (. This shows that G(S,p,T) is
of type As.

Suppose that ao = 0. In this case we have F' = F, + F_, where

Fy = (w+/nz=0) C P?,
and we have Fy N F_ NT = {p}. On the y-chart S, we have

P=(z=w—wvy=0)cCA3
Fi:(y:w:t\/ﬁZZO)CA?’.
Let S — S be the blow-up of S at p with exceptional divisor G. We have an isomorphism
G = (—w? 4+ 122 + azzy +2y* = 0) C Pzzw,

and, hence, G is a smooth rational curve. Let I', E+, and Fy be proper transforms of I', E, and
Fy on S, respectively. We have GNT' = {(1:0:v)} and GNFy = {(0:1:4,/7)}. This shows
that G(S,p,I') is of type As 3. This completes the proof. O

LEMMA 4.7. Under the notation and assumption as above, let p € I' be a cAs-point of X. Then
the following assertions hold.

(1) If mult,I' N A =1, then G(S,p,I") is of type As ;.
(2) Ifmult,I' A =2, then G(S,p,T") is of type As.
(3) If mult,I' N A = 3, then G(S,p,T) is of type Az or As 3.

Proof. We use the same notation as in the previous proof.

We prove assertion (1). Suppose mult, I' N A = 1, that is, A # 0. Since p € X is of type cAs,
we have fo = A2y? and f3(0, z,t) # 0 as a polynomial. Then, by eliminating ¢ and setting x = 1,
S N U, is isomorphic to the hypersurface in A3 defined by the equation

Y, 2,W
—w? + 222 + (22 ay® + Bytr + h>4(y,z) =0,

where a, 8, € C with ( # 0 and h>4(y, z) is a polynomial of order at least 4. The point p = (1 :
0:0:0:0) corresponds to the origin and the curve I is defined in A® by the (4.6). Let S — S
be the blow-up of S at p with exceptional divisor E. Then EF = E; + E_, where

Ei 2 (w+ Ay = 0) C P? .= P2

Y,2,W"

The surface S is smooth outside the singular locus of E. The singular locus of E is the intersection
point q of F} and E_, where q=(0:1:0) € IP’2 The point q corresponds to the origin of the
z-chart S, which is the hypersurface in A3 := y 2w defined by

—w? + Ny + 2+ ay + ByPz + haa(yz, 2) /2% = 0.

It follows that S is smooth at p. Then, since I is defined by the (4.6), we have I'NE= {q'}, where

q :=(1:0:)) € P2 We have ¢’ € E_ and ¢’ ¢ E,. This shows that G(S, p,T) is of type Az 1.
We prove assertion (2). Suppose mult, I' N A = 2, that is, A = 0 and v # 0. We see that fs is

a square of a linear form in z and ¢. We may assume fo = 22 by replacing z and ¢. By eliminating
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TABLE 1. Types of G(S,p,T").

peX mult, 'NA G(S,p,T) Correction term
CA1 1 A171 %

cA; 2 A1 or Az % or 1

cA; 3 Ajqor Asgor As3 % or 1 or %
CAQ 1 A271 %

CAQ 2 A372 1

CAQ 3 Ag,g or A5,3 1 or 3

no

t and setting x = 1, S N U, is isomorphic to the hypersurface in Ay - defined by the equation

_w2 + Z2 + ZhQ(ya Z) + /"’23/4 + h’25(y7 Z) = Oa

where hy(y, z) is a homogeneous polynomial of degree 2 and h>5(y,z) is a polynomial of
order at least 5. The curve I' is defined in A% by the (4.8). By repeating similar computa-
tions as in assertion (2) of Lemma 4.6, we see that p € § is of type A3 and G(S,p,I") is of
type Az 2.

We prove assertion (3). Suppose mult, I' N A = 3, that is, A = = 0 and v # 0. As in previous
arguments, S N U, is isomorphic to the hypersurface in Ay »w defined by the equation

—w? 4+ 22 + zh(y,2) + v*0 =0,

where h(y, z) is a polynomial consisting of monomials of degree 2,3,4,5. The curve I is defined
in A% by the (4.9). By the same argument as in the proof of Lemma 4.6(3), we conclude that
G(S, P, F) is of type A372 or A5’3. ]

The results obtained by Lemmas 4.6 and 4.7 are summarized in Table 1, where the correction
term given in the right-most column is the number k(n — k +1)/(n + 1) (corresponding to the
extended graph of type A, ;) appearing in Lemma 2.11.

ProproSITION 4.8. Let X be a factorial sextic double solid with at worst terminal singularities
of type cA1 and cAs. Then no curve on X is a maximal center.

Proof. By Lemma 4.4, it remains to consider a curve I" of degree 1 such that I' N Sing X # () and
m(I') ¢ B.

Let P C | — Kx| be the pencil as above, and let S, T € P be general members. By [Oka20b,
Lemma 10.4], S and T are smooth outside I' N Sing X. We have T'|¢ = T' + A, where A # I is also
a curve of degree 1. By (4.2), we see that I' N A consists of 3 points counting with multiplicity.

We compute the self-intersection number (I'?)g. Let p1,. .., p; be the points in I' N Sing(X).
By Remark 4.5, these points are contained in I' " A. We set m; = multy, TN A. Then I <) m;
< 3. Let A, k, be the type of G(S,p;,I') which is described in Lemmas 4.6 and 4.7 (see also
Table 1). Since Kg = 0 and I' & P!, we have

- =—2+Z —ki+1)

nl—i—l

by Lemma 2.11. By considering all the possible combinations of singular points pi,...,p;
satisfying > ~m; < 3, we have the upper bound

Ms<-2+(2+2+2)=0,
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where this maximum (of the correction term corresponding to singular points) is attained when
I' M A consists of 3 multiplicity 1 points of I' M A which are cAs singular points of X. Since
T|s =T+ A, we have

(F-A)s=(T|s - T)s = (I%)s > 1= (~Kx-A).

Thus, by Lemma 2.8, the curve I' is not a maximal center. ]

4.3 Exclusion of cA; points and proof of Theorem 4.1
PROPOSITION 4.9. Let X be a factorial sextic double solid with at worst terminal singularities
of type cAi1. Then no singular point on X is a maximal center.

Proof. Let p € X be a cA; point. Suppose that p is a maximal center. Then, by Theorem 3.14,
there exists a mobile linear system M C |Ox(n)| on X such that

mult,(Dy - Do) > 2n?,

where Dy, Dy are general members in M. Let H be the linear subsystem of |Ox(1)| consisting
of divisors vanishing at p. Then the base locus of H consists of at most 2 points (including p)
and, hence, we can take a divisor .S in H which does not contain any component of the effective
1-cycle Dy - Dy. Then, we have

2n? = (S - Dy - Dy) > 2n?.
This is a contradiction and p is not a maximal center. ]

Proof of Theorem /4.1. This is a consequence of Propositions 4.3, 4.8, and 4.9. O

4.4 Sarkisov links centered at cAjs singular points

Let X be a factorial sextic double solid with only terminal Gorenstein singularities and sup-
pose that X admits a cAs point p € X. Then X is a hypersurface of degree 6 in P(1,1,1,1,3)
with homogeneous coordinates x,y, z,t,w of weights 1,1,1,1,3, respectively, and by [Pae21,
Theorem A] the defining polynomial can be written as

f=—w? 4z + 23t fo + 22 f4 + fs + fo, (4.10)
where f; € Cly, z,t] is a homogeneous polynomial of degree i. Moreover, the cAs point p is
(1:0:0:0:0)GX.VVes,etg4:f4—if’22 and then

fe = —ww+ (22% + xfo)) + 2%gs + 2 f5 + fs. (4.11)

Let X+ C P(1,1,1,1,3) be the hypersurface defined by fi = 0. We see that X is isomorphic to
X+ by the coordinate change w +— w & (2%t + %Ifg).

