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SOME RESULTS CONCERNING THE
CAUCHY FUNCTIONAL EQUATION
IN CERTAIN BANACH ALGEBRAS

J. Vukman

In this paper some results concerning the Cauchy functional
equation, that is the functional equation f(x+y) = f(x) + fly)
in complex hermitian Banach *-algebras with an identity element
are presented. As an application a generalization of Kurepa's
extension of the Jordan-Neumann characterization of pre-Hilbert

space is obtained.

Preliminaries

All algebras and vector spaces in this paper will be over the complex
field. Algebras are assumed to have an identity element, which will be
denoted by e . An algebra A 1is called a *-algebra if there exists an
involution (conjugate-linear anti-isomorphism of period two) a+> a* on
A . An element h € A is said to be hermitian if A* =h , and a € A
will be called normal if a*a = aa* . It is easy to see that each element

a € A has a unique decomposition a = h + ik with hermitian % and k .

A *-algebra which is also a Banach algebra is called a Banach
*_algebra. A Banach *-algebra is called hermitian if each hermitian
element has real spectrum. Let A be a hermitian Banach #*-algebra and

let h € A be a hermitian element. It is convenient to write h > 0 if
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the spectrum of % is positive. The most important hermitian Banach

*_glgebras are B*-algebras (that is Banach *-algebras in which

lla*all = llall2 is fulfilled for all a ). For the basic facts concerning

hermitian Banach #*-algebras, we refer the reader to Pték's paper [5].

Let X and A be a vector space and an algebra, respectively.
Suppose that X is a left A-module. A left A-module X will be called
unitary if ex = x holds for all = € X .

1. The Cauchy functional equation

The Cauchy functional equation, that is the functional equation
flxty) = f(x) + fly) has been extensively studied (see [3], [6] and also
[1] where further references can be found). In this section we present
some results concerning the Cauchy functional equation on hermitian Banach

*-algebras. We shall need the following.

LEMMA 1.1. Let A be a hermitian Banach *-algebra. For each
h > 0 there corresponds u > 0 , such that u=h. Moreover, u
commutes with each element which commutes with h .

Proof. A simple consequence of Ford's square root lemma [2] (see also

[5, (1.5)1).
First we shall prove the following result.

LEMMA 1.2. Let A be a hermitian Banach *-algebra. Suppose there
exists an additive function f : A > A such that f(e) = 0 and that

fla) = af(a_l)a* holds for all invertible normal elements a € A . In
this case f(a) =0 forall a €A,

Proof. Let us first prove that

(1) F(R®) = o

for all invertible hermitian elements h € A . We have
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F(5®) = rleh®) = (end)f((e+h®) ) (o)
| = (e®)f (- e4n®) ") (e+h?)
= —(e+h%) £ ((e+h®) "1R®) (e+h?)
= ~(e+h®) (e+n®) e (072 (e+n2) )12 (e+h®) L (e+h?)

= hPr(en™n® = PP 2 = —F(R®) .

Hence f(he) = —f(hz} which proves (1). From (1) it follows that
(2) f(te) =0

holds for all real numbers ¢ . Let us prove that

(3) fln) =0

is fulfilled for all hermitian % € A . Let therefore h € A be an
arbitrary hermitian element. Let us choose a real number ¢ such that
te + h >0 . By Lemma 1.1 there exists an invertible hermitian element

u €A such that te + h = u> . According to (1) and (2) we have

f(h) = fltesh) = ()
(¥) Flih) = 0

0 which proves (3). Now we intend to prove that

for all invertible hermitian elements % € A . We have

fle+in) = (e+ih)f((e+in) ™) (e-ih)

f(<h)
= {ewih Flo-(e+in) " Lin) (e-in)
= —(e+ih) f(e+ih) "“ih){e-ih)
= _(e+ih) (e+ih) "Yinf((ih) L (e+ih))(=ih) (e-ih) L(e-ih)
= _inf(e+(in) Y (<in) = —inp((h) N (~ih) = —f(sn) .
Hence f(ih) = -f(ih) which proves the relation (k).
From (%) it follows that
(5) flite) = 0
holds for all real numbers ¢ . Let us prove that
(6) ' f(in) = 0

is fulfilled for all hermitian h € A . Let therefore h € A be an

arbitrary hermitian element and let ¢ be such a real number that
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(te+h)_:L exists. Then according to (4) and (5) it follows
f(ih) = f(i(te+h)) = 0 which proves the relation (6). Using (3) and (6)
we obtain f(a) = f(h+ik) = f(h) + f(i¢k) = 0 for all a € A which

completes the proof of the theoremn.

