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A characterization of virtually free groups
among hyperbolic groups

André Carvalho

Abstract. We prove that virtually free groups are precisely the hyperbolic groups admitting a language
of geodesic words containing a unique representative for each group element with bounded triangles.
Equivalently, these are exactly the hyperbolic groups for which the model for the Gromov boundary
defined by Silva is well defined.

1 Introduction

A group is said to be virtually free if it has a free subgroup of finite index. There are
many different characterizations of virtually free groups and of different natures (see,
for example [1, 2, 4, 6–9]).

In particular, in [7], Gilman, Hermiller, Holt, and Rees show that a group is
virtually free if and only if it admits a generating set and a finite length-reducing
rewriting system reducing every word to a geodesic, or, equivalently, a generating
set and a constant k > 0 such that all k-locally geodesic words with respect to that
generating set are geodesic. In [10], a new model for the Gromov boundary of a
virtually free group was proposed. The idea is to consider the generating set from [7],
and to construct a language of geodesics endowed with the prefix metric, so that
the boundary obtained when taking the completion of this metric space becomes
homeomorphic to the Gromov boundary. We refer the reader to Section 2 for all the
relevant definitions.

Let G be a group and A a generating set. Throughout the paper, we will denote
A∪ A−1 by Ã, and Ã∗ will represent the free monoid over Ã. The natural surjective
homomorphism will be called π ∶ Ã∗ → G and the set of all geodesic words over Ã
will be denoted by GeoA(G).

Concretely, let G be a virtually free group, and L be the shortlex minimal geodesic
words, for a fixed total order on Ã. Notice now that π∣L , which we will denote by πL ,
is a bijection. Silva defined the boundary of L as

∂L = {α ∈ Ãω ∣ α[n] ∈ L for every n ∈ N}.
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Put L̂ = L ∪ ∂L and let d2 ∶ L̂ × L̂ → L̂ be the prefix metric. Given an element g ∈ G,
denote its L-representative by ḡ. Let d1 be a visual metric on G. Silva proved the
following.

Proposition 1.1 ([10, Proposition 6.2])
(1) The mutually inverse mappings πL ∶ (L, d2) → (G , d1) ∶ u ↦ uπ and π−1

L ∶
(G , d1) → (L, d2) ∶ g ↦ ḡ are uniformly continuous;

(2) (L̂, d2) is the completion of (L, d2);
(3) (∂L, d2) is homeomorphic to the Gromov boundary of G.

It is well known by a general topology result [5, Section XIV.6] that every uniformly
continuous mapping admits a continuous extension to the completion. Therefore,
condition (i) ensures that both πL and π−1

L admit an extension to the completion
and these extensions must be mutually inverse, that is the extension π̂L is bijective.
In general, when referring to the extension of a mapping to the completion of the
corresponding spaces, we will decorate the mapping with a hat.

In this paper, we prove that, in some sense, the only hyperbolic groups for which
this model works are virtually free groups. We also show that this is equivalent to
the existence of a language L of unique geodesic representatives of the elements of
G with bounded triangles, i.e., such that for words u, v ∈ L with dA(uπ, vπ) ≤ 1 and
∣u ∧ v∣ = 0, we have that ∣u∣ + ∣v∣ is bounded by some constant N > 0.

Corollary 1.2 Let G be a hyperbolic group. The following are equivalent:
(1) there is a finite set of generators A and a factorial language L ⊆ GeoA(G) such

that π̂L is bijective;
(2) there is a finite set of generators A and a prefix-closed language L ⊆ GeoA(G) such

that π̂L is bijective;
(3) there is a finite set of generators A and a factorial language of unique representa-

tives L ⊆ GeoA(G) such that G has bounded triangles for L
(4) there is a finite set of generators A and a prefix-closed language of unique

representatives L ⊆ GeoA(G) such that G has bounded triangles for L;
(5) there is a finite set of generators A and a factorial language of unique representa-

tives L ⊆ Ã∗ such that G has bounded triangles for L;
(6) there is a finite set of generators A and a prefix-closed language of unique

representatives L ⊆ Ã∗ such that G has bounded triangles for L;
(7) G is virtually free.

2 Preliminaries

Let G be a hyperbolic group. Given g , h, p ∈ G, we define the Gromov product of g
and h taking p as basepoint by

(g∣h)A
p =

1
2
(dA(p, g) + dA(p, h) − dA(g , h)).
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We will often write (g∣h) to denote (g∣h)A
1 , when the generating set is clear from

context. Notice that, in the free group case, we have that (g∣h) = ∣g ∧ h∣, where u ∧ v
denotes the longest common prefix between u and v.