Weset U=X\(z=0)NX and Uy = X4 \ (r =0) N X4 which are affine open subsets of
X and X4, respectively, and we have

U= (—w?+t+tfa+ fit+ 5+ fo =0) CA . 0
Us = (—w(w=E (t+ fo)+ga+ 5+ fo =0) CAy .10

Let ¢: Y — X and ¢4 : YL — X4 be the birational morphisms obtained as the weighted blow-up
of U and Uy at the origin with weights wt(y, z,t,w) = (1,1,2,2) and wt(y, z,t,w) = (1,1,1,3),
respectively. According to the classification of divisorial contractions to cA points [Kaw03,
Theorem 1.13], ¢, o+ are all the divisorial contractions of p € X with discrepancy 1. We some-

times identify ¢4 with the composite Yy — X1 =~ X. We call ¢, ¢ and ¢_ the (3,1, 1, 1)-,
(2,2,1,1)-and (1, 3,1, 1)-Kawakita blow-ups of p € X, respectively.
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44.1 (3,1,1,1)- and (1,3,1,1)-Kawakita blow-ups. We consider the (3,1,1,1)- and
(1,3,1,1)-Kawakita blow-ups ¢+ of p € X, and show that there is a Sarkisov self-link initiated
by ¢4 if 1 is a maximal extraction.

Let mx, : X4+ --» IP(1,1,1,3) be the projection to the coordinates y, z,t,w, which is defined
outside the point p= (1:0:0:0:0) € X+. The sections y, z,t € H*(X4, —Kx_ ) lift to sections
9, %,t in HO(Yy, — Ky, ), and w € H(X4, —3Kx_ ) lifts to a section @ in HO(YL, —3Ky, ). These
sections g, Z, Z and @ define the composite my, 1= mx, o p+: Yy --» P(1,1,1,3), and their com-
mon zero locus (on Yy) is empty. This is verified in the following way. For the ¢-exceptional
divisor F+, we have the natural isomorphism

Ey 2 (—w(xt+ f2) + 94 =0) C P(1,1,1,3) = ProjCly, 2, t, w],

and the restriction of the sections ¢, Z,t,w on E4 are y, z,t,w, respectively. Thus, their com-
mon zero loci on F1 and, hence, on Yy, are empty. It follows that my, : Y2 — P(1,1,1,3) is a
morphism. The defining polynomial fi given in (4.11) is quadratic with respect to x:

f:t=x2(g4q:wt)+x(f5:|:wf2)+f6_w2.
We set
Dy:= (wt+ f1=0)x,, Ds:=(wfo+fs=0)x., Ds:=(w?+fs=0)x,,

and denote by D; the proper transform of D; on Yi. We see that Ty, is a generically finite
morphism of degree 2 which contracts the subset = := D4 N D5 N Dg onto its image

Ty, (B) = (g Fwt = fs Fwfo = fo—w® =0) CP(1,1,1,3).

Let Y4 LN Zy TE, P(1,1,1,3) be the Stein factorization of 7y, . Then 14 is the birational
morphism defined by | — r Ky, | for sufficiently large » > 0 and 7z, is a double cover. Note that
— Ky, is nef and big but not ample. Let t+: Z+ — Z4 be the biregular involution interchanging
two points in fibers of the double cover 7z, , and consider the diagram

Lt

X4 Ly —— Z4 X4

where 74 1= ¥3' 014 01y,

PropPOSITION 4.10. Let X be a factorial sextic double solid X with only terminal Gorenstein
singularities and let p € X be a cAs point. Let p+: Yy — X be the (3,1,1,1)- and (1,3,1,1)-
Kawakita blow-ups with center p. Then one of the following holds.

(1) We have 14 is divisorial. In this case ¢4 is not a maximal extraction.
(2) We have 1y is small. In this case T+ is the flop of 1)1 and the diagram (4.12) gives a Sarkisov
self-link o4 : X --+ X initiated by p.

Proof. This follows from the above arguments and [Okal8, Lemma 3.2]. O

4.4.2 (2,2,1,1)-Kawakita blow-up. We consider the (2,2, 1, 1)-Kawakita blow-up ¢: ¥ — X
of p € X, and show that ¢ is not a maximal extraction.
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PROPOSITION 4.11. Let X be a factorial sextic double solid X with only terminal Gorenstein
singularities and let p € X be a cAgz point. Let ¢: Y — X be the (2,2,1,1)-Kawakita blow-up.
Then ¢ is not a maximal extraction.

Proof. Let m: X --»P(1,1,1,2,4) be the map defined by
(x:y:z:t:w)e— (y:z:t:xt: wt).
Let y,z,t,a,3 be the homogeneous coordinates of P(1,1,1,2,4) of weights 1,1,1,2 4,

respectively. Then the image of m, denoted by Z, is the hypersurface in P(1,1,1,2,4)
defined by

hi=—F+a'+a’fs + o’ fi+ atfs + t2fs = 0,
where h is obtained by replacing zt by o and wt by 3 in t>f. The sections y, 2, t, xt, wt lift to
pluri-anticanonical sections on Y and their common zero locus (on Y') is empty. It follows that

the induced map v =mo@: Y --» Z is a morphism, and we have the following commutative
diagram.

Y

Note that 1 is a birational morphism and it contracts the proper transform of the divisor (¢ = 0) x
to the curve

P'~(t=a=8=0)CP(1,1,1,2,4).
Moreover, v is defined by | — r Ky | for a sufficiently large » > 0 and, thus, any curve contracted
by v is Ky-trivial. It follows that there are infinitely many curves on Y which intersect —Ky
non-positively and the 1-exceptional divisor E positively. By [Okal8, Lemma 2.20], ¢ is not a
maximal extraction. O

Remark 4.12. Let X be a factorial sextic double solid with only terminal cAj, cAs, cAs points.
We can exclude smooth points and cA; points as a maximal center by Propositions 4.3 and 4.9.
Moreover, by the argument of Proposition 4.8, we can exclude curves on X except possibly for
curves of degree 1 passing through a cAjz point. Therefore, for the proof of birational rigidity of
X, it remains to show the following.

e Any curve of degree 1 passing through a cAs point is not a maximal center.

e Any cAs point is not a maximal center.

e Any divisorial contraction to a cAs point with discrepancy at least 2 (if it exists) is not a
maximal extraction.

4.5 Factorial sextic double solids
In this section, we provide a criterion for Q-factoriality of sextic double solids with terminal
cA; singularities. If a 3-fold X with only terminal cA; singularities is a Fano, a hypersurface of
P4, or a cyclic cover of P3, the Picard group is isomorphic to the second integral cohomology
because H! (X, Ox) = H2(X, Ox) = 0. In this case, Q-factoriality of X can be determined by the
following global topological property.

PRrROPOSITION 4.13. Let X be a 3-fold with only terminal cAy singularities. Suppose that
HY(X,0Ox) = H?(X,0x) = 0. Then X is Q-factorial if and only if

dimg(H2(X, Q)) = dimg(H4(X, Q)). (4.13)
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Proof. 1t is enough to show that (4.13) holds if and only if
Cl(X) ® Q = Pic(X) ® Q,

where Cl denotes the divisor class group and Pic denotes the Picard group. It follows from
HY(X,0x) = H3(X,Oy) = 0 that H?(X,Q) = Pic(X) ® Q. Therefore, it is enough to show that
Hy(X, Q) = CI(X) ® Q.

Let m: X — X be a resolution of singularities and let F;, i =1,...,r, be its exceptional
prime divisors. We denote by E the exceptional locus of 7, i.e. E = |J F;. Then, we can obtain
the commutative diagram

Cl(X) ® Q — Hy(X,Q)
i lﬂg (4.14)
ClI(X) ® Q — H4(X,Q)

*Q

™

from the natural transformation in [Ful75, § 5]. Note that
CL(X) ® Q = (CI(X) ® Q) P (@}, QE:)

and the homomorphism 7€ : C1I(X) ® Q — Cl(X) ® Q given by the resolution morphism is sur-
jective with the kernel generated by the exceptional divisors. Since X is a smooth projective
3-fold,

CI(X) ® Q = Pic(X) ® Q = H*(X,Q) = Hy(X, Q),
where the last isomorphism follows from the Poincaré duality. There is an exact sequence
T H4(E7Q) — H4(557@) — H4(X/E7Q) B H3(E7Q) —

where X /E is the quotient topological space of X by the subspace E and it is topolog-
ically equivalent to X. The exact sequence shows that the kernel of the homomorphism
o Hy(X,Q) — Hy(X,Q) is ®;_,QF;. This implies that the bottom horizontal homomorphism
in (4.14) is injective.

