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ABSTRACT

Let G be a reductive group over an algebraically closed subfield k of C of characteristic
zero, H C G an observable subgroup normalised by a maximal torus of G and X an
affine k-variety acted on by G. Popov and Pommerening conjectured in the late 1970s
that the invariant algebra k[X]¥ is finitely generated. We prove the conjecture for:
(1) subgroups of SL,, (k) closed under left (or right) Borel action and for: (2) a class of
Borel regular subgroups of classical groups. We give a partial affirmative answer to the
conjecture for general regular subgroups of SL,, (k).

1. Introduction

Let k& be an algebraically closed subfield of C of characteristic zero, G an affine algebraic group
over k, and X an affine k-variety on which G acts rationally. There is an induced action of G
on the coordinate ring k[X] given by (g f)(z) = f(g 'x) for g € G, f € k[X] and = € X. The
invariant subalgebra is k[X]¢ = {f € k[X]|g- f = f for all g € G}. Invariant theory studies the
structure of this algebra and one of its fundamental problems is to characterise those actions
where k[X]¢ is finitely generated.

When G is reductive k[X]% is finitely generated, due to Mumford [MFK94], Nagata [Nag65]
and Haboush [Hab75]. Since Nagata’s counterexample from 1958 [Nag65] we know that for
nonreductive groups the invariant algebra is not necessarily finitely generated. In fact Popov
[Pop79] proved that finite generation for arbitrary ring k[X]“ implies that G is reductive.

Invariant rings for nonreductive group actions have been extensively studied over the
last 60 years. Finite generation has been proved in many interesting situations; however,
characterisation of those actions with finitely generated invariant rings is still seems to be
hopeless. Weitzenbock in [Wei32] (and later Seshadri [Ses61]) proved that finite generation holds
if G is the additive group kT of an algebraically closed field k of characteristic 0, X is an
affine k-space and the action of k™ on X extends to SL(2, k). Later Hochschild, Mostow and
Grosshans generalised this result by showing that if G is reductive, H is the unipotent radical of
some parabolic subgroup of G and G acts rationally on X, then k[X]" is finitely generated (see
[HM73, Gro83]). Recently, Bérczi et al. [BDHK16b] showed finite generation for invariant rings
of certain C*-extensions of unipotent groups. This rather general result follows from extension
of Mumford’s reductive geometric invariant theory to a wide class of nonreductive groups, see
[BDHK16a, BDHK] for details.
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Natural generalisations of parabolic subgroups of the reductive group G are the subgroups
normalised by a maximal torus of G: these are generated by root subgroups corresponding to
a closed set of positive roots and we call them regular subgroups. The following conjecture was
formulated almost simultaneously in the late 1970s by Popov and Pommerening.

CONJECTURE 1.1 (Popov, Pommerening). Let G be a reductive group over k, and let H C G be
an observable subgroup normalised by a maximal torus of G. Then for any affine G-variety X
the algebra of invariants k[X ] is finitely generated.

Note that H = U x R can be written as the semidirect product of its unipotent radical U and
a reductive group R. Since U < H is a characteristic subgroup, if the maximal torus normalises
H then it normalises U as well. Moreover,

holds for any H-variety X, so we can restrict our study to the unipotent part U and the
corresponding invariant ring k[X]Y. Furthermore, if G is any linear algebraic group and H C G
is a closed subgroup and X is an affine G-variety, then

kIXTT = (RG] @ k[X])C

holds for the invariant rings. This is called the transfer principle, which goes back to the
nineteenth century. In its modern form, it appeared in Grosshans [Gro73] and Popov [Pop87].
In particular, if G is reductive, then finite generation of k[G]Y implies finite generation of k[X]Y
and k[X]H.

The question can be further reduced to connected, simply connected, simple reductive groups,
see [Tan89a, Gro97]. Unipotent subgroups of these normalised by a maximal torus 7' can be
parametrized by ‘(quasi-)closed’ subsets S C RT of the set RT of positive roots of G relative to
some Borel subgroup containing 7'. If char(k) = 0, then quasi-closed and closed subsets are the
same: a subset S C RT is closed if the subgroup (U, : a € S) generated by the root subgroups
in S does not contain any Ug with 8 € R\S. Then the unipotent group

Us = (U, :a€S)

is normalised by the maximal torus 7', and all unipotent subgroups of G with this property have
this form for some closed subset S (cf. [Tan88, Tan89al).

When G = SL,, (k) we can assume that Ug is unipotent upper triangular subgroup normalised
by the diagonal maximal torus. Let B,, C SL, (k) be the upper Borel subgroup; then the positive
roots are R = {a; — aj : i < j}, where a; : T — k* is the character of the maximal diagonal
torus T' C SL, (k) sending a torus element to its (i,4) entry. Then S C R* is closed if and only
if it is the incidence matrix of a strict ordering of the set {1,...,n}, that is,

(1,7), (J,k)eS=(i,k)eS. (1)

The corresponding unipotent subgroup Ug is upper triangular with ones on the diagonal and
zeros at the entries (i, j) where oy — oj ¢ S. For example, for S = {a1 — a3, a2 — o4}

10 10
1 1

Us = ca,b €k p C SLy(k). (2)

—_ o e

a 0
0 b
10

1

= o e O
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We will often refer to elements of S with pairs (4, j) instead of a; — ;. We introduce the following
special type of regular subgroups.

(i) A regular subgroup Us C B, is called left (respectively right) Borel-reqular if its Lie
algebra ug C sl, is closed under multiplication on the left (respectively right) by B,. In a
left Borel-regular subgroup the nondiagonal elements of S form a vertical ‘barcode’, that is
(i,j) € S = (i —1,j) € S holds and S can be parametrized by the sequence of positions of the
lowest free parameter in each column:

—_

[700.2.142 _

—
— o o e

— e e o o

_ O O O e e

(ii) We call a subgroup Ug C B,, Borel-regular if it is left and right Borel-regular at the same
time. Equivalently, it is normalised by B,,. This means that (i,5) € S = (i,j +1),(i — 1,7) € S,
and hence Borel-regular subgroups are those left Borel-regular subgroups which correspond to
some increasing sequence, e.g.

= o e
= o O e

001,134 _

o e e e
— o e e e e

Unipotent radicals of parabolic subgroups are special Borel-regular subgroups where all blocks
‘touch’ the main diagonal.

Borel-regular subgroups can be defined in any linear algebraic group G: these are the regular
subgroups normalised by some Borel subgroup of G. These are subgroups of the form Ug C G
where S C RT is closed under shifting by elements of RT, i.e. S+r C S for any r € R™.

(iii) In particular, the symplectic group Sp, (k) and orthogonal group SO, (k) have Borel-
compatible embeddings into SLy(k), that is, a choice of Borel subgroups Bsp, and Bso, whose
image sit in the upper Borel B, of SL,, (k). The image of the maximal torus in Sp,, (k) and SO, (k)
consists of diagonal matrices diag(ti,...,t,) satisfying t; = t;}rlﬂ-, see §§5.2, 5.3 for the details.
The positive roots are

{oi — ajhicici<o U{ai + ajhicigi for Spy,
R™ = ¢ {ai — ajhicici U{oi + ajhicici for SOq,
{ai — ajhicicicaU{ai + ajhicici< U {aiticicg for SOgp41.

We call the Borel-regular subgroup Ug C Sp,, (k) fat Borel-regular if {o; + oj : 1 < i <
Jj <1} € S. Similarly, Us C SO, (k) is fat if {oz +; : 1 <i < j <1} €S when n = 2] and
{ai+aj,0;:1<i<j<I}CS whenn =20+ 1. We will see that if S5© c {1,...,n}? collects
the possible nonzero entries of a fat Borel-regular subgroup Ug C Sp,,(k), SO, (k) C SL,(k), then
Ug is Borel regular in SL,, (k) such that S is a ‘fat’ domain in the sense that it contains the top
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right quarter of SL,:

_— o e

001,334 _

— e e e

o e e e
— O e e e e

Machinery for proving finite generation for algebra of invariants is quite limited. However,
there exists a standard criterion, called the Grosshans criterion [Gro73, Gro97] for proving the
finite generation of k[G]*, where H C G is observable in the sense that

H=1{gecG: f(zg) = f(z) for all z € G and f € k[G]"}.

Note that the action of H on G is by right translation. In this case the finite generation of k[G]"

is equivalent to the existence of a finite-dimensional affine (left) G-module W and some w € W

such that H = G, is the stabiliser of w and dim(G - w\G - w) < dim(G - w) — 2. Such subgroups

H are called Grosshans subgroups of G and we call the pair (W, w) a Grosshans pair for H.
The main results of this paper are the following two theorems.

THEOREM 1.2. If Ug C SL, (k) is a left (respectively right) Borel-regular subgroup, then Ug is
a Grosshans subgroup of SL,, (k). Therefore every linear action of Ug on an affine or projective
variety which extends to a linear action of G has a finitely generated algebra of invariants.
In particular this gives an affirmative answer to the Popov—Pommerening conjecture for left
(respectively right) Borel-regular subgroups of SLy, (k).

THEOREM 1.3. Let G be a linear reductive group over k of type B or D and Ug C G a fat
Borel-regular subgroup. Then Ug is a Grosshans subgroup of G. In particular this gives an
affirmative answer to the Popov—Pommerening conjecture for fat Borel-regular subgroups of
symplectic and orthogonal Lie groups.

The Popov—Pommerening conjecture was known before in a few special cases. In a series of
papers Tan [Tan88, Tan89a, Tan89b] proved it for all simple groups of Dynkin type A, with
n < 4, and for groups of type By and Gy. Grosshans in [Gro97] confirmed the conjecture for
unipotent radicals of parabolic subgroups and in [Gro86] for those S C R* where RT\S is
a linearly independent set over Q. Pommerening [Pom87b] proved the conjecture for a large
class of subgroups of GL, (k) by giving a generating set of the invariant ring k[GL,(k)]Ys, but
these cases only cover very special block regular subgroups. For more details on the history of
the problem see [Gro97] and the survey papers [Tan89a, Pom87a, Grol0]. After finishing the
first version of this paper, Popov kindly drew my attention to the unpublished PhD thesis of
A’Campo-Neuen [A’Ca94] where the Popov—Pomerening conjecture is proved for Borel-regular
subgroups of SLy,(k); this is a special case of our Theorem 1.3.

The layout of this paper is the following. We will work with £ = C, but all arguments work
for any algebraically closed field k of characteristic zero which is a subfield of C. We start with
a short introduction of Grosshans subgroups in §2. In §3 we construct for any regular subgroup
Us C SL,(k) corresponding to the closed subset S C RT a subset family S c 2tL-n} and an
affine SL,,(k)-module Wg with a point pg € Wg whose stabiliser is isomorphic to Usg.
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In §4 we prove that the constructed pair (Wg,pg) is a Grosshans pair if Ug is left
Borel-regular. An outline of the proof is as follows. When the field of definition is C, the
Zariski-closure of an orbit is the Euclidean closure, see [Bor91]. Therefore every boundary
point in SL,, - pg\SL, - pg can be written as a limit p>° = limy, » o g™ - pg for some sequence
(g(m)) C SLp. When k = C, however, SL, -pg = SL, - By - pg holds because SL,, - pg =
SLy x B, (Bn-pg) fibres over SL,, / B, = Flag,,, the complete flag variety, which is closed. Therefore
we can study the boundary of the Borel orbit instead. We construct a cover By, - pg\By - pg =
Uy, Bu with Borel-invariant boundary subsets By, indexed by an array u C {1,...,n} and an
integer 1 < 7 < n. We prove that for all u,r either: (1) dim(By) < dim(B,, -pg) — 2; or (2) every
point of By, is fixed by a one-dimensional subgroup of the opposite Borel B°. In both cases we
can easily deduce that dim(SL;, - B,) < dim(SLy, - pg) — 2.

In §5 we study Borel regular subgroup of classical groups. In particular, in §5.2 we define
a Borel-compatible embedding of Sp,,(k) into SL, (k) and using this embedding we parametrize
Borel regular subgroups of Sp,, (k) with root subsets S C {1,...,n}? again. We define the
symplectic fundamental domain F' C {1,...,n}? corresponding to S and define the pair Wg.pf)
where the stabiliser of p in Sp,, (k) is Us. Finally, we prove Theorem 1.3 for symplectic groups.
Section 5.3 follows the same line for the orthogonal groups SO,, for odd and even n and proves
Theorem 1.3 for orthogonal groups.

