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Picard’s Iterations for Integral Equations of
Mixed Hammerstein Type

J. A. Ezquerro and M. A. Hernandez

Abstract. A new semilocal convergence result for the Picard method is presented, where the main
required condition in the contraction mapping principle is relaxed.

1 Introduction

Numerical methods are used for approximating the solution of nonlinear integral
equations of mixed Hammerstein type

m b
(L1 6 = £+ 2D [ Kitx 0000
j=1 7
where —oo < a < b < +oo, f, Hjand Kj, for j = 1,2...,m, are known functions

and ¢ is a solution to be determined [5]. There are different numerical methods to
approximate solutions of equation (1.1) when the functions H; are linear [4,9]. If the
functions H; are nonlinear, the more usual numerical methods are the collocation-
type methods or similar ones [3, 7]. These kinds of methods have two principal
characteristics: equation (1.1) is discretized and the associated nonlinear finite sys-
tem is solved by applying numerical methods to approximate the solutions, and, by
interpolation, the solution is approximated.

Our goal in this paper is to find a solution of the nonlinear integral equation de-
fined in (1.1) and approximate it by the direct application of iterative processes. The
first iteration that comes to mind is the famous Newton’s method [1,2]:

Zp+l = Zp — [F/(Zn)]_lF(zn)a n=20,1,2,...,
but the existence of the operator [F’(z)] 7! is needed, and it is not easy to calculate for
some equations. Then we discard iterations in which the operator [F’(z)] ~! appears.
But it is usually possible to reformulate a given equation as a fixed point problem of
the type z = G(z), where G is an operator that maps a Banach space into itself [6].
For example, if F is a given operator that maps a Banach space into itself and we want
to solve F(z) = 0, we can consider G(z) = z — F(z), and it is evident that z = G(2)
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is satisfyed by z if and only if z is a solution of F(z) = 0. Thus we may approach
the problem of solving an equation of the form F(z) = 0 by transforming it into a
fixed point problem and then using the following iterative method, which is known
as Picard’s iteration,

(1.2) zun1 = G(z,) = 2, — F(z,), n=0,1,2,...

to generate successive approximations to the solution sought [8].

However, according to the contraction mapping principle [10], to prove the con-
vergence of this iteration, the conditon that the operator G is a contraction is needed.
This is a problem that reduces the number of equations that can be solved by the
method, as we can see for the following nonlinear Bratu equation [4]

1
(1.3) d(x) = % / K(x,1)e?? dr,
0

where the kernel K is the Green function

K1) = {(1 —x)t t<x,
1—t)x x<t,

which is a mixed Hammerstein equation of type (1.1). For this nonlinear integral
equation, the corresponding operator G(¢) = 1—10 fol K(x,t)e®® dr is not a contrac-
tion, and the contraction mapping principle does not then guarantee the convergence
of Picard’s method to a solution of (1.3).

After that we note that relaxing the convergence conditions is important in prov-
ing the convergence of the Picard iteration. So we present an alternative to the con-
traction mapping principle, so that Picard’s process can be applied to approximate a
solution of (1.3).

Throughout the paper we denote

Bx,r) ={yeX;|ly—x|| <r} and Bxr) ={yeX;|y—x|<r},
and the space of continuous functions on the interval [a, b] is equipped with the

max-norm
|h]| = max |h(s)|, h € Cla,b].
s€la,b]

2 Preliminaries

To simplify what is being proposed we introduce some new notation for (1.1). Let
F: Cla, b] — Cla, b] be defined by

m b
(2.1) [F(9)](x) = o(x) — f(x) — /\Z/ K;(x, t)H;(p(t)) dt.
j=1"¢
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Define the Nemytskii operator H;: C[a, b] — Cla, b] by

and H;: R — R. Define the linear integral operator X;: C[a, b] — Cla, b] by

b
5, (x) = / Kj(x, 00() i, x € a,b], & € Cla, b].

Then the equation being solved is F(¢) = 0 with

F(¢) = ¢ — f =AY K;(3;(0)).

j=1

3 A Semilocal Convergence Result
The derivative of F at ¢ is given by F'(¢): C[a, b] — Cla, b], where

Fl() = = A [K;(H j(@)]w, ¢ € Cla,bl,
j=1

and
H'j(Pp(x) = H(p(x)Y(x), x € [a,b],j=1,2,...,m.

Then, we consider (1.2) to approximate a solution ¢* of (1.1). To analyse the con-
vergence of (1.2) it suffices to see that it is a Cauchy sequence. First, some properties
that this sequence satisfies are given. For that, we consider Taylor’s formula and (1.2)
to write

1
(3.1)  F(n)(x) = F(pp—1)(x) +/ F'(¢n1 + 7(dn = du-1)) (@0 — Pu1)(x) dT
0

m 1 pb
=AY [ KO0 0+ 7000) = 61m100)
=1 0Ja

X (Pn(t) — Pp_1(t)) dtdr.

