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Beurling’s Theorem and Characterization of
Heat Kernel for Riemannian Symmetric
Spaces of Noncompact Type

Rudra P. Sarkar and Jyoti Sengupta

Abstract. 'We prove Beurling’s theorem for rank 1 Riemannian symmetric spaces and relate its conse-
quences with the characterization of the heat kernel of the symmetric space.

1 Introduction

The uncertainty principle in harmonic analysis reflects the inevitable tradeoff be-
tween the function and its Fourier transform as it says that both of them cannot de-
cay very rapidly. This principle has several quantitative versions which were proved
by Hardy, Morgan, Gelfand—Shilov, and Cowling—Price (see [7,9,25] and the refer-
ences therein). In more recent times Hormander [16] proved the following theorem,
which is the strongest theorem in this genre in the sense that it implies the theorems
of Hardy, Morgan, Gelfand-Shilov, and Cowling—Price.

Theorem 1.1 ([16]) Let f € L'(R). Then [, [, FF ) eI dxdy < oo im-
plies f = 0 almost everywhere.

Hormander attributes this theorem to A. Beurling.
As is well known in physics, the uncertainty in the momentum is smallest for a

given uncertainty in the position if the wave function is the Gaussian ¢~ . In har-
monic analysis this means that the tradeoff is optimal when the function is Gaussian.
The quantitative versions of the uncertainty principle also accommodate this optimal
situation. The above theorem of Hérmander was further generalized in [3], which
takes care of this aspect of uncertainty.

Theorem 1.2 ( [3]) Let f € L*(R) and N > 0. Then

[1f(y i1yl
W dxdy < oo
//(1+|x|+|y|>N 4
1

implies f(x) = P(x)e™" ,wheret > 0 and P is a polynomial with deg P < ML
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We will refer to Theorem 1.2 simply as Beurling’s theorem for the sake of brevity.

The aim of this article is to prove the analogue of Theorem 1.2 for Riemannian
symmetric spaces X of the noncompact type of rank 1. We recall that such a space is
of the form G/K where G is a noncompact connected semisimple Lie group of real
rank 1 with finite centre and K C G is a maximal compact subgroup.

The precise statement of the theorem and its proof appear in Section 3. In Section
4 we show that the estimate considered in the main theorem is the sharpest possi-
ble. In Section 5 we indicate how the theorems of Hardy, Morgan, Gelfand-Shilov,
and Cowling—Price on symmetric spaces follow from our Beurling’s theorem. The
mutual dependencies of these uncertainty theorems can be schematically displayed
as follows:

Beurlings =—=> Gelfand-Shilov =——=> Cowling—Price

ﬂ ﬂ

Morgan’s =—————=> Hardy’s.

This shows that Beurling’s theorem is the master theorem. Some of the latter theo-
rems, which follow from Beurling’s were proved independently on symmetric spaces
in recent years by many authors (see [4, 6,19-23,25]).

After completing this work we had the opportunity to see Demange’s thesis [5] in
which he further generalized Theorem 1.2 (see Theorem 6.1). In Section 6 we have
given the appropriate analogue of Demange’s theorem on symmetric spaces.

It is unlikely that the method pursued here will generalize to the case when the
rank of X is greater than 1, since we utilize here the fact that for rank 1 spaces the
Plancherel density p is a proper map (see (3.9)).

2 Notation and Preliminaries

The pair (G, K) is as described in the introduction. We let G = KAN denote a
fixed Iwasawa decomposition of G. Let g, f, a and n denote the Lie algebras of G,
K, A and N, respectively. We recall that dimension of a is 1. We choose and keep
fixed throughout a system of positive restricted roots, which we denote by 3*. Let
v € X% denote the unique simple root, and let H, € a be the dual basis of a. Using
7y (respectively, H,) we can identify a* (respectively, a) with R. That is, we identify
t with tH, and A with A\y. The complexification ai of a* can then be identified
with €. Under this correspondence the half-sum of the elements of X", denoted
by p corresponds to the real number 3 (m, + 2m,,), where m,, (respectively m,, ) is
the multiplicity of the root «y (respectively, 2v). We will frequently identify p with
this positive real number without further comment. Furthermore, the positive Weyl
chamber a; C a (respectively, af C a*) gets identified under this correspondence
with the set of positive real numbers. We let exptH, = a4, € A fort € R. This
identifies A with R. Let loga be the unique element in a such that exp(loga) = a.
Thus under the above identification loga, = ¢.

https://doi.org/10.4153/CMB-2007-029-6 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2007-029-6

Beurling’s Theorem and Characterization of Heat Kernel 293

Let H: G — a be the Iwasawa projection associated to the Iwasawa decomposi-
tion, G = KAN. Then H is left K-invariant and right MN-invariant where M is the
centralizer of A in K. For A € a* (respectively, H € a) we denote by \* (respectively,
H*) the unique Weyl translate of A (respectively, H) that belongs to the closure of
the positive Weyl chamber a* (respectively, a,). We have \*(H') = |A\(H)| where |7
denotes the modulus of the real number r. Note that the Weyl group is isomorphic to
7. The unique nontrivial element of the Weyl group takes an element A € a* = R
(respectively, H € a) to —A (respectively, —H). Therefore A (respectively, H")
corresponds to |A| (respectively, |H|) under the above identification of a* (respec-
tively, a) and R.

We have the a-valued function A(x, k) on X x K defined by A(x, k) = —H(x™'k),
x € X,k € K. Note that A descends to a function, also denoted by A: X x K/M — aq,
since H is right M-invariant.

The Killing form B of the Lie algebra g restricted to a is positive definite and gives
a Weyl group equivariant isomorphism between a and a*. Using this isomorphism
we get an inner product on a* which we will also denote by B. We will normalize the
Killing form so that B(~y, y) = 1. Then we have B(H,, H,) = 1. By abuse of notation
we will denote this normalized Killing form by the same letter B. Henceforth we will
always use this normalized B and call it the Killing form. Note that with the above
identification B(\, \) = B(A\y, \y) = A2 and B(loga;,loga;) = B(tH,,tH,) = 12
Thus |¢| and |A| respectively are the Killing norms of loga, € aand A € a*.