We conjecture that (Wg,pg) is a Grosshans pair for arbitrary regular subgroup Us C SLy (k),
not just for left Borel-regular subgroups. Unfortunately we cannot prove this in full generality.
What we conjecture is that all boundary components of SL;, (k) -pg have codimension at least two
in its closure in Wg. In §6 we prove this for a special class of boundary components. We define
the toric closure of the orbit SL, (k) - pg as SLy(k) - (T - pg) and prove that the toric boundary
components are small.

THEOREM 1.4 (Partial answer to the Popov—Pommerening conjecture for general S). Let Ug C
SL,(k) be a regular subgroup corresponding to the closed subset S C RT. Then the toric
boundary components of the orbit SL, (k) - pg have codimension at least 2 in the orbit closure,
that is

dim(SLy (k) - (T - pg)\ SLy (k) - pg) < dim(SLy, (k) - pg) — 2.

We finish the paper with some remarks in § 7 on the relation of our approach to configuration
varieties and Bott—Samelson varieties.

2. Grosshans subgroups
Let G be reductive algebraic group over an algebraically closed field k.

DEFINITION 2.1. A subgroup H C G is called Grosshans subgroup if k[X]¥ finitely generated
for any affine variety X endowed with a linear action of G.

THEOREM 2.2 (Grosshans criterion [Gro97]). Let G be a reductive group over an algebraically
closed field, and H an observable subgroup, that is, H = {g € G|f(zg) = f(x)} for all z € G
and f € k[X]". Then the following conditions are equivalent:

(i) H is a Grosshans subgroup of G;
(i) k[G]" is a finitely generated k-algebra, where H acts via right translations;
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(iii) there is a finite-dimensional left G-module W and some w € W such that H = G, is the
stabiliser of w (and therefore G/H is a homogeneous space G - w) and dim(G - w\G - w) <
dim(G - w) — 2.

DEFINITION 2.3. A pair (W, w) where W is a finite-dimensional G-module and w € W is a point
satisfying the Grosshans criterion is called a Grosshans pair.

3. Construction of Grosshans pairs for G = SL,, (k)

For the rest of the paper we restrict our attention to the k = C case, but all arguments work for
any algebraically closed field k of characteristic zero which is a subfield of C. We will often use
the shorthand notation SL,, for SL,,(C).

In this section we assume that G = SL,(C) and let T C SL,(C) be the diagonal maximal
torus and t C sl,(C) the Cartan subalgebra of diagonal matrices. Let a; € t* be the dual of
E;; € t where Ej; is the matrix of the endomorphism which fixes the ith basis vector and kills all
other basis vectors. Let RT = {a; — a; : i < j} be the set of positive roots and B,, C SL,(C) be
the corresponding upper Borel subgroup. The one-dimensional root subgroup Uy,;—q; consists of
unipotent matrices with the only nonzero off-diagonal entry sitting at (7, 7).

A subset S C R of the root system is closed if and only if the following transitivity conditions
hold forall 1 <7< j <k < n:

o —aj, oj—ap€S=a;—o €S (3)
Define the unipotent subgroup
Ug = <Ua¢faj oy —ay € S> C SLn((C) (4)

generated by the root subgroups Uy, —q;. Then Ug is unipotent with independent parameters at
the entries indexed by S and it is normalised by the maximal diagonal torus in SL,(C), and all
unipotent subgroups normalised by this torus have this form.

For1<j<nletS;={j}u{i:(i,5) € S} C{1,...,n} collect the positions of the (possibly)
nonzero entries in the jth column of Ug. In the example (2) of the Introduction

Si={1}, S=1{2}, S3={1,3}, Si={2,4}.

Fix a basis {eq,...e,} of C" compatible with B, that is, B,, preserves the subspace Span(ey,
...,e;) for 1 <i < n. For asubset Z C {1,...,n} we set

Dz = Nzezez € /\|Z|Cn
where |Z] is the cardinality of Z. Define the point
n n
bs = @pSJ = @/\iESjei € WS
Jj=1 J=1

where
n

Ws = @ nl¥ilcm.

j=1
In the example (2)
ps=e1 Dea®(e1Neg) D (eaNey) € C¥=C*a C* o A2C* @ A2CA
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THEOREM 3.1. The stabiliser of pg in SL,, is Ug.
Proof. Let T% C SL,(C) denote the diagonal torus

= {diag(al, . ,an) : Hiesjai = Hi¢sjai = 1}

The stabiliser of pg is the intersection of the stabilisers of its direct summands. The stabiliser in
SLy(C) of the direct summand Ajes;e; is the semidirect product

UL = (Uny—ay : (a £ bya,be S;) or (a#bb¢ S;)) xT5.

Now j € §; for 1 < j < n and by (3) the intersection is
ﬂU]— ca—ay 1 0 < bya € Sp) X (ﬂTS>
Since j € Sj and S; C {1,...,j} for all 1 < j < n we have by induction on n that
n
ﬂ = {diag(a1,...,an) : a1 = L, jeg,a; = 1,...,Ilics, a; = 1} =1,

and therefore

ﬂwz Upy—ay - b < a,b € S,) =Ug

by definition. |
COROLLARY 3.2. The map ps : SLn(C) — Ws defined as (vi,...,vn) = @ Nies;vi on a
matrix with column vectors vy, . .., v, is invariant under the right multiplication action of Ug on

SL,(C) and the induced map

on the set of Ug-orbits is injective and SL,,(C)-equivariant with respect to the left multiplication
action of SLy,(C) on SL,(C)/Us.

Ezample 3.3. This example shows that pg(SL,(C)) = SL,(C) - ps might have codimension 1
boundary components in Wg. Take

ps=e1D(e1 Nea) D(er ANes) D (exr Nea AesNey) € C* @ A2CH @ N2C* @ A2 CH

corresponding to the group

1 o o o

1 0 e

Ug = 1 e

1

Then
t 0 0 O
.o+t 0 o0
}g% 0 0 ! 0 ps=0® (e1 Nea) D (e1 Nes) @ (e1 Aea Aeg Aey),

0 0 0 t
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whose stabiliser in SL,,(C) is

a b c d

-1
8 aO a91 ; cae€C'b,cde feC
0 O 0 a

which has dimension one plus the dimension of Ug, and therefore this boundary orbit has
codimension 1 in SL,(C) - pg C Ws.

To make things even worse, in this example we have infinitely many boundary orbits, which
means that it is not enough to study the boundary orbits and their stabilisers to prove the
Grosshans property. Indeed,

1 0 0 O

. 01 o O

}g% 00 t 0 ‘ps=e€1 D (e1 Nea) Dale; Aea) @ (e1 Aeg Aes Aey),
00 0 t!

and for different o values these boundary points sit in different SL,, (k) orbits.

Let S = {SiyU---US; :1<ip <+ <ip<n}C 2{Lm} he the family of all possible unions
of the S;. Recall from (1) that the stars in the box form of Ug form an incidence matrix of a
partial order of {1,2,...,n}, that is,

€S, jESL,=1€S5 (5)
holds for 1 < i < j < k < n and therefore for i < 7,

S; N Sj = U Sk.
kJESz‘mSj

Hence S is a so-called ring family, that is, closed under intersections and finite unions: U,V € S
implies UNV, UUV € S. The point

P = @ Nieve; € Wg
Ues

Ws = @ AlVlcr
veS
has the same stabiliser as pg, that is, Theorem 3.1 implies the following.

where

COROLLARY 3.4. The stabiliser of pg in SL;, is Us.

In our example (2) we have

S = {{1},{2},{1,3},{2,4},{1,2},{1,2,3},{1,2,4},{1,2,3,4}}

and
pg:61@62@(61/\63)@(62/\64)@(61/\62)@(61/\62/\63)@(61/\62/\64)@(61/\62/\63/\64).

CONJECTURE 3.5. The pair (Wg,pg) is a Grosshans pair for the group Us C SL,(C), that is,
the boundary components of the orbit SL,(C) - pg have codimension at least 2 in its closure:

dim(SL,(C) - pg\ SL,(C) - pg) < dim(SL,(C) - pg) — 2.
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ST SS9 S3 Sy Sy
1 0 ° ° °

00132 _ I 0 e
1 °
1

— o o e

FIGURE 1. The group corresponding to the sequence 6 = (0, 0,1, 3,2). Elements of S are S = {1},
Sy = {2}, S3 = {1,3}, Sy = {1,2,3,4}, Ss = {1,2,5}, ST USy; = {1,2}, So U S3 = {1,2,3},
S3US; ={1,2,3,5} and Sy U S5 = {1,2,3,4,5}.

4. Left Borel-regular subgroups of SL,, (k)

In this section we prove Theorem 1.2. As we already mentioned in the introduction of §3, we
only consider the kK = C case but the arguments work for any algebraically closed field k of
characteristic zero which is a subfield of C.

Recall from the Introduction that a left Borel-regular subgroup Us C SL,(C) is determined
by a sequence 6 = (6y,...,6,) such that 0 < #; < i and the corresponding closed root subset
S = (S1,...,5,) C R' has the form

{1,...6;,i} when 6; >0,
Si=14,.
{i} when 6; = 0.

For a subset Z C {1,...,n} we define max(Z) = max,cz z to be its maximal element and we let

07 := max0,.
z2€Z

Elements of the generated ring family S are formed by unions of the S; and for a subset
Z C {1,...,n} the corresponding element of S is

Sz=\JS:={1,....02}U{z€Z:2> 0z} (6)
z€Z
That is, (6) tells us that Sz contains all integers between 1 and 07 along with those elements of
Z which are bigger than 6. In other words, if Z € S with max(Z) = [, then there exist integers
07 < j1 < jo < -+ < js=1such that
Z={1,...,0z,41,...,7s =}, (7)
see Figure 1 for an example.

Remark 4.1. Borel-regular subgroups are by definition left and right Borel-regular and they
correspond to monotone increasing sequences 0 < 01 < -+ < 6, <n — 1, therefore Oz = 0,47

holds.
The boundary points in Tpg are limits of the form
TR
p™ = lim_ 0w Pg (8)
0 bl
44
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The sequence (b™) in (8) is not unique: different sequences can define the same limit point p™.

However, any sequence (b(™)) has a (not unique) subsequence (b(™))2° | such that for all 1 < i,

J < neither limg_, o0 bgms) exists or the modulus ](bl(;m))\ tends to infinity. Then we can use this

subsequence in (8) to define p>°, see Definition 4.2 below.

Next observe that if i € S; = {1,...,60;,7} for some 1 < i < j < n, then b(m)pg is independent
of the value of bl(;-n). Indeed, for a Z € S of the form (7) the expression for b(™ - p, contains bg;-n)
only if j € Z. However, if j € Z then S; = {1,...,0;,j} C Z and since i < §; we have i € Z.
Therefore

b(m)‘pZ:“‘/\(b('m)ej+"‘+b§;n)€i+"‘)/\“'/\(bgn)ei+b~T2i€i71+"‘)/\"'

2

b(m)~ej b(m)fi

and bgn) vanishes by taking the wedge product.
(m)

This means that changing the value of bij will not change the point b(m)pg SO we may

assume without loss of generality that

bl(-;.n) = 0 holds for all m and 1 <i < j < n such that i € S;. 9)

DEFINITION 4.2. We call a sequence (b)) of matrices normalised if it satisfies (9) and for all

)
i
we write b;y = oo. The vanishing spectrum of the normalised sequence (b(m)) is defined as

1 <4, j < neither b7 = limp, o b;;* € C exists or ](bg;n))] — 00 as m — o0. In the latter case

VSpec(b™) = {z : lim bl(im) = O}.

m—0Q

In short, the proof of Theorem 1.2 will follow an induction argument on the size of the
vanishing rank of the normalised sequence in (8) which defines p*.

DEFINITION 4.3. Let By denote the set of boundary points in By, - pg which are limits of the
form (8) with vanishing diagonal entries indexed by the array u = (uq, ..., us), that is,

m— 00

By = {poo € B, - pg : I normalised sequence (b(m)) st.p®= lim b™ -pg and VSpec(b(m)) = u}.

As we noted above, every boundary point p> € B, - pg is the limit of the form (8) for a
normalised (b(™)) and therefore

According to the next Lemma By = B - pg is the Borel orbit.
LEMMA 4.4. By = B - pg is equal to the Borel orbit of pg in Wg.

First proof. We use the following fact about solvable groups.

