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On Some Non-Riemannian Quantities
in Finsler Geometry

Zhongmin Shen

Abstract. In this paper we study several non-Riemannian quantities in Finsler geometry. These non-
Riemannian quantities play an important role in understanding the geometric properties of Finsler
metrics. In particular, we study a new non-Riemannian quantity defined by the S-curvature. We show
some relationships among the flag curvature, the S-curvature, and the new non-Riemannian quantity.

1 Introduction

There are several non-Riemannian quantities in Finsler geometry, such as the dis-
tortion, the (mean) Cartan torsion, the S-curvature, the (mean) Berwald curvature,
and the (mean) Landsberg curvature. We view the distortion and the (mean) Cartan
torsion as non-Riemannian quantities of order zero, and the S-curvature, the (mean)
Berwald curvature, and the (mean) Landsberg curvature as non-Riemannian quan-
tities of order one. Differentiating these quantities along geodesics, we obtain some
non-Riemannian quantities of order two.

Let F be a Finsler metric on an n-dimensional manifold M. In this paper we will
consider two non-Riemannian quantities = = Z;dx' and H = H,; jdxi ® dx’ on the
tangent bundle TM:

(1.1) E,‘ = S.i‘m}/m—sh,
1 m
(1.2) H;j = ESAi-j\my )

where S denotes the S-curvature of F, and “-” and “|” denote the vertical and hori-
zontal covariant derivatives, respectively, with respect to the Chern connection. We
shall prove that H can be expressed by = directly (Lemma[2.T)).

One of the fundamental problems in Finsler geometry is to understand Finsler
metrics of special curvature properties. We would like to investigate the following
three classes of Finsler metrics with special non-Riemannian curvature properties:

(i)  Almost isotropic S-curvature:
(1.3) S=(n+1)cF+n,

where ¢ = ¢(x) is a scalar function and 7 is a 1-form on M with dn = 0,
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(i) Almost vanishing =-curvature:

(1.4) 3:>4n+wﬁ(%)w

where 6 = a;(x)y" is a 1-form on M,

(iii) Almost vanishing H-curvature:

n+1

(1.5) H;; = T@Fyiyj,

where 6 = a;(x)y" is a 1-form on M.

By () and (I.2), one can easily show that (T.3) implies (L4) and with
0 = cm(x)y™. However, the converse is not true. There are Finsler metrics with
= = 0and H = 0, but the S-curvature is not almost isotropic. See Example[T.Il By
LemmalZdl H = %(E,-.j +Zj.;), one can see that (L4) implies (L.3)), but the converse
might not be true.

We also would like to investigate Finsler metrics with special Riemannian curva-
ture properties. In particular, we consider Finsler metrics of almost isotropic flag
curvature defined as follows,

(1.6) K:ﬁ+m
F

where 0 = o(x) is a scalar function and 6 = 4;(x)y™ is a 1-form on M.
The non-Riemannian quantities S, =, and H are closely related to the flag curva-
ture. First we have the following known results.

Theorem 1.1 ([4,[12]) Let F be a Finsler metric of scalar flag curvature on an n-
dimensional manifold M.

(1)  IfS is almost isotropic, given by (L3)), then the flag curvature is almost isotropic,
given by with 0 = cen(x)y™.

(ii) For a 1-form 0, H almost vanishes, given by (L), if and only if the flag curvature
is almost isotropic, given by (L&). In particular, H = 0 if and only if K = ¢
(constant when n > 3).

It is shown that every Randers metric of almost isotropic flag curvature must be of
almost isotropic S-curvature ([16]). But this is not true for general Finsler metrics.
See Example [l

In this paper, we shall prove the following theorem.

Theorem 1.2 Let F be a Finsler metric of scalar flag curvature on an n-dimensional
manifold M. Then for a 1-form 6 on M, Z almost vanishes, given by (L4), if and only if
K is almost isotropic, given by (LA). In particular, Z = 0 if and only if K = o (constant
whenn > 3).
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According to a theorem by Akbar-Zadeh, every Finsler metric of constant flag
curvature on a compact manifold M must be Riemannian if K = ¢ < 0 [1f]. Thus for
a Finsler metric of scalar flag curvature on a compact manifold with = = 0, if K < 0,
then it must be Riemannian. In fact, this is true under a weaker condition on the flag
curvature.