For x € G, we define o(x) = d(xK, K) where d is the canonical distance function
for X = G/K coming from the Riemannian structure induced by the normalized
Killing form restricted to p. Here g = ¥ & p (Cartan decomposition) and p can
be identified with the tangent space at eK of G/K. The function ¢ is K-biinvariant
and continuous. Note that for x = kja:k,, ki, ky € K,a; € A, 0(x) = o(a;) =
/B(tH,,tH,) = |t|, i.e, o(a) = |logal, the Killing norm of log a.

On X we fix the measure dx which is induced by the metric we obtain from B. As
the metric is G-invariant, so is dx. On G we fix the Haar measure dg satisfying

[ rwas= [ s

for every integrable function f on X which we also consider as a right K-invariant
function on G. While dealing with functions on X, we may gloss over the difference
between the two measures.

We normalize the Haar measure da on A so that fA fla)da = fR f(a;) dt, where
dt is the Lebesgue measure on R. As usual, on the compact group K we fix the nor-
malized Haar measure dk, i.e., vol(K) = f « dk = 1. Finally we fix the Haar measure
dn on N by the condition that [ f(g)dg = [, [ [ f(ank) dkdnda holds for every
integrable function f on G.

For an integrable function f on R, we define its Euclidean Fourier transform at
Nas [, f (x)e~" dx, and we denote it by Ff()\). We follow the practice of using
C,C’ etc. to denote constants whose values are not necessarily the same at each
occurrence.
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Definition 2.1 For a function f in C°(X), the Helgason Fourier transform fof f
is defined by

FOk) = / e TMIACR) £(x) dx, A€ a*,keK.
X

Note that ]7 descends to a function on a* x K/M. By abuse of notation we will
continue to denote this function by f For f € L'(X), there exists a subset B of K of
full Haar measure, such that ]7()\, k) exists for all k € Band A € C with |3\ < p,
where S\ is the imaginary part of A. Indeed for each fixed k € B, A — f()\, k) is
holomorphic in the strip { A € C | ISA| < p} and continuous on its boundary
(see [14,15] for proof, see also [18]).

Definition 2.2 For f in C2°(X), the Radon transform R f of f is defined by

Rf(k, a) = 108 / fkan)dn, keK,a€A.
N

Then R f descends to a function on K/M x A, and (as in the case of f) we continue
to denote this function by R f. We will also use the notation Rf(k, t) for Rf(k, a;),
teR.

For f as above, the basic relation between R f and f is the following:

(2.1) FOLK) = FRF(k, )N,

where J denotes the Euclidean Fourier transform on A = R, i.e,, FRf(k, - )(A) =
Jg Rf(, t)e M dr.

Let K, be the set of equivalence classes of irreducible unitary representations of K
which are class 1 with respect to M, i.e., the irreducible unitary representations of K
which contain an M-fixed vector. Let § € Ky and let f € L'(X) be K-finite of type 4,
i.e., d(0)xs * f = f where d(J) (respectively, x5) denotes the degree (respectively,
character) of  and (d(9)xs* f)(x) = d(9) fK f(kx)xs(k)dk for x € X. In particular, if
0 is the trivial representation, then f is a K-invariant function on X. For a function f
of type § we have |f(x)| < C [, | f(kx)| dk where C = d(8) supycy |Xs(k)| = d(6)*.
Let g(x) = [, |f(kx)| dk. Then g € L'(X) and g is K-invariant, that is ¢ € L'(G) and
g is K-biinvariant. We have | f(x)| < d(5)*g(x).

Definition 2.3 For a 6-type function f in L'(X), the Abel transform Af of f is
defined by

Af(a) = erlos) / flan)dn, acA.
N

It is well known that for a K-invariant function g € L'(X), Ag exists for almost every
a € Aand Ag € L'(A) [10, p. 27]. Now since

|Af(a)| < ellos) / |f(an)| dn < d(5)?e’1o8® / glan) dn = d(5)*Ag(a)
N N
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for the K-invariant function g constructed from f as above, we conclude that A f €
LY(A). We will write A f(¢) for Af(a;),t € R.

It is also well known that for f € L}(X), Rf € L'(K x A, dkda). We include the
proof here for the sake of completeness. For f € L'(X), we construct the function
g(x) = [ |f(kx)|dk. Then g is a K-biinvariant function in L'(G) and hence, as
mentioned above (recall the identification of A and R), Ag(t) € L'(R). But

Ag(t) =™ / glan) dn = e’”/ / | f (ka;n)| dkdn
N N JK

- / ¢ / | f(kayn)| dndk = / RIf|(k, ) dk.
K N K

Since [, Ag(t)dt < oo we have [, [ R|f|(k,t)dkdt < co. This proves our asser-
tion. Thus for f € L'(X), we can consider the Euclidean Fourier transform in the
A-variable of Rf(k, - ) for each fixed k where it exists. Now, it can also be shown in a
similar way that the relation (2.1) holds when f € L'(X) for almost every k € K.

For A € a¢ = C, we denote by ¢, the elementary spherical function with param-
eter \. We have for all x € X, ¢5(x) = ¢p_x(x) = [ "= VAER) gk [12, p. 418]. We
will often regard ¢, as a K-biinvariant function on G.

The following estimates on the growth of ¢, are well known [8, Proposition 4.6.1;
Theorems 4.6.4, 4.6.5], [13]. Let =(x) = ¢o(x). Then

(2.2a) [PA(x)| < Lfor A € C,[SA[ < p,
(2.2b) |pa(x)] < elSMWE(x) forall A € C,
(2.2¢) Z(a) < C(1 + o(a))e 189 and =(q) > ¢ Ploga

fora € AT = exp @, and a positive constant C.

