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ABSTRACT

We prove a global Torelli theorem for pairs (Y, D) where Y is a smooth projective
rational surface and D € |— Ky | is a cycle of rational curves, as conjectured by Friedman
in 1984. In addition, we construct natural universal families for such pairs.
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1. Introduction

We work throughout over the field £k = C. We work in the algebraic category unless explicitly
stated otherwise.

DEFINITION 1.1. A Looijenga pair (Y, D) is a smooth projective surface Y together with a
connected singular nodal curve D € |—Ky|. Note p,(D) = 1 by adjunction, so D is either
an irreducible rational curve with a single node, or a cycle of smooth rational curves. We fix an
orientation of the cycle D, that is, a choice of generator of Hy(D,Z) = 7Z, and an ordering
D = D1+ ---+ D, of the irreducible components of D compatible with the orientation.

By an isomorphism of Looijenga pairs (Y1, D), (Y2, D?) we mean an isomorphism f : Y1 —
2 such that f(D}) = D? for each i =1,...,n and f is compatible with the orientations of D*
and D?. We write Aut(Y, D) for the group of automorphisms of a Looijenga pair (Y, D) in this
sense.
By the birational classification of surfaces, Y in Definition 1.1 is necessarily rational.
Looijenga pairs were introduced in [Loo81] as natural log analogs of K3 surfaces. Looijenga
studied the cases n < 5 in detail. Here we consider moduli of Looijenga pairs with no restriction
on n. We prove the global Torelli theorem, conjectured by Friedman in [Fri84] (see Theorem 1.8).
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We construct natural universal families (§5), give a precise description of the moduli stack of
Looijenga pairs (Theorem 6.1) and identify the monodromy group (Theorem 5.15).

The motivation for studying Looijenga pairs comes from several directions. Our initial interest
arose from the construction of [GHK11]. There we construct a mirror family to any Looijenga
pair (Y, D). If the intersection matrix of the components of D is not negative semi-definite, then
our construction yields an algebraic family. We call this the positive case. In the sequel [GHK] to
that work, we will apply the Torelli theorem to show that in the positive case the mirror family
is the universal family of Looijenga pairs constructed here. This has a striking consequence: our
construction of the mirror family endows the fibres with a canonical basis of functions. We call
elements of this basis theta functions, as a related construction yields theta functions on abelian
varieties. Realizing this as the universal family now endows each affine surface U = Y\ D in the
family with canonical theta functions. Though these include some of the most classical objects
in geometry, e.g. (Y, D) could be a cubic surface with a triangle of lines, in which case U is what
Cayley called an affine cubic surface, we do not believe this canonical basis has been previously
observed, or even conjectured.

A second application of the universal families is given in [GHK13], where we show that
Looijenga pairs are closely related to rank 2 cluster varieties, and realize the Fock—Goncharov
fibration of the cluster X-variety (in the rank 2 case) as a natural quotient of our universal
families. (See [FGO06], [FZ02] for the definitions of cluster varieties.) In any event, Looijenga
pairs appear in a number of other settings, such as the study of degenerations of K3 surfaces:
the central fibres for maximal degenerations, type III in Kulikov’s classification, are normal
crossing unions of such pairs.

Looijenga pairs have an elementary construction, as follows.

DEFINITION 1.2. Let (Y, D) be a smooth projective toric surface, where D := Y\G?2, is the toric
boundary, i.e. the union of toric divisors of Y. Let 7 : Y — Y be the blowup at some number of
smooth points (with infinitely near points allowed) of D. Let D C Y be the strict transform
of D. Then (Y, D) is a Looijenga pair, and we call 7 : Y — Y a toric model for (Y, D).

Essentially all Looijenga pairs arise in this way (i.e. have a toric model). Indeed, define a
simple toric blowup (Y',D') — (Y, D) to be the blowup at a node of D, with D’ the reduced
inverse image of D. A toric blowup is a composition of simple toric blowups. Note (Y', D’) is
again a Looijenga pair, and the log Calabi—Yau surface is the same, i.e. Y'\D’' = Y\ D. We then
have (see [GHK11, Proposition 1.3]) the following easy fact.

LEMMA 1.3. Given a Looijenga pair (Y, D) there is a toric blowup (Y, D’) such that (Y', D’)
has a toric model.

For any question we consider, passing to a toric blowup will be at most a notational
inconvenience.
To give a precise statement of our results, we first give a number of basic definitions.

DEFINITION 1.4. Let (Y, D) be a Looijenga pair.
(i) A curve C C Y is interior if no irreducible component of C' is contained in D.

(ii) An internal (—2)-curve means a smooth rational curve of self-intersection —2 disjoint
from D.

(iii) (Y, D) is generic if it has no internal (—2)-curves.

Any Looijenga pair is deformation equivalent to a generic pair (see Proposition 4.1). Note
that, by adjunction, any irreducible interior curve with negative self-intersection number is either
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a (—1)-curve meeting D transversely at a single smooth point, or an internal (—2)-curve. Note
also that if (Y, D) is generic and 7 : Y — Y is a toric model, then the blown up points are
necessarily distinct (as opposed to infinitely near).

We next consider the notion of periods of Looijenga pairs. We first note (see Lemma 2.1)
that the orientation of D determines a canonical identification G,, = Pic’(D), where the latter
is the connected component of the identity of Pic(D).

DEFINITION 1.5. Let
D+ :={a € Pic(Y) | a-[D;] = 0 for all i}.

Restriction of line bundles determines a canonical homomorphism
¢y : DY - Pic®(D) =G,,, L+~ L|p. (1)
The homomorphism ¢y € Tp1 := Hom(D+,G,,) is called the period point of Y.