We shall need the result below in the next section.
THEOREM 1.3. Let A be a hermitian Banach *-algebra. Suppose

there exists an additive function f : A + A such that f(a) = af(a_l]a*
holds for all invertible normal elements a € A . In this case
2f(a) = afle) + fle)a* is fulfilled for all a € A .

Proof. Obviously, the function g : A » A defined by the relation

gla) = fla) - %(af(e)+f(e)a*) is additive. A simple calculation shows
that for all invertible normal elements a € A the relation

gla) = ag(a—l)a* holds. Therefore, since g(e) = 0 , it follows from

Lemma 1.2 that g(a) = 0 is fulfilled for all a € A which completes the

proof of the theorem.
We conclude this section with the theorem below.

THEOREM 1.4, Let A be a hermitian Banach *-algebra and f : A+ A
an additive function. The following statements are fulfilled:

(1) ZiFf fla) = af(a_l)a holds for all invertible normal
elements a € A them f 1is of the form
2f(a) = af(e) + flela ;

(2) Zf fla) = azf(a—l] holds for all invertible normal
elements a € A thenm f 1is of the form fla) = af(e) ;

(3) if fla) = a*af(a_l) holds for all invertible normal
elements a € A then f is of the form fla) = hf(e) ,

where a = h + 1k .

The proof of the results above is similar to the proof of Theorem 1.3
and will therefore be omitted. Let us point out that a result concerning
the Cauchy functional equation in hermitian Banach *-algebras can be found

in our earlier paper [7].
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2. A-bilinear and A-quadratic forms

Let X and A be a vector space and a *-algebra, respectively.
Suppose that X is a left A-module. A mepping B+, *) : X x X ~ A is

called an A-bilinear form if

(1) Bla,z +a z,, y)

a, T, +a,T,, alB[xl, y] + aeB(x2, y) 5 xl, xg, y €X,

a, a, €A,
(2) Bfx, alyl+a2y2) = Bfx, yl}ai + Bfx, y2)a5 s Tr Yys ¥y €K,

a, €A .

412 4

A mapping @ : X + A is called an A-quadratic form if
(3) Qa+y) + @z-y) = 2¢(x) + 2Q(y) , =,y €X ,
(4) Qlax) = a@{z)a* , z €X , a €A .

Some examples of A-bilinear forms can be found in [7]. It is easy to
see that each A-bilinear form gives rise to an A-quadratic form by the

relation @{x) = B{(x, ) . We consider the following:

PROBLEM. Tet X and A be a vector space and a *-algebra,
respectively. Suppose that X 1is a left A-module, and that there exists
an A-quadratic form @ : X + A . Does there exist an A-bilinear form

B(*, *) : X x X > A such that @(z) = B{x, ) holds for all x € X ?

Kurepa [4] has proved that the answer to the above question is
affirmative if A 4is the complex number field. His result can be
considered as an extension of the well known result due to Jordan and von
Neumann which characterizes pre-Hilbert spaces among all normed spaces.
Vrbova [6] has obtained a simple proof of Kurepa's theorem. Using Theorem
1.3 and some ideas from [6] we prove the result below which generalizes

Kurepa's result.

THEOREM 2.1. Let X be a vector space and A a hermitian Banach
*_algebra. Let X be a wnitary left A-module, and suppose that there
exists an A-quadratic form @ : X + A . In this case the mapping
B{(-, *) : X x X » A defined by

Bz, y) = %(@(z+y)-0(z-y)) + [ (@(z+iy)-Q(a-iy))
L

is an A-bilinear form. For all =z € X the relation Q(x) = B{z, x)
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holds.