We denote the spherical Plancherel measure on a* by pu(A)dA, where dX is the
Lebesgue measure and ;1(\) = |c(\)| 72, ¢(-) is Harish-Chandra’s c-function. It is
well known that p4(\) is real analytic on a* = R (see [2, p. 399] for an explicit expres-
sion of (A)).

Recall that the elements § € I?O can be labelled by a pair of integers (r,s) with
s > r [13, pp. 344-347 ]. The trivial representation in Ko corresponds to the pair
(0,0) in this setup. Note that if m,, > 0, thenr > 0,5 > 0 and if m,, = 0, then
r = 0. Thus for both the cases (r, s) is a pair of nonnegative integers.

It is known that for each § € Ko, the M-fixed vector is unique upto a scalar mul-
tiple [17]. Let (8, V) € K. Suppose {v; | i = 1,...,d(d)} is an orthonormal basis
of V5 of which v, is the M-fixed vector. Let Y5 (k) = (v;,0(k)vi),1 < j < d(9)
and let Y, be the constant function Yy = 1 on K. Note that Y ; is right M-invariant,
i.e., it is a function on K/M. Recall that L*(K /M) is the carrier space of the spherical
principal series representations m, A € C in the compact picture and { /d(0)Ys,; :
1<j<d),de I?O} is an orthonormal basis for L*(K /M) adapted to the decom-

position L*(K/M) = ¥;_¢ V5. As the space K/M can be identified with §"*", this

https://doi.org/10.4153/CMB-2007-029-6 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2007-029-6

296 R. P. Sarkar and J. Sengupta

decomposition can be viewed as the spherical harmonic decomposition and therefore
Y5, ;’s can be considered as the spherical harmonics. The action of ) is given by:

(mx(x)g) (k) = eMPAEK (5 (x k) forx € G,k € K and g € L*(K/M).

Here x(x) is the K-part of an element x € G in the Iwasawa decomposition G =
KAN. The representation 7y is unitary for A € R. For f € L'(X), § € I?O and
1 < j < d(0) we define f5 j(x) = fK f(kx)Y; ; (k) dk. It can be verified that f;; is a
function of type d.

We have [f5;(x)| < [[¥5lloc [ [f(ko)|dk < [ |f(kx)| dk, since [|Y5j]loc =
SUPrek |Y5,J'(k)| <1

Ford € I?O, 1 <j<d(d), € afandx € X, we define

(2.3) O] 5(x) = / N PIAKMY M) dik.
K/M

We have <I>f;75(x) = (mA(x)Y0,Y; j), thatis, CI&(; is a matrix coefficient of the spherical
principal series representation. It follows that for each fixed x € X, A — (I& 5(x) is
holomorphicin A. Let A be the Laplace—Beltrami operator of X. It is a negative self
adjoint operator. It is well known [11, p. 333] that ‘bi_ 5 S are eigenfunctions of A with
eigenvalues —(\? + p?). When & = & is trivial, then Y55 = Y51 = Yo and @} 5 is
obviously the elementary spherical function ¢,(x). For A € af, x = ka,K € X and
1< j<d(8)[13, p. 344]

(2.4) O} 5(x) = V5 ;(kM)D} 5(ay).

Then @)  is related to ®! , ; by

A
(2.5) P\ ; = %‘I’l—ma

where Qs are Kostant’s polynomials [13, p. 348, (13)]. Kostant’s polynomials Q; are
given by Qs(A) = p,;(A)g,s(A). For explicit expression of p,; and g, see [13, p. 345,
(7), (8); p. 348, (15), (17)]. Note that our Qs(\) is Q°(—\) in [13]. Notice also that
for both the cases m,, = 0 and m,, > 0, Qs is a polynomial and that Q;(\) and
Qs(—A) are relatively prime [13, p. 348]. Itis clear [13, pp. 344-345] that deg Qs = s.
Indeed Qs()) is the polynomial factor of ‘I’i,o‘ and hence of @ﬁﬁ for1 < j <d(6)[13,
p. 344, (5), (6)].

Because of the relation (2.4) above, we have <I>f;75 = Q?g(j\/)\) <I>j7/\’5.
Let

FNs, = / f(x)<I>];/\’5(x) dx for \ € a*.
X
It is clear that ]?()\)5, jis the (4, j)-th matrix coefficient of the operator valued Fourier

transform f()\) = f ¢ f(x)m_x(x) dx. From above we see that ﬁ i(A) has the polyno-
mial factor Qs(—M\).
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Note that
|(I)J;)\75(x)| < / |6(7i/\+p)A(x'kM)|Y5ﬁj(k)dk
K/M

< / e(S/\er)A(x,kM) dk (as HW]HOO <1)
K/M
= pga(x).

Therefore from the estimate (2.2a) we have \<I>j ()| < 1forall A € Cwith |SA] < p.

From the above uniform estimate of ®’ )5 and the fact that A — o] )¢ is a holomorphic
function in A (see the comment followmg equation (2.3)), it follows by a standard
use of Morera’s theorem in conjunction with Fubini’s theorem that for f € L'(X),

]?(/\)57]- is holomorphic on the open strip {A € C ‘ |SA| < p} and in particular it is
real analytic on a* = R.
Let f € L'(X) N L*(X). Then for every \ € a*,

(2.6) FOB =3 3 [f0sl

SeR, 1<7<d(0)

where || - ||, is the Hilbert-Schmidt norm.
Also by (2.5)

Qs(A) =~

(2.5") F(=N)sj = NEY

f( )6]

Note that for A € a%, Qs(A) = Qs(—=A) = Qs(—A) [13, p. 348]. Consequently,
|f(N)s,j| = [f(=N)s,j] for X € a*.
The following is also easy to see:

) [ Foukos, 06 dk
K
://f(x)e(fi’\er)A(x’k)Yg’j(k) dkdx  (by Fubini’s theorem)
X JK

= /X F)@, 5(x) dx
= FNs

Starting from the relation (2.1) and using (2.7) we have

/ FRO)(k, - )NT5, (0 dk = TN
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Now the left-hand side is (recall that a* = R):

/ / R(f)(k, t)e ™ drY; ;(k) dk
K JR

— / / e / f(kan) dne™™ dtY; ;(k) dk
K JR N

= / e’ / fsj(am)dne " dt  (by Fubini’s theorem)
R N

= / A(fs ) (H)e™ ™ dt
R

= FA ).
Therefore,
(2.8) FAS NN = FNs).
Note that from above it is also clear that
(2.9) !/RUMkﬂnﬂMdkzﬂuwxm
K
and hence
2.10) A0 = | [ RT3
K

s/mmmMﬂs/wmka
K K

since [|Y5j|[o0 < 1.