Note Y\ D comes with a canonical (up to scaling) nowhere-vanishing 2-form, w, with simple
poles along D. One can show that ¢y is equivalent to the data of periods of w over cycles in
Hy(Y\D,Z) (see [Fri84]). This motivates the term ‘period’.

As well as the notion of periods, we also need the following additional notions to state the
Torelli theorem.

DEFINITION 1.6. Let (Y, D) be a Looijenga pair.

(i) The roots ® C Pic(Y) are those classes in D+ C Pic(Y) with square —2 which are
realized by an internal (—2)-curve C on a deformation equivalent pair (Y’, D"). More precisely,
there is a family (),D)/S, a path v : [0,1] — S, and identifications (Y, D) = (y(0), D(0))
(Y, D') = (Y1), Dy(1)), such that the isomorphism

H*(Y',Z) - H*(Y,Z)

induced by parallel transport along v sends [C] to a.
(ii) Let Ay C Pic(Y') be the set of classes of internal (—2)-curves.
(iii) Let @y C ® C Pic(Y) be the subset of roots, «r, with ¢y () = 1. Note that Ay C &y C P.
(iv) Let W C Aut(Pic(Y)) be the subgroup generated by the reflections

Sq : Pic(Y) = Pic(Y), B+ 4+ (o, f8)a

for a € ®. Let Wy C W be the subgroup generated by s, with o € Ay-.

It is clear from the definitions that & is invariant under parallel transport, and Ay, &y, ®
are all invariant under Aut(Y, D). Further, the sets ®, &y, W, Wy are easily seen to be invariant
under toric blowup. Indeed, let 7 : (Y, D') — (Y, D) be a blowup of a node of D. Then under
pull-back 7* of divisors, D+ is isomorphic to (D)1 as lattices.

We will show that &y = Wy - Ay (see Proposition 3.4).

When n < 5 and the intersection matrix (D; - D;) is negative semi-definite, ® contains a
natural root basis, which is central to much of Looijenga’s analysis. No such basis exists in
general.

DEFINITION 1.7. Let (Y, D) be a Looijenga pair.

(i) The cone {z € Pic(Y)g | #2 > 0} has two connected components. Let C* be the connected
component containing all the ample classes.
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(ii) For a given ample H let M C Pic(Y) be the collection of classes E with E? = Ky-E = —1,
and - H > 0. Note M is independent of H (see Lemma 2.13). Let C** C G be the subcone
defined by the inequalities = - E > 0 for all E € M.

(iii) Let CH* € CTF be the subcone where additionally z - [D;] > 0 for all 4.

By Lemma 2.13, CT,CTT, C'BJF and M are all independent of deformation of Looijenga pairs
(i.e. preserved by parallel transport).
Our main result is then the following theorem.

THEOREM 1.8 (Torelli theorem). Let (Y1, D), (Y2, D) be Looijenga pairs and let
w : Pic(Y1) — Pic(Ya)

be an isomorphism of lattices.
Global Torelli: 4 = f* for an isomorphism of pairs f : (Y2, D) — (Y1, D) if and only if all the
following hold:

(1) w([Di]) = [Di] for all i;
(i) p(C*tH) =Ct;
(iii) p(Ayy) = Ayy;
(iv) dy, 0= dy;-

If f exists, the possibilities are a torsor for Hom(N', G,,) where N’ is the cokernel of the map
Pic(Y) > Z", L+~ (L-D;)i<i<n-

Weak Torelli: There is an element g in the Weyl group Wy, such that o g = f* for an
isomorphism of pairs f : (Y, D) — (Y1, D) if and only if u satisfies conditions (i), (ii), and (iv)
of the global Torelli theorem. If g exists, it is unique.

Remark 1.9. We show that for a Looijenga pair (Y, D) the nef cone Nef(Y') is the subcone of

CE+ defined by x -« > 0 for all & € Ay. See Lemma 2.15. Thus the global Torelli theorem can
be restated as follows: given Looijenga pairs (Y1, D) and (Y2, D) and an isomorphism of lattices
w : Pic(Y1) — Pic(Y2), there is an isomorphism f : (Y2, D) — (Y1, D) of Looijenga pairs such
that p = f* if and only if p(Nef(Y1)) = Nef(Y2) and p([D;]) = [D;] for each i.

Remark 1.10. In a preliminary version of this note we claimed the Torelli theorem with (ii)
replaced by the conditions u(C1) = CT and pu(®) = ®. Friedman showed us counterexamples to
this statement [Fril3]. We note the weaker condition u(C*) = C7 is sufficient if D supports a
divisor of positive square, or if pu(H) is ample for some ample H, as either condition is easily seen
to imply M, and thus C*7, is preserved. In [Fril3] Friedman gives various sufficient conditions
under which (ii) may be replaced by the conditions u(C*) = C* and pu(®) = @ (all have the
flavor of guaranteeing that ® is sufficiently big).

The proof of the global Torelli theorem is carried out in § 2. The key point there is the notion
of a marked Looijenga pair and periods for marked Looijenga pairs.
DEFINITION 1.11. Let (Y, D) be a Looijenga pair.

(i) A marking of D is a choice of points p; € D for each i, where D{ denotes the intersection
of D; with the smooth locus of D. This is equivalent to the choice of an isomorphism i : D" — D
of D with a fixed cycle of rational curves D", The possible markings of D are a torsor for
Aut’(D) = G7,, the connected component of the identity of Aut(D).
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(ii) Fix (Yp, D) generic. A marking of Pic(Y') is an isomorphism of lattices u : Pic(Yy) —
Pic(Y) such that u([D;]) = [D;] for each i and u(Ct+) = C*T.

