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Mixture theory for diffuse interface models
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Diffuse interface models are an important class of models used to describe multi-phase
flows. In the case of incompressible viscous fluids there are a number of different diffuse
interface models which have been known for many years. Nevertheless, a model based
on mixture theory with a full set of conservation laws for the conservation of linear
momentum of each constituent was not yet available. This gap was filled by ten Eikelder
et al. (J. Fluid Mech., in press) recently and a first comparison with known models
of Navier–Stokes/Cahn–Hilliard type is given. A detailed understanding of the relations
between these models remains an important question.
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1. Diffuse interface models for two-phase flows

In recent years diffuse interface models for two- or multi-phase flows have generated
an increasing interest because of theoretical developments as well as for their use in
computations. In these models, macroscopically immiscible fluids are considered to be
partly miscible and the Helmholtz free energy consists of a part which penalizes mixing,
and gradient terms of the concentrations which enforce smooth transition regions between
the fluids. This has the advantage that the interface does not need to be described explicitly
in numerical simulations and one can describe flows beyond the occurrence of singularities
in the interface due to the collision or pinch-off of droplets. A first diffuse interface
model for two incompressible Newtonian fluids with same density ρ > 0 was given by
Hohenberg & Halperin (1977). It is often called the ‘model H’ and leads to the following
Navier–Stokes/Cahn–Hilliard system:

ρ∂tv + ρ(v · ∇)v − div(2νD) + ∇p = μ∇c, (1.1)

div v = 0, (1.2)

∂tc + v · ∇c = div(m∇μ), (1.3)
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≈ ε

Figure 1. Schematic picture of a sharp interface resolved by a diffuse interface on small length scale ε in a
two-phase flow.

μ = σ̂ ε−1f ′(c) − σ̂ ε�c, (1.4)

where we neglected exterior forces for simplicity. Here, v is a mean velocity of the
fluid mixture, D = 1

2 (∇v + ∇vT), p is the pressure of the mixture and c is difference
of concentrations of the fluids. Moreover, ν = ν(c) > 0 is the dynamic viscosity of
the mixture, σ̂ is a constant related to the surface energy density, ε > 0 is a (small)
parameter, which is related to the ‘thickness’ of the interfacial region (cf. figure 1), f is a
homogeneous free energy density, which has two strict minima at the values ±1 (or close to
them), μ is the chemical potential of the mixture and m > 0 is a mobility coefficient. A first
derivation of this model in the framework of rational continuum mechanics was given by
Gurtin, Polignone & Viñals (1996). Thermodynamically consistent extensions for fluids
with different densities were given by Lowengrub & Truskinovsky (1998), Abels, Garcke
& Grün (2012) and Aki et al. (2014). We note that these models differ in the choice of
the mean velocity of the mixture, which is used for the conservation of linear momentum
and the resulting constitutive assumptions. A unified approach to these kinds of diffuse
interface models and comparison of these and other models were presented by ten Eikelder
et al. (2023), where further references can be found. We remark that these models can be
extended to diffuse interface models for more than two fluids. All these models lead to a
system, where a Navier–Stokes-type equation for the chosen mean velocity of the mixture
(similar to (1.1)–(1.2)) is coupled to a Cahn–Hilliard-type system (similar to (1.1)–(1.2)).
The modelling is based on conservation laws for the conservation of mass of the individual
components and the conservation of linear momentum for the mean velocity, while the
momentum due relative motions of the fluids is neglected (cf. e.g. Gurtin et al. 1996).
Although terms and some basic ansatzes of mixture theories are used in the derivation,
these models differ significantly from models derived by mixture theories, where a full
set of conservation laws for each constituent is taken into account. Therefore these kinds
of models are also called reduced mixture models (or class-I models in Bothe & Dreyer
2015). In (full) mixture models the conservation of linear momentum for each fluid of the
mixture is considered. A derivation of diffuse interface models based on mixture theory
for two- or multi-phase flow was missing for a long time. This gap was filled recently by
ten Eikelder, van der Zee & Schillinger (2024). Some aspects of this will be summarized
in the following.