We will conclude this section with a description of the heat-kernel of the symmet-
ric space X. The heat kernel on X is an appropriate analogue of the Gauss kernel p;
on R”, where p;(x) = (4t)~2e= 5P /4 ¢ > o,

Recall that A is the Laplace—Beltrami operator of X. Then (see [24, Ch. V]) T, =
e'®,t > 0, defines a semigroup (heat-diffusion semigroup) of operators such that for
any ¢ € C(X), T;¢ is a solution of Au = %‘; and T;¢p — ¢ a.e.ast — 0. For
every t > 0, T; is an integral operator with kernel #,, that is, for any ¢ € CZ°(X),
Ti¢p = ¢ * h;. The hy,t > 0 are K-biinvariant functions on G having the following
properties:

(1)  h(x,t) = h(x)isin C°(G x R*).

(ii)  {h; : t > 0} form a semigroup under convolution *. That is i, * hy = hy, for
t,s > 0.

(iii)  h, is a fundamental solution of Au =

(iv)  h € LHG) N L>®(G) for every t > 0.

(v) [y h(x)dx = 1foreveryt > 0.

u
ot *
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Thus we see that the heat kernel /; on X retains all the nice properties of the Gauss
kernel. It is well known that h; is given by [1]:

(2.11) mmzéff%“ﬁ@mMMM.

a
That is, the spherical Fourier transform of h, is 11, (\) = e~*»**?")_ It has been proved
[1, Theorem 3.1 (i)] that for any ¢ > 0, there exists C > 0 depending only on X such
that

dy—1

(2.12) he(exp H) < Ct~te =0 =55 (1 1 |H|2) ™S

for H € a*, where dy = m,, + m, + 1 = dim X.

3 Statement and Proof of the Theorem
Theorem 3.1 Let f € L*(X) satisfy

FE O] @M E(x)
(3.1) /X/a (1+J(x)+|)\|)d dxp(N)dA < oo

for some nonnegative integer d. Then f is a K-finite function of the form f = 3 ;. hs
whereF = {6 € Ky | s < 4=dx} s a finite set of K-types and h; is a function of type §
having Fourier coefficients /Hgﬁj()\) = P(g’j()\Z)Q(;(—)\)e*(Mz for1 < j < d(d). Here «
is a positive constant and P(gﬁj a polynomial which depends on § and j.

In particular if d < dy, then f = 0 almost everywhere.

Remark 3.2 In Section 2 we discussed the correspondence of elements of Ko with a
pair of integers, which we have used in the above statement. As s > 0, only finitely
many s can satisfy s < %. Again r > 0 and r < s. Therefore for a given s, there can
only be finitely many r such that (r, s) corresponds to an element of K,. Hence there
are only finitely many elements in F.

Proof We have divided the proofinto several steps for the convenience of the reader.
We will use Fubini’s theorem freely throughout the proof without explicitly mention-
ing it.

Step 1: In this step we will show that f € L!(X). It is given that f € L*(X). Hence

f is alocally integrable function on X. We will first show that f cannot be supported
on a set of finite measure.
From (3.1) we have

|f(0)le” ™M E(x)

Trom ) X<
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for almost every A € a*. Since )? = 0, there exists Ay # 0 such that f()\o) = 0 and
the inequality above holds for A = Aq. Suppose |A\¢| = r > 0. Thus we have

| f(x)]e @ E(x)

T x o) nd X<

As fe Ll (X),for0<r' <r, fx |f(x)\erl” )=(x) dx < 0o. Recall that ]?(/\)5,]- =
Jx f(x)(I)]_M(x) dx, for § € Kyand 1 < j < d(5). Now,

[ el e < [ Irlel ool dx
X X
< [ iz
X

- / )] eI g
X

This shows that ]?( +)s,j is holomorphic in the open strip [SA| < r’ in ag. There-
fore f(-)s,; and hence f cannot be supported on a set of finite measure.

Now since ]?is supported on a set of infinite measure and as ;4(\) is real analytic,
from (3.1) we see that for some A} € a* with [A;| > 2|p|,

|f(X | \/\1|ax

[fI=)en ™, .
(oG + apE =™

Now from (2.2¢) we have for x = kjak,, Z(x)~! < erloga) < elelllogal — plplo(x)
Therefore

2(x) eI 1 o) + (AT < eI+ o (x) + M)

The function e~ 170 (1 + o(x) + [ A1 |)d is continuous and bounded. Hence

[A1]o(x)
/|f(x)\d |f(x)| (x)e ( (x)—le—|)\1|o(x)(l+0_(x)+ ‘)\1|)d> dx < oo.

T+ o(x) + [\ )4

That is, f € L}(X).

Step 2: In this step we will show that (3.1) implies the condition:

RSk, )] F(A)s el
(3.2) /K// (1+ [¢] + A9 dkdtp(\)d\ < oo,

for every fixed § € Eo and 1 < j < d(9).
Since all the terms of the integrand in (3.1) are right K-invariant, it is equivalent
to

7 A, e @A =
/ |fGI1f (Vs j]|2¢7™ M E(x) dxp(\)dA < oco.
G Ja*

(I+o(x) + |A]?
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Also as
-~ d(5’) ~ -~
FNal < 1YY sl = 1F I
6’€ku j'=1
we have
F@)1f Vs le” PPN E ()
(3.3) /G . 1to0) T |)\\)d dxp(N)dA < oco.