(iii) Markings p;, 1 determine a marked period point

b((v.0)pip) € Ty, := Hom(Pic(Yp), Gyn)

L) = (D)) & O (L D) € Pi(D) = Go @)

The global Torelli theorem is proved by first showing that given a toric model for (Y, D), the
marked period point determines the location of the blowups, and hence determines Y: this is
essentially the content of Proposition 2.9. A bit more work leads to the global Torelli theorem.

2. The global Torelli theorem

LEMMA 2.1. Let D be a cycle of n rational curves, with cyclic ordering of the components. This
cyclic ordering induces:

(i) an identification Pic’(D) = G,,, where the former is the group of numerically trivial line
bundles;

(ii) an identification Aut’(D) = (G,,)", where the former is the identity component of the
automorphism group of D.

Proof. For identification (i), the fact that there is an abstract isomorphism G,, = Pic%(D) is well
known, and the automorphism group of G,, as a group is {1, —1}, so there are only two choices of
identification. Here is an explicit construction of an identification determined by the orientation,
which will be used throughout. We assume n > 3, leaving the straightforward modifications
for n = 1,2 to the reader. For L € Pic’(D), there is a nowhere-vanishing section o; € I'(L|p,).
Let \; := O'i+1(pi,i+1)/0'i(pi,i+1) € G,,, where Diji+1 = D; N Dj;yq. Obviously )\(L) = Hz A; is
independent of the choice of ¢;. The map L — A(L) gives the canonical isomorphism.

For identification (ii), let (z;,v;) be the homogeneous coordinates on D; with z; = 0 being
the point D;_1 N D;. Then we take the ith copy of G, to act on D; by (x;,y;) — (zi, \y;) for
A € Gyy,. The ith copy of Gy, acts trivially on D; for j # i. O

Recall from Definition 1.2 the notion of a toric model of a Looijenga pair.

DEFINITION 2.2. An exceptional configuration for generic (Y, D) means an ordered collection
E;j € Pic(Y) of classes of exceptional divisors for a toric model. (Here for each i the E;; are the
exceptional divisors meeting the component D; of D.) This is an ordered collection of disjoint
interior (—1)-curves. If (Y, D) is not necessarily generic, then by a limiting configuration in Pic(Y")
we mean the parallel transport (for the Gauss—-Manin connection in a family of Looijenga pairs)
of an exceptional configuration on a generic pair.

We say that two exceptional configurations {E;;},{Fi;} for (Y,D) have the same
combinatorial type if for each ¢ the number of divisors meeting D; is the same.

More generally, we extend the notion of exceptional or limiting configuration to mean the
data of a toric blowup (Y, D") — (Y, D) together with an exceptional or limiting configuration
on (Y',D").

For generic pairs, limiting and exceptional are the same (see Lemma 4.6).
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DEFINITION 2.3. A toric model 7 : (Y, D) — (Y, D) is an iterated blowup at some collection
of (not necessarily distinct) points ¢;; € DY (where D¢ = G,, is the complement of the nodes of
D along D;). As such, the connected components of the exceptional locus are disjoint unions

of chains E; + - - -+ E, of smooth rational curves with self-intersections —2, —2, ..., —1 (or just a
single (—1)-curve), where the length, r, is the number of times we blow up at the corresponding
point. This chain supports a unique collection of r reduced connected chains, C,...,C,, each

of self-intersection —1, ordered by inclusion,
CIZEMCQZET‘FET*L ... C.=E.+FE._1+---+ F1.

Following Looijenga, we refer to these chains as the exceptional curves for this toric model. Each
such curve is determined by its class, and they are partially ordered by inclusion. Note if we
produce a family (), D)/S of Looijenga pairs by varying the points ¢;; and choosing an order
with which to make the iterated blowups, so that in the general fibre we blow up distinct points,
then each of these exceptional curves on Y is the limit of a unique smooth exceptional (—1)-curve
on the general fibre.

Remark 2.4. Note that the isomorphism class of a toric Looijenga pair (Y, D) is determined by
the intersection numbers D?. Indeed, the isomorphism type of a smooth projective toric surface is
determined by the self-intersection numbers of the components of the boundary divisor (because
these determine the fan of the surface, see e.g. [Ful93, §2.5]).

Note (Y, D) together with the classes {E;;} of exceptional curves do not determine by
themselves the points ¢;; € Y. Indeed, the classes determine a birational contraction p : (Y,
D) — (W, D), and (W, D) is abstractly isomorphic to (Y, D), but further data is needed to
specify an identification: this is the data of a marking of D. In the next couple of lemmas we
show that the positions of the ¢;; are determined by the marked period point. From this the
global Torelli result contained in Theorem 1.8 will follow.

LEMMA 2.5. Let (Y, D) be a Looijenga pair. For a € Aut’(D) and L € Pic(D) let
Ya(L) = L' ® (L) € Pic’(D)
This gives a homomorphism v : Aut®(D) — Hom(Pic(Y), Pic®(D)) via
P(a)(L) = PalLlD)-
Under the identifications Aut®(D) = G?,, Pic’(D) = G,,, of Lemma 2.1,
VAL, - M) (D) = HAjegLIDi

for L € Pic(D).

Proof. Tt is enough to compute ¥(1,...,1,A,1,...,1)(Op(q)) for ¢ € D, where A is in the ith
place. Clearly this is A%, as required. O

ProroSITION 2.6. There is a long exact sequence
1 — ker[Aut(Y, D) — Aut(Pic(Y))] — Aut’(D)
% Hom(Pic(Y), Pic®(D)) — Hom(D*, Pic®(D)) — 1

where 1 is the map of Lemma 2.5 and the other maps are the canonical restrictions.
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Proof. 1t is easy to see that if (Y, D') — (Y, D) is a toric blowup, then the result for (Y', D’)
implies the result for (Y, D), so by Lemma 1.3 we can assume (Y, D) has a toric model 7: Y — Y.
We have the following commutative diagram of exact sequences.