Since the singularities of X are only terminal cA;, we may assume that each F; is a
smooth rational surface. This implies that H3(FE;, Q) = HY(E;,Q) = 0. It then follows from a
Mayer—Vietoris sequence that H3(F, Q) = 0. This vanishing shows that the homomorphism i
is surjective. Consequently, the bottom horizontal homomorphism in (4.14) is surjective and,

hence, it is an isomorphism. O

The duality (4.13) fails on singular varieties in general (for instance, see Examples 4.18
and 4.21). The failure of the duality can be measured by the difference of their dimensions, so
called, the defect of X

Sx = dimg(H4(X, Q)) — dimg(H*(X, Q)).

With this notion, one may say that X is Q-factorial if and only if §x = 0.

We consider a double cover X of P3 branched along a surface B C P of degree 2r with only
Du Val singularities. We can regard X as a hypersurface of degree 2r in the weighted projective
space P =P(1,1,1,1,r). In general, the singular points on X may have an effect on the integral
(co)homology groups of X (see [Cle83, Cyn02, Dim90]). However, it follows from a Lefschetz-type
theorem [Mav99, Proposition 1.4] that Pic(X) = Pic(P), in particular, rank(Pic(X)) = 1.
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Meanwhile, as mentioned previously, it follows from [Kaw88, Lemma 5.1] that on Gorenstein
terminal 3-folds, factoriality is equivalent to Q-factoriality. Therefore, in our case, the double
solid X is Q-factorial if and only if it is factorial.

It is not simple to compute the defect. Fortunately, a method to compute some Hodge
numbers for resolutions of double solids branched along surfaces with only Du Val singularities
has been introduced by Rams [Ram08] which has evolved from the paper of Clemens [Cle83].
Rams [Ram08] formulated the difference between the Hodge numbers of the big resolution Y
and the Hodge numbers of P. Here the big resolution p: Y — X is defined by the composition
of blow-ups:

p=pgo--op:Y =Yy =X,

where p;: Y; — Y;_1 for i = 1,... k, is the blow-up with center Sing(Y;_1) #0 and Y, =Y is
smooth. Note that all singularities and infinitely near singularities of X are isolated double
points, in particular, each p; is a blow-up centered at closed points. The Hodge numbers of P
are considered with the Zariski sheaf of germs of 1-forms ﬁ; = L*(Q%eg(ﬂ,))), where ¢: reg(P) — P
is the inclusion.

The defect of X appears in a Hodge number of the big resolution Y of X, i.e.

AUH(Y) = (B, Q) + px + O,
where px is the number of components of the exceptional locus of the big resolution p (see
[Ram08, Theorem 4.1]). Note that hl(P,ﬁé) = rank(Pic(P)) = 1.

If the double solid X has only terminal cA; singularities, then the surface B has only A,
singularities. Conversely, the double solid branched along a surface with only A, singularities
has only terminal cA; singularities. Meanwhile, a non-cyclic Du Val singular point of B yields a
terminal cAs singular point on X.

From now on, for our purpose we suppose that the double solid X has only terminal cA;
singularities unless otherwise mentioned.

We adopt the method given by [Ram08, Theorem 4.1] to compute the defect dx. To do so,
we put

Hx = {H € H'(P3, Ops(3r — 4)) | H fulfills the condition (A)},
where the condition (A) is as follows.

For each singular point p € Sing(B), suppose the surface B is given by

m+1 2 2 _
Ty T Ay T T3y F f(@1,p, T2p,73p) =0

for some positive integer m locally around p, where the x; , are analytic coordinates centered at
the point p and f(x1p,z2,,23,)p) is a polynomial of order strictly greater than 1 with respect to
the weights wt(z1,) = 1/(m + 1), wt(22,) = wt(23,) = 3. For the singular point p, impose the
following conditions:

(Cp,O) : H(p) =0;

H
(Cp,j) :

J
(93:1710

(p) =0for1<j< F;ﬂ—l.

THEOREM 4.14. The defect of the double solid X with only terminal cA, singularities is
given by

ox = dim(Hyx) — (h°(P3, Ops (3r — 4)) — ux).
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Proof. The following have been verified in [Dol82, Theorem in § 1.4 and Theorem in §2.3]:

HY(P, Op(—2r)) = 0, for i < 3;
HY(P, Op(—4r)) = 0, for i < 3;
H2(P, Q) = 0;

Hi(P,Qp ® Op(—2r)) =0, fori=1,2,3.
Then [Ram08, Theorem 4.1] yields
dimg(H*(Y,Q)) = WM (V) = 1 + dim(Hx) — h°(P?, Ops (3r — 4)) + 2ux.
As shown in the proof of Proposition 4.13, dimg(H4(X,Q)) = rank(Cl(X)). Moreover,
dimg(H?(X, Q)) = rank(Pic(X)) = 1. Therefore,
Ox = dimg(Hy(X, Q) — dimg(H*(X, Q))
rank(Cl(X)) — 1
= rank(Cl(Y)) —ux — 1
= rank(Pic(Y)) —pux — 1
= dimg(H*(Y,Q)) — pux — 1
= dim(Hx) — (h°(P?, Ops (3r — 4)) — ux). O

Theorem 4.14 reduces the topological problem to a relatively simpler problem concerning the
linear system |Ops(3r — 4)| and 0-dimensional subschemes in P3.

COROLLARY 4.15. The double solid X is factorial if and only if the condition (A) imposes
linearly independent jux conditions on HO(P3, Ops (31 — 4)).

COROLLARY 4.16. Suppose that the surface B has singularities
a1A1 4+ asAs + - -+ amAm,

where a; is the number of singular points of type A; on B. If the double solid X is Q-factorial,

then

- 1

> an Bw < hO(P3, Ops (3r — 4)) = S (Br=1)@r = 2)(r - 1).

n=1
Proof. A singular point p of type A, yields [n/2] conditions (Cp;), 0 <j < [m/2] -1, on
HO(P3, Ops (3r — 4)). Therefore, the statement follows from Corollary 4.15. O

Following the argument based on a Lefschetz-type theorem as in [CP10, Example 1.5], we
can construct an example of a non-Q-factorial double solid X branched along a surface B with
only terminal cAy singularities.

Ezxample 4.17. Let B be the surface of degree 2r, where r > 2, defined by
zfor_1(z,y, 2) + 7 Bx(x? + y?) + 7222 =0 C P,

where fo,_1 € C[z,y, 2] is a general homogeneous polynomial of degree 2 — 1. Then the surface
B has 2r — 3 singular points of type Aj, 2r — 1 singular points of type As,_3, and one singular
point of type D4. The double solid X branched along the surface B has 4r — 4 terminal singular
points of type cA; and one terminal singular point of type cAs. Furthermore, it can be defined
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by the weighted homogeneous equation
w? = xfor_1(2,y,2) + 7 Px(@? +y?) + 7222 C P(1,1,1,1,7).
The hyperplane section defined by x = 0 splits into two divisors given by the equation
(w+ 2t" N (w— 2t"1) =0,
each of which is a non-Q-Cartier divisor.

We can construct the following non-Q-factorial double solid with only terminal cA; singular-
ities based on the fact that a variety with a small resolution is not (Q-factorial. In this example,
Theorem 4.14 confirms that its defect is positive, with the aid of the Cayley—Bacharach theorem.