Let H C GL(V) be a solvable algebraic group and let v € V. Then there is an f € k[V]
and a character x : H — k* such that f(h-w) = x(h)f(w) holds for all b € B, w € V and
H-o\H-v={weH- v:f(w) =0}

We apply this result with the Borel H = B,, C SL(n). Let (b(m)) be a sequence such that

p>™° = lim b(m)pg € By, - pg\Bn - pg-

m— 00
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Let f be as above, vanishing on B,, - pg\ By - pg. Then

0= f(p™) = lim f(b™ . pg) = lim x(b™)f(pg).

m— 00 m— 00

Since f(pg) # 0, we must have lim,, o X(b(m)) = 0 so limy—eo Xii(b(m)) = 0 for some
1<1<n. O

We give a second, longer proof because its main idea will turn up in the proof of Theorem 1.4
in §6 again.

Second proof. Let p*° = limy,— o0 b(m)pg € By be defined by the normalised sequence (b(m)) such
that VSpec(b(m)) = (. By definition for all 1 <4 < n either b5 = lim,,— o bz(»;n) € C exists or
limy,— 00 |bgn)| = 00. Since

™ . b(™ = 1 holds for all m,

nn

if bgn) — oo for some 1 < i < n, then for some j # i limy, o b%.n) = 0so0 j € VSpec(b™), a
contradiction. This proves that

b = lim b € C\{0} for 1<i<n.

Assume that some off-diagonal entries of the normalised sequence (b(m)) are not convergent
and let
v =min{j : 3i ¢ S; such that i < j and b; = oo}

be the leftmost column containing such entries and choose a u < v, u ¢ S, such that b55 = oo.
Then due to (9) the coefficient of e, A (Ajes,\fvy€i) i P = limy— o0 Aies, b™e; would be

lim b7 - T b5 = oo,

m— o0
1€S,\{v}
a contradiction. Hence b;?f = lim,,— 0 bz(;-n) € C exists for all 1 < ¢ < j <nand b # 0 so
b = lim;,— 00 pm) ¢ B,, exists and
p>* = lim b(m)-pgzboo-pgeBn'pg. O

m—0o0

When u is nonempty, the corresponding set By, is algebraic and B,-invariant as the following
lemma shows.

LEMMA 4.5. Ifu # @, then By is a By-invariant subvariety of By, - pg C Wg.
Proof. Let Wg =Wz x [lucu P. denote the product of the affine ambient space Wg with a copy
of P! for every element of u. We endow IP’,}L with a B, action as follows: for b = b;; € B, we let

b-lx:y] =[x :buy] for [x:y] € PL. Define the point

ueu
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and take the orbit closure By, - pg in Wg. If my : Wg — [1.,cu Pt denotes the projection, then

Ba :wu1<H[1 : 0])

ueu

ueu

is a Zariski closed subset of WS and by definition its image under the projection  : Wg — Wg is
equal to By. This image is, however, constructible as the image of a closed set. Even more, since
the projection is a closed morphism, it takes Zariski closed subsets onto Zariski closed sets.
The Bp-invariance of By = m(mq ([T,cqll : 0])) follows from Bj-equivariance of the projections
and Bj-invariance of the point ], [1: 0] (that is, this is a B,,-fixed point). O
DEFINITION 4.6. Let Ug = U? C SL,, be a left Borel-regular subgroup and Z C {1,...,n}. We say
that the integer 1 <u < nis covered by Z if u < 85. We say that u is covered by S if it is covered by
at least one of S1,...,Sy, that is, u < maxj<;<p 0;. The subset u = {u; < --- <us} C {1,...,n}
is covered by S if all elements of it are covered by S.

Ezample 4.7. In Figure 1, Sy covers 1, 2, 3 and S5 covers 1 and 2. Moreover, v = 1,2,3 are
covered by S, but u = 4 is not covered. Therefore any subset u of {1,2,3} is covered by S and
the subsets containing 4 are not covered by S.

Let Z € S and let 5™ be a normalised sequence. In what follows we will work with subspaces
of C" determined by b(™ - p, and the limit of these subspaces.

DEFINITION 4.8. For the nonzero vectors vy,...,vs € C" let
[v1 A+ Awvg| € Grg(CM)
denote the subspace spanned by them. In particular, for a subset Z € S we let
[pz] = [Azeze.] € Griy C"
and

] = lim b - py] (10)

m—0o0

denotes the limit in Gr|4(C").

Remark 4.9. If p% = limy,— o b . p, e ANZIC™ exists, then either p% = 0 orit is a decomposable
vector, i.e. p7” = w1 A -+ Aw|z| for some nonzero vectors wi, ..., w|z. To see this, note that the
Veronese map

o Griz(C") — P(AZlCm)
is a closed embedding and the set of decomposable vectors in Al4IC" forms the affine cone over
the image of p and therefore this set is closed. Hence the limit of decomposable elements in
A"C™ is either decomposable or zero. Moreover, if 0 # p% = w1 A - -+ A w|z|, then the subspace

[wi A -+ Aw)z)] is equal to the limit defined in (10).

The following technical lemma will be used repeatedly in this section.
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LEMMA 4.10. Let u={u; <--- <wus} C{1,...,n} be an arbitrary subset. Let

UeS

be a limit point defined by the normalised sequence (b)) such that VSpec(b™) = u. If ; < uy
for some 1 < i < n, then lim,,_, « b(m)ei € C" exists.

Proof. Assume 0; < uy but lim,,_, o ]b(m)ei| — oo and ¢ is the smallest index with this property.
Then e’ = lim,,— 0o b(m)ej € C" for 1 < j < 6;, because in this case j < 0; <isof; < j<b0; <uy
and the limit exists by the minimality of 7. Then

p3, = A% e A lim b™e;

J=1 m—00
does not exist, a contradiction. O
Remark 4.11. Note that p>° = @, . pY¥ = limy o b(m)pg. can be an element of several different
By, that is, u = {u; < - -+ < us} is not uniquely determined by p>°. However, Lemma 4.10 implies

that p> determines u; at least: u; signs the first diagonal entry of 5™ which tends to 0 as m — oo
and all previous diagonal entries tend to a nonzero constant. Therefore

uy =min{j : p{j 5 =0}
is the common minimal element of the vanishing spectra which define p.

LEMMA 4.12. Let u C {1,...,n} be a subset and assume B, is nonempty. Then u is covered
by S.

Proof. Let p™° = limy,— 0 b(m)pg € B, be a point defined by a normalised sequence (b(m)) with
VSpec(b(m)) ={u; <--- < ug}. Assume that us > maxj<;<, 6;. Then

V={1,...,n\{us} = U S;eS
ie{1,...n\{us}

and the coefficient of Ajcye; in pj? is

. PR (m) _ L = 00
Py [/\'Level] - W}I_I)Iéo H b“ - m}l_I)I(l)O b(m) - ’
eV Uslhs

L bgn) =1 for all m. O

a contradiction. Here we used that b(™) € SL,, and hence []

DEFINITION 4.13. Let u C {1,...,n} be a subset covered by S and let p*° = lim,;,— o0 b(m)pg =
DuesPy € Bu be a boundary point defined by the normalised sequence (b)) with

VSpec(b™) = u. Let V(p) denote the set of those elements in S which cover u; and the
corresponding term of p* is nonzero, that is

V(p>®) ={U € S:pf # 0,00 >u}.

According to Remark 4.11 this set is determined by p™. It is nonempty: indeed, u is covered by
assumption and therefore {1,...,n} covers it. Moreover

p‘ﬁwm} = W}gnoo det(b(m))el AN~ Neg=e1AN---Ne, #0,
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so {1,...,n} € V(p>). Now define the partial order < on the elements of V(p°°) as follows. For
U,V eV(p>®) we write U XV if 0y < 0y or 0y = 6y but U C V. Let V(p™)min denote the set
of minimal elements of V(p™) with respect to <. We call elements of V(p°)min minimal for p>.

A central part of our argument is the following technical proposition.

PROPOSITION 4.14. Let u C {1,...,n} be a subset covered by S and p>* € By. If Z € V(p°°)min,
then

pFIc () ¥ (11)
Vey(p>)

Proof. By definition we can write p>° = lim,_, o b(m)pg = @Dyecg P € Bu as a limit point where
(b(™)) is normalised and VSpec(b™) = u. By definition Z € V(p™)min satisfies the following
properties:

(i) Z € V(p*), that is, p% # 0 and 07 > uy;
(ii) if pgy # 0 and Oy > uy for some U € S, then 6 > 05 holds:
(il) if U € S, 6y > uy and U § Z, then pgP = 0.

Here (ii) and (iii) together say that Z € V(p™)min. Assume there is a V € V(p*) such that
[POZO] g [pxo/o} By definition

p%7 = lim /\Zezb(m)ez and pyY = lim /\Uevb(m)ev,
m—>00 m—0o0

therefore Z C V would imply that [p%’] C [pif]. So Z\V must be nonempty.

Fix a hermitian form (-, -) on C™ and let my : C" — [p{?] denote the projection to the subspace
[p$e]. For w € C" let wt = w — my(w) denote the orthogonal component.

In Corollary 4.17 below we show that if we drop any subset # #I' C Z\V from Z, then the
smaller subset Z\I' is still in S. We claim that

par =0 forallg#T C Z\V. (12)
Indeed, if 07\r > w1, then this is property (iii) above. If 6\ < u1, then, by Lemma 4.10,
e = lim b™e, € C" exists for all z € Z\I. (13)

Moreover, 07 > u; and hence {1,2,...,u1} C {1,2,...,60z} C Z. On the other hand
property (ii) tells us that 6y > 67 and therefore

{1,2,...,0,} C{1,2,....,6p} CV

which implies that
{1,2,...,U1} - Z\F

and therefore
pOZO\F = eZ‘l’ A (/\zeZ\{Fu{ul}}ego) = b;ﬁuleul /\b;i’_lm_leul,l /AR /\b‘ﬁel AN (/\zeZ\{ru{1,...7u1}}€§°)-

But 5°,, = 0 and by (13) all other terms are finite so this wedge product is 0 and (12) is proved.

ui1ul

Then (12) implies that

0=my(pRr) = lim Ajenrmy (07 -e;) forall @ #T C Z\V. (14)
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Hence

= dm @ AW A w0 )

rcz\v jer jeZ\I'
gATCZ\V jer jeZ\I

By (14) all terms corresponding to nonempty I' vanish and therefore [p%’] C [piF] unless there is
a z € Z\V such that the limit norm lim,, . [B("™el| = cc.

However, VU{z} =V US, because z € Z and S, ={1,...,0,,2} C{1,...,07,2} C{1,...,
Oy, 2} since 87 < By by property (ii). Therefore V U {z} € S and then

Pogy = lim b™er A p

does not exist (the limit is not finite), which is a contradiction. So [p%] C [p{’] holds, and
Proposition 4.14 is proved. O

COROLLARY 4.15. Assume Z1, Zy € V(p*° )min are minimal subsets for p>°. Then [py | = [p% ].

Proof. As Z1 and Zz are both in V(p>), by Proposition 4.14 we have [p3] C [p% ] and
[P%,] € 2] O

Here are the small technical statements on S we used in the proof of Proposition 4.14.
LEMMA 4.16. Let Z € S and let z € Z be an element such that z > 6. Then Z\{z} € S.

Proof. 1t suffices to show that Z\{z} = ;e\ (.} Si- The direction C is clear as i € S; for all 4.
For D note that if i € Z\{z} and z > 0z, then

Si =A{1,2,...,0;} u{i} C{1,2,...,0z} U {i} C Z\{z}. O
COROLLARY 4.17. If Z,V € S such that 0y > 0z, then for any I' C Z\V we have Z\I' € S.

Proof. Since 0y > 0z, any z € Z\V must satisfy z > 0z and the statement follows from
Lemma 4.16. O

DEFINITION 4.18. Let Z € V(p®°)min be a minimal subset for p>°. By Corollary 4.15 the subspace
[p%] is independent of the choice of Z and depends only on p™. Assume that [p%’] C Span(ey,
...,er) but [p¥] ¢ Span(ey,...,e,—1) for some r. We call this r the width of p™ and denote it
by w(p>). We will also say that [p3’] has width r. Note that {1,...,0z} € Z and hence [p¥]
Span(ey, ..., ep,), which by definition means that 07 < w(p>). We get that u; < 0z < w(p™).
Let

By, = {p™ € Bu:w(p™) =r}

denote the set of points in By of width .