By definition, E(x) = [, e ?H(* 97D gk Plugging this into (3.3) and using
K-invariance of the measure dx and of o(x), we obtain

O FO)5 e @A —pHET)
// £ F Vs, 1le () d dxdk < oo.
KJX Ja*

(1+o(x)+ A4

We write the integral dx over X as da dn over AN and use the fact that H((an)™!) =
—loga to get,

k y s o (an)|\|+p(log a))
(3.4) /// |ftkam)| [f (Nl e (N d\ dadndk < .
KJAJN Ja*

(1+o(an) + |A])?

Assuming f # 0, this implies that there exists & > 0 such that
/ |]?()\)5ﬁj|ea"\|u(/\) d\ < oo.
-

In particular it follows that ]?()\)57]4 € L'(a*, p(\)dN).

For I > 0 the function l
t

g(t) = m

is monotonically decreasing for 0 < ¢ < % — 1 — l and increasing for t > % —1-1
Therefore for a € A with o(a) > ﬁ — 1 —|\|, one has

(1t a(an) + AT > DN+ o(a) + | A,

as o(an > o(a). Hence by (3.4) one concludes

k FON)s 5| e7@A+plloga))
/// /fwmm»m d dnda OV dk < oo,
KJ oS {acAlo(a)> L —1—|A}IN (L+o(a)+|A)

AT

That is,

R(f) Kk, @) | f (V)5 @D
35 dap(N)d\dk .
(3.5) /K/u*/{aEAo’(a)>d1|/\} (1+o(a)+ |>\|)d ap(A) < 0

Y
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Note that when |)| is large so that \;jl —1—|A\] < Othen{a € A | o(a) >
ﬁ — 1 —|\|} = A as o(a) is nonnegative. This shows that R(|f|)(k, a) is finite
almost everywhere. Further assuming that f(\)s,; is nonzero, it is nonzero for A with
arbitrary large |\| as it is a holomorphic function in A. This implies that R(| f|)(k, a)
isin L'(A x K).

Finally when o(a) < ﬁ — 1 — |)| then @M < o Therefore,

R F Kk, @)] ()3, €7@
(1+o(a) + A4

< "R\ f)k, @) F (M) -

As the right-hand side is integrable with respect to p(A\)dAdadk, we have

R\ )k, a)| |f(N)s j| @D
3.6 : da p(N)dA dk .
(3.6) /K/ﬂ*/{aeAJ(a)fl%—l—M} (1+0(a)+|)\|)d au( ) < 00

The inequalities (3.5) and (3.6) together establish (3.2).
Step 3: From (3.2) and (2.10) we have

/ LA )OI F s,
R JR

(3.7) (L= [t + DA

dtp(\)d\ < oo

ford,6" € Ko, 1 < j < d(8),1< j <d(&").
In particular we can take 6 = ¢’ and j = j’ to obtain

GO Nl
oy ~/RA (1+t] + [AD)? tu(A)dA < oo.

Step 4:  Now we will show that in (3.8) u(A\)dA can be replaced by dA. We have the
following asymptotic estimate of the spherical Plancherel density [2]

(3.9) /L()\) — |C()\)‘72 ~ <)\’,Y>2(1 + ‘</\’,Y>|)m7,+m2772’

where ., m,, are as defined in Section 2. Here f =< g means ¢;g(A\) < f(A) <
c2¢(X) for two positive constants ¢;, ¢; and A € a*, |A| large.

As f()\)& ; is holomorphic, hence continuous, this immediately implies our asser-
tion, that is, we get

dtd\ < oo.

/ AN Nl
RJR

(3.10) (L+ 1]+ A

Step 5: In this step we will deduce that j?()\)(;ﬁ = P(A)e"“z, where P is a polynomial
which depends on ¢, j and « is a positive constant, which is independent of 9, j.
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We claim that A(f5 ;) € L'(R) N L*(R). Recall that f € L'(X) N L*(X). There-
fore by Plancherel theorem fR( | F)]3(N)dX < oo and in particular f(\)s; is in

~

L*(R, 1(A)d\). On the other hand, f being an L! function, f(N)s,j is a continuous
function and hence locally integrable. Now since the Plancherel density () tends
to oo as |A| tends to oo, ]?()\)5,]4 € L?(R). But ]?()\)5,]4 is also the Euclidean Fourier
transform of A(fs, ;) (see (2.8)). Therefore, we can use the Euclidean Plancherel the-
orem to conclude that A(fs ;) is in L*(R). Again since f is in L'(X), so is fj, i» which
is a function of type J on X. We have shown (following Definition 2.3) that A(f5 ;)
isin L'(A) = L'(R). Thus the claim is established. R

In view of (2.8) we can apply Theorem 1.2 to obtain f()\)s; = P()\)e_“z. A
priori the polynomial P as well as the constant o depend on J, j. We will see that the
constant « is actually independent of 9, j.

Suppose for 41,0, € I?o and 1 < j; < d(6)),1 < jp, < d(6,),

(3.11) f(>\)51ﬁj1 — Py(A\)e ™Y,
(3.12) ]?(A)(sz,jz = Pz()\)efaz/\za

where Py, P, are two polynomials, o, v, are positive constants. Suppose o # ;.
Without loss of generality we can assume that oy < . From (3.12) above we have

(3.13) A(fs, 1)(8) = Py(t)e” ™",

Substituting (3.11) and (3.13) in (3.7) we see that the integrand in (3.7) is

1

IPLOV)||Pa (1)~ VA= 2w D7 Al
(L+[t] +[AD4 ’

where A = 1 — y/a;/a; > 0as ay/a; < 1. Therefore the integrand in (3.7)
grows very rapidly in the neighbourhood of the hyperplane (pair of straight lines)
VailA| = ﬁw and the integral diverges. This establishes that the positive con-
stant « is independent of § and j.