Ezample 4.18. Let V be the smooth 3-fold of bidegree (2,7), » > 2, in P! x P? defined by the
bihomogeneous equation

fr(x,y, 2)u® + 2t"uv + h(x,y, 2)v> = 0,

where f, and h, are general homogeneous polynomials of degree r in C|z,y, z]. In addition, we
denote the natural projection of V to P? by 7: V' — P3. The system of equations

fr(z,y,2) =t =hy(z,y,2) =0
defines exactly r2 points in P3. The 3-fold V then has exactly r? curves C;, i = 1,...,r?, such

that H - C; = 0, where H is a divisor cut by a hypersurface of bidegree (0,1) in P! x P3. The
projection 7 has degree 2 outside the points 7w(C;). The model

Proj (@ HO(V, (’)V(nH))>

n>0

of V is the double cover X of P? branched along the surface B defined by

t2r - f?“(xvyv Z)hT(xvyv Z) =0.

It has 72 terminal singular points of type cA; each of which comes from each curve C;. The
morphism ¢,,f: V' — X given by the complete linear system of bidegree (0,m) on V' with
sufficiently large m contracts these 2 curves to cA; points of X. Therefore, it is a small morphism
of V onto X and, hence, the double cover X cannot be Q-factorial.

Meanwhile, we can also verify that X cannot be Q-factorial from the view point of
Theorem 4.14. The surface B has 72 singular points of type As,._; on the plane II defined

by t = 0. These singular points p;, i = 1,...,72, on B impose conditions (Cpyr—1)
O 'H
W(pi) =0

on HY(P3, Ops (3r — 4)). These conditions can also be regarded as vanishing conditions at p; for
HO(TT, Oy (27 — 3)) since

3r—4

HO(P?, Ops (3r — 4)) = @ t*~**Clz, y, 2Ix

k=0
where C[z,y,z]; is the space of homogenous polynomials of degree k in variables z,y, z.
The points p;’s are the intersection points of the two plane curves of degree r defined by
fr(z,y,2) =0 and g,(z,y,z) = 0 on II. It therefore follows from the Cayley-Bacharach theorem
([EGH96, Theorem CB4]) that the vanishing conditions at p;’s on H(II, O (2r — 3)) are linearly
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dependent. Therefore, the conditions

{(Cpor—r)li=1,...7%
are linearly dependent on HO(P3, Ops (31 — 4)). It then follows from Corollary 4.15 that X is not
Q-factorial, i.e. 6x > 0.

Example 4.19. Let B be the surface of degree 2r, where r > 2, defined by
Ll(xa Y, Z)LQ(:Ca Y, Z) T L2T(xa Y, Z) + t2r_lz =0C ]P)3a

where Li(z,y, 2), ..., La(x,y, 2) are general linear forms.

Then the surface B has exactly r(2r — 1) singular points and they are Ag,_o singularities.
These singular points correspond to the intersection points pp,, of the lines L,(x,y,z) and
Ly (z,y,2) on the plane t =0, 1 <n < m < 2r. The double solid X branched along the surface
B also has r(2r — 1) terminal singular points of type cAj.

Let Fj(z,y, z) be a general from of degree [ in z,y,z. For 0 < j<r—2and 1 <n<m < 2r,
put

Hn,m,j(x7 Y, Z) = thr—Q—j(x7 Y, Z)

Ll (1.7 Y, Z)LQ(x7 Y, Z) to L2T<x7 Y, Z)
Ln(x7 y7 Z)Lm(x7 ,% Z)

It is a form of degree 3r — 4. Observe that for fixed n,m, j,

D" Hypy i

—ap - (Pam) #0;

OF H o i

S (pu) =0, ik # ji

aan7m7j _ 'f / /

T(p"/m/) =0, if (n,m’) # (n,m).
This implies that the 7(2r — 1)(r — 1) conditions {(C,,,, )} impose linearly independent con-
ditions on H°(P3, Ops(3r — 4)). Therefore, Corollary 4.15 implies that the double solid X is
factorial.

The Q-factoriality of nodal double solids has been studied extensively in [CP10, Che09,
HPO07, Klo22]. Their results are mainly based on the result of [Cle83]. As mentioned previously,
in this section, we use the result of [Ram08] that is applicable to the cases with wider range of
singularities. Before we proceed, let us mention that some results in [CP10, Che09, HP07, Klo22]
remain true if we allow only singularities slightly worse than nodes.

THEOREM 4.20. Let X be the double solid branched along a surface B of degree 2r. Suppose

that B has at worst Ay and As singularities.

(1) If the number of singular points of X is less than r(2r — 1), then X is factorial.
(2) If the number of singular points of X is r(2r — 1) and X is not Q-factorial, then the surface
B is defined by an equation of the form

f’r‘(xayaz7t)2 + fl(x7yvzat)f27“—l(xayaz7t) = 07
where fi(z,y,z,t) € Clz,y, z,t] is a homogeneous polynomial of degree i.
Proof. The statements have been verified under the condition that B has only A; singulari-
ties in [CP10, Theorem B]|, [Che09, Theorem 3|, [HP07, Theorems 4.3 and 5.3|, and [Klo22,
Theorem 4.6]. However, as A; singularities, singular points of type Az on B produce only one
condition (Cp ) in the condition (A). From the view point of factoriality, we do not have to distin-
guish between A; and As. Therefore, the proofs of [Che09, Theorem 3] and [Klo22, Theorem 4.6]
work verbatim for the case when B allows A singularities also. O
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Ezxample 4.21. Let B be the surface of degree 2r, where r > 2, defined by
2 4+ zhor_1(z,y,2) =0 C ]P’g,

where ho,_1 is a general homogeneous polynomial of degree 2r — 1. Then the surface B has
exactly 2r — 1 singular points which are of type As,._1. The double solid X branched along the
surface B also has 2r — 1 terminal singular points of type cA;. As before, this can be defined by
the weighted homogeneous equation

w? =¥ + zhy, 1 (z,y,2) C P(1,1,1,1,7).
The hyperplane section defined by x = 0 splits into two divisors given by the equation
(w+t")(w—t") =0,
each of which is a non-Q-Cartier divisor.
Example 4.21 leads to the following conjecture.

CONJECTURE 4.22. Let X be the double solid branched along a sextic surface with at worst
A,, singularities. If the number of singular points on X is at most four, then X is factorial.

However, due to our limited understanding of Du Val singularities of sextic surfaces, we can
currently confirm it only under a specific additional condition.

THEOREM 4.23. Conjecture 4.22 holds good under the assumption that B allows at most four
and at worst A4 singularities.

Proof. We assume that B has four singular points denoted by p1,...,ps. The proof for the case
of a smaller number of singular points is nearly identical.

For each index 4, the singular point p; is of type A,,, with m; < 4. Each point imposes linear
conditions given by

(Cio): H(pi) = 0;

oH
(Cl,l) . 8xlvpi

(pi)ZOifm¢:3or4

on the linear system of quintic hypersurfaces H in P3. To establish our claim, it suffices to
demonstrate that for any given condition (C;;), there exists a quintic hypersurface H that
violates the condition (C; ;) while simultaneously satisfying the remaining conditions.

We employ homogeneous coordinates (x : y: z : t) for P3. Consider a fixed condition (C; ;).
Without loss of generality, we assume that p; = (1:0:0: 0) for convenience, and set i = 4.

In the case when my > 2, assume that the Zariski tangent planes at py are defined by y =0
and z = 0, respectively. We may regard x1 ,, as t.

Case 1: the four singular points are not collinear. Select a line passing through py that includes
the maximum number of singular points p1, p2, p3. Such a line accommodates at least two and
at most three singular points since the four singular points are not collinear. We may therefore
assume that ps lies outside the line. For k = 1,2, let Hyz be a general hyperplane that contains
pr and p3. Note that His does not vanish at py.

Set

Py = H4HS,, Py =tHHz,.
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Then,
P Py
det { op, 9P, | (P4) = (Hi3H33)(pa) # 0.
ot ot
Therefore, for the given condition (Cy ;), there exists a point (u; : ug) € P! such that between
two values

(0) (1P + p2Po)(pa),

(1) %(MH + p2Ps)(pa),

the value (j) is non-zero whereas the other is zero. Then the quintic
pa Py + pa Py
violates the condition (Cy ;) but satisfies all the other conditions.