Remark 4.19. Since the property [p%’] C Span(ei,...,e,) is closed and B,-invariant, the set
Bs" = Ui, By is closed and Byp-invariant and therefore By, = BST\Bs" ! is quasi-affine and
B, -invariant.
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We have then a (not necessarily disjoint) finite decomposition

B.= | Bi.

ur<r

Remark 4.20. Points of the boundary sets B;, are defined as limits of normalised sequences and
hence the stratification By = {J,,, ., By, @ priori depends on the choice of the basis {e1,...,en}
of C". Let us indicate this dependence temporarily as Bj,(e1,...,e,). We show that changing
this basis with a unipotent element of the Borel B, leaves all B;, unchanged. More precisely, let
A € B,, define the new basis

ei=A-e fori=1,... n.

Let pg(é1,...,&,) denote the base point pg written in the new basis. Then

p> = lim b(m)pg = lim (Ab(m)A_l)pg(él, ey €n).

m—00 m— 00

If A is unipotent, then the new sequence b(™ = Ab(™ A~ has the same vanishing spectrum u.
Moreover, since

Span(eq,...,e;) = Span(eéy,...,¢;) for1<i<n,
the width of [p%’] in this new basis is r again. Therefore
B (e1,...en) = By(e1,...,6,) forallu,r.

In short, changing the basis with a unipotent element of the Borel will leave the subsets B,
unchanged.

Remark 4.21. Let p> € B}, and Z € V(p*°)min. By definition this means that [p%’] C Span(ey,
...,ep) but [p%] & Span(ey,...,eq—1) so there is a vector

W= ey +wr_16,—1 + -+ +wier € [p7].
This w is not necessarily unique, we fix one. The base change

— €i if ¢ 75 T,
€ =
! er +Wp_1€p_1+ - +wie; ifi=r,
is defined by a unipotent element of B,,. According to Remark 4.20 changing {eq,...,e,} to the

new basis {€1,...,€,} leaves the boundary sets B], unchanged for all u and r but in this new
basis €, = w € [p%’] holds.

PROPOSITION 4.22. Let s > 2 and u = {u; < --- < us} be a subset covered by S. Then we have
the following.

(a) If r ¢ u and 0, < uy, then there is a continuous injection p : By, < By, . u.jufr} and
therefore dim B}, < dim B{ug,...,us}u{r}'

(b) If r € u, then B, C B{u%“’us}\B{u%m’us}.
(c) Ifr ¢ uw and 0, > uy, then B}, C B{u27__7%}\8{“27”.#8} or By, C B{u%_._’us}u{r}\B{u%n_’us}u{r}.
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Proof. To prove (a) assume that » ¢ u and 6, < u;. Let

p>* = lim v™ps = P p € By
UesS

be a limit point such that VSpec(b™) = u and Z € V(p™)min. By Remark 4.21 we can assume
that e, € [p3].

According to Lemma 4.10 lim,, s pm)

i € C exists whenever §; < u; and, since ¢ u, this

limit is nonzero for ¢ = 7r:

b := lim b™ e C\{0}.

Define the modified sequence

by, (4,9) = (u1,u1),
1 m m .
bf.o‘bgr)‘bgﬂzla (’L,]):(T,T),
Y L) ~ ; i
= by; " - buyu,  fori=randj>r with 0; > u,
bz(.;.”) otherwise.

In short, we fix the diagonal entry bq(le to be the nonzero constant b2° and multiply the entries in

the rth row of those columns which cover u; by (1/ b?jf)bq(ffu)l. Then the new sequence still sits

in SL,,(C) and part (a) of Proposition 4.22 follows from the following three statements:
(i) p™° = limy,— o b(m) pg exists and therefore the map p : p> +— p> is well defined;
(ii) P € Bius,...u}ufr};

(i) p:p> — P> is injective.

To prove (i) and (ii) we first show that
if Oy > wy then pyy = pyr. (16)
Note that in this case u; € {1,2,...,0y} C V and therefore
Ov
py = lim /\Uevb(m)ev = lim (Hf"lbgn) /\ e; A /\ b(m)ev>.
— —
meee meee =1 Oy <veV

First we study the case when r < 6y. If v > 0y > r, then bme, = I;(m)ev, and therefore the
second product remains the same by changing b(™) to b(™) . The product H?‘:flbz(im) of the first
0y diagonal entries in b(™) and b(™) are again equal, so the first product does not change either,
giving us pyy = pyr.

Assume now that r > 0y and recall that e, € [p3] C [p{°]. Hence the term e, must be
selected in each term of the expansion of the second product, that is, if 7" : C"* — Ce, denotes
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the projection of a vector to the line spanned by e,, then e, C [pjf] implies that

i = Jim (w0 n A\ 1)

veV 1€V\v
= lim TI%, bm)/\e N (b(m A b(m>ei>. (17)
meee r<veV 9y <icV\{v}

It is easy to see that if » < v and 0, < uj, then the corresponding term in the direct sum on the
right-hand side has zero contribution. Indeed, by Lemma 4.10

by = lim_ b e C forr < v,0, < ui. (18)

On the other hand v > r > 6y holds and therefore by Lemma 4.16 V\{v} € S. Moreover, since
Oy > uq but 0, < uq, we must have 9\/\{1;} > u1. Now, we have the following.
- If p%’/o\{v} = 0, then by (18) we have be, /\p?,o\{v} =0.
— If pR oy # 0, then by Proposition 4.14 e, € [p7’] C [piA (3] and therefore by (18) we have
e, Ap%o\{v} = 0 again.
In both cases we get
Ov

0="b3er APV (o} = hm (valb( )) /\lei A (b;’f)er A /\ { }b(m)ei).
= Oy <ieV\{v

So in (17) only those terms have nonzero contributions where 6, > u; and

py = lim <valbZZ /\6 A Z ( er A /\ b(m)ei>>.
mmee i=1 0o >u1 Oy <icV\{v}
r<veV
Replacing b(™) with ™) clearly does not change the right-hand side, so pF = p§7 is proved for
this case too. We have completed the proof of (16).
Next, if V € S but 6y < uy, then e® = lim,, . b™e, € C" exists for all v € V by
Lemma 4.10 and therefore

p?/o = mlgnoo /\vevb(m)ev = /\vevezo

Similarly R
]5%/0 = W}I_I)HOO /\veVb(m)ev = /\vevéio
where
esou v 7é uy, T,
e’ = 77}1_1)1100 b™e, = { e+ b2e,,, v=u, (19)
717“ L(e2), v=r,
where 77! : C" — Span(ey,...,e,_1) is the projection. This is because lim,, oo bgf},l =0 by

definition and the last coordinate of b(™e, tends to 0:

1

This means that p° = limy,— oo b™py exists for all V € S and p> € Bius,...usyufr}-
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Note that, formally, the equation for €;° depends on the sequence b(™) and in particular on
byy. However: (i) since 0, < up we have pt° , # 0 and; (ii) r ¢ u by assumption and therefore
p3 = p(f)...ﬂr,r € C\{0}. Now

Tim o0 b7 . 55 50
b = RN
Ty, oo 67 )

is a rational function of p*>, where the numerator is a coordinate of pg’ and therefore finite
by (ii) and the denominator is the coefficient of pf® , and therefore nonzero and finite by (i).
This proves the map p>* — p> is well defined and continuous.

To prove (iii) (the injectivity of p: p*™ — p>) note that by (16)

Py =py,  whenever Oy > ug

so p is the identity (and therefore injective) on these coordinates. It remains to check injectivity
on the other coordinates.

Take two points p™ # (p')*° in By, such that p® # (p},)>° for some V' with 6y < u;. This
means that e° # (e} )* for some v € V satisfying 6, < u1. Let v be minimal with this property.
Then

Oy
P = (0ls,)> = (e = (e)®) A N\ bFei #0
=1

and using (19) we have the following cases.

- Ifw 7& ui, T, then ﬁ%?, - (ﬁfgv)oo :p%j - (pfS'U)OO 7& 0.
~ ~ Ou
- Ifv=uy, then pg, — (p:gﬂ)oo =3, — (pigul)oo + (072 — (b).,)°)eus A N;24 b5 e; # 0 because

PS,, — (pfgul)oo does not contain e,, due to the fact that b3 ,, = 0.
~ If v =r, then pF — (P )™ = 7" 1(e° — (€/)>°) A A% 652, and if this is 0, then the e,

coordinate of e2° and (e.)* are not equal, that is, b3 — (b/,.)>° # 0. But then again, as in
the previous case we have

0,
B3, — (Fs,)° = 03, — (b, ) + (0% — (V) ®)ew, A [\ biFes # 0.
=1

In any case, p>° and (p')>° differ in at least one term, proving injectivity of p.

Next we prove (b) and (c¢) of Proposition 4.22 simultaneously. Assume that » € uw or 6, > u;.
The problem with this case is that b2 := limy,,— oo m) e C\{0} does not necessarily hold any
more and the limit can be co or 0. In both cases b(™) is ill defined in (15).

Fix a nonzero d € C and define the sequence

0, (4,7) = (u1,u1),
1 m m . .
: S ) = ()
L Lom) ,(m) ... .
gbrj : bul,ul if i = r,)>r and 9]' > U,
bg;n) otherwise.
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(m)

In short, we increase the diagonal entry by, 4, to be constant § and multiply the entries in the

)

rth row above the diagonal by~(1 / 5)6&7&1 whenever ¢; > u;. Then the new sequence still sits in
SL,(C). If 7 € u, then VSpec(b™) = {uy, ... ,us}. If r ¢ u and 6, > uy, then

VSpec(l;(m)v‘s) B {ua, ..., us} if mh_r)noo bg,:n)bml £0,
{u27 ce 7us} U {T} if mh_r)noo bsﬂ;n)bq(;ﬁzl —0.

In any case, if the limit exists, then £ = lim,, o I;(m)75p3 € Bu,,...,us OF p0 € Biuy,...us ufr}-
The same argument as for part (a) shows the following.
~ IfV € S with 6y > uj, then " = pge.
~ If V € S with 6y < uy, then lim,—oc 8™e, € C" and limy,—, o 5™ e, € C™ exists for all
v € V by Lemma 4.10 and therefore

py = lim /\vevb(m)ey = Npey lim bme,
m—> 00 m—> 00

and the same holds with b(™ replaced by 5™ But for v € V we have

) lim b™e,, v # i,
lim b(Mde, = { M=o
m—>00 rr}l_{noo b(m)eu1 + 06y, v=uj.

Note that the first line holds for v = r too, that is, lim,, s bm)Se, = lim,,_ o b™e,. We
assumed that v € V, but if 6, > ug, then r ¢ V since 0y < uj by assumption. So the other
condition must hold, that is, € u, and then l;j’,f = b2 = 0 and therefore lim;,_, l;(m)"ser =
limy, 00 D™e, = 771 (e20).

In particular, when § — 0 the point ]5‘0/0’6 tends to p{r.

In short,
1' ”00,5 — o0 21
o TP (21)
and therefore -
p® e {B{Um---,us} ?f r € u,
Bius,...usy OF Blug,..ugyufry  if O0r > ug.

But p*° € Byy,,..us} 50 P & Buy,....uy) and p™° & Bry, | uyugry and we are done. O

We are ready to finish the proof of Theorem 1.2 for G = SL,,(C). The key observation is that
in Proposition 4.22 the smallest element of the vanishing spectrum {us, ..., us} U {r}, which is
either r or usg, is strictly bigger than wu.

To make this idea more formal, we introduce an order among the various u as follows: we
say that u; > us if either uy is shorter than uy or has a larger smallest element when u; and
uy have the same length. For given u and r choose a(r) so that u(r) is largest among those
vanishing spectra for which Bj; admits a continuous injection into By,

According to Proposition 4.22 either the length of @(r) must be one, or one of (b) and (c)
holds, in which case Bj, sits in the boundary of a boundary component and therefore has
codimension at least 2 in B - pg. So Theorem 1.2 is reduced to the special case when u = {u}
has a single element. In order to handle this case we need one more definition.
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DEFINITION 4.23. Let 1 < i < n — 1 be an integer and v € C" such that v ¢ Span(ey,...,e;).
A point p = Py cgpu € Wy is called (i, v)-fixed if the stabiliser G, C SL,,(C) of p contains the
one-parameter subgroup

€5, ]#Za
e+ v, j=it,

T (\) @ ej > { for A € C.