Step 6: This is our final step wherein we conclude the proof of the theorem. From
the previous step we know that f(\);; = P()\)e—a,\z. From (2.5") we get

Qs(A) _ P(=N)

Qs(=A) PO\’

Since Qs(A) and Qs(—A\) are relatively prime (see §2), Qs(—X) divides P(A) and
hence P(\) = P’/(A\?)Qs(—\) where P/(\?) is a polynomial in \?>. As degQ; = s
we see that deg P(A) > s.

On the other hand, noting that A(fs ;)(¢) = P(t)e_ﬁtz, substituting ]?(/\)5,]- and
A(fs,;)(¢) back in (3.8) and using (3.9), it is easy to verify that degP < % where
d’ = d — (m, + my,) as otherwise the integral in (3.8) diverges.
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Therefore if s > %, then fs5 ; = 0 almost everywhere. Ass > rands,r > 0, we
conclude that only for finitely many § € K, which corresponds to the pair of integers
(r,s) with s < %, f5,; will satisfy (3.8). We thus conclude that f is a K-finite
function of the form described in the statement of the theorem.

In particular if " < 1, thatis, if d < 1 + m, + my, = dy, then there is no s
satisfying s < % and hence in that case f = 0 almost everywhere. ]

Remark 3.3 1f in the above theorem we add the condition that f is a K-biinvariant
function, then the theorem concludes that the spherical Fourier transform of f, i.e.,
fx fx)p_r(x)dx = P’()\Z)e"“2 for some polynomial P and a positive constant c.
From this it follows that f is a derivative of the heat-kernel ,.

4 Sharpness of the Estimate

In order to complete the picture we investigate the optimality of the condition used
in Theorem 3.1. More precisely, suppose a function f € L'(X) N L*(X) satisfies

(4.1)

= co(x) [\ = —€
/ UV NEC i < oo
X Ja*

(1+o(x) + A9

for some nonnegative integer d and ¢, € € R.

(i) We will see that if {c > 1 ande > 0} orif {c > 1 and ¢ > 0} in (4.1), then
f = 0 almost everywhere.

(i) We will find a symmetric space X on which there can be infinitely many
linearly independent functions in L'(X) N L*(X) satisfying the estimate (4.1) with
{¢ < lande < 0} and with {¢ < 1 and ¢ < 0}. These functions are not of the form
characterized in Theorem 3.1.

Incase (i) asc¢ > land =Z7¢ > 1, f satisfies the condition (3.1) in Theorem 3.1 and
hence ]/‘\()\)5,]4 = P(gﬁj()\)e_“kz. Therefore A(fs ;)(t) = P(;Tj(t)e_mz where aff = i,
since A( fs,;) is the Euclidean Fourier inverse of ]?(-)(5, i

On the other hand starting from the condition (4.1) and following the steps of the

proof of Theorem 3.1 we obtain finally,

A N0 fF Vs j
“2) // L+ [t + A

es\)\\|t|espt

dtd\ < oo.

Substituting A(fs ;)(¢) and fj;, i(A) as obtained above in this inequality we see that it

demands
e~ (ValX=VBIt])? gle=DIAlI¢] pept
/ / y dtd)\ < oo.
R JR T+t +[AD

But around the hyperplane \/a|\| = /f|t|, the integrand grows rapidly as [t| — oo,
sincec—1 > 0 ore > 0. Hence the integral becomes infinite, which contradicts (4.2).
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Next we consider the case (ii), that is, we will find a symmetric space X and func-
tions f on X which satisfy

S @IF ) [P @)+’
(4.3) /X i A+ ot + 7 dxp(N)dX\ < oo

for some nonnegative integer d, and eitherc < 1,e’ > 0orc < 1,&’ > 0.
Let G = SL(2,C) considered as a real Lie group and K = SU(2). Consider the
symmetric space X = SL(2,C)/ SU(2). Let

A={a= (9 %) rer).

Then ¢y(a;) = ;i‘:i(lf}i)t, and the Plancherel measure is p1(\) = A? [12, p. 432]. We

define a K-biinvariant function g on X by prescribing its spherical Fourier transform
g = [ g(x)p_x(x)dx = F())(N\)e N/4P(\) for A € R, where ¢ is an even func-
tion in C>°(R) with support [—(, (] for some ¢ > 0, F(¢)) is its Euclidean Fourier
transform, and P is an even polynomial in R. This means that g is the convolution (in
G) of a smooth compactly supported K-biinvariant function on G with a (invariant)
derivative of the heat kernel of X. Indeed it is clear from the Paley—Wiener theorem
that F(¢)) is also the spherical Fourier transform of a K-biinvariant smooth function
on G supported in a ball of radius (.

It follows that g is a K-biinvariant function of the L?>-Schwartz space of G. By the
inversion formula for the spherical Fourier transform, we have

ﬂm:cAﬁmemumx

= .L/S"(w)(A)e_%/\P(/\)sin/\td/\.
sinht Ji

Using Fourier inversion on R, we see that g(a;) = ﬁ (1 *g h)(t), where xg is the
convolution in R, 1, is a derivative of 1) and hence a function in C°(R) with support

contained in [—(, (], h(t) = e, An easy computation shows that
lg(an)| < Ce ™ =t < Cemo@)Z(g,)1 =%
If we choose ¢ > 0 such that ] = 1 — 4¢ > 0, then we see that the function g on X

satisfies .
g(x)| < Ce 7 = (x)(1 + o(x))M forall x € X

for M > 0 and ! € (0, 1), and its spherical Fourier transform g satisfies

BN < Cle 5 (1+ AN forall A € R

for some N > 0.
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Thus we can find a function g on X which satisfies the above estimate for any given
1€ (0,1). Suppose &’ > 0. We choose [ (that is, choose () so that I + &’ > 1. Then it
is easy to verify that g satisfies the estimate (4.3) with ¢ < 1 for any suitable large d.