The Gromov boundary of a hyperbolic group can be defined in several ways. For
example, it can be obtained by taking equivalence classes of Gromov sequences or
by considering the space of geodesic rays up to equivalence, where two rays are
considered equivalent if the Hausdorff distance between them is finite. The Gromov
boundary can also be seen as the completion of the group when endowed with a visual
metric, that we will now define (see [3, Section III.H.3] for details).

Put

ρA
p,γ(g , h) = {e−γ(g∣h)A

p if g ≠ h
0 otherwise

for all p, g , h ∈ G.
Given p ∈ G, γ > 0 and T ≥ 1, a visual metric on G is one satisfying the inequalities:

1
T

ρA
p,γ(g , h) ≤ d(g , h) ≤ TρA

p,γ(g , h).(2.1)

It is well known that all visual metrics yield equivalent completions and that the
topology induced by these metrics is the Gromov topology. In free groups, an example
of a visual metric is the prefix metric: the distance between two reduced words
u, v ∈ Fn is defined as

d(u, v) =
⎧⎪⎪⎨⎪⎪⎩

2−∣u∧v∣ if u ≠ v
0 otherwise

,

where ∣u ∧ v∣ represents the length of the longest common prefix between u and v.
As mentioned above, in [10], a new model for the boundary of a virtually free

group is defined by taking a special language of geodesics L endowed with the prefix
metric and taking its completion. The fact that L is factorial, that is, a factor of a
word in L is still a word in L, plays an important role in [10]. The need of at least
requiring closure under taking prefixes is evident by the definition of the boundary.
The following proposition shows this condition is sufficient to ensure that ∂L is indeed
the completion of L and it forms a compact space.

Proposition 2.1 Let L be a prefix-closed language endowed with the prefix metric d2.
Then, (L̂, d2) is the completion of (L, d2) and it is compact.

Proof We start by showing that (L̂, d2) is complete. Let (αn)n be a Cauchy
sequence in (L̂, d2). Then

∀M ∈ N ∃N ∈ N ∀m, n > N (∣αn ∧ αm ∣ > M).

Thus, for all k ∈ N, α[k]n stabilizes when n →∞ and limn→∞ α[k]n is a prefix of
limn→∞ α[k+1]

n . Thus, there is a unique word β in Ã∞ such that β[k] = limn→∞ α[k]n and
so β = limn→∞ αn . Since L is prefix-closed, then, for all k ∈ N, β[k] = limn→∞ α[k]n ∈ L,
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and so β ∈ L̂. Hence (L̂, d2) is complete. Notice that L is clearly dense in L̂, since for
all N ∈ N and α ∈ L̂, α[N] ∈ L and ∣α ∧ α[N]∣ = N , and so (L̂, d2) is the completion of
(L, d2).

We will now prove that (L̂, d2) is a totally bounded metric space and that suffices,
as it is complete. Since Ã is finite, for a given n ∈ N, there are finitely many words in
Ã∗ of length n and so, finitely many of such words in L. Let ε > 0 and take k ∈ N such
that 2−k < ε. Let V = {x ∈ L ∣ ∣x∣ = k}, which is finite. It is clear that

L̂ = ⋃
x∈V

B(x , ε),

since for every α ∈ L̂, we have that α ∈ B(α[k]; ε). ∎

3 A characterization of virtually free groups

We want to prove that the hyperbolic groups admitting a factorial language of unique
representatives L ⊆ GeoA(G) such that πL ∶ L → G and π−1

L ∶ G → L are mutually
inverse uniformly continuous mappings that extend to homeomorphisms π̂L and π̂−1

L
is precisely the class of virtually free groups.

Let L be such a language. We observe that πL ∶ (L, d2) → (G , d1) ∶ u ↦ uπ is
always uniformly continuous. Indeed, let g , h ∈ G and put u = ḡ ∧ h̄. Since dA(g , h) ≤
dA(uπ, g) + dA(uπ, h), we have that

(g∣h) = 1
2
(dA(1, g) + dA(1, h) − dA(g , h))

= 1
2
(∣u∣ + dA(uπ, g) + ∣u∣ + dA(uπ, h) − dA(g , h))

≥ ∣u∣ = ∣ḡ ∧ h̄∣.