Theorem 1.3 Let (M, F) be a compact Finsler manifold with = = 0. If the flag
curvature is negative, then it must be Riemannian.

The condition = = 0 cannot be dropped in Theorem[I.3] Take an arbitrary com-
pact Riemannian manifold (M, «) of negative constant curvature and an arbitrary
smooth function f on M. Consider a Randers metric F = o + ed f with sufficiently
small number €. F has negative flag curvature, but it is not Riemannian unless € = 0.
Thus the condition = = 0 cannot be dropped in Theorem There are Randers
metrics on §" with positive constant curvature and = = 0 [13]] [3]. Thus the con-
dition K < 0 cannot be dropped in Theorem We do not know whether or
not Theorem [L3]is still true if the non-Riemannian condition = = 0 is replaced by
H=0.

We go back to discussing the relationship between the S-curvature S and the
=-curvature. As we have shown above, if the S-curvature is almost isotropic, § =
(n + 1)cF + n, then = satisfies with 6§ = ¢ (x)y™. The converse might not be
true in general (Example [L.I). However, for Randers metrics, they are equivalent.
More generally, we have the following theorem.

Theorem 1.4 Let F = « + [3 be a Randers metric on an n-dimensional manifold M.
The S-curvature is almost isotropic, given by (L3), if and only if the non-Riemannian
quantity = almost vanishes, given by (L4). In particular, S = (n + 1)cF for some
constant ¢ if and only if = = 0.

We do not know whether or not Theorem [I4lis still true for the non-Riemannian
quantity H.

Example 1.1 LetF = (a + 3)?/c, where

o VP = (xPlyP = x)) .= (x, )
' (1 — |x[?)? U =[x
F is a projectively flat metric on the unit ball B*(1) C R" with K = 0. By The-
orem [[.1(ii), we see that H = 0. By Theorem we see that = = 0. Fis an
(a, B)-metric. In [6], we classified (o, )-metrics of isotropic S-curvature. By [6]
Theorem 1.2], we can see that F is not of isotropic S-curvature. Actually, by a direct
computation, we can verify that S is not almost isotropic.

2 Preliminaries

Let F be a Finsler metric on an n-dimensional manifold M. It induces a spray G on
TM. In local coordinates in TM, it is expressed by
9 0
G=y'— —2G —
7 oxi y'’
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where G' = igil{[Fz]xmy:ym — [F*]4}. Geodesics in M are just the projections of
integral curves of G. Put

oG™

n=—-.

oy™
This is an important local quantity. Note that IT is a local scalar function that depends
on the choice of a particular coordinate system. '

When F is a Berwald metric, namely, G' = %F’jk(x) y1y* are quadratic in y, then

II = I"]”m y™ is a local exact 1-form. In fact, by a theorem of Szabo, there is a Rie-

mannian metric & = /a;;(x)y’y/ such that the spray coefficients G’ of F coincide

the spray coefficients G' = %fgk(x) y1y* of a. Then we have

I = F]mmyj - f‘;_nm),j = ym%(ln \/@) ‘

Therefore, I1 is actually a local exact 1-form.
Let dV = fdx!---dx" be a volume form on M. The S-curvature of (F, dV) is
given by

7]
S=1I—y"—(1 .
y axm ( n f )
This is a well-defined geometric quantity ([14]). If dV = dV is the Busemann—
Hausdorff volume form, the corresponding S-curvature is called the S-curvature of

F. Note that if the S-curvature is almost isotropic with respect to one volume form,
then it is almost isotropic with respect to any volume form.

Lemma 2.1

L, _ —
(2.1) H,‘j:Z{:.,‘.j-i—:,j.i}.
Proof By (L.I) and (L2)), we can express =; and H;; by

(2.2) == Hyixmym — I — ZHyiyme.

(23)  Hj = %{ Ty y™ — 200G — T %(;n . %i?}

It follows from and that

(2.4) Hy; = i{ gi + gj’ I

Since Z;.; = gi , we get (2.1)). [ |

The quantity = = Z;dx’ can be expressed in terms of the Riemannian curvature
R= le% ® dx* or the mean Cartan torsion I = I;dx’. The following lemma is well
known.
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Lemma 2.2 ([418,9511])
(2.5) Ei = —3{2R%,, + R} = Lyt y? + LR

By Lemma[2.2] we immediately obtain two corollaries.