Proof. Similarly, as in the proof of Kurepa's result (see [4], [6]
and also [7]) one can prove that the function S(e, *) defined by the
relation S(x, yj = Q(x+y) ~ Q(x-y) 1is additive in both variables. From
the fat::t that S(*, °) is additive in both variables it follows that the
same is true for the function B(+, *) defined by the relation
B{x, y) = ¥5(x, y) + (2/4)S(x, iy) . It is easy to see that
Q(x) = B(x, x) holds for all x € X . It remains to prove that

(1) B(ax, y) = aB(x, y) , B(x, ay) = B(x, yla* ,

is fulfilled for all pairs x, ¥y € X and all q € A . Now we shall use
the condition

(8) A ax)

First of all it follows from this condition that

al@(x)a* .

. (9) . . S(ax, y) = as (z, a—ly)a*

holds for all pairs x, y € X and all invertible elements a € A .
Indeed :

as (e, a—ly)a* =-aq (x+a_1y)a* - aq (x—a—ly)a*
Qlax+y) - Q(ax-y)
Slax, y) .

1}

Let us prove that B(e+, °*) satisfies the following relations:

(10) B(Zx, y) = i¢B(xz, y) , x,y € X,
(11) B{x, 7y) = ~iB(z, y) , =,y € X .
We have

UB(Zx, y) = S(ix, y) + 2S(ix, iy)

S(x, -iy) + iS(x, y)
i(8(z, y)-islz, -iy))
i(S(x, y)+is(z, iy))
LiB(x, y)

which proves (10). Furthermore,
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B(x, 1y) = S(x, 1y) + iS(x, -y)
= S(=z, 7y) - iS(x, y)
= -i(S(x, y)+iS(z, iy)]
= 'hiB(-'L': y)
which proves (11).
We shall prove that for the function f : A > A , defined by the
relation

(12) fla) = Blax, y) + Bz, ay)

where x and y are fixed vectors, the requirements of Theorem 1.3 are
fulfilled. The additivity of the function above follows from the fact that

B(*, *) is additive in both variables. It remains to show that

fla} = af(a.l)a* holds for all invertible a € A . We have

haf(a—l]a* =als (a-lx, y)+is [a_lx, iy))a* + a(s (zx, a-ly}+iS (=, a—liy}]a* .

Using the fact that S(x, y) = S(y, ) holds for all pairs x, y € X
(this follows from the relation @(-z) = Q(x) ) and according to (9) we

obtain
haf(a-l)a* = S(x, ay) + i5(x, aiy) + Slax, y) + iSlax, iy)
= 4B(x, ay) + LB(ax, y)
= Wf(a) .
Hence fl(a) = af[a_l)a* . Therefore since all requirements of Theorem 1.3

are fulfilled it follows that
(13) B(ax, y) + B(x, ay) = aB(x, y) + B(x, yla*

holds for all pairs &, ¥y € X and all a € A . Substituting Za for a
and using (10) and (11) we obtain that for all pairs x, y € X and all
a € A the relation

(14) B(ax, y) - B(x, ay) = aB(x, y) - B(x, y)a*

holds. From (13) and (1b) it follows that (7) holds and the proof of the

theorem is complete.

Let us point out that the result above can be proved using the same
approach and weaker assumption that the relation @(ax) = a@(x)a* is
fulfilled only for normal invertible elements. It should be mentioned that
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in the case that A is commutative Theorem 2.1 reduces to a result proved

in our earlier paper [7] using a somewhat more complicated approach.

£11

[z1

(31

{41

(51

[61

L71

References
J. Aczél, Lectures on functional equations and their applications

(Academic Press, New York and London, 1966).

J.W.M, Ford, "A square root lemma for Banach *-algebras", J. London
Math. Soc. 42 (1967), 521-522.

S. Kurepa, "The Cauchy functional equation and scalar product in
vector spaces", Glasnik Mat. Fiz.-Astr. 19 (196L4), 23-36.

S. Kurepa, "Quadratic and sesquilinear functionals", Glasnik Mat.
Fiz.-Astr. 20 (1965), 79-92.

V. Pt3k , "Banach algebras with involution", Manuseripta Math. 6
(1972), 245-290.

P. Vrbovéd, "Quadratic and bilinear forms", Casopis Pést. Mat. 98
(1973), 159-161.

J. Vukman, "A result concerning additive functions in hermitian Banach
*_algebras and an application", Proec. Amer. Math. Soe. 91 (198k4),
367-372.

University of Maribor,

VEKS,

Razlagova 14,
62000 Maribor,

Yugoslavia.

https://doi.org/10.1017/50004972700002343 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700002343