Case 2: the four singular points are collinear. In this case, if my, my > 2, then the intersection
line of Zariski tangent planes at pp must be distinct from that of Zariski tangent planes at py.
Otherwise, the surface B would be singular along the intersection line.

Subcase 1-1: my < 2. Suppose my < 2 for some k < 3, say k = 3. Take a general hyperplane H;
passing through p;. Then the quintic H2 H2 Hj violates the condition (Cy ) but satisfies all other
conditions. Therefore, we may assume that mq, mg, mg > 3. Given that the intersection lines
of Zariski tangent planes at pi, ps, ps are all different, there exists a hyperplane Hj for some
k € {1,2,3} such that Hi(ps) # 0, Hi(px) = 0, and (0H/0z1 p, )(pr) = 0. Assume, for instance,
that k = 3. Then the quintic H? H3 Hj fails the condition (Cy) but satisfies all other conditions.

Subcase 1-2: myg > 3. Among the three points py, p2, and p3, we either have my,my < 2 or
my, myg > 3. For both cases, we may assume that £k =2 and ¢ = 3.

Let Hi be a general hyperplane passing through p;.

If ma, m3 < 2, then for each ¢ = 2, 3, we consider a general hyperplane H; passing through p;.

If mg, mg > 3, then there exists a hyperplane H; for i = 2, 3, such that H;(p4) # 0, H;(p;) = 0,
and (0Hy/0z1 p,)(pi) = 0. We select such a general hyperplane H;.

We set
P, = H}H3H3, P,=tH?HyHs.
Then,
P P
det [ op,  op, | (pa) = (H{H3H3)(pa) # 0.
ot ot
As in Case 1, for the given condition (Cy;), there is a point (u : p2) € P! such that the quintic
p1 P+ poPo
violates the condition (Cy ;) but satisfies all the other conditions. O

5. Prime Fano 3-fold weighted complete intersections

We consider some prime Fano 3-fold weighted complete intersections with only cAj points
together with terminal quotient singular points, and prove their birational rigidity. We make
the setting precise.
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TABLE 2. Fano 3-fold weighted hypersurfaces of index 1.

No. X,;CP(l,ai,...,a4) —K% Case No. Xy4CP(l,a1,...,a4) —K% Case

6  XscP(1,1,1,2,4) 1 & 5T Xau CP(1,3,4,512) 1/30 ©
10 XioCP(1,1,1,3,5) 2/3 < 58  XoyCP(1,3,4,7,10) 1/35 O
11 XiocP(1,1,2,2,5) 1/2 & 59  Xoy CP(1,3,6,7,8) 1/42 O
14 X120 C (1,1,174 6) 1/2 <> 60 Xoy CP(174,5,679) 1/45 Q
15 X1 cP(1,1,2,3,6) 1/3 © 61  Xps CP(1,4,5,7,9) 5/252 Q
16 X112 C (1,1,274 5) 3/10 62 Xog CP(1,1,5, 7, 13) 2/35 <>
17 X1 CP(1,1,3,4,4) 1/4 63  Xa6 CP(1,2,3,8,13) 1/24 &
18 X1, CP(1,2,2,3,5) 1/5 & 64  XogCP(1,2,5,6,13) 1/30 &
19 X1 CcP(1,2,3,3,4) 1/6 © 65 Xor CP(1,2,5,9,11) 3/110 &
21 Xy CP(1,1,2,4,7) 1/4 & 66 Xor C P(1,5,6,7,9) 1/70 Q
22 X1 CP(1,2,2,37) 1/6 & 67  XesCP(1,1,4,9,14) 1/18 &
2 X5 C P(1,1,3,4,7) 5/28 68  Xos C P(1,3,4,7,14) 1/42 O
2% X135 CP(1,1,3,56) 1/6 & 69 XosCP(1,4,6,7,11) 1/66
97 X5 CP(1,2,3,55) 1/10 Q 70 Xs C P(1,1,4,10,15) 1/20 &
28 X5 CP(1,3,3,4,5) 1/12 © 71 X3 CP(1,1,6,815) 1/24 &
29 XigCP(1,1,2,58 1/5 O 72 Xz CP(1,2,3,10,15) 1/30 O
30 XisCP(1,1,3,4,8) 1/6 & T3 XsoCP(1,2,6,7,15) 1/42 &
31 X6 CP(1,1,4,5,6) 2/15 74 X3 CPP(1,3,4,10,13) 1/52 &
32 XisCP(1,2,3,4,7) 2/21 & 75  XsoCP(1,4,56,15) 1/60 O
34 X;sCP(1,1,2,6,9) 1/6 & 76 XsoCP(1,5,6,811) 1/88 Q
35 X3 CP(1,1,3,59) 2/15 & 77 X CP@,2,59,16) 1/45 &
36 X1 C P(1,1,4,6,7) 3/28 78 X C P(1,4,5,7,16) 1/70 Q
37 XisCP(1,2,3,4,9) 1/12 & 79 Xz CP(1,3,5,11,14) 1/70 &
38 X5 C P(1,2,3,5,8) 3/40 80 Xsi CP(1,3,4,10,17) 1/60
41 Xoo CP(1,1,4,5,10) 1/10 © 81  Xs CP(1,4,6,7,17) 1/84 O
42 Xoo CP(1,2,3,5,10) 1/15  © 82 Xz C P(1,1,5,12,18) 1/30 O
43 Xoo CP(1,2,4,5,9) 1/18 & 83 Xz C P(1,3,4,11,18) 1/66 &
44 X0 CP(1,2,5,6,7) 1/21 Q84 Xz C P(1,7,8,9,12) 1/168 O
45 X0 C IP(1,3,4,5,8) 1/24 Q 85  Xss C P(1,3,5,11,19) 2/165 &
46 Xo1 C P(1,1,3,7,10) 1/10 86  Xzs C P(1,5,6,8,19) 1/120 O
47 X» CP(1,1,5,7,8) 3/40 87 Xy CP(1,5,7,8,20) 1/140 O
48 Xo1 CP(1,2,3,7,9) 1/18 & 88  XupC P(1,1,6,14,21) 1/42 O
19  Xo CP(1,3,5,6,7) 1/30 O 89 X CP(1,2,514,21) 1/70
51 Xap C P(1,1,4,6,11) 1/12 & 90 Xap C P(1,3,4,14,21) 1/84 O
52 Xap CP(1,2,4,5,11) 1/20 & 91 X € P(1,4,5,13,22) 1/130 ¢
53 Xaq C P(1,1,3,8,12) 1/12 Q92 Xy C P(1,3,5,16,24) 1/120 ©
54 Xos CP(1,1,6,8,9) 1/18 & 93  XsoC P(1,7,8,10,25) 1/280
55 Xog C P(1,2,3,7,12) 1/21 & 94 Xsq C P(1,4,5,18,27) 1/180 ©
56 Xou CP(1,2,3,8,11) 1/22 & 95 Xes C P(1,5,6,22,33) 1/330 ©

Setting 5.1. Let X be a prime Fano 3-fold which is either a weighted hypersurface of index 1 in
one of the families listed in Table 2, or a weighted complete intersection of codimension 2 and
index 1 in one of the families listed in Table 3. Let P be the ambient weighted projective space
of X. We assume that X is quasi-smooth along the singular locus Sing(PP) of P.

THEOREM 5.2. Let X be as in Setting 5.1 and suppose that X has at worst cA; points in
addition to terminal quotient singular points. Then X is birationally rigid.
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TABLE 3. Fano 3-fold weighted complete intersections of codimension 2 and index 1.