2. Link to mixture theory

ten Eikelder et al. (2024) give a rigorous derivation of a class of diffuse interface models
for multi-phase flows of partly miscible incompressible fluids taking possible sources
of mass for the individual fluids into account. In the following, we restrict ourselves
for simplicity to the case of two fluids without mass sources. For a specific choice of
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Mixture theory for diffuse interface models

a volume-measure-based Helmholtz free energy (denoted by ‘model I’) one obtains the
following system of two coupled Navier–Stokes type equations:

∂t(ρ̃1v1) + div(ρ̃1v1 ⊗ v1) − div(ν̃1D1 + λ1 div v1) + φ1∇( p + μ1) = R12(v2 − v1),
(2.1)

∂t(ρ̃2v2) + div(ρ̃2v2 ⊗ v2) − div(ν̃2D2 + λ2 div v2) + φ2∇( p + μ2) = R21(v1 − v2),
(2.2)

∂t(ρ̃α) + div(ρ̃αvα) = 0, for α = 1, 2, (2.3)

μα = σα

εα

f ′
α(φα) − 2σαεα�φα, for α = 1, 2. (2.4)

Here, ρ̃α = ραφα is the partial mass density of fluid α, ρα > 0 is the specific density of
fluid α, φα its volume fraction and μα its chemical potential. Also, Dα is the symmetrized
gradient of vα , ν̃α and λα are the dynamic viscosity coefficient and second viscosity
coefficient of fluid α, R12 = R21 > 0 is a coefficient for the rate of exchange of linear
momentum between the fluids. One possible choice for the linear momentum exchange
coefficient is given by the Stefan–Maxwell model

R12 = R21 = Rθφ1φ2

D
, (2.5)

for some diffusion coefficient D. Here, R > 0 is the gas constant (ten Eikelder et al. 2024,
Remark 3.10). Here, we neglected exterior forces for simplicity of the presentation. It is
assumed that there is no excess volume due to mixing, i.e.

φ1 + φ2 = 1. (2.6)

Finally, p is a pressure allows to enforce the constraint (2.6). Dividing (2.3) by ρα and
summation the equations for α = 1, 2 yields

div(φ1v1 + φ2v2) = 0. (2.7)

Here, φ1v1 + φ2v2 is the volume-averaged mean velocity used e.g. by Ding, Spelt & Shu
(2007) and Abels et al. (2012). In the case of the same specific densities, ρ1 = ρ2, the
volume-averaged mean velocity coincides with the mass-averaged velocity used e.g. by
Lowengrub & Truskinovsky (1998) and the mean velocity v in the model H (1.1)–(1.4).

For the following, let v be the mass average (or barycentric) mean velocity defined by
ρv = ρ1v1 + ρ2v2. Because of (2.6), the conservation of masses (2.3) is equivalent to
(2.7) and

∂tφ + div(φv) = − div h, (2.8)

where φ = φ1 − φ2 and h = φ1v1 − φ2v2 − φv is a diffusive flux for φ, i.e. it is the
flux of φ relative to the mean velocity v of the mixture. Here, the diffusive flux is
related to a difference of velocities of the fluid, which are determined by solutions of
two Navier–Stokes-type systems. In the case of the Navier–Stokes/Cahn–Hilliard system
(1.1)–(1.4) one can divide (1.3) by the density ρ and obtains for φ = c/ρ

∂tφ + div(φv) = div
(

m
ρ

∇μ

)
, (2.9)

due to (1.2). Hence, the diffuse flux is given by h = −(m/ρ)∇μ, where μ is the chemical
potential of the concentration difference. Similar relations also hold true for the diffuse
interface models for different densities by Abels et al. (2012), Lowengrub & Truskinovsky
(1998) and Aki et al. (2014) with the only difference that the pressure enters the definition
of the chemical potential or flux in the latter two.
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3. Remaining challenges