0 0
0 ———Pic(Y) ——= D, ZD; N 0
]
0 D+ Pic(Y) —— @, ZD; N’ 0
| |
0——@PZE; — > @LE,; 0 0
0

Here N is dual to the character lattice, M, of the structure torus of Y. The first row is the
standard description of A;(Y), identified with Pic(Y') by Poincaré duality, with the map from
Pic(Y) given by C — >_,(C - D;)D;. The map to N takes D; to the first lattice point v; along
the ray of the fan corresponding to D;. This exact sequence is the dual of the standard exact
sequence describing Pic(Y) (see e.g. [Ful93, §3.4]). The E;; are the exceptional curves of 7. The
map Pic(Y) — €, ZD; is similarly given by C — > .(C - D;)D;.

The kernel of N — N’ is easily seen to be the subgroup S C N generated by the rays in the
fan for Y corresponding to boundary divisors D; along which 7 is not an isomorphism.

Note that N = Hom(N, A> N) via n > (n’ — n’ An) and the orientation gives a trivialization
A% N = Z, thus an identification N = M. Thus

Hom(N/S,G,,) C Hom(N, G,,) = Hom(M, G,,)

is the subgroup of homomorphisms to G,, whose restriction to S is trivial. Equivalently, these
are the automorphisms in Aut(Y, D) = Hom(M, G,,) fixing pointwise those D; along which 7 is
not an isomorphism. It is easy to see this is identified with

ker(Aut(Y, D) — Aut(Pic(Y))).

The result follows by applying Hom(-,Pic’(D)) to the row of the above commutative
diagram describing Pic(Y'). The fact that the middle map coincides with ¢ then follows from
Lemma 2.5. O

We next show that for a toric Looijenga pair, any possible marked period point can be
realized by a particular choice of marking of D.

LEMMA 2.7. Let (Y,D = Dy + ---+ D,,) be a toric Looijenga pair, including an identification
of the torus T acting on Y with its open orbit. Let ¢ € Hom(Pic(Y), Pic®(D)). Then there are
points p; € D? C 'Y such that for any L € Pic(Y),

$(L) = (L|p) ™' ® Q) On((L - Di)p).

=1

Moreover, T acts simply transitively on the possible collections of p;.
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Proof. Start with an arbitrary choice of p; € DJ. The exact sequence of Proposition 2.6
reduces to ‘ B

1 — T — Aut’(D) — Hom(Pic(Y), Pic’(D)) — 1.
Denote the map L +— (L|p) ' ® @/, Op((L - D;)p;) by ¢' € Hom(Pic(Y),Pic’(D)). Given any
o € Aut’(D), using Lemma 2.5, consider the map

L (LIp) ' @ @ Op((L-Di)a ' (pi))

=1

n

515 va(@On((L- D)
i=1

¢'(L) @ ¢(a)(L).

So this map coincides with @' @1)(a). Thus, by replacing p; with o~ (p;) for some suitable choice

of o, we obtain ¢ = ¢'. Furthermore, the possible choices of p; are a torsor for the kernel of 7). O

LeEMMA 2.8. Let (Y, D) be as in Lemma 2.7. The structure of Y as a toric variety together with
the orientation of D gives a canonical identification of DY with G,,. Let m; € D} correspond to
—1 € G,,, under this identification. Define

pi: Aut®(D) — D¢, aw o H(my).

(i) We have

Y(a)(L) = (LIp)~' @ Q) Op((L - Di)pi(a)) € Pic’(D)
i=1
for all o € Aut®(D) (4 as in Lemma 2.5).
(ii) Noting 1 is surjective, let -y : Hom(Pic(Y), Pic®(D)) — Aut’(D) be a section of 1. Let
Di : Hom(Pic(Y),Pico(Q)) — Dy be the composition p; o ~y. Then for each ¢ € Hom(Pic(Y),
Pic?(D)), the points p;(¢) satisfy the conclusion of Lemma 2.7 for ¢.

Proof. Result (i) amounts to showing that

Lip = Op((L - Di)ms).

=1

It is enough to do this for an ample line bundle, so we can assume (Y, L) is the polarized toric

surface given by a lattice polygon. In that case take the section of L given by a sum of monomials

corresponding to all lattice points on the boundary, with coefficients chosen so that the restriction

of the section to D; = P! takes the form (x + y)*Pi. Its zero scheme is exactly >_(L - D;)m;.
For result (ii), note

S(L) = (1 (P)(L) = (LIp) ™ © Q) Op((L - Dy)pi(9))
i=1
by result (i), as desired. O

The following contains most of the ideas needed for global Torelli, showing that the marked
period point determines a marked Looijenga pair.
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PROPOSITION 2.9. Let (Y, D) be a Looijenga pair and {E;;} C Pic(Y) the classes of exceptional
curves for a toric model of type (Y, D). Let ¢ € Hom(Pic(Y), Pic’(D)).

(i) There is an inclusion Pic(Y') C Pic(Y) given by pull-back. Let ¢ : Pic(Y') — Pic®(D) be
the restriction ¢‘Pic(?)' Let p; € D¢ C Y be given by ¢ from Lemma 2.7. There are unique points
qij € Dy C Y such that

$(Eij) = Oplgij) ™" @ Op(pi).
Let (Z,D) be the iterated blowup along the collection of points (possibly with repetitions)
qi; C D? C Y. There is a unique isomorphism p : Pic(Y') — Pic(Z) preserving boundary classes,
and sending F;; to the class of the corresponding exceptional curve. Under this identification, ¢
is the marked period point of ((Z, D), pi, i), as defined in (2).