A subset B C B,, - pg is called i-fixed if every point of B is (i, v)-fixed for some v ¢ Span(ey, ..., e;).

LEMMA 4.24. Let B C By, - pg be an i-fixed Borel invariant subvariety for some 1 <i <n — 1.
Then
dim SL,,(C) - B < dimSL,(C) - pg — 2.

Proof. Consider the map
@ :SLn(C) x B— Wg, ¢(g,w)+ g-w.

Choose w € B and let T%"()) be the corresponding one-parameter subgroup as in Definition 4.23.
Since B C Wy is Borel-invariant, the fibre ¢! (g - w) contains (g(bT**(X))~*, (bT** (X)) - w) for
b€ By, A € C. Since {T*¥(\): A € C}N B, = {1},

dim({bT*“(\) : b € B,, A € C}) = dim(B,,) + 1
and we get
dim(Im(¢)) = dim SL,,(C) + dim B — dim(fibre)
< dim SL,(C) 4+ dim B, - pg — 1 — (dim(B,,) + 1)
= dim SL,(C)/Us — 2 = dim SL,(C) - pg — 2. 0

LEMMA 4.25. Let u = {u} have one element and r > w. Then B}, is u-fixed and therefore by
Lemma 4.24

dim SL,,(C)B;, < dim SL,,(C)ps — 2.

Proof. Let p>* € B], and Z € V(p°°)min- By Proposition 4.14 we have:
(1) [P%] C Ny eppeey P where V(p*) = {U € S: p¥ # 0,0y > u};
(ii) w(p>) =r, and hence there is a vector w = e, + wy_16,—1 + - -- +wiey € [pF].

By Lemma 4.10

e;” = mh_r)]rlOO b(m)ej = pjje; + -+ pijer  exists when 0; < wu

and in particular, since only bq(ﬂ) tends to zero among the diagonal entries, we have
g #0 when 9]‘ < u.

Therefore the linear base change

er, j#u,0; <u,
ey, J=U,

w’ J = lr"

€j otherwise,

56

https://doi.org/10.1112/50010437X17007473 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007473

ON THE POPOV—POMMERENING CONJECTURE FOR LINEAR ALGEBRAIC GROUPS

sits in the Borel Bgy,,. Since {1,...,u} C Z, by (i) and (ii) above we have

Span(ey, ..., ey, w) = Span(éy,..., ey, &) C PF] C [p¥F] for all V € S with p§ # 0,6y > u.

(22)
If 0y < u, then by Lemma 4.10 again p{f = Ayevey®. But limy, b&’l}) = 0 and hence
lim b™e, C Span(eq,...,eyu—1) = Span(éy,...,Ey—1).
m— 00
Note that since 6y < u, we have e° = ¢, for all v € V\{u}. Therefore
[p°] € Span(éy, ..., Eu_1,Eut1s...,6,) forall Ve S with pSf # 0,0y < u. (23)
From (23) and (22) it follows that the one-parameter subgroup
- €, | # U,
T (X) : €5 — {f ~ ‘7 7 for A € C
€ut+ Aeér, J=u,
stabilises p*™© so T u A e gtabilises P> in the old basis, proving that it is u-fixed. O

5. Borel-regular subgroups of classical groups

In this section, again, we restrict our attention to the & = C case, but all arguments work for
any algebraically closed field & of characteristic zero which is a subfield of C. We will often use
the shorthand notation Sp,, for Sp,,(C) and SO,, for SO,,(C).

Recall from the Introduction that a Borel-regular subgroup of a linear algebraic group is a
subgroup normalised by a Borel subgroup. They have the form Ug corresponding to closed root
subsets S C RT which are also closed under shifting by elements of R', i.e. S+ C S for any
re RT.

5.1 Borel-regular subgroups of SL,,
When G = SL,, this means that (i,5) € S = (i, + 1),(: — 1,j) € S, and hence Borel-regular
subgroups have the form

10
1

—_— O e
— O e e

U070,172,2,3 — (24)

_— o o e e
SO e e o

1

where the positions of free parameters are encoded by a monotone increasing sequence 6 = (6; <
-+ < 0,) satisfying 6; < i. This sequence then corresponds to the root subset S = {S1,...,S,}
where S; = {1,...,60;,i}. Note that a subgroup of SL,, is Borel regular if and only if it is left
and right Borel regular at the same time. Therefore the Popov—Pommerening conjecture for
Borel-regular subgroups of SL,, is a special case of Theorem 1.2.

5.2 Borel-regular subgroups of symplectic groups
Let V be a n = 2l-dimensional complex vector space and @) : V x V — C a nondegenerate
skew-symmetric bilinear form on V. The symplectic Lie group is then

Sp,, (V) ={A € SL,(C) : Q(Av, Aw) = Q(v,w) for all v,w € V},

o7
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and the corresponding symplectic Lie algebra is
sp, (V) ={A €sl,(C) : Q(Av,w) + Q(v, Aw) = 0 for all v,w € V'}.

To get a compatible embedding of Sp,,(C) C SL,(C) with diagonal maximal torus and which
preserves the standard Borel of upper triangular matrices in SL,,, we take a basis e1,...,e, of V
such that Q is given by the matrix M in the form Q(v,w) = v! Mw where M is the antidiagonal
n X n matrix with two antidiagonal [ x [ blocks:

—1

For a diagonal matrix D = diag(t1,...,t,), the condition to lie in Sp,, is DMD = M. Since

titn
totn—1
DMD =
—tn—1t2
—toty
this happens exactly when ¢1t, = --- = t;t;31 = 1. Hence the maximal torus in Sp,, is
t1 )
t
Tsp, = ! -1 ity,...,t, € C*
!
( t!

and the rank of Spy; is [. For 1 <4 <[ define the character «; : Ts, — C* by

aj(diag(ti, ta, ...t 7)) =t
and the cocharacter \; : C* — Tgp by A\i(z) = diag(1,...,z,... ;% ..., 1) with z at the ith
position. Then X*(Ts, ) = @211 Zai; and X (Tsp, ) = @211 Z; with dual pairing (o, Aj) = 0i;.

For an n x n matrix A = (a;;) let A% = (afj) denote its antidiagonal-transpose, that is
a%’? = an—jt1n—i+1. Computing A'M + MA = 0 shows that the Lie algebra sp, consists of

matrices of the form
A B
C —A%

where B = B®, C = C*,
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Remark 5.1. In particular this means that any Lie algebra element A € sp, is uniquely
determined by its entries {a;; : ¢ + j < n + 1} sitting above and on the antidiagonal.

The Cartan subalgebra h C sp,, is [-dimensional, spanned by the diagonal matrices Fj;; —
Eyi1—int1—; whose dual is ;. Here, as before, Ej; is the matrix with 1 in the diagonal entry
(1,7) and 0 elsewhere. The roots of Sp,, are

R={*a; £ aj}i<ijx

and the positive roots are
R = {oi — aj}icj U{oi + aj}icy.

Therefore the Lie algebra of the corresponding Borel subgroup consists of matrices of the form

A B
0 —A%
where A is upper triangular and B = B%.
All one-dimensional positive root subspaces g, have the form
0 T
o = 0 0 (@wor =) | e (25)
0

where

x sits at (4,j) and —x sitsat (n+1—j,n+1—1) if o = a5 — o,
x sits at (i,n+1—j) and z sits at (j,n+1—1) if @ = a; + a,7 # 7,
x sits at (i,n+1—1) if o = 20y.

The corresponding root subgroups U, = exp(g,) have the same form with ones on the diagonal.
Figure 2 shows the positive root spaces and root subgroups for n = 4.

DEFINITION 5.2. For a closed subset § C R let Ug® = (U, : a € S) C Sp,, be the corresponding
unipotent subgroup generated by the root subgroups in Sp,,, normalised by the maximal diagonal
torus in Sp,,. We define the family S = {S1,...,S,} of subsets of {1,...,n} in such way that S;
collects all possible nonzero entries in the jth column in U gp C Sp,, C SL,, that is

S;j={i:Jue ng C Sp,, C SL,, such that u;; # 0}.
These subsets can be described using the roots in S as follows:

g — {jtu{i:ai —a; €5} for 1 < j <1,
T Ui i+ ang1—j o aj + Qg1 OF Qygq—j — Qpgr—; is in S} for I+ 1< 5 < 2L

In what follows, we will use the same notation S for a set of positive roots for Sp,,, for the
corresponding subset family S = {S1,...,5,} and the corresponding set of entries

S={@,j)e{l,...,n} x{1,...,n} i € S}

indexing all possibly nonzero entries of U gp C Sp,, C SL,.
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« Ja Ua
0 T 1 T
0 1
20[1 O 1
0 1
0 1
0 x 1 =«
20[2 0 1
0 1
0 =z 1 =z
0 1
a1 2 0 —x 1 —x
0 1
0 T 1 T
0 T 1 T
a1t e 0 1
0 1

FIGURE 2. Root subspaces and root subgroups of Sp,.

Ezample 5.3. For Sp, the closed subset {a; — a2, a1 +asg,2a1} C RT defines the regular subgroup

1 a b c
Sp 010 b |
Ug’ = 00 1 — ta,b,c € C 3 C Spy(C)
0 00 1

with the corresponding subset family

Sl = {1}7 SQ = {172}7 S3 = {173}7 S4 = {1727374}

LEMMA 54. (i) If ng C Sp,, C SL, is a Borel-regular subgroup, then the subset family
S ={S1,...,S,} defines a Borel regular subgroup UgL of SL,, such that ng = UEL N Sp,,-
Equivalently, if (i,j) € S, then (i — 1,75),(i,7+1) € S.

(ii) The set S is symmetric about the antidiagonal: (i,j) € S< (n+1—jn+1—14) € S.

Proof. (i) Follows from the fact that the embedding Sp,, C SL,, preserves the Borel subgroup of
upper triangular matrices in SL,,. Positive root subspaces of SL,, correspond to entries above the
diagonal, and every such entry defines a unique positive root subspace of Sp,,.

(ii) Follows from the symmetry of the Lie algebra sp,, in sl,,: all root subspaces are symmetric
about the antidiagonal in sl,. O
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1 ° o o 1 o o e o o

1 o o 1 ° e o o

1 o o 1 e o o

g - 1 o o L 1 e o o
1 o o 1 o o o

1 ° 1 o o

1 1 e

1 1

FIGURE 3. A domain S symmetric about the antidiagonal with crossing point v¢ = 3 and its
symplectic fundamental domain.

Ezample 5.5. In Sp, the subset S = {2a1, 202, a1 +as} C RT is closed under addition of positive
roots and therefore defines a Borel-regular subgroup

ngz ta,b,c € C 3 C Spy(C).

b
a
0
1

O O O
O O = O
O~ O

The corresponding subset family is
S ={1}, Se={2}, S3={1,2,3}, S,={1,2,4}

which defines the Borel-regular subgroup

ta,b,c,de C ) C SLy.

o O O
S O = O
SO~ 0O 2
— O Qs

Lemma 5.4 implies that UEL = U? c SL,, corresponds to some monotone increasing sequence
0=(0, <---<0,) where S; ={1,...,6;,i}. Due to the antidiagonal symmetry there is a unique
integer 1 < g < I which satisfies that

(vs,m+1—7vs) €S but (ys+1,n—~s) & S.

We call vg the crossing point of S because the boundary of the region of free parameters intersect
the antidiagonal at the point (g, ~s), see Figure 3 for an example.

DEFINITION 5.6. Let S = (S1,...,5,) C{1,...,n} x{1,...,n} be a domain which is:

(i) symmetric about the antidiagonal, that is (i,j) e S< (n+1—j,n+1—1) € S;
(ii) Borel-regular, that is, (i,7) € S= (i,j+1),(i — 1,j) € S.

We define the symplectic fundamental domain to be F = {F},..., F,} such that

= SZ ign—’YS,
' {1>27"'7i}a 1>n—7s.
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Note that F'is no longer symmetric about the antidiagonal but it remains Borel regular and
Ur = U corresponds to the modified sequence

Op ={61,...,0h—ys,n —7s,...,n—1}.

See Figure 3 for an example. Recall that we fixed a basis {e1, ..., e,} of C" to get the embedding
Sp,, C SL,, of the right form. The corresponding point

PR = @ Nieve; € Wrp = @ AlVlcr
UeF UeF

has the right stabiliser in Sp,, according to the following.
THEOREM 5.7. The stabiliser of pp in Sp, is U’

Proof. Let Stabsp, (pr) (respectively Stabsr, (pr)) denote the stabiliser of pr in Sp,, (respectively
SL,). Then

Stabsp, (pr) = Stabgr, (pr) N Sp,,.