Corollatfy 23 ([10]) For any R—quadmtic Finsler metric, there is a two-form £ =
&ij(x)dx' A dx? such that Z; = &;;y’. Hence H;; = 0.

Proof Assume that F is R-quadratic, namely, R, = R ]-i 'y, where R ji u=R ]-i (%)
denotes the hh-curvature of the Berwald connection, which depends only on the
position x € M.

We have

Rr:lm = Rn’lﬂilyl + Rjanyj
R =Ry + ijmiyj'

Thus

_ 1
= = _%{ZRanzl + 2er?m + Rin:n] + er:dz}y

By the Bianchi identities, we get =; = R, y!. Note that &j = R j(x) is anti-
symmetric in 7 and j, i.e., &; + §ji = 0. Thus § := §i]-dxi A dx’ is a two-form on M.
By (2.4), we see that H;; = 0. [ |

The fact that H = 0 for all R-quadratic Finsler metrics is due to X. Mo [[10].

Corollary 2.4 Let F = F(x,y) be a Finsler metric on an n-dimensional manifold.
Suppose that F is of scalar flag curvature K = K(x, y). Then

+1
(2.6) g, =" K.

Proof Suppose that F is of scalar flag curvature K = K(x, y). Then
R = K{F*5]" = gipy’ y"}.
Differentiating R}, we get

R"  =FK;— (n— 1Kgipy?
R = (n—1)FK;+2(n— 1)Kgpy.

Thus
2R™ +R™ .= (n+1)FK,;.

Plugging it into (2.5) we obtain =; = —%IFZKJ. [ ]
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3 Proofs of Theorems[1.2]and [1.3|
Proof of Theorem[I.2] This follows from Corollary[2.4ldirectly. We can rewrite

as follows:
- 20 n+l , 36
=+ (n+ 1)F (7) _ F(K——) :
FJ.i 3 F /.
where 6 is an arbitrary 1-form on M. Thus (T.4) holds if and only if (L.8]) holds for
some scalar function o = o(x). [ |

Proof of Theorem[I.3] The argument is similar to the proof of the main theorem in
[15]. By Deicke’s theorem, it suffices to prove that the mean Cartan torsion vanishes.
By assumption = = 0. It follows from that
(3.1) Ii‘p‘qypyq + ImR"i1 =0.
For avector y € TyM,letl, € T .M be defined by g, (I,,v) = I(x, y)v. Leto = o(t)
be an arbitrary geodesic. Since F is complete, one may assume that o is defined on
(—00,00). Let I(t) := Is(). Equation (B restricted to o (t) becomes
(3.2) DsDsI(t) + Ry (I(2)) = 0.
Thus, the mean Cartan torsion is a Jacobi field along any geodesic. Let
(1) = g (1),1(1)) -
It follows from (3.2)) that
(3.3) @"'(t) = 2851 (D Ds1(2), (1)) + 251 (Ds1(£), Ds1(2))
= =281 (Rooy (1)), X(1)) + 285 (Do X(t), Do (1)) -
By assumption, K < 0. Thus gs) (Rsr (I(#)),I(¢)) < 0. It follows from (B3] that

©"'(t) > 0. Thus ¢(t) is convex and nonnegative. Suppose that ¢’ (t,) # 0 for some
t,. If ©’(t,) < 0, then

Q) > o(ty) — @' (t)(te — 1), t <t
If ©'(t,) > 0, then

P(t) > p(to) + ' (L)t —1,), >t
One can see that lim,_, ;o () = 0o or lim,_, . ¢(t) = co. This implies that the
mean Cartan torsion is unbounded, which contradicts the assumption. Therefore,
©’(t) = 0 and hence "'(t) = 0. It follows from (B3] that Ry, (I(¢)) = 0. Since o is

arbitrary, one can conclude that R, (I,) = 0. Since K < 0, we conclude that I, = 0.
By Deicke’s theorem [2]], F is Riemannian. [ |
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4 Randers Metrics

Consider a Randers metric F = o+ 3, where a = y/a;(x)y'y/ and 8 = b;(x) y'. Let
V3 = bi;jy'dx’ denote the covariant derivative of 3 with respect to . Let

rij = 5 (b + b, siji= (b — by),  sjpi= b

— ]
ej 1= Tij+b,'5j+bj5i, ej = be,-]-.
L — . m e . e . m
qij = rlmsja tz] = Szmsja

R X m e B — m
qj.—bq,]—rmsj, t].—bt,]—smsj

Wij = qij + bit]‘ + sis;.
Here and hereafter, we use a;; to raise and lower the indices of tensors defined by b;
and b;;;. We shall also denote y; := a;;y/. The index “0” means the contraction with

y'. For example, ey := eklyl, epo = ekzykyl, and so on.
The following lemma is known.