(ii) Suppose there is a marking r; € D¢ C Y so that ¢ is the marked period point for
((Y,D),r;). Then p is induced by a unique isomorphism of Looijenga pairs between (Y, D) and
(Z, D) which sends r; to p;.

Proof. Result (i) follows immediately from the construction. So we assume we have the marking
r; € D? as in result (ii). By assumption there is a birational map 7 : Y — Y with exceptional
curves {E;;}, and 7* : Pic(Y) — Pic(Y) is the inclusion of result (i). Now by definition of the
marked period point, the points m(r;) satisfy the conclusions of Lemma 2.7 for ¢. Thus by
the uniqueness statement in that lemma, we can change 7 (composing by a translation in the
structure torus of Y) and assume 7(r;) = p;. The points 7(E;; N D;) satisfy the conditions on
the g;;, so by uniqueness 7(E;; N D;) = ¢;;. Thus 7 is exactly the same iterated blowup as Z, and
so clearly (Y, D) and (Z, D), together with the markings of their boundaries, are isomorphic, by

an isomorphism inducing p. This isomorphism is unique by Proposition 2.6. O

CoROLLARY 2.10. Let (Y,D),(Y’,D) be Looijenga pairs (respectively pairs with marked
boundary), having toric models of the same combinatorial type. Let ¢,¢' be the period
points (respectively the marked period points). Then there is a unique isomorphism of lattices
p : Pic(Y) — Pic(Y') preserving the boundary classes and the exceptional curves for the toric
models. The isomorphism p is induced by an isomorphism f of Looijenga pairs (respectively
pairs with marked boundary) if and only if ¢’ o p = ¢, and in that case the possible f form a
torsor for

ker(Aut(Y, D) — Aut(Pic(Y)))
(respectively f is unique).

Proof. The marked case follows immediately from Proposition 2.9. For the unmarked case, write
¢, ¢ for the period points defined by (1), and assume ¢ o u = ¢. Choose arbitrary markings
of the boundaries of Y,Y’, with marked period points ¢,¢’. Now by Proposition 2.6 we can
adjust the marking of the boundary of Y so ¢’ o u = ¢. The final torsor statement is clear from
Proposition 2.6. O

For a Looijenga pair (Y, D), we define the monodromy group as follows. For (,D)/S an
analytic family of Looijenga pairs over a connected base S, a base point s € S, an identification
(Vs,Ds) = (Y, D), and a path v : [0,1] — S with v(0) = v(1) = s, we obtain a monodromy
transformation p(vy) € Aut(Pic(Y)) by parallel transport along the loop . The monodromy group
of (Y, D) is the subgroup of Aut(Pic(Y')) consisting of all monodromy transformations.

Remark 2.11. We show in Theorem 5.15 that the full monodromy group is realized by an analytic
family over a smooth base.
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LEMMA 2.12. Let (Y, D) be a Looijenga pair, ® the associated set of roots, and W the Weyl
group of ®. Then W is contained in the monodromy group of (Y, D).

Proof. Given « € ®, by definition there exists a family of Looijenga pairs (), D)/S, a path
7 :[0,1] — S, and an identification (Y, D) = (¥;(0), Dy(0)), such that the parallel transport of the
class a € Pic(Y') = H*(Y, Z) is realized by an internal (—2)-curve C on (Y', D') := (V,(1), Dy(1))-
Let (Y, D’) denote the contraction of C. Let (3, D')/(0 € T) and (3, D')/(0 € T) denote the
versal deformations of (Y’, D’) and (Y’, D') respectively. Then (0 € T) and (0 € T) are smooth
germs, the locus H C T of singular fibers is a smooth hypersurface, and there is a finite morphism
T — T of degree 2 with branch locus H and a birational proper morphism )’ — ?’ X T which
restricts to the minimal resolution of each fiber. See [Loo81, I1.2.4]. The monodromy of the family
around H is given by the Picard—Lefschetz reflection in the class of [C]. Now, using the path ~,
we deduce that the reflection s, lies in the monodromy group of (Y, D). O

LEMMA 2.13. Let (Y, D) be a Looijenga pair. Let E € Pic(Y) be a class with E?> = Ky - E = —1.
The following are equivalent:

(i) E-H >0 for some nef divisor H;
(ii) E is effective.

The cones CTT and CBJF defined in Definition 1.7 are invariant under parallel transport for
deformations of Looijenga pairs, and under the action of Wy .

Proof. Obviously statement (ii) implies statement (i). The Riemann-Roch formula gives that
statement (i) implies statement (ii).

Given a family of Looijenga pairs over a base scheme .S, working locally analytically on S we
can choose an ample divisor, H, on the total space and then compute C™* on each fibre using
the restriction of H. From this deformation invariance is clear. Invariance under Wy follows from
Lemma 2.12. O

LeEmMMA 2.14. Let (Y,D) be a Looijenga pair. Let M C Pic(Y) denote the set of classes of
(—1)-curves not contained in D.

(i) Let C C Y be an irreducible curve. Either C*? > 0 or [C] € Pic(Y) is in the union of M,
(ii) Let H € Pic(Y) be an ample class. Then the closure of the Mori cone of curves NE(Y))
is the closure of the convex hull of the union of

Ct:={zcPic(Y)®zR | 2*>>0,z- H> 0}

together with Ay, M and {[D;] | 1 < i < n}. Equivalently, by Lemma 2.13, NE(Y') is the closure
of the convex hull of the union of C*, Ay, M, and {[D;] | 1 < i < n}, where

M={EePic(Y)|E>=Ky-E=—1and E-H > 0}
for some ample divisor H (as in the definition of C*+).

Proof. Forresult (i),let C C Y, C ¢ D, be irreducible. If C? < 0 then C € Ay UM by adjunction.