NO. thdQ C ]P)(ao, ey a5) 7K§( NO. thdz C ]P)(ao, ey CL5) 7K§(

8 X476 C ]P(l, 1,2,2,2, 3) 1 59 X12714 C P(1,4,4, 5,6, 7) 1/20
14 XeoCP(1,2,2,2,3,3) 1/2 60  Xio14 C P(2,3,4,5,6,7)  1/30
20  XesCP(1,2,2,3,3,4) 1/3 64 Xz CP(1,2,56,7,8)  2/35
24 X6)10 C P(1,2,2,3,4,5) 1/4 71 X14)16 C IP)(174,5,6,77 8) 1/30
31 Xsi0 CP(1,2,3,4,45) 1/6 75  Xisis C P(1,2,6,7,8,9)  1/24
37 XsipCP(1,2,3,4,5,6) 2/15 76  Xing C P(1,4,5,6,7,10)  1/35
45 Xio1p CP(1,2,4,5,5,6) 1/10 78  Xigis C P(1,4,6,7,8,9)  1/42
A7 Xio1o CP(1,3,4,4,5,6) 1/12 84  Xis530 C P(1,6,8,9,10,15) 1/120
51 Xioua CP(1,2,4,5,6,7) 1/12 85 Xago C P(1,8,9,10,12,15) 1/180

Remark 5.3. Let X C P be as in Setting 5.1. Then the subset X N Sing(P) consists of the terminal
cyclic quotient singular points of X coming from the ambient space since X is quasi-smooth along
Sing(P). Any other singular point of X, if it exists, is contained in a smooth locus of P so that
it is a hypersurface, hence Gorenstein, singular point of X. In Theorem 5.2, these hypersurface
singular points are assumed to be cA; points.

We fix some notation. Let P = P(ay,...,a,) be a weighted projective space with homoge-
neous coordinates xg,...,z, of weights ag,...,a,, respectively. For homogeneous polynomials
gi,...,gn in variables xo, ..., z,, we denote by

(90:~~':gN:0) CIP’(aO,...,an)
the closed subscheme defined by the homogeneous ideal (g1, ...,gnN).

DEFINITION 5.4. Under the above notation, let V = (f; =--- = f,,, = 0) C P be a closed sub-
scheme, where f1, ..., f;, are homogeneous polynomials in variables xg, ..., z,. The quasi-smooth
locus Qsm(V') of V is defined to be the image of the smooth locus of Cy, := Cy \ {0} under the
natural map A"*t1\ {o} — P, where

Cy :=SpecClzo, ..., zn]/(f1,- -, fm)

is the affine cone of V and o is the origin of A"*!. For a subset S C V, we say that V is quasi-
smooth along S if S C Qsm(V). We say that V is quasi-smooth if it is quasi-smooth along V/,
that is, V = Qsm(V).

For X C P as in Setting 5.1 and s € {z,y, z,t,w}, we set
Us=(s#20)NX:=X\((s=0)NnX).
5.1 Exclusion of curves
PRrROPOSITION 5.5. Let X be as in Setting 5.1. Then no curve on X is a maximal center.

Proof. Suppose that there is a curve I' C X which is a maximal center. By [Kaw96], there
exists no divisorial contraction centered along a curve through a terminal quotient singular
point. Hence, I' does not pass through a terminal quotient singular point. In particular, we
have (—Kx -T') > 1 since —Kx is a Cartier divisor on an open subset containing I" and, thus,
(-Kx -T) is a positive integer. On the other hand we have (—Ky)3 < 1. By Lemma 2.7,
I' cannot be a maximal center. This is a contradiction and the proof is complete. O
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5.2 Exclusion of smooth points

The aim of this section is to show that no smooth point on X is a maximal center for X as in
Setting 5.1. It may be possible to say that this follows from the same arguments as in [CP17,
§2.1] and [Okal4, §7]. However, we reproduce the proofs in a general setting mainly because
these arguments will also be useful in the exclusion of cA; points as a maximal center (see §5.3).

DEFINITION 5.6. Let V' be a closed subscheme of a weighted projective space P(aq, ..., a,) with
homogeneous coordinates xg, . . ., &, of weights ayg, ..., a,, respectively, and let p € V' be a point.
We say that homogeneous polynomials gi,...,gnx in variables xg,...,z, (respectively, effec-
tive Weil divisors D1, ..., Dy on V) isolate p or they are p-isolating polynomials (respectively,
p-isolating divisors) if the set

(g1 =...=gN zo)mV (resp.SuppD1 m--.mSuppDN)

is a finite set of points including p. For a positive integer e, we also say that g1,...,gn (respec-
tively, D1,...,Dy) are p-isolating polynomials of degree at most e (respectively, p-isolating
divisors of degree at most e) if max{deggi,...,deggn} < e (respectively, D; € |Oy(e;)| for
i=1,...,N and max{ey,...,en} <e).

Remark 5.7. Let V be as in Definition 5.6 and let p € V be a point. Suppose that there are
p-isolating divisors of degree at most e. Let I' C V' be a closed subset such that p € I' and any
component of I" is of positive dimension. Then we can take a divisor D € |Oy (¢’)| for some ¢’ < e
such that p € Supp D and no component of I' is contained in Supp D.

LEMMA 5.8. Let V' be a complete intersection of codimension ¢ € {1,2} in a weighted pro-
jective space P(ag,...,a,) with homogeneous coordinates xg,...,x, of weights ag,...,ay,
respectively.

(1) Let p € V be a point.
(a) There exist p-isolating divisors of degree at most

max{lem(a;, a;) | 4,5 € {0,1,...,n}}.

(b) If there is k such that p ¢ Njxx(x; =0) NV, then there exist p-isolating divisors of
degree at most

max{lem(a;, a;) | 4,5 € {0,1,...,n}\ {k}}.

(c) If ¢ =2 and there are ki, ko such that p ¢ Njg, k,(x; = 0), then there exist p-isolating
divisors of degree at most

max{lem(a;, a;) | 4,7 € {0,1,...,} \ {k1, k2}}.
(2) Let p € Uy, = (z; #0) NV be a point.

(a) There exist p-isolating divisors of degree at most
max{lem(a;,a;) | 7 € {0,1,...,n}}.

(b) If there is k # i such that p ¢ Nj(x; = 0) NV, then there exists p-isolating divisors
of degree at most

max{lem(a;,a;) | j € {0,1,...,n} \ {k}}.

(c) If ¢ =2 and there are ky, kg # i such that p & N, k,(x; =0) NV, then there exists
p-isolating divisors of degree at most

max{lem(a;, a;) | 7 € {0,1,...,n}\ {ki,k2}}.
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Proof. We set U, = (z; # 0) N'V. Part (1) follows from part (2) since V' is covered by the Uy,.
We prove part (2). We can write p= (o : -+ : o), with a; # 0. We set m; = lem(a;, aj).
Then the polynomials in the set
{a;nj/aix;nj/aj — a;nj/ajx;nj/aiu € {0,1,...,n}\ {z}}
isolate p, and the first assertion follows by considering the divisors (g; =0)N V.
Suppose that p ¢ Njz(x; = 0) NV, where k # i. Then the natural projection

|4 ‘—>1P’(a0,...,an) -2 P(ao,...,dk,...,an) =P
is a finite morphism in a neighborhood of p € V. The polynomials in the set

{a;nj/aix;ﬁj/aj — oz?bj/ajx;nj/aﬂj € {0,1,...,n}\ {3, k:}}
isolate 7(p) € P, that is, the common zero locus of the polynomials in the above set is a finite
set of points on P'. It follows that the common zero locus of the polynomials in the same set,
considered as a subset of P(ayg, ..., a,), is again a finite set of points since 7 is a finite morphism.
This shows that the above set isolates p and the second assertion is proved.

Suppose that c¢=2 and p ¢ Njzp, k(x; =0) NV, where ki, kp #4. Then the natural
projection

Vs P(ag, .-, an) =+ P(agy -y Qkyy - Ay - -y ap) =1 P

is a finite morphism in a neighborhood of p € V. By the similar argument as above considering

the set
{a;nj/aix;nj/aj — a;nj/ajx;nj/aﬂj € {0,1,...,n}\ {4, kq, k:g}},
we obtain the third assertion. O

LEMMA 5.9. Let X be a prime Fano 3-fold weighted hypersurface of index 1 which belongs to
one of the families listed in Table 2. Let p € X be a point contained in the smooth locus of the
ambient weighted projective space. Then the following assertions hold.

(1) There exist p-isolating divisors of degree at most 4/(—K x)3 except when the family number
of X is25andpe (z=y=2=0)NX.