But, according to Lemma 3.1, Stabg,, (pr) = UE;L and due to the antidiagonal symmetry of Sp,,,
UL N Sp,, = USP, which proves the statement. O

We define the symplectic Grosshans pair using the corresponding ring family as before:

F={F, U"'UFz‘r31<i1<"'<Z}«<n}c2{1v---v"}

and then

pi = @ Aiever € Wi = @ AVle
UeF UeF

has the same stabiliser in Sp,, as pp.
COROLLARY 5.8. The stabiliser of pj in Sp,, is UEP .

Recall the definition of a fat Borel subgroup from the Introduction: for Spy; these are the
Borel-regular subgroups which contain {a; + o : 1 < i < j < I}. In particular, these contain
{20 : 1 < i <1} and ‘fatness’ is equivalent to saying that the crossing point is yg = .

THEOREM 5.9. Let n = 2l and F = {Fy,...,F,} be the symplectic fundamental domain
corresponding to a Borel-regular subgroup ng C Sp,, with vg = l. Then the pair Wz, pp)
is a Grosshans pair for U Sp. This proves Theorem 1.3 for symplectic groups.

We devote the rest of this section to the proof of Theorem 5.9. Note that vg = [ is equivalent

to saying that the top right quarter {(i,7) : 1 <i <[,l4+1 < j < n} belongs to F. In other words
F corresponds to a sequence

OF = (0, <---<6,1,1+1,...,n—1). (26)

See Figure 4 for an example.
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FIGURE 4. The fundamental domain of a fat Borel-regular subgroup of Spg. Here g = (0,0, 1,
2,4,4,5,6) and 0 = (0,0,1,2,4,5,6,7).

Recall that elements of the Borel Bg, C Sp,, have the form

bir bz -+ bip
0  bo .
where bii = 0,11 i1
bnfln
0 0 ban

and the off-diagonal entries b;; are not independent, but we will not use the exact form of these
entries in this argument. The boundary points in Bgj, - pz are limits of the form

p® = lim b™ g

where (b(™)) is a normalised sequence in the sense of Definition 4.2. We define the vanishing
spectrum and the sets B exactly the same way as they are defined for SL,, in Definitions 4.2
and 4.3, that is, for u C {1,...,n} we let

Bﬁp = {poo € Bsp, - pj - Anorm. seq. (b(m)) C Sp,, s.t.p>® = Tr}i_]gloob(m) -pjand VSpec(b(m)) = u}.
The embedding Sp,, C SL,, implies that
B> c BSL.
Note that the first proof of Lemma 4.4 applies for the symplectic case and therefore
ng = Bsp,, " Dp-
This means that, again, all boundary points sit in a Blslp with some nonempty u:

Bsy, - pp\Bsp, - C | B
u#y

In what follows we adapt the argument developed for left Borel regular subgroups of SL,, to
Borel regular subgroups of Sp,,. We start with two remarks on notations and definitions.

(i) Since 6 is monotone increasing, 05 = Hflax(z) holds for all Z C {1,...,n}.
(ii) Since 61" = n, every subset u is automatically covered in the sense of Definition 4.6.

We have the following stronger version of Lemma 4.12.
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LEMMA 5.10. Ifu={u; <--- <wus} C{1,...,n} is such that u; > [, then B = 0.

Proof. Let (b (m)) be a normalised sequence with vanishing spectrum u. If uy > [ 4+ 1, or

equivalently n + 1 — u; < [, then the relation b( m) (bf:_ri)l_i n+1_i)_1 implies that

lim b( #0 forl<i<n+1—wu; and lim ]b

m— 00 m—0Q

n+1 —ui,n+1— ul‘ = o0.

However, {1,...,n4+1—wu1} € F and

n+1—uq
0 T X n+1 Ul
p{l,...,nﬂ—ul}—w}grgo( I o > €i

is not bounded, so this coordinate of p°° does not exist, a contradiction. O
Let u={u; <--- <wus} C{l,...,n} be a subset with u; <[ and let
0o __ (m — Sp
= Jim 07005 = i < 55
UeF

be a limit point defined by the normalised sequence (b(m)) C Sp,, C SL, such that
VSpec(b(™) = u. Note that (b(™)) is a normalised sequence in the Borel Bsp,, of SL, too,
and therefore we can restate Lemma 4.10.

LEMMA 5.11. Let u = {u; < -+ < us} C {1,...,n} be a subset with u; < l. Let p>* =
limy,— 0o b(m)pﬁ € BSp be a limit point defined by the normalised sequence (b(m)) C Sp,, such
that VSpec(b(m)) =u. If HF < uy for some 1 < i < n, then lim,,_, o b™e; € C" exists.

We define in accordance with Definition 4.13 the set
V(p™) ={U € F:pF #0,0( > w1}

and V(p>)min using the same order. Proposition 4.14 tells something about points in B3" and
since Blslp C Blle these properties hold for points in Bﬁp too. In short we have the following analog
of Proposition 4.14.

PROPOSITION 5.12. Let u C {1,...,n} be a subset with u; < [, covered by F and p™® € BP. If
Z € V(p*° )min, then

pFIc (] ¥ (27)

Vev(p>)
Using Definition 4.18 we can talk about the width w(p™) of a boundary point p> and let
BT = {p™ € B 1 w(p™) =1}
denote the set of points in B3P of width r. Then we have a (not necessary disjoint) finite
decomposition
By = | ) BF.

uL<r

Remark 4.20 on unipotent base change remains valid if we choose our base change matrix A
from Bgp, , and such a base change will leave Blslp’r intact for all u and r. As a corollary we have
the following analog of Remark 4.21.
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Remark 5.13. Let p>® € BSP" and Z € V(p™ )mm By definition this means that [p%’] C Span(ey,
.,er) but [p¥] ¢ Span(eq, ..., e,—1) so there is a vector

w=e, +wr_16,—1 + - +wiey € [p7).

Define the Lie algebra element

0 w1
Wyr—1
0
XY= . € sp,,,
0 —Wp_1 -+ —W1
0

where we put wi, ..., w,_; into the rth column and —wy, ..., —w,_1 into the (n+ 1 —r)th row.
X" sits in the Lie algebra of Bs, and exp(X™) is a unipotent element of Bg, . This defines
the new basis €; = exp(X"™) - e;. Let pg(é1,...,€,) denote the base point pz written in the new

basis. Then

p> = lim b(m)p}a: lim (exp(X™)b™ exp(— XNpp(er, ... en).

m— 00 m— 00

Similarly to Remark 4.20 we note that since exp(X™) is unipotent, the new sequence
b = exp(X™)b™ exp(—X™)
has the same vanishing spectrum u and [p%’] in this new basis has width r again and therefore
BSPT(eq,. .. en) = BT (6,...,8,) forall u,r.
In this new basis, however, w = €, € [p>’] holds.

The cornerstone of our argument for SL(n) was Proposition 4.22 on the structure of
the subsets B],. The same proposition remains true for Sp,,, but we need a careful review
of the proof which was based on proper modifications of the sequence (b(m)): the problem with
the original argument is that the modified sequence sits in SL(n) but not necessarily in Sp,,.

PROPOSITION 5.14. Let s > 2 and u = {u; < --+ < us} be a subset with u; < l. Then we have
the following.
(a) If r ¢ u and F < uy, then there is a continuous injection p : BT B{u% usdUfr} and

. Sp,r
therefore dim By < dim B{w, ,us}U{T}

S ,T S s
(b) Ifr € u, then By’ {527 ,ug}\ {ug, s}

(c) Ifr ¢ u and 0F > uy, then

Sp, Sp,
B CBE, o\ Broay 0 BT CBE, 0y Bl oty
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Proof. To prove (a) assume that r ¢ u and 02 < u;. Let

p>* = lim b"pg = P P € B
UeF

Sp

min*

be a limit point such that VSpec(b(™) = u and Z € V(p™)
can assume that e, € [p%].

According to Remark 5.13 we

)

By Proposition 5.12, lim,,,— bz(zm € C exists whenever QZF < up and since r ¢ u, this limit

is nonzero for 7 = r:

b := lim b™ e C\{0}.
We define the entries 1357) of a modified sequence b™ for i +j < n+ 1 as follows:

b?‘?? (Z7J) = (ulaul)a
1
b
K i-b(W-L)-l)Q(Lm)u ifi:r0F>u1andi—|—j<n+1
boo T 1,u1 » Y )

(m)
by,

b (i, 5) = (rr),

otherwise whenever ¢ 4+ 7 < n+ 1.
In short, we fix the diagonal entry bgﬁ}l to be the nonzero constant b°Y and multiply by

(1/ b%?)bgﬁil the entries on and above the antidiagonal in the rth row sitting in those columns
which cover u;. Recall from (26) that for i > I, 07 > I. Since by assumption 6 < u; <[, we must
have r < I. Then, according to Remark 5.1, there is a unique extension in Sp,, of these entries
to the region below the antidiagonal; we denote this matrix by b(™ € Sp,,.-

Remark 5.15. For i+ j < n + 1 the modified entries in (15) are equal to the entries in (28). In
particular, the first [ columns of 5™ and 5™ are the same.

Let $°° = limy,_ 00 6(™p ; be the limit point defined by the modified sequence (15). We show

that > = p> and hence p = p on BSP" C B, and part (a) follows from Proposition 5.12(a).
Let V € F. Due to Remark 5.15

Py = py holds whenever max(V') < 1. (29)

If max(V) = v > 1+ 1, then in fact V = {1,...,v}, and therefore using the equality I;Ezm) =

(l;glni)lfi,nJrlfi)_l we get

v v n—ov v v
# = tim TT6E A= tim TIO - Nei=ifinnn A e 60
=1 =1 =1 =1 i=n+1—v
Similarly,
v _ v n—ov N v v
= tm [0 Aei= lim T80 Nei=55nh N e B
=1 =1 =1 =1 i=n+1—v

However, by (29) ﬁﬁ’ v} = ﬁ‘{xf — and hence pif = piF. So p>° = p> and part (a) is proved.
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To prove (b) and (c) we define for § # 0 the modified sequence

67 (/ij) = (u17u1)7
1 m m . . .
5 . b&lﬁl if (i,7) = (r,7) and r < 1,
p(m),6 _
by = (m) G (m) e , F L 32
gb cbugy, =71 2r 0] Zu andi+j<n+1,
\bl(-;ﬂ) otherwise whenever ¢ + j <n + 1,

and its unique extension bp(m)-6 ¢ Sp,,-

Remark 5.16. If r > [ 4 1, then the second and third line in (28) are irrelevant and b(™ differs
from b(™) only in the (uy, ul) and (n+1—wuj,n+ 1 —u;) diagonal entries.

Remark 5.17. For i +j < n + 1 the modified entries in (20) are equal to the entries in (32). In
particular, the first { columns of (™ and b(™)3 are the same.

If r € u, then VSpec(b™9) = {uy, ..., us}. If r ¢ u and 07 > uy, then

Vspec(pimay = § 1 it lim BB, # 0.
P {u, ., ushU{r} i lim omb(), =0,

Let $°9 = lim,,_, o0 6(™9p i be the limit point defined by the modified sequence (20). The same

argument as above shows again that

~00,0

P’ =p for all § > 0
and hence by (21) we have

lim 5 = I i

lim 5 = lim 5°° = p
Therefore

Sp f
pOO 6 B;/ua» 7uS} wr e u’
- F
8{52, e} OF B{u% gugry AT ¢uand b >u

But p> € B?E g} S0P ¢ B?EQ gy and p> ¢ B{u% wsjuirys and we are done. O

Proposition 5.14 reduces the proof of Theorem 5.9 the same way as in the SL,, case to the
simple situation when u = {u} has a single element. Before we start studying this special case
we state the following analog of Lemma 4.24.

LEMMA 5.18. Let a € R~ be a negative root. Let B C Bsp, - pp be a Bsp -invariant subvariety.
Assume that for every point w € B there is an element b,, € Bs, such that w is fixed by the
conjugate b, Uyb,! of the root subgroup U, C Sp,,. Then

dim Sp,, - B < dim Sp,, - pz — 2.
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Proof. We can simply copy the proof of Lemma 4.24. Consider the map
©:Sp, xB = Wg, (g, w) — g-w.