For result (ii), note C* C NE(Y) by Riemann-Roch and if C is effective with C? > 0,
then C is contained in the closure of C". The description of the Mori cone then follows from
result (i). O
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LEMMA 2.15. Let (Y, D) be a Looijenga pair and H € Pic(Y') an ample class. Then Nef(Y) C
H?(Y,R) is the closure of the subcone of C}" defined by the inequalities x - > 0 for all € Ay

Proof. Since Nef(Y) is the dual cone to NE(Y), this follows immediately from Lemma 2.14(ii).
O

Proof of the global Torelli theorem, Theorem 1.8. If u = f* for an isomorphism f then p
obviously satisfies the conditions, and the possibilities for f are a torsor for ker(Aut(Y,D) —
Aut(Pic(Y))), as in Corollary 2.10. This is identified in the proof of Proposition 2.6 with
Hom(N', G,,).

Now assuming we have such a p, we show it is induced by an isomorphism of pairs. We can
replace Y] by a toric blowup and Y5 by the corresponding toric blowup, and so by Lemma 1.3
we can assume Y] has a toric model. Then p(Nef(Y7)) = Nef(Y2) by Lemma 2.15. Thus the
same is true of the Mori cones of curves by duality. Note also that p(Ky,) = Ky, since D is
anti-canonical.

The exceptional locus of a toric model Y7 — Yj is a disjoint union of chains of interior
smooth rational curves Fi,..., F, with self-intersection numbers —2,—2,... —2,—1, such that
F; is disjoint from D for j < r and F, meets D transversely in one point. (Such a chain is the
exceptional locus over a point p € D which is blown up r times.) By assumption p(Ay,) = Ay,,
so p sends internal (—2)-curves to internal (—2)-curves. Also, the class = of a (—1)-curve is
characterized by 2 = —1, x - K = —1, and x generates an extremal ray of the Mori cone. Thus
p sends interior (—1)-curves to interior (—1)-curves. Also, since u preserves the intersection
product, the curves in Y5 corresponding to the exceptional locus of Y7 — Y7 intersect in the
same way, that is, they form a disjoint union of chains. Hence there is a birational morphism
(Y2, D) — (Y2, D) which contracts these curves, and is given by a sequence of blowups of the
same combinatorial type as (Y1, D) — (Y1, D).

We claim that the surface (Y2, D) is toric. Let (Y, D) be a Looijenga pair, and write e(X) =
S (—=1)*dim H*(X,R) for the Euler number of a topological space X. If (Y',D’) — (Y, D) is
a toric blowup then Y\D' = Y\D so in particular e(Y'\D') = e(Y\D). If (Y',D") - (Y, D)
is a birational morphism of Looijenga pairs given by blowing up a smooth point of D (and
defining D’ to be the strict transform of D) then e(Y'\D') = e(Y\D) + 1. If (Y, D) is toric
then e(Y\D) = e((C*)?) = 0. Now it follows from the existence of toric models (Lemma 1.3)
that a Looijenga pair (Y, D) satisfies e(Y'\D) > 0 with equality if and only if (Y, D) is toric. In
our situation we have e(Y1\D) = e(Y2\D) (because e(Y1\D) = e(Y2\D) and the toric models
(Y1,D) — (Y1, D) and (Y2, D) — (Ya, D) have the same number of exceptional curves). Thus
(Y1, D) toric implies (Yz, D) toric.

Next observe that the toric pairs (Y7, D) and (Y, D) are isomorphic. Indeed, the self-
intersection numbers D? for Y7 and Y, coincide because the self-intersection numbers Di2 for
Y7 and Y5 coincide and the toric models (Y1, D) — (Y7, D) and (Ya, D) — (Y2, D) have the same
combinatorial type. So (Y7, D) and (Ya, D) are isomorphic by Remark 2.4.

Now we may apply Corollary 2.10. a

3. The weak Torelli theorem

The following result is due to Friedman.

THEOREM 3.1 [Fril3, Theorem 2.14]. The set ® of roots coincides with the set of classes a €
Pic(Y) such that a® = —2, - D; = 0 for each i, and the associated hyperplane a" meets the
interior of C$+.
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We recall the following statement about the action of Weyl groups.

THEOREM 3.2. The arrangement of hyperplanes
alCC’++, ac€ Wy Ay

is locally finite. The group Wy acts simply transitively on the Weyl chambers, and each chamber
is a fundamental domain for the action of Wy on C*+. One chamber is defined by the inequalities
x-a >0 for all « € Ay (and for each o € Ay the equation x - « = 0 defines a codimension one
face of this chamber). The analogous statements hold for the Weyl chambers of CE*.

Proof. The analogous statement for chambers in C is a basic result in the theory of hyperbolic
reflection groups (see [Dol08, Theorem 2.1]). This immediately implies the result for the chambers
in Ct+ or CJ" | as these full-dimensional subcones of CT are preserved by Wy (see Lemma 2.13).
The closure of the chamber in C’BJF defined by z - a > 0 for each o € Ay is identified with the
nef cone of Y by Lemma 2.15. By definition the elements of Ay are the classes of (—2)-curves
on Y and thus define codimension one faces of the nef cone. O

LEMMA 3.3. Let (Y, D) be a Looijenga pair. Let L be a line bundle on Y such that L? = —2
and L|p ~ Op. Then h°(L) > 0 or h°(L71) > 0.

Proof. Suppose H°(L) = 0. Using the exact sequence
0> L®0Oy(-D)—>L—-0Op—0

we see that H(L ® Oy (—D)) = 0 and HY(L ® Oy (—D)) # 0. Equivalently, by Serre duality,
HYL7') # 0 and H?(L™1) = 0. Now by the Riemann-Roch formula

POLTY > XL = x(Oy) + 5171 (L7 = Ky) = 0. .
PRroPOSITION 3.4. Let (Y, D) be a Looijenga pair. Then &y = Wy - Ay.