Thus,

∀M ∈ N ∃N ∈ N (∣ḡ ∧ h̄∣ > N ⇒ (g∣h) > M)

and we are done. This means that πL admits a unique continuous extension π̂L ∶
(L̂, d2) → (Ĝ , d1) to the completion. However, it might happen that π̂L is not bijective,
even for virtually free groups. For example, let G = Z ×Z2 = ⟨a, b ∣ a2 , aba−1b−1⟩.
However, Proposition 1.1 ensures that there is a generating set for which this happens.
Then, the words ab∞ and b∞ represent the same element in ∂G since they are
Hausdorff close geodesic rays.

We say that G has bounded triangles for the language L ⊆ A∗ if there is a
homomorphism π ∶ A∗ → G such that π∣L is bijective and given words u, v ∈ L with
dA(uπ, vπ) ≤ 1 and ∣u ∧ v∣ = 0, we have that ∣u∣ + ∣v∣ is bounded by some constant
N > 0.

Lemma 3.1 Let G be a hyperbolic group with bounded triangles for some factorial
language L ⊆ A∗ and constant N > 0. Then, for any words u, v ∈ L with ∣u ∧ v∣ = 0, we
have that ∣u∣ + ∣v∣ ≤ NdA(u, v).
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Proof We prove this by induction on dA(uπ, vπ). If dA(uπ, vπ) ≤ 1, we are done.
So, assume that the result holds for all u, v ∈ L with ∣u ∧ v∣ = 0 such that dA(uπ, vπ) ≤
k for some integer k > 1 and let w , w′ ∈ L be words such that ∣w ∧w′∣ = 0 and
dA(wπ, w′π) = k + 1. Take a geodesic path ξ = x1 . . . xk+1 connecting wπ and w′π
and let ζ = (wξ[k])π ∈ L. Now, if ζ does not share a prefix neither with w nor with
w′, then ∣w∣ + ∣w′∣ ≤ ∣w∣ + ∣ζ ∣ + ∣ζ ∣ + ∣w′∣ ≤ kN + N = NdA(wπ, w′π). Suppose w.l.o.g.
that ζ shares a prefix with w (and so, not with w′). Then let α = ζ ∧w and put w = αw′′
and ζ = αζ′. Since L is factorial, then ζ′ and w′′ are words in L such that ∣w′′ ∧ ζ′∣ = 0
and dA(w′′π, ζ′π) = k. By hypothesis, we have that ∣w′′∣ + ∣ζ′∣ = ∣w∣ − ∣α∣ + ∣ζ ∣ − ∣α∣ ≤
Nk. Also, ∣w′∣ + ∣ζ ∣ ≤ N . Since ∣α∣ ≤ ∣ζ ∣, we have that ∣w∣ + ∣w′∣ ≤ ∣w′∣ + ∣ζ ∣ + ∣w∣ − ∣α∣ +
∣ζ ∣ − ∣α∣ ≤ N(k + 1). ∎

Theorem 3.2 Let G be a hyperbolic group, A be a generating set and L be a factorial
language of unique representatives L ⊆ GeoA(G). Then the following are equivalent:
(1) π̂L is bijective;
(2) G has bounded triangles for L.

Proof Assume 1. Then, π̂L is a continuous bijection between compact spaces and
so it must be a homeomorphism. Hence, it has a continuous inverse π̂L

−1. This is
a continuous map between compact spaces, and so it is uniformly continuous and
its restriction to G, π−1

L , is also uniformly continuous. Thus, there is some integer
NL > 0 such that ∣u ∧ v∣ = 0⇒ (uπ∣vπ) ≤ NL for all u, v ∈ L. Take words u, v ∈ L, with
dA(uπ, vπ) ≤ 1 and ∣u ∧ v∣ = 0. Then

(uπ∣vπ) = 1
2
(∣u∣ + ∣v∣ − dA(uπ, vπ)) ≤ NL

and so ∣u∣ + ∣v∣ ≤ 2NL + dA(uπ, vπ) ≤ 2NL + 1.
Now, we will prove the converse. Assume that G admits a set of generators A

and a factorial language of unique representatives L ⊆ GeoA(G) such that given
words u, v ∈ L with dA(uπ, vπ) ≤ 1 and ∣u ∧ v∣ = 0, we have that ∣u∣ + ∣v∣ is bounded
by some constant C > 0. Let g , h ∈ G and put u = ∣ḡ ∧ h̄∣. Consider the L-geodesics
α, β, γ connecting uπ to g, uπ to h and g to h, respectively. Since G is hyperbolic,
then [[α, β, γ]] is δ-thin. Put q0 = g,qn = h and q i = g(γ[i]π), for i ∈ {1, . . . , n − 1}.
Since q0 ∈ α and qn ∈ β, there are some j ∈ {0, . . . , n − 1}, p1 ∈ α and p2 ∈ β such that
dA(q j , p1) ≤ δ and dA(q j+1 , p2) ≤ δ. Now,