Now suppose ¢ < 1and e’ > 0. If ¢ < 0, the above function g clearly satisfies
(4.3). We need only therefore consider the case when 0 < ¢ < 1. Notice that we can
choose o, B € R", e < 1and 8 < i satisfying the constraint 4a3 = ¢ such that the
above function g and its spherical Fourier transform g satisfy

lgx0)| < Ce_“”(")ZE(x) forall x € X,
g\ < Cle ™ forall A € R.

Clearly the pair (g, £) satisfy (4.3).

From the construction of g it is clear that there are infinitely many linearly inde-
pendent functions satisfying the estimate in case (ii). This example is a modification
of the example given in [23].

5 Consequences of Beurling’s Theorem

In this section we will justify our claim made in the introduction that this extension
of the Beurling-H6rmander theorem is the “master theorem”, that is, all other the-
orems of this genre follow from Theorem 3.1. All the theorems in this section also
characterize the heat-kernel described in Section 2. First we consider the Gelfand—
Shilov theorem.

Theorem 5.1 (Gelfand-Shilov)  Let f € L*(X). Suppose f satisfies

(ao(x)P

|[f(x)]e » E(x)
x (A +ox)N

~ i
[fN)]l2se 7
e (TH[ADN

(5.1) dx < oo,

(5.2) 1(A) dX < oo,

where 1 < p < 00, % + é = 1 and N is a nonnegative integer.

(i) IfaB > 1, then f = 0 almost everywhere.

(ii) IfaB = 1and p # 2 (and hence q # 2), then f = 0 almost everywhere.

(iii) IfaB=1,p=qg=2and N < dx+ 1, then f = 0 almost everywhere

(iv) Ifaf =1, p =9 =2and N > dx + 1, then f is a K-finite function of the
form described in Theorem 3.1. In particular if N = dx + 1, then f is a constant
multiple of the heat kernel hy for somet > 0.

a(x))N(1 + |A|)V, from the assumptions (5.1) and (5.2), we obtain:

Proof (i) Since %U(x)f’ + %qwq > afo(x)|\| and (1 + o(x) + (AN > (1 +

/ @) ae PN E(x)
X Ja*

(5.3) I+ o)+ DN

dxp(N)dX < oo.
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But as a3 > 1, we conclude that f = 0 almost everywhere (see §4).

(ii) Fixa 8 € K, and an integer j such that 1 < j < d(§). We will show that
f5,j = 0 almost everywhere. Note that conditions (5.1) and (5.2) of the theorem can
be reduced, respectively, to

1)l “F E)
(5.4) /X O dx < o0,
~ BIAD1
)\ .
(5.5) * %M(A) d\ < oo

Therefore we can confine ourselves to the (d, j)-th component of the function. Using
aff = 1, we can argue as in (i) and show that

()| F e Y=
(5.6) / o OIF o720 33 an < oo,
X Ja*

(1+0(x)+ AN

and thereby conclude from Theorem 3.1 that ]?( -)s,j s either identically zero or of
the form P(;J-()\)e**‘%’\2 for some 3y > 0.
Now, if we consider the case when 1 < p < 2, then we see that unless f(\);5; = 0

for almost every ), it cannot satisty (5.5) because g > 2.

Next we take up the case when p > 2 and hence 1 < g < 2. Since p(\) has
—BoX?

polynomial growth (3.9), fA(/\)(; i =Dsje satisfies
-~ (olAD?
|f()\)6j|e
() d\ < o0,
- M

where vy = /20y, for some suitable M > 0. We choose oy such that agyp > 1. Since
p > 2and f;; € L'(X), we see from (5.4) that

o(x))?

/ |]%,j(x)|em’j2 E(x)
X

O dx < oo.
But then from (i) it follows that f;5 ; = 0 almost everywhere.

(iii)—(iv) By the above argument, ]?()\)57]- = P(;,j(/\)e_ﬁ(”\z. It follows from (5.5)
with g = 2 that /283, > 3. Butif 23, > (3%, then av/2(3; > 1. On the other hand,
fA& j satisfies (5.5) with ¢ = 2 and with {3 replaced by /20, for a suitably large N.
Therefore by (i), f5; = 0 almost everywhere. Hence ]?5,]-()\) = Pgﬁj()\)efﬁz’\z/z.
Now, as noted in the proof of Theorem 3.1, Qs(—A\) is a factor of Ps ;()), and hence
degP;s ; > deg Qs = s. Therefore, only for finitely many § € Ko can j?(g ; satisfy (5.5).
This proves the first statement in (iv). Substituting f; ; back in (5.5) and using (3.9)
it is now easy to verify that if N < 2 + m, + my, = dx + 1, then f;; = 0, and if
N = 2+ m, + my, = dx + 1, then degP;; = 0 and hence f(;’j()\) = Ce N2,
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But that is possible only when 9 is trivial. Indeed from (2.3) it follows that <I>f 6 =0
when § € Kj is nontrivial and 1 < j < d(J). Hence for such a 6, f5 j(ip) = 0, which
is not possible if ]?5’ N =cC e=#XN/2 Thus f is a constant multiple of the heat kernel
h; wheret = %2 |

We will see below that the theorems of Morgan, Hardy and Cowling—Price follow
from the Gelfand—Shilov theorem proved above.

Theorem 5.2 (Morgan’s theorem) Let f: X — C be measurable and assume that

(5.7) |f()| < Cre W' E(x)(1 + o(x))" forallx € X,

(5.8) 17OVl < Cye forall\ € a* =R,

where Cy, C, and a, b are positive constants, n is a nonnegative integer, 1 < p < oo and

ste=1

(1) If(ap)%(bq)% > 1, then f = 0 almost everywhere.

(i) If(ap)% (bq)% = land p # 2, then f = 0 almost everywhere.

(iii) Ifp=q=2and (ap)%(bq)}l = 1, thatis ab = }, then f is a constant multiple
of the heat kernel.