Proof (cf. [Fri13, Proof of Theorem 2.14]). Note that W preserves ® by Lemma 2.12 and Wy
preserves the period point ¢y : D+ — G,,. It follows that Wy - Ay C ®y. Conversely, given
a € Oy, we show a € Wy - Ay. By Theorem 3.1 there exists a class z in the interior of CBJF
such that -« = 0. In particular z - [D;] > 0 for each i. We may assume x is an integral class, say
x = [H]. By Lemma 2.15 and Theorem 3.2, replacing x and o by wx and wa for suitable w € Wy,
we may assume z lies in the nef cone of Y. Also 22 > 0 (because a? = —2 < 0 and z - a = 0).
So H is nef and big. By Lemma 3.3, replacing o by —« if necessary, we may assume that « is
effective, say a = > a;[C;] for some irreducible curves C; C Y and a; € N. Now a.- H = 0 implies
C; - H = 0 for each i. In particular no C; is a component of D, so a- D = 0 implies C; - D =0
for all 4. Also, the span of the classes of the C; is negative definite. Now by adjunction each C; is
a (—2)-curve, and | J C; is a configuration of (—2)-curves with dual graph a Dynkin diagram of
type A, D, or E. (Note that | C; is connected because it is the support of the cycle > a;C; with
square —2.) Finally, the Weyl group of a root system of type A, D, or E acts transitively on the
set of roots (and the roots are precisely the elements 3 of the root lattice such that 5% = —2).
Soa e Wy - Ay. O

COROLLARY 3.5. Let (Y, D) be a Looijenga pair. Then (Y, D) is generic if and only if ¢y (a) # 1
for all « € ®.
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Proof. By definition (Y, D) is generic if and only if Ay = @. This is equivalent to ®y = @ by
Proposition 3.4. O

Proof of the weak Torelli theorem. Note that Wy, fixes ¢y, and the [D;] by the definitions, and
preserves CTT by Lemma 2.13. So the conditions on the isomorphism x of lattices are necessary.
Conversely, suppose we are given u satisfying the hypotheses. The isomorphism p satisfies
pu(®) = ® by Theorem 3.1 and hence p(®y,) = Py, by condition (iv) of the statement of the
weak Torelli theorem. Also ®y;, = Wy, - Ay, for each i = 1,2 by Proposition 3.4. Thus ;1 sends
the Wy, -Weyl chambers of Ci* C Pic(Y7)gr to the Wy,-Weyl chambers of C}," C Pic(Y2)g. Since
Wy, acts simply transitively on the Wy,-Weyl chambers of CE+, there exists a unique g € Wy,
such that p o g satisfies u(Ay;) = Ay,. Now the global Torelli theorem applies. O

4. First properties of the monodromy group

PropoOSITION 4.1. Let (Y,D) be a Looijenga pair. Let (0 € Def(Y,D)) denote the versal
deformation space of the pair and T}, = Hom(D",G,,).

(i) The local period mapping
¢ : (0 € Def(Y, D)) — (¢y € Ty,)

is a local analytic isomorphism.

(ii) The locus of generic pairs in Def(Y, D) is the complement of the inverse image under ¢
of the countable union of hypertori

T, ={v €Ty | ¥(a) = 1}
for a € .
In particular, every Looijenga pair is a deformation of a generic pair.

Proof. The period mapping is a local isomorphism by [Loo81, I1.2.5].
Statement (ii) follows from Corollary 3.5. O

DEFINITION 4.2. Let (Y,D) be a Looijenga pair. Let Admy denote the subgroup of
automorphisms of the lattice Pic(Y") preserving the boundary classes [D;] and the cone C*+
(see Definition 1.7). We say an automorphism 6 of Pic(Y') is admissible if € Admy .

LEMMA 4.3. Let (Y, D) be a Looijenga pair. The group Admy contains the monodromy group
of (Y, D) and preserves ®.

Remark 4.4. In fact we show in Theorem 5.15 that Admy is equal to the monodromy group.

Proof. The monodromy group preserves the cone C™ by Lemma 2.13, so it is contained in
Admy . The group Admy preserves ¢ by Theorem 3.1. O

LEMMA 4.5. Let (Y, D) be a generic Looijenga pair and 6 : Pic(Y') — Pic(Y') an isomorphism of
lattices such that 0(|D;]) = [D;] for each i. The following conditions are equivalent:
(i) 0 € Admy;
(ii) O(Nef(Y)) = Nef(Y);
(iii) there exists H € Pic(Y') such that H and §(H) are ample.
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Proof. By definition § € Admy if and only if (C*T) = CT*, and Nef(Y) = C}* by Lemma 2.15
because (Y, D) is generic. So (i) implies (ii). Clearly (ii) implies (iii) (because the ample cone is
the interior of the nef cone). Finally, suppose 6 satisfies (iii). Then 6 preserves the set M and
hence the cone C*1 (see Definition 1.7). So (iii) implies (i) and the equivalence of the statements
is proved. O

LEMMA 4.6. Let (Y, D) be a generic Looijenga pair. Then any limiting configuration on'Y is an
exceptional configuration.