(g∣h) = 1
2
(dA(1, g) + dA(1, h) − dA(g , h))

= 1
2
(∣u∣ + dA(uπ, p1) + dA(p1 , g) + ∣u∣ + dA(uπ, p2)

+ dA(p2 , h) − dA(g , q j) − 1 − dA(q j+1 , h))

=∣u∣ + 1
2
(dA(uπ, p1) + dA(uπ, p2)) +

1
2
(dA(p1 , g) − dA(g , q j))

+ 1
2
(dA(p2 , h) − dA(h, q j+1)) −

1
2

.
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We have that 1
2 (dA(p1 , g) − dA(g , q j)) ≤ δ

2 , because

dA(p1 , g) ≤ dA(p1 , q j) + dA(q j , g) ≤ δ + dA(q j , g).

Similarly, 1
2 (dA(p2 , h) − dA(h, q j+1)) ≤ δ

2 . So,

(g∣h) ≤ ∣ḡ ∧ h̄∣ + δ − 1
2
+ 1

2
(dA(uπ, p1) + dA(uπ, p2)).

But now, consider the subpath α′ ⊆ α from uπ to p1 and the subpath β′ ⊆ β from uπ
to p2. They are labeled by words in L, since L is factorial, sharing no prefix and ending
at distance at most 2δ + 1 since

dA(p1 , p2) ≤ dA(p1 , q j) + dA(q j , q j+1) + dA(q j+1 , p2) ≤ 2δ + 1.

By Lemma 3.1, we have that ∣α′∣ + ∣β′∣ ≤ (2δ + 1)C, and so 1
2 (dA(uπ, p1) +

dA(uπ, p2)) ≤ (2δ+1)C
2 and

(g∣h) ≤ ∣ḡ ∧ h̄∣ + δ − 1
2
+ (2δ + 1)C

2
.

This implies that π−1
L is uniformly continuous since

∀M ∈ N ∃N ∈ N ((g∣h) > N ⇒ ∣ḡ ∧ h̄∣ > M).

Therefore, it extends to some continuous mapping π̂−1
L . Hence, π̂L π̂−1

L is a continuous
extension of the identity to the completion. Since that extension is unique, it must be
the identity on L̂. Similarly, π̂−1

L π̂L must be the identity on Ĝ and so π̂L π̂−1
L are mutually

inverse continuous mappings, thus homeomorphisms. ∎

Remark 3.3 Notice that in the proof of 1 �⇒ 2 factoriality is not needed and that
this implication holds for any language L.

Proposition 3.4 Let G be a group. Then G is virtually free if and only if there is a
generating set A and a prefix-closed language L ⊆ Ã∗ such that π∣L is bijective and G
has bounded triangles for L.

Proof Let L ⊆ Ã∗ be a prefix-closed language such that π∣L is bijective and
G has bounded triangles for L with constant N. Since L is prefix closed, the
undirected graph T (obtained by identifying inverse edges) with vertex set V = L
having an edge (labeled by a ∈ A) between x and y if and only if y = xa is a
tree, i.e., between any pair of vertices, there is one and only one reduced path
in T. We have that T is a subgraph of the Cayley graph � = �X(G). Hence, for
all u, v ∈ L, we have that d�(u, v) ≤ dT(u, v). Now, let u, v ∈ L and put w = u ∧ v,
u = wu′ and v = wv′. We have that dT(u, v) = ∣u′∣ + ∣v′∣ ≤ Nd�(uπ, vπ). Therefore,
� is quasi-isometric to a tree, which by [1, Theorem 4.7(B2)], implies that G is
virtually free.

If G is virtually free, then, by Proposition 1.1, there is a finite set of generators A and
a factorial language L ⊆ Ã∗ such that π̂L is bijective; which, by Theorem 3.2, implies
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that there is a finite set of generators A and a factorial (hence, prefix-closed) language
of unique representatives L ⊆ Ã∗ such that G has bounded triangles for L. ∎

Combining the results above, we obtain Corollary 1.2.
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