(2) If X belongs to a family which is given one of ©, {>, & in the ‘Case’ column of Table 2, then
there exist p-isolating divisors of degree at most 2/(—K%).

Proof. Let X = X4 C P(ag,a1,...,a4) =P with 1=a9<a; <---<ay, where d=a; + ---
+ a4. Let z,y, z,t, w be homogeneous coordinates of weights ag, a1, as, as, aq, respectively.

We prove assertion (2). We consider X belonging to a family which is given one of O, . &
in the ‘Case’ column of Table 2. Then the assertions follow from the following observations.

e Case: X belongs to a family with ©. We have
max{lem(a;, a;) | 4,5 € {0,1,2,3,4}} < 2/(-Kx)?,

and the assertion follows from Lemma 5.8(1)(a).
e Case: X belongs to a family with <. We have a3 < a4, a4 | d, and

max{lem(a;, a;) | 4,5 € {0,1,2,3}} < 2/(~Kx)*>.

It follows from a3 < a4 and a4 | d that the monomial w4 appears in the defining polynomial
of X with non-zero coefficient and, thus, (xr =y =2=t=0)NX = (. The assertion now
follows from Lemma 5.8(1)(b).
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e Case: X belongs to a family with &. We have as < ag < aq, a3 | d and
max{lem(a;, a;j) | 4,5 € {0,1,2,4}} < 2/(-Kx)*.

It follows from ay < a3 < a4 and ag | d that the monomial t%/93 appears in the defining poly-
nomial of X with non-zero coefficient and, thus, (z =y = z = w = 0) N X = (). The assertion
now follows from Lemma 5.8(1)(b).

We prove assertion (1). It is enough to consider X whose family number i belongs to

{16,17, 25,31, 36, 38,46, 47}.

e Case: i € {17,31,38}. We have
max{lem(a;, a;) | 4,5 € {0,1,2,3,4}} < 4/(—Kx)?,

and the assertion follows from Lemma 5.8(1)(a).
e Case: i € {16,36,46,47}. In this case a3 | d and w¥? appears in the defining polynomial
of X. Hence (r=y=2=w=0)NX = 0. We have

max{lem(a;, a;) | 4,7 € {0,1,2,4}} < 4/(—KX)3,

and the assertion follows from Lemma 5.8(1)(b).
e Case: i = 25. By the assumption, we have p € U, UU, UU,. Fori = 0, 1, 2, it is straightforward
to check

max{lem(a;, a;) | j € {0,1,2,3,4}} < 4/(—Kx)>.

Thus, the assertion follows from Lemma 5.8(2)(a).
The proof is now complete. O

LEMMA 5.10. Let X be a prime Fano 3-fold weighted complete intersection of codimension 2
and index 1 which belongs to one of the families listed in Table 3. Let p € X be a point which
is contained in the smooth locus of the ambient weighted projective space. Then there exist
p-isolating divisors of degree at most 2/(—Kx)3.

Proof. Let X = X4, 4, C P(ao,...,as) with a9 <---<as and d; <dy. Let z,y,z,t,v,w be
homogeneous coordinates of weights ag,a1,as9,as,aq,as, respectively, and let fi,fo €
Clz,y, z,t,v,w| be the defining polynomials of X of degree dj,ds, respectively. We denote by
i the family number of X.

We consider the case i = 60, 71,76, 78,84,85. We have

maX{lcm(aivaj) ‘ 7'7.7 € {07 17 SRR 5}} < 2/(_KX)37

and, thus, the assertion follows from Lemma 5.8(1)(a).

Case: i = 8,20, 31,45,47,59. In this case a4 < as, a5 | do and
max{lem(a;, a;) | i,7 € {0,1,2,3,4}} < 2/(—Kx)>.

Then w®/% ¢ f, since a4 < a5 and as | do and, thus, (rt=y=z=t=0v=0)NX =(. The
assertion follows from Lemma 5.8(1)(b).
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We consider the case i = 24,37,51,64,75. In this case as < az < ag < a5, di < ag + as, ag
di, a5 | d2, and

max{lem(a;, a;) | 4,5 € {0,1,2,4}} < 2/(=Kx)>.

Then
£1(0,0,0,t,0,w) = at™/% £5(0,0,0,¢,0,w) = Sw2/™

for some non-zero «, 5 € C. It follows that (x =y =z =v =0) N X = () and, thus, the assertion
follows from Lemma 5.8(1)(c).
We consider the case i = 14. In this case, we have (x =yz =t =0)NX = and

max{lem(a;, a;) | 4,5 € {0,1,2,3}} =2 < 2/(-Kx)? = 4.
Thus, the assertion follows from Lemma 5.8(1)(c), and the proof is complete. O

Remark 5.11. In Lemmas 5.9 and 5.10, we do not assume that p is a smooth point of X, and
the case where p is a Gorenstein singular point of X is covered. This is utilized in the proof of
Lemma 5.13.

PROPOSITION 5.12. Let X be as in Setting 5.1. Then no smooth point on X is a maximal center.

Proof. Let p € X be a smooth point. If X is a weighted hypersurface and its family number is
25, and p is contained in (z =y =z = 0) N X, then we can repeat the argument of the proof
of [CP17, Lemma 2.1.5] without any change and conclude that p is not a maximal center. In
what follows, we assume that p ¢ (z =y =2 =0) N X when X is a weighted hypersurface and
its family number is 25.

Suppose that X admits a smooth point p € X which is a maximal center. Then there exists
a movable linear system M C | — nK x| such that p is a center of non-canonical singularities of
(X, (1/n)M). Let Dy, Dy € M be general members of M. By Lemmas 5.9 and 5.10, we can take
a divisor T € | — IK x| for some positive integer | < 4/(—K%) such that Supp T passes through
p and does not contain any component of Dy N Dy. Thus, we have

4n? > In*(=K%) = (T - Dy - D3) > 4n?,

where the last inequality follows from the 4n%-inequality for smooth points (see Theorem 1.1).
This is a contradiction. O

5.3 Exclusion of cA; points
The aim of this section is to exclude singularities of type cA; on X as a maximal singularity for
X as in Setting 5.1.

LEMMA 5.13. Let X be as in Setting 5.1 and let p € X be a singular point contained in the
smooth locus of the ambient weighted projective space. Then there exist p-isolating divisors of
degree at most 2/(—K%).

Proof. By Lemmas 5.9 and 5.10, it remains to consider the case where X is a weighted
hypersurface whose family number i belongs to

{16,17, 25,31, 36, 38,46, 47}.

We consider the case i =38. In this case X = X5 C P(1,2,3,5,8). We claim that the set
A:=(x=y=2=0)NX is contained in Qsm(X). Let f = f(x,y, z,t,w) be the defining poly-
nomial of X. We have f = at?w + fyw? + vzt3 + G, where o, 3,7 € C and G = G(z,y, z,t,w) €
(z,y,2)%. We have (a,v) # (0,0) and 3 # 0. If a # 0, then A consists of 2 points which are the
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TABLE 4. Descriptions of f(0,0, z, ¢, w).

No. 7(0,0, z,t,w) Conditions 2/(-Kx)3
16 aw?z + B3 + 4222 + Stzt + 28 a#0,8#£0 20/3
17 azt + B3 + yt?w + dw? a#0 8

25 awt? + Bt3z 4+ ~2° (o, B) # (0,0),v # 0 56/5
31 aw?z + Pwt? + yz4 a#0,v#0 15

36 aw?z + Btd + ytz3 a#£0,8#0,7v#0 56/3
46 at? + 627 a#0,06#0 20

47 aw?z + pt3 a#£0,0#0 80/3

%(1,2,3) point and the %(1,37 5) point and, hence, X is quasi-smooth along A. Suppose that
a =0. In this case I' = (x =y = 2 = 0) is a curve and it is straightforward to check that X is
quasi-smooth along I" since # # 0 and v # 0. The claim is proved. It follows that p € U, UU, U U,
and there exist p-isolating divisors of degree at most 3as by Lemma 5.8(2)(a), and we have
3aq4 =24 < 2/(—Kx)? =80/3.