Choose w € B and let T% = b,,U,by," be the corresponding subgroup which fixes w. Since B C Wg
is Borel-invariant, the fibre ¢~!(g - w) contains (g(bu)™!, (bu) - w) for b € Bsp ,u € by,Uaby'.
Since by,Uaby,' N Bsp, = {1},

dim({bu : b € Bsp, ,u € byUqsby'}) = dim(Bgp ) + 1
and we get

dim(Im(y)) = dim Sp,, + dim B — dim(fibre) < dim Sp,, +dim Bsp, - pp — 1 — (dim(Bsp, ) + 1)
= dim Sp,, /US® — 2 = dimSp,, - py — 2. O

First we study the sets B3P with r < 1.

LEMMA 5.19. Let u = {u} and r be an integer such that u < r < l. Let & = o, — o, so that the
corresponding root subgroup has two nonzero off-diagonal entries as in (25) where x sits in the
(r,u) and —z in the (n+1—u,n+1—7r) entry. Then every point in BEP" is fixed by a conjugate
AUafl_l for some A € Bsp, .

Proof. Let p™® = lim, 00 8™p; € BSP". We define the matrix A € Bgr,, and the new matrix
{€1,...,6,} satisfying (23) and (22) just as in the proof of Lemma 4.25. Since u < r < [, the
matrix A has nonzero off-diagonal entries only in the first / column and by Remark 5.1, it has a
unique extension A € Sp,, whose entries above the antidiagonal are equal to those entries of A.

We claim that p™ is fixed by AU,A!. Equivalently, p> is fixed by U, when written in the
basis {€1,...,€,}. Since U, C Sp,, has nonzero off-diagonal entries only at (r,u) and (n+ 1 — u,
n+ 1 —r) this follows if we prove that p™ is fixed by both 7% and T"+1~"én+1-u  Recall from
Definition 4.23 the one-parameter subgroup

éj> ]#Za
€+ v, j=i,

T (\) : &5 > { for A € C.

First, p is fixed by both 7%¢" due to (22) and (23).

To see that p™ is fixed by T+~ "€n+1-u note that n 4+ 1 — r and n + 1 — u are both bigger
than [ and therefore T 1 "én+1-u fixes p?® automatically when max(V) < 1.

When max(V) = v > [ + 1, then in fact V = {1,...,v} and therefore using the equality

bgn) = (b;ﬁ)l_i7n+1_i)_1 and Remark 5.15 we get
Py = dim [0 Aljer = tim JT60" - ALjes. (33)
=1 =1

Now we prove that

t
liin H bgn) =0 whenever u <t <. (34)
i=1
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)

By Lemma 5.11 lim;, oo bl(lm € C exists when GZ-F < u and since 95 < u we have

t
. ( . F
%gnoonbi;n) =0 ifu<tand b, <u.
i=1
Now let t < r such that 6/ > u and take V = {1,...,t} C F. It py # 0, then by definition

V € V(p>)P and therefore by Proposition 5.12

pZ]1 C V] =ler A+ Aeyl,

which is a contradiction because [p%’] has width r > t. Therefore pi® = 0, that is,
T
. m . F
%E)nopoii =0 ift<randf; >u.
i=1

Putting these together we get (34). Then
p?l),...,v} =0 forn—r<v<n-u. (35)
This means that

if p{y 0 then either: n+1—7r¢ {1,...,v} or: n+1—7 and n+1—u are both in {1,...,v}.
{1,...,v}

(36)
In both cases p?‘f"“’v} is fixed by TnH1I—rén+i-u, g

Finally we study the sets B> with r > 1.

LEMMA 5.20. Let u = {u} and r be an integer such that u <1 < r. Let

o = Qi1 — Oy U< —1,
—2qy, u=1.

The corresponding negative root subgroup Uy, ., —a, has nonzero off-diagonal entries as in (25)
where z sits at (u + 1,u) and —x sits at (n + 1 — u,n — u), whereas U_s,, has x at (I + 1,1).
Then every point in BSP" is fixed by a conjugate AU, A" for some A € Bsp, -

Proof. Let p™° € BoP" and Z € V(poo)Sp By Proposition 5.12, we have the following:

i) [p7] C mVev(poo)Sp py’, where V(pe)P ={U € F: P # 0,00 > ul;
(ii) w(p*>) =r, and in particular if max(V') < r, then pi¥ C Span(e,...,e,) and therefore [p%’]

cannot sit in [p{?]. Therefore by (i)
if 0 > u and max(V) < r, then p§f = 0. (37)
By Lemma 5.11
e;” = W%l_r)noo b(m)ej = pjje; + -+ pijer  exists when HJF <u
(m)

and in particular, since only by’ tends to zero among the diagonal entries, we have

pij # 0 Whenu#jél,0f<u.
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Thus we can define the new basis elements {é1,...,¢;} as follows:

s, u#jél,0f<u,
A:eji=1(e, Jj=u,

e;j otherwise whenever j < [.

According to Remark 5.1, this can be extended to a linear base change Ae Sp,, to get a new
basis {€1,...,€n}.
(m)

If 9{; < u, then by Lemma 5.11 again p{f = Ayeyey’. Since limy, o bun
that

= 0, this means

ex’ C Span(ey,...,eu—1) = Span(€,...,Ey_1). (38)

If pf° # 0 and 6 < u, then max(V) < [ (this is because 6 = v —1 > 1 > u for v > 1) and
therefore by (38)

[py°] C Span(é, : v € V) C Span(€i,...,Eu—1,Cut1s---,€).
Together with (37) (and taking account of the assumption that r > [) this means that
if py7 # 0 and max(V) <, then [py7] C Span(éi,...,€u—1,€ut1,---,€1). (39)

If V € F such that max(V) = v > [+1, then V = {1,...,v} and therefore [p$?] = Span(éy, . . ., &,).
According to (35) we have p?‘f b = Oforn—7 <v<n-—uwu Since u <! < r, this means in
particular that

PV =p{ =0 fori+1<v=max(V)<n—u. (40)
For v > n — u, however, €,,€y11,€n_u,en_ur1 are all in p?‘i_”’v} = Span(éy,...,&,). Together

with (39) and (40) this implies that

(3] C Span(ér, ..., Eu—1,€us1,---,€) if max(V) <1,

if pi7 # 0, th
e 7& 7 . {Span(ém éu+17 €n—u; én*u+1) - p%/o if maX(V) >l

Thus Uq,yy—a, (for u < 1) and Us,, (for u = I) stabilises p> written in the new basis, so
fanu R, A~1 stabilises p™ in the old basis. O

We have finished the proof of Theorem 5.9 and hence Theorem 1.3 is proved.

5.3 Borel-regular subgroups of orthogonal groups
Let V' be an n-dimensional complex vector space and @ : V xV — C a nondegenerate, symmetric
bilinear form on V. The orthogonal Lie group is then

SO, (V) ={A € SL,(C) : Q(Av, Aw) = Q(v,w) for all v,w € V},
and the corresponding symplectic Lie algebra is
50, (V) ={A4 € 5,(C) : Q(Av,w) + Q(v, Aw) =0 for all v,w € V'}.

To get a compatible embedding of SO, (C) C SL,(C) with diagonal maximal torus, we take a
basis {e1,...,en} of V such that @ is given by the matrix M in the form Q(v,w) = v* Mw, and
we choose M to be the antidiagonal matrix (with n = 2] or n =2l + 1)

1
M =

70

https://doi.org/10.1112/50010437X17007473 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007473

ON THE POPOV—POMMERENING CONJECTURE FOR LINEAR ALGEBRAIC GROUPS

For n = 2I, SO,, has the same maximal torus as Sp,, and for n = 2] +1 the maximal torus consist
of diagonal matrices diag(ty,...,t;, 1, t;l, ...,t1). The Lie algebra so,, consists of matrices of the
form

A \% B
<é —i“t> forn =20 and \4 0 —vtJ for n =20+ 1,
C —witJ] —A%

where B = —B%, ' = —C% and v, w are arrays of length [ and J is the [ x [ matrix with ones
on the antidiagonal and zero elsewhere. In particular, the antidiagonal entries are all zero in so,,.

Remark 5.21. In particular this means again that any Lie algebra element A € so,, is uniquely
determined by its entries {a;; : i + j < n + 1} sitting above the antidiagonal.

The characters and cocharacters are the same as in Sp,, and the Cartan subalgebra b C so,,
is [-dimensional spanned by the diagonal matrices E;; — Ej4;4; for 1 <4 <[ whose dual is ;.
The roots are

{fa; £ a;}ic; forn=20 and {+o; £aj}lic; U{te} forn=20+1.
The positive roots are

n=20:R" ={a; — aj}i<icja U {o + o5 h<ici<i,
n=2+1: RT = {Ozi — aj}1<i<j<l U {Ozl' + Oéj}1<i<j<l U {Ozl}

The root vectors corresponding to the positive roots have two nonzero entries symmetric about
the antidiagonal as in Sp,, but here

x sits at (4,j) and (—z) sitsat (n+1—j,n+1—1) if a = oy — o,
x sits at (4,5 + ) and (—x) sitsat ({+1—j,n+1—1)if a =y + aj,i # 7,
x sits at (4,0 + 1) and (—x) sitsat (I +1,n+1—1i) if a = o.

For a closed subset S C R let U go = (Uy : @ € S) C SO, be the corresponding unipotent
subgroup generated by the root subgroups in SO,,, normalised by the maximal diagonal torus in
SO,,. We define the family S = {Si,...,S,} of subsets in the same way as for Sp,,, that is, S;
collects the possible nonzero entries in the jth column in ng C SO,, C SLy:

S; = {i:3ucUS® c SO, C SL,, such that u;; # 0}.

Ezample 5.22. Ifn=4and S = {1 —ag, a1+as}, then the corresponding subgroup Ug C SO4(C)
is the maximal unipotent radical of the full upper Borel subgroup of SO4(C), that is,

—ab

Then the nonzero entries of Ug define the sets
Sy =A{1}, Sy={1,2}, S3={1,3}, Ss={1,2,3,4}.
If UEO C SO,, is Borel-regular, then the regular subgroup UEL is Borel regular in SL,,,
symmetric about the antidiagonal. Therefore we can define the crossing point vg of S like in the
symplectic case.
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FIGURE 5. A fat Borel-regular subgroup for n = 8 and its fundamental domain. Note that (4,5)
is missing from the free parameter domain.

1 e o o o o 1 e o o o o

1 e o o o 1 e o o o

1 o o o o 1 o o o o

S = 1 o o o — F= 1 o o @
1 ° 1 o o

1 1 e

1 1

FI1GURE 6. A fat Borel-regular subgroup for n = 7 and its fundamental domain.

Remark 5.23. Note that in SO,, with n = 2[ the entry (I,{ + 1) is always zero and therefore
(I,14+1) ¢ S. This implies that y¢ <1 —1.

We define the orthogonal fundamental domain F' corresponding to a Borel-regular subset S
symmetric about the antidiagonal the same way as in Definition 5.6. The corresponding point
pr and therefore p; has stabiliser Ug in SO,,.

DEFINITION 5.24. We define the snipped top right quarter of SL,, as the domain

Q- {(4,7) :1<i<LI+1<j<n\{(l,I+1)} for n = 2,
ClG ) 1<i<IF LI+ <<+ 1,1+ 1)} forn=20+1.

We call a Borel regular subgroup UE’O C SO, fat Borel reqular if {o; +a; : 1 <i<j<I} CS
for n =2l and {a; + o, a; : 1 <@ < j <1} C S for n =20+1. Equivalently, the snipped top right
quarter Q is part of the free parameter domain of the corresponding U gL C SL,,. For examples
of fat Borel regular subgroups, see Figures 5 and 6.

THEOREM 5.25. Let n =2l or n =2l + 1 and F = {F1,..., F,} be the orthogonal fundamental
domain corresponding to a fat Borel-regular subgroup Us C SO,,. Then the pair (Wg,pj) is a
Grosshans pair for Up. This proves Theorem 1.3 for orthogonal groups.

Proof. First we assume n = 2[. The key observation is the following stronger version of
Lemma 5.10.
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LEMMA 5.26. Let n =21, If u = {u; < --- < u,} is such that u; > I, then B3° = @.