It remains an important task to understand to what extent solutions of the mixture
model and the known diffuse interface model differ in practically relevant situations
in numerical simulation. To this end suitable numerical methods have to be developed
first. After that, a comparison of the efficiency of the numerical methods based on
different models and a comparison with experiments are of great interest. Moreover,
from the theoretical side it would be interesting to see how one could obtain a
Navier–Stokes/Cahn–Hilliard model from the mixture theory model if one approximates
(2.1)–(2.2) by a Navier–Stokes/Cahn–Hilliard model for the mean velocity v (ten Eikelder
et al. 2024, (5.66)) and a kind of Darcy law for φ1v1 − φ2v2 − φv for example based on a
dimensional analysis. Finally, let us note that solutions of the Navier–Stokes/Cahn–Hilliard
system (1.1)–(1.4) converge to a classical sharp interface model for the two-phase flow of
incompressible fluids with a pure transport of the interface by the normal component of
the fluid velocity only if m → 0 as ε → 0 (Abels et al. 2012, § 4), see also Abels, Fei
& Moser (2024) for a recent mathematical result on that topic and further references. It
might well be that, in situations where the mobility coefficient and the diffuse fluxes are
small, the differences of the solutions of the different models (mixture model and the
different Navier–Stokes/Cahn–Hilliard models) are negligible if applied with comparable
parameters. Finally, the mathematical analysis of these new models concerning existence
and properties of the solutions as well as the analysis of the sharp interface limit (formal
and rigorous) are challenging open problems.

Declaration of interests. The author reports no conflict of interest.

Author ORCIDs.
Helmut Abels https://orcid.org/0000-0002-6606-4352.

REFERENCES

ABELS, H., FEI, M. & MOSER, M. 2024 Sharp interface limit for a Navier–Stokes/Allen-Cahn system in the
case of a vanishing mobility. Calc. Var. Partial Dif. 63 (4), 94.

ABELS, H., GARCKE, H. & GRÜN, G. 2012 Thermodynamically consistent, frame indifferent diffuse interface
models for incompressible two-phase flows with different densities. Math. Models Meth. Appl. Sci. 22 (3),
1150013.

AKI, G.L., DREYER, W., GIESSELMANN, J. & KRAUS, C. 2014 A quasi-incompressible diffuse interface
model with phase transition. Math. Models Meth. Appl. Sci. 24 (5), 827–861.

BOTHE, D. & DREYER, W. 2015 Continuum thermodynamics of chemically reacting fluid mixtures. Acta
Mechanica 226 (6), 1757–1805.

DING, H., SPELT, P.D.M. & SHU, C. 2007 Diffuse interface model for incompressible two-phase flows with
large density ratios. J. Comput. Phys. 226 (1), 2078–2095.

TEN EIKELDER, M.F.P., VAN DER ZEE, K.G., AKKERMAN, I. & SCHILLINGER, D. 2023 A unified
framework for Navier–Stokes Cahn-Hilliard models with non-matching densities. Math. Models Meth.
Appl. Sci. 33 (1), 175–221.

TEN EIKELDER, M.F.P., VAN DER ZEE, K.G. & SCHILLINGER, D. 2024 Thermodynamically consistent
diffuse-interface mixture models of incompressible multicomponent fluids. J. Fluid Mech. (in press).

GURTIN, M.E., POLIGNONE, D. & VIÑALS, J. 1996 Two-phase binary fluids and immiscible fluids described
by an order parameter. Math. Models Meth. Appl. Sci. 6 (6), 815–831.

HOHENBERG, P.C. & HALPERIN, B.I. 1977 Theory of dynamic critical phenomena. Rev. Mod. Phys. 49,
435–479.

LOWENGRUB, J. & TRUSKINOVSKY, L. 1998 Quasi-incompressible Cahn-Hilliard fluids and topological
transitions. Proc. R. Soc. Lond. A 454 (1978), 2617–2654.

992 F1-4

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

63
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://orcid.org/0000-0002-6606-4352
https://orcid.org/0000-0002-6606-4352
https://doi.org/10.1017/jfm.2024.638

	1 Diffuse interface models for two-phase flows
	2 Link to mixture theory
	3 Remaining challenges
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