Finally, we consider the case i€ {16,17,25,31,36,46,47}. In this case X = X, C
P(1,1,a9,as,a4) with d =1+ ay + ag + a4 and ay > 2. We claim that p € U, U Uy. Assume to
the contrary that p € (x =y = 0) N X. Recall that p is a singular point of X, hence it is either a
hypersurface singular point or a cyclic quotient terminal singular point (see Remark 5.3). In the
latter case p is contained in the singular locus of the ambient weighted projective space. Hence,
p € X is a hypersurface singularity and, in particular, X is not quasi-smooth at p. Thus, we have

8f(0,%,z,t,w)(p) _ af(O,(gz,t,w)(p) _ af(0,0,z,t,w)(p)
z t ow

An explicit description of f(0,0,z,¢,w) is given in the second column of Table 4, where the
coefficients «, 0, . . . satisfy the conditions given in the third column. It is then straightforward to
see that either the equations in (5.1) have only trivial solution or they imply that p € {p., pt, Pw }-
We have a contradiction in the former case, and the latter case is impossible since any point
in {p.,pt,pw} N X is a quotient singular point of X. Thus, the claim is proved, and we have
p € U, UU,. By Lemma 5.8 (2-a), there exist p-isolating divisors of degree most a4. It is easy to
check as < 2/(—Kx)? (see the fourth column of Table 4) and the proof is complete. O

= 0. (5.1)

PRrROPOSITION 5.14. Let X be as in Setting 5.1, and let p € X be a singular point of type cA;.
Then p is not a maximal center.

Proof. Suppose that p € X is a maximal center. Then there exists a movable linear system
M ~ —nKx such that p is the center of a non-canonical singularities of the pair (X, (1/n)M).
Let D1, Dy € M be general members. Then by Lemma 5.13, we can take a divisor 7' € | — [ K x|
for some positive integer | < 2/(—Kx)? such that Supp T passes through p and does not contain
any component of D; N Ds. Thus, we have

2n? > In*(—K%) = (T - Dy - Dg) > 2n?,

where the last inequality follows from Theorem 3.14. This is a contradiction. O

5.4 Links centered at quotient points and proof of Theorem 5.2

PRrOPOSITION 5.15. Let X be as in Setting 5.1 and let p € X be a terminal quotient singular
point. If the point p is a maximal center, then there exists an elementary self-link X --+ X of
type II initiated by the Kawamata blow-up at p.
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Proof. Suppose that X is a weighted hypersurface. Then the same arguments as in [CP17,
Chapter 5] prove the assertion. To be more precise, although X is assumed to be quasi-smooth
in [CP17], the arguments in [CP17, Chapter 5] in fact relies only on the quasi-smoothness of X
along X N Sing(P), where P is the ambient weighted projective 4-space, in addition to the basic
assumption that X is a prime Fano 3-fold.

Similarly, for weighted complete intersections of codimension 2, the same arguments as in
[Okal4, §7] and [AZ16, §4] prove the assertion. O

Remark 5.16. It should be mentioned that, for some weighted hypersurface X of index 1
which is not listed Table 2, the arguments in [CP17, Chapter 5] do rely on the entire
quasi-smoothness of X. For example, the singular point of type %(1, 1,2) on a quasi-smooth
member X7 C P(1,2,3,5,7) =: P of family No. 33 is excluded as a maximal center in [CP17,
Chapter 5] and the proof of this fact does rely on the quasi-smoothness of X (not only
on the quasi-smoothness along X N Sing IP).

Proof of Theorem 5.2. This is a consequence of Lemma 2.6 and Propositions 5.5, 5.12, 5.14,
and 5.15. 0

6. Del Pezzo fibrations of degree 1

The aim of this section is to prove the following by the method of maximal singularities developed
in [Puk98] and [Oka20a] combined with Corti’s inequality for smooth points and cA; points.

THEOREM 6.1. Let m: X — P! be a del Pezzo fibration of degree 1 with only cA; points. If
X /P! satisfies the K2-condition (1.1), then it is birationally superrigid.

The rest of this section is devoted to the proof of Theorem 6.1. In what follows, let 7: X — P!
be a del Pezzo fibration of degree 1 with only cA; singularities and assume that X satisfies the
K?2-condition (1.1). We denote by F € Pic(X) the fiber class.

We recall that by [Puk98, p. 117] the variety X can be embedded in a toric P(1, 1, 2, 3)-bundle
P — P! in such a way that the morphism 7 coincides with the restriction of P — P!. A fiber
of 7 is a Gorenstein del Pezzo surface (which can be non-normal), and it is an irreducible and
reduced hypersurface of degree 6 in P(1, 1,2, 3).

PROPOSITION 6.2 [Puk98, §3]. Under the above setting, no curve on X is a center of non-
canonical singularities of the pair (X, (1/n)M) for any movable linear system M C | — nKx +
mF| on X.

Proof. In [Puk98, § 3] this statement is proven under the assumption that X is smooth, but the
same proof works in Gorenstein case. U

We say that an irreducible curve C' C X is horizontal if m(C) = P! and that it is vertical if
m(C) is a point. A 1-cycle C is horizontal (respectively, vertical) if every irreducible curve in
Supp C' is horizontal (respectively, vertical).

Proof of Theorem 6.1. Suppose that X/P! is not birationally superrigid. Then there exists
a Mori fiber space Y/T and a birational map o: X --» Y which is not square. Let M C
| — nKx + mF| be the proper transform on X of a very ample complete linear system on Y.
The K?2-condition (1.1) implies that —Kx is not in the movable cone of X and, thus, m > 0.
By Proposition 6.2 and [Oka20a, Proposition 2.7], there are points pi,...,pr € X in distinct
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m-fibers and positive rational numbers Aq,...,A; such that pi,...,pr are centers of non-
canonical singularities of the pair (X, (1/n)M — > X\;F;) and Y A; > m/n, where Fj is the m-fiber
containing p;.

Let Dy, D5 be general members of M and let Z := D; - Ds. We decompose Z into the vertical
and the horizontal components, Z = Z? + Z", and write

AE DIV S
where the support of Z} is in a m-fiber and Z h is horizontal. By Corti’s inequality Theorem 3.17,
there are numbers ¢;, ¢ = 1,...,k, with 0 < ¢; < 1 such that
multy, Z" + t; multy, Z¥ > 2n% + 4\t
We have
mult,, Z" < (F;- Z") = (F-Z) = (F - Dy - D) = n?,
and, thus,

1
multy, Z¢ > ;nQ + 4 n? > n? 4 4 n?
%

Note that Fj; is isomorphic to an irreducible and reduced weighted hypersurface of degree 6 in
P(1,1,2,3). By [Oka20a, Lemma 2.10], we can take a curve C; € |OF,(2)| which passes through
p; and which does not contain any component of Supp(Z/). Then we can take a divisor H; €
| — 2K x + riF|, where 7; is a sufficiently large integer, such that H;|r, = C;. We have
(=Kx - Z}) = 3(H; - Z}) > Smulty, Z7 > Ln? + 207,
and, by the inequality > A\; > m/n, we have
i k i 1
(—-Kx - 2%) = Z(—KX - ZP) > §n2 + 2n? ZAi > §n2 + 2mn. (6.1)
i=1 i=1
We define £ := —Kx - I' € NE(X) so that R>q - £ C NE(X) is the extremal ray corresponding
to 7. Denote by [Z"] € NE(X) the class of Z". We can write [Z"] = a(—Kx)? + (¢ for some

numbers a, 3. We have a = (F - Z") = n?, and the K2-condition (1.1) implies that 3 > 0. It
follows that

(—Kx - Z") = (=Kx - a(—Kx)? + p0) > n?(-Kx)*.
Combining this with
(-Kx - Z) = (—Kx) - (—nKx + mF)? = n?(—=Kx)? + 2mn,

we obtain the inequality

(-Kx -2°) = (-Kx - Z) — (=Kx - Z") < 2mn. (6.2)
Two inequalities (6.1) and (6.2) are impossible, and this shows that X /P! is birationally
superrigid. O
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