In the following lemma, we give a bound for ||¢,+1 — @, |-

Lemma 3.1 If ¢y € Cla,b], ¢, € B(¢o,R), for alln € N, and \H]((s)\ < wj(Js]),
s € [a, b], where w; are nondecreasing positive real functions w;: R, — Ry, then

||¢n+l _(an SN(R)H(bn_(bnfllL n>1,

m b .
where N(R) = |A| 22", Mjw;([|ol| + R) and M; = maxay) [, |Kj(x,1)| dt, for j =
1,2,...,m.
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Proof Observing that ||¢,+1 — ¢u|| < ||F(¢)|| and taking into account (3.1), it
follows that

Il < (N3 [ (s [ k.0 )
=1 v

% (max [H] (90 1(6) + 7(60(0) = Gu-1())]) | dr) 6w — s

t€a,b]

and consequently

(3.2) 1@ < (I Mieoj(lgoll +B) llén = i

j=1

since [Hi(s)] < wj(|s|), for j = 1,2,...,m, and ¢,—1(t) + 7(¢u(t) — du1(t)) €
B(¢o, R). u

Next, we give the semilocal convergence result for sequence (1.2).

Theorem 3.2 Let ¢y € Cla,b] and make the assumptions of Lemma 3.1. Let us
suppose that R exists, the smallest positive root of the following scalar equation in the z
variable:

(3.3) (1= I Miwi(lgoll +2)) 2= n =o,

j=1
wheren > ||F(¢y)||. Then the Picard iteration converges to a zero ¢* of operator (2.1).

Proof To study the convergence of iteration (1.2) it suffices to see that it is a Cauchy
sequence. Firstly, observe that the smallest positive root R of (3.3) satisfies

(3.4) nZN(R)1<nZN(R)’— N(R) =R,

since N(R) < 1 as a consequence of R is a positive root of equation (3.3).

From [|[F(¢o)|| < 7 and (3.4), it follows ||¢1 — ¢o|| < 1 < R, and therefore
¢1 € B(gg,R). Next, from Lemma 3.1, we have ||¢» — ¢1|| < NR)||[é1 — oo,
and consequently, ||¢2 — ¢ol| < [|[¢2 — &1 + [|¢1 — dol| < (1 + N(R))n < R and
¢2 € B(xo, R).

Now, by induction, applying Lemma 3.1, using the hypotheses and (3.4), it is easy
to prove that

H¢n+1 - ¢HH S N(R)n||¢n - ¢0||

and

|Pni1 — ¢l < (ZN(R)I) llx1 — xolln < R.

i=0
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Then ¢n+1 € B(¢O7R)
Finally, (1.2) is a Cauchy sequence, since

||¢n+p - ¢nH S H¢n+p - ¢n+p—1|| + H¢n+p—1 - ¢n+p—2H R ||¢n+1 - (bn”

1 — N(R)?
————N@®R)"y.
STN® (R)™n
Therefore {¢,} converges to a limit ¢* such that F(¢*) = 0 by letting n — o0
in (3.2). [ |
4 Example

As we have indicated in the introduction, the contraction mapping principle cannot
be applied to equation (1.3), but Theorem 3.2 can. In consequence, we can use the
Picard iteration to approximate a solution of (1.3).

Note that solving equation (1.3) is equivalent to solving F(x) = 0, where

F:C[0,1] — CJ0,1]

(4.1)

1
[F(@)] (%) = d(x) — % / Kx. 1) e dr.
0

For operator (4.1) we have
M=1/8, wz) =¢, n=]a+el™l /80,
and choosing ¢y = 1, equation (3.3) is reduced to
(1 —e"**/80)z — (1 +¢/80) = 0.

The smallest positive root of the previous scalar equation is R = 1.15962 . . .. Conse-
quently, by Theorem 3.2, Picard’s iteration converges to a zero ¢* of operator (4.1).

Moreover, the theoretical significance of the Picard method should also be noted,
as it can be used to draw conclusions about the existence of a solution, and about the
region in which it is located, without finding the solution itself. This is sometimes
more important than the actual knowledge of the solution. So equation (1.3) has a
solution ¢* in

{u e Cl0,1]; ||u— 1] < 1.15962...}.

The solution ¢*(x) = 0.0508548x — 0.0508548x? of equation (1.3) is approximated
by Picard’s method after five iterations if seven significance decimal figures are used.
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