Proof. The u; > [ case is the same as in Lemma 5.10. Assume u; = [. Then

: (m) (m)y—1 _ L (m)
m}1_r)noo bipiigr = hm (b” )" =00 and n}gnoob e C\{0} forl<i<l.
Since S is fat, Fjy1 = {1,. — 1,1+ 1} and the coefficient of e; A--- Aej—1 A €41 in PR, s
PS et A Aeimr Ae] = hm bl+1l+1 Hbu = 00,
a contradiction. O

The proof of Theorem 5.9 applies with two minor changes for the proof of Theorem 5.25.
The only difference we have to keep in mind is that for SOq, lsﬁ ={1,...,1—1,1+1} whereas
in Spy; it was F, l+1 ={1,...,1+1}. This means that F5° = FSPUF}39, and this extra set results
in minor changes in the proof of Lemmas 5.19 and 5.20 as follows.

— In the proof of Lemma 5.19 the first part proving that T%¢" fixes p> remains the same. To
prove that T71I=ren+1-u fixes p> we only need to worry about those py where max (V) >
[+ 1. In order to prove (36) we distinguish two cases.

(a) If r <1—1, then n+1—r > 1+ 2. However, for max(V) =v > [+2 we have V = {1,
.,v} so (33) holds and therefore (34) implies that P p=0forn+l-r<ov<n—u
again.
(b) If r = [, then either P{1,. 11401y = 0 and the extra subset Fﬁg added to FSP does
not affect the proof, or p{1 101} # 0, but then

€ [p7] C [p%?H] = [P7° 11442

and the only way this can happen is that [pf..,l—l,lw] = Span(ey, ..., e;). But then ey =
én+1—r 1S not contained in the only problematic set [p{17.__7l_17l+1}]°° and the proof of the
symplectic case works here again.

— The second case in Lemma 5.20 does not make sense in the orthogonal case: —2q; is not
a root for SOg;. But Lemma 5.26 tells us that u = [ cannot happen and in fact ©v <1 —1
ensures that the extra set {1,...,] — 1,1 + 1} which we added to FSP2t does not affect the
proof. Indeed, this is clear when u < [ — 2 because in this case n — u > [ + 2, and hence to
prove that 7"~ "¢n+1-u fixes p° it is enough to have the following weaker version of (40):

?O }—0 foril+2<v<n—u.

But subsets with max(V) > 1 + 2 are the same in FS? and FS© and so this follows exactly
the same way as (40).
Ifu=I0l—1and r >1+4 2, then p?l),...,lfl,lJrl} =0 and Flsﬁ does not make any difference.
Finally, if w =1 — 1 is the only element of the vanishing spectrum and r = [+ 1, then
limy, o0 b l(l # 0 and therefore lim,, ’bl+ll+1| = hmm_>Oo |( )| I « 0. But then the
coefficient of e; A -+ Aej—1 Aejr in p{1 1 l+1}

: (m) (m) : (m)

lim (byy”---b "5 y) - lim by, =0

m—0o00
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because the first limit is 0 (the [ — 1th term tends to 0, the rest to some nonzero constant)
and the second limit is finite. Therefore

ér € [pOZO] C [pﬁ7._.7l_17l+1}] C [Span(€1, .. .,6,,1,1)]7

a contradiction.

(m)
141,01+
I+ 1 and Lemma 5.10 holds without change. We furthermore add the following observation.

Now assume n = 2[+1. Since the diagonal entry b 1 is constant 1 in SO,,, u cannot contain

LEMMA 5.27. Bo™ = ¢ for arbitrary u = {ur <+ <wug}.

Proof. Assume p>*° = limy,— 0 b(m)pﬁ € Blslo’lﬂ. By definition there is a Z € F with 05 > uy
such that p% # 0 and the following are true.

(i) [pZ] C ﬂVeF,p<‘>/0¢o[p\o/o]~
Oy >u1
(ii) w([p¥]) =1+ 1. For this to happen max(Z) = z > [ + 1 must hold, and therefore Z = {1,
-y zh But if w([pF]) = 1+ 1, then [pF] = [pf; ] = [ex A -+ Ae:] is a subspace of

Span(ey,...,e;+1) by definition, which means that z =1+ 1 and Z = {1,...,l+ 1}. Then

+1
0#pF = lim_ (H bE?“) Ales.
=1

(m)

I+1141 = 1 for all m. Hence

But b(™ e SO9;11 and therefore the diagonal entry b

l
=1

which means that {1,...,l} is a minimal subset for p>° contradicting the minimality of Z
with respect to < (see Definition 4.18) because max({1,...,l}) =1l <max(Z) =1+1. O

In particular, this means that either r <[ or r > [ 4+ 2 and the proof of Theorem 5.9 applies
again without change, including Lemmas 5.19 and 5.20. |

6. A partial result for general regular subgroups of SL,,

This section gives partial affirmative answer to the Popov—Pommerening conjecture for general
regular subgroups of SL, corresponding to arbitrary closed family S C R™. We prove
Theorem 1.4. Let G be a connected, simply connected, simple linear algebraic group over the
algebraically closed subfield k£ of C, and Ug C G a unipotent subgroup normalised by a maximal
torus T' of G corresponding to the closed subset S C RT, where Ug is not necessarily block
regular.

DEFINITION 6.1. We call G(T'-pg) C G -pg C Wg the toric closure of G - pg. Points and
components of G(T"- pg)\G - pg are called toric boundary points and components.

We are ready to prove Theorem 1.4 on toric boundary components. Unfortunately we cannot
prove the same for nontoric boundary components, that is, components of G'- pg\G(T" - pg).
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Proof of Theorem 1.4. Let T' C SLy, be the diagonal torus. Points of T' - pg are limits of the form

B™ 0 0
o ey
poozmlgnoo : - 'pg:@p%/o’
: ) 0 ves
0 0 b

where piP = limy, o0 /\Z-evbgn)ei. According to Lemma 4.4 if p* is a boundary point, that is,
p>® €T -pg\T - pg, then there is a smallest index 1 < s < n such that

lim b{™ = 0.
m—00

Define
t =min{j : 3V € S such that s € V,j = max(V) and pSf # 0}.

Note that t is well defined because V = {1,...,n} € S and lim,,_, o H?Zlb(m) =1, so the defining

id
set above is nonempty. Furthermore ¢ > s holds by the minimality of s. We call (s,t) the type
of p™>.
Remark 6.2. If the vanishing spectrum of (b(m)) isu={u; < - <wug}, then s = uy and s is

uniquely determined by p*>° according to Remark 4.11. Moreover, t plays the role of the width
of p>° and it is again determined by p.

Let Z € S be one of the minimising subsets in the definition of ¢, that is,
s€ Z,t=max(Z) and p% = lim Hiezbgn) Nicz €; # 0.
m—0o00

We prove that p™ is (s, e;)-fixed (see Definition 4.23). Assume there is a V € S such that

P = lim (H bg”)) Nievei #0, seVbutté V. (41)

m—> 00 ieV
Now VUZ,VNZeS and

: (m) _ 1 i
ieVUZ 1i€eVNZY;

ey b7 e 0™

The limit of the numerator is finite and nonzero from the definition of V and Z. But s€¢ VN Z
and ¢t ¢ V so max(V N Z) < t and therefore by the definition of ¢ the limit of the denominator
is 0. This is a contradiction as the left-hand side is the coefficient of A;cyuze; in pis, . So there
is no V e S satisfying (41), which means that p™ is fixed by T%¢(\) € SL,(C) and therefore
P> is (s, e;)-fixed. For 1 < s <t < nlet

Bst = {p™ €T -pg\T - pg : the type of p™ is (s,t)}.
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According to Remark 6.2 we have
By= |J (T pgnBh) (42)
u={s<ua<-}

and therefore by Remark 4.19 B, ; is quasi-affine again.
Then

SLn-T-pg\T-pg= |J SLn-Bap

1<s<t<n
We adapt the proof of Lemma 4.24 to show that
dim(SL,, - Bs¢) < dim(SL,, - pg) — 2,

which implies Theorem 1.4. Let us start with the observation that B,; is T-invariant and also
Ug-invariant for any 1 < s <t < n. This latter follows from the fact that Ug is normalised by T
and fixes pg and therefore Ug fixes each point in T - pg and, then, each point in Bs;. Consider
the map

@ :SLy(C) x By — Wz, ¢(g9,w) = g-w.

Let w € Bs. Since B,y C Wg is Ug x T-invariant, the fibre ¢ (g - w) contains
(gUT><t ()L, (B> () - w)
for h € Us x T, A € C. Since {T*“*(\): A€ C}NUg xT = {1},
dim({hT***(\) : h € Ug x T, A € C}) = dim(Us) +n + 1
and we get

dim(Im(yp)) = dim(SLy,) + dim(Bs ) — dim(fibre)
< dim(SL,) 4+ dim(T - pg) — 1 — (dim(Us) +n + 1)
= dim SL,(C)/Us — 2 = dim SL,(C) - pg — 2. O

~— ~—

7. A remark on configuration varieties and Bott—Samelson varieties

Configuration varieties are a powerful tool in representation theory and geometry of the reductive
group G. If B C G is a Borel subgroup, then these varieties are certain subvarieties in the product
of flag varieties (G/B)'. In [Mag98] Magyar describes them as closures of B-orbits in (G/B)!,
which is relevant to our construction, and therefore we give a short summary in the special case
when G = SL,,(C), keeping [Mag98] as the leading reference.

Let B,, C SL,(C) denote the Borel of upper triangular matrices. Define a subset family to
be a collection D = {C1,...,Cy,} of subsets Cy, C [n] = {1,...,n}. The order is irrelevant in the
family, and we do not allow repetitions. Let C™ have the standard basis {ey,...,e,} and for any
subset C' C [n] define the subspace

QY = Spanc{e; : j € C} € Gr(|C|,n).

This point is fixed by the diagonal torus 7" C SL,(C), and so we can associate a T-fixed point
to the subset family in the product of Grassmannians:

zp = (Q%, ..., Q%) € Gr(D) = Gr(|Cy|,n) x -+ x Gr(|Cp|,n).
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The configuration variety of D is the closure of the SL,,(C)-orbit of zp,
Ap =SL,(C) - zp c Gr(D),
and the flagged configuration variety is the closure of the Borel orbit,
AP =B, zp C Gr(D).

There is an important class of subset families associated to subsets of the Weyl group W of the
reductive group. In the case of SL,(C), to a list of permutations w = (w, ..., w;), wx € W, and
a list of indices j = (ji1,...,71), 1 < jx < n, we associate a subset family:

D = Dy 5 = {wi[f],...,wlil},

where w[j] = {w(1),w(2),...,w(j)}. Now suppose the list of indices i = (i1, i2,...,%) encodes
a reduced decomposition w = s;,si, ...s; of a permutation into a minimal number of simple
transpositions. Let w = (s;,, i, Siy, ..., w) and define the reduced chamber family D; := Dy, ;.

The full chamber family is
DlJr = {[1]7 [2]7 ) [n]} U D;.

A subfamily D C D;r is called a chamber subfamily. Leclerc and Zelevinsky in [LZ98] gave a
characterisation of these as follows. For two sets S1,S2 C [n] we say S; is elementwise less than
Sa, S1 <€ So, if 51 < s9 for all s; € S1,s9 € So. Now, a pair of subsets C1,Cy C [n] is strongly
separated if (C1\C2) <¢ (C2\Ch) or (C2\Cp) <€ (C1\C2) holds. A family of subsets is called
strongly separated if each pair of subsets in it is strongly separated. Leclerc and Zelevinsky
proved that a subset family D is a chamber subfamily, D C D; for some i if and only if it is
strongly separated.

If D = D; is a chamber family, then the corresponding flagged configuration variety AIB) is
called Bott-Samelson variety.

Very little is known about general configuration varieties. They can be badly singular;
however, certain of them are well understood because they can be desexualised by Bott—Samelson
varieties, which are always smooth.

The link to our construction is straightforward; if S = {S1,..., S, } denotes the subset family
formed from the columns of the star pattern S corresponding the regular subgroup Ug C SL, (C),
then there is a natural map

7s : (SLp(C) -pg) = As  where A-pg — A-zs for A € SL,(C).

This map does not extend to the closure. In short, our space SL,(C) - pg is a weighted affine
configuration space where the weights are different tensor powers of é,. Unfortunately, the
subset family S = {S1, ..., Sy} is not necessarily strongly separated and therefore not a chamber
subfamily in general. This leaves the question of desingularization of SL;,(C) - pg open.
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