Lemma 4.1 ([5]) For a Randers metric F = a + (3, the following are equivalent:

(i) S=(n+1)cF;
(i) e = 2c(a® — B%).

To prove Theorem [L4lit suffices to prove that Z; = —(n+1){6,:F — 0F,: } implies
that egg = 2c(a® — 3?).

The spray coefficients of F are given by
(4.1) G =G +H,

where

H =Py + asio, P=— —s.
Let H := [H?],». We have
H:= [H"]yn = [Py" + asy]ym = (n+ 1)P.

Plugging the formula (£1]) into (2.2]), we obtain

[1]

= Higy” = Hy = 2HuH" = (14 D{Pguy” = Pi = 2" |,

« »

where and “;” denote the vertical and horizontal covariant differentiations with
respect to a, respectively.
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We have

1
Y S ae

1
Pimy™ = —m{ —2a(a + B) eoisg + 20(cx + B)Booeoi — 2B0e00(yi + aby)

+ (a+ Beonoyi + ala + B)egoobi + ala + 5)30051‘;0} = S50,

{ €00;i ¢ + €005i 3 — B;ieoo} — Sosis

PnH" {2a(a+ B)wip — 2woo(a + B)(yi + ab;)

_ 1
© 2(a+B)?

— 20(a + B)soeoi + 2eq050(yi + abi) — (o + B)eosio | -
Note that
bip = eoi +sio — sif — biso, B = eoi — sio — biso — sio-
We obtain the following formula for E:
ala+BYEi = (n+ 1){ Sieven + Sioda} ,
where
Sieven 1= (0 +3%)(ei0 — )’
+ { 2(wooyi — wioa®) + 2(woobi — wio3)B} o
+ {eoi;OCV2 - %900;0}’1‘ - %eoo;iaz} B+ {eoi;oﬂ - %eoo;obi - %eOO;iﬂ} o’
— 2s0(eoobi — e0if3)ar” + (ego — 2508) (eooyi — eoicy’),
Siodd = (307 + 3%)(eip — e0;)
+2(wooyi — wioa”) B + 2(woobi — wioB)
+ { eoia” — Jeon0yi — 3eo0ia” } + { eoioB — Seonobi — 3eo0iB} B
+ (e — 250/3) (eonb; — €0if3) — 2s0(e00yi — €oicd’).
Then
Si0dd@” — SievenB = (0 — 82){ 2(ei0 — e0si) B + 2(woobi — wio )’
+ (eio0” — Sevoyi — Seonia®) — 2s0(eqoyi — eoic?) }
+ egy(a’b; — By;).

We assume that Z; = —(n + 1)F? ( %) .. Then

-1

Oé(Oé + B)?’Ei = (” + 1){ Tieven + Tiodda} )
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where

Tieen = (30 + B2)B(0y; — 0;0°) + (0 + 36%)a* (0b; — 6;3)
Tioda = (0 +38°)(0y; — 6;a?) + (3a” + *)B(0b; — 0;3).

Thus

Ti0dd0” = Tieen = (@@ = B){ (0 + B2)(0yi — 6:0®) + 207 B(0b; — 6,3) } .
We conclude that
(4.2) ego(@’bi — Byi) = (o — B)M;,

where M; is a homogeneous polynomial of degree four with M; y' = 0. Contracting
@2) with b' = a'/b; yields

e (a?b? — B) = (a* — BHM;Y,

where b := ||B;|la < 1. There is no common factor in (a?b* — 3%) and o* — 3%
Thus €3, is divisible by o> — 3%. Since o — 37 is irreducible, egy must be divisible by
o? — B2. Therefore there is a scalar function ¢ = ¢(x) such that

€ — 2C(Oé2 — ﬁz)

This proves Theorem[T.4l
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