Proof Leta = %p and b = % Then f and fsatisﬁes Theorem 5.1 for some suitable

N. The condition (ap)"/?(bq)'/? > 1 translates as a3 > 1. Thus (i) and (ii) follow
from Theorem 5.1(i) and (ii). For (iii) again we use the proof of Theorem 5.1(iii)—

(iv) to conclude that fA(;,j()\) = P(;_,j()\)e*“z. But because of the condition (5.8) of
this theorem, Pj ; is a constant. But this implies that only for trivial § = d, can f; ;

be nonzero, and the spherical Fourier transform of f is Ce " (see the argument at
the end of the proof of Theorem 5.1, (iii)—(iv)). That is, f is a constant multiple of
the heat kernel at t = b. [ |

Morgan’s theorem implies the well-known Hardy’s theorem as a particular case
(p = q = 2). To stress this point we will write it as a separate theorem.

Theorem 5.3 (Hardy’s theorem) Let f: X — C be measurable and assume that,

(5.9) 1f(x)] < Cre™ ™' E(x)(1 + 0(x))"  forallx € X,
(5.10) I FN) < Cre P forall A € a* =R,
where Cy, C, and a, b are positive constants, n is a nonnegative integer.

(i) Ifab > 1, then f = 0 almost everywhere.
(i) Ifab = ;, then f is a constant multiple of the heat kernel.
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Theorem 5.4 (Cowling—Price) Let f: X — C be measurable and assume that for
positive constants a, b and nonnegative integers m, n,

(|f ()] S @)
(5.11) / 1+ o))" dx < oo
(5.12) / (Hf(/\)HzebIAI )2 SOV < 00
' D ’

where 1 < py, py < 00,

(1) Ifab> i, then f = 0 almost everywhere.
(i) Ifab = {, then f is a K-finite function of the form described in Theorem 3.1. In
particular, if dx < n < dx + p,, then f is a constant multiple of the heat kernel.

Proof Let us first assume p; and p, are greater than 1. Let q; and g, be respectively
the conjugates of p; and p,, that is 1%{ + i = 1,i = 1, 2. Using the estimate of =(x)
given in Section 2, we note that

S(x) i
(1+0o(x)s

is in L% (X) if m" > 3. Therefore it follows from condition (5.11) in the hypothesis
that

/f(x)|ew<x>25(x)i—r1 S(x)n /dx:/ |f ()] e ™ =(x) dx < oo,
X X

(1+ o'(x))ﬁ 1+ a(x))% (1+o(x))M

where N; = pﬂ] + ’g—l.

Similarly using (3.9), we see that if n’ > 1+ my + myy, then
- 2
[f)e
—————p(A) dX < 00
o (L AN
where N, = ” Loy e
When either p = 1 or p, = 1, then the above two inequalities are evident. Thus
this becomes a particular case of Theorem 5.1 when p = g = 2, N = max{N;,N,}

anda = %, b= Z—z Note that the conditions ab > } and ab = } in the hypothesis
translate as o > 1 and a8 = 1 respectively, when we fit them in Theorem 5.1. The
result now follows from Theorem 5.1(i), (iii) and (iv) in a fashion similar to what was
used in the previous theorems in this section. We omit the details to avoid repetition.

In the above theorem, we may take either p1 or p, or both to be infinity. The
condition (5.11) with p; = co means that g(x) = |f(x) |e“‘7(")zE(x)*1(1 +o(x)™™is
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abounded function on X for m as above. Hence g(x)=(x)? /(1 + o (x))™
where N; = m’ > 3 as described above. That is, as above,

is integrable

0o dx < oo.
Similarly for p, = oo we arrive at
FON) [P

for N, = n’ > 1+ m, + my,, since \]?()\)|ebwz is bounded on a*. Note that the case
p1 = p2 = oo of the Cowling—Price theorem implies Hardy’s theorem.

Some parts of these theorems were proved independently on symmetric spaces.
Part (i) of Hardy’s theorem was proved in [4, 6, 23], while part (ii) was proved in
[19,25]. Part (i) of Cowling—Price theorem was proved in [20,22] and part (ii) was
proved in [21]. Part (i) of Morgan’s theorem was proved in [22].

6 Concluding Remarks

In his thesis, Demange [5] further generalized Theorem 1.2:

Theorem 6.1 (Demange) For two nonzero functions fi, f, € L*(R), if

/ LA || )|l ]
RJR

0+ [+ ) xd)\ < 00,

// )| i V) [elIA dxd) < oo,
RJR (

L+ [x| + A

then fi(x) = P, (x)e*”x2 and f,(x) = Pz(x)e’”“"2 for some positive constant o and
polynomials Py, P,.

A careful reader will observe that using our technique, this theorem can be ex-
tended to symmetric spaces, with the following interesting consequence:

Consider two rank 1 symmetric spaces X; = G;/K; and X, = G,/K;. Let dx and
dy be the G; and G, invariant measures on X; and X, respectively. Let 1;(A)dA be
the corresponding Plancherel measures for X; and let g;, =; be the o and = functions
onX;, fori =1,2. Let f; € L*(X;) and f, € L*(X,) be two nonzero functions.

Theorem 6.2 Let f and f, as above satisfy

/ / i) e ©ME, (x)
X1 a;‘

(1+o01(x) + |v|)4

dxp,(v)dy < oo,

AOIAN 2620 NZ, ()
/Xz /wf (14 02(y) + A4 dyp1(N)d\ < oo.
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Then f, is a derivative of the heat kernel h), of X; and f, is a derivative of the heat kernel
W2 of X, for some instant o > 0.

We take X; = X, = X and obtain the following corollary.

Corollary 6.3  Let two nonzero functions fi, f» € L*(X) satisfy

A@IIAEN 267N E )
/X/a* (1+o(x) + [M])? dxp(A)dA < oo,

LA@IIAN LM E()
AL* (1+o(x)+ |)\‘)d dxp(N)d < oo.

Then fi (respectively, f,) is a derivative of the heat kernel h,, for some instant o > 0.

The proof of this theorem proceeds along entirely similar lines to that of the proof
of the main theorem of this article; we therefore omit it.
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