Proof. By definition, a limiting configuration on Y is the parallel transport of an exceptional
configuration on a generic pair (Yp, D). Note that Nef(Y)) and Nef(Y) are identified under parallel

transport (because for a generic pair the nef cone coincides with Cng by Lemma 2.15, and this
cone is invariant under parallel transport by Lemma 2.13). The elements of the exceptional
configuration on Yj define codimension one faces of Nef(Yp). Hence the elements E;; of the
limiting configuration define codimension one faces of Nef(Y"). Now by Lemma 2.14, result (i) and
the intersection numbers it follows that the E;; are a collection of disjoint interior (—1)-curves.
As in the proof of the global Torelli theorem, contracting these curves yields a toric pair (Y, D),
so {E;;} is an exceptional configuration. O

THEOREM 4.7. Let (Y, D) be a Looijenga pair. The group Admy acts simply transitively on the
set of limiting configurations of (any given) combinatorial type.

Proof. We may assume that (Y, D) is generic by Proposition 4.1.

We show that if 7 : (Y/, D’) — (Y, D) is a toric blowup, then we have a natural identification
Admy = Admy . Note that (Y, D) generic implies (Y”, D) generic by the definition of generic, so
we may use the equivalent conditions above. We may assume that 7 is a simple toric blowup, with
unique exceptional divisor E. Given § € Admy, we define a homomorphism ¢’ : Pic(Y”') — Pic(Y”)
by 0'(m*a) = 7*0(a) and ¢'([E]) = [E]. We claim that ¢’ € Admy. It is clear that 6’ is an
isomorphism of lattices and ¢'([D}]) = [Dj}] for each component D, of the boundary D" C Y.
Letting H € Pic(Y) be ample, then (H) is also ample on Y. Now for N € N sufficiently large,
H' := Nn*H — E and #'(H’) are ample on Y’. So #' € Admys. The map Admy — Admy~
defined in this way is clearly a group homomorphism. Conversely, given 6 € Admy~, we have
¢0'([E]) = [E]. Thus we can define 6 : Pic(Y) — Pic(Y) by restricting ¢’ to E+ and using the
identification E+ = Pic(Y') given by *. Then 6 is an isomorphism of lattices and 0([D;]) = [D;]
for each i. Now letting H' be ample on Y, then §'(H') is also ample on Y'. Hence H := m,H' and
O(H)=m.(0'(H')) are ample on Y, so § € Admy. This defines a homomorphism Admys — Admy
which is clearly the inverse of the homomorphism described above.

Let # € Admy, and let {E;;} be an exceptional configuration on a toric blowup (Y, D’) of
(Y, D). We show that {§(F;;)} is another exceptional configuration of the same combinatorial
type. Using the identification Admy = Admy~ proved above, we may assume Y = Y’. We have
O(Nef(Y)) = Nef(Y), so the 6(E;;) define codimension one faces of Nef(Y'). We can now finish
as in the proof of Lemma 4.6 above.

Conversely, let {E;;}, {Fi;} be two exceptional configurations on (Y, D) of the same
combinatorial type. Clearly there is a unique isomorphism of lattices 6 : Pic(Y') — Pic(Y’) such
that 6([D;]) = [D;] for all i and 6([E;;]) = [Fi;] for all ¢ and j. We must show that § € Admy-.
Let m: (Y,D) — (Y, D) denote the contraction of the {E;;}, and 7' : (Y, D) — (Y, D) the
contraction of the {F;;}. (Note that the toric pairs (Y, D) obtained by the contractions are
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(non-canonically) isomorphic because the exceptional configurations have the same combinatorial
type.) Let H =Y aipi be ample on Y. Then for N € N sufficiently large both H = N7*H - E;;
and 0(H) = N(n')*H — ) F;j are ample on Y. So § € Admy. O

5. Automorphisms, universal families, and the monodromy group

Given (Yp, D) a generic Looijenga pair, let (Ye, D) be a Looijenga pair deformation equivalent to
(Yy, D) with period point ¢y, given by ¢y, (a) = 1 for all « € D+ C Pic(Y,). (Note that existence
of (Ye, D) follows from the construction of Proposition 2.9, and (Ye, D) is uniquely determined
up to isomorphism by the weak Torelli theorem.)

We analyze the relationship between the Weyl group W, the group Admy,, and the
automorphisms groups of Looijenga pairs deformation equivalent to (Yp, D).

THEOREM 5.1. Let (Yy, D) be a generic Looijenga pair and define (Y, D) as above. Then W C
Admy, is a normal subgroup and there is an exact sequence

1 - Hom(N',G,,) - Aut(Ye, D) - Admy, /W — 1 (3)

where N’ is the group defined in Theorem 1.8.

More generally, for (Y, D) an arbitrary Looijenga pair deformation equivalent to (Yp, D), let
Hodgey C Admy, denote the stabilizer of the period point ¢y (for some choice of marking of
Pic(Y')). Then we have an exact sequence

1 - Hom(N',G,,) = Aut(Y, D) — Hodgey /Wy — 1 (4)
Proof. Note Wy C Admy, and Admy; preserves ® by Lemmas 2.12 and 4.3. Now, since
Py ={a € ®|gy(a)=1},

the group Hodgey preserves ®y and Wy C Hodgey is normal. The image of Aut(Y, D) in
Aut(Pic(Yp)) has trivial intersection with Wy, since it preserves the Weyl chamber Nef(Y') C
C"ng, while the Weyl group acts simply transitively on the chambers. Take g € Admy,.
Composing g with an element of Wy we can assume g preserves the Weyl chamber Nef(Y'),
and thus Ay (as each o € Ay corresponds to a codimension one face of the chamber). Now
g is in the image of Aut(Y, D) if and only if it fixes the period point ¢y by the global Torelli
theorem. Thus the homomorphism Aut(Y, D) — Hodge, /Wy is surjective. Now the exactness
follows from Proposition 2.6.

Finally, for Y, the period point equals the identity element of Hom(D*,Gy,), so Hodgey. =
Admy, and Wy, = W by Proposition 3.4. O

Remark 5.2. Note that the description of the automorphism groups of certain Looijenga pairs
in [Loo81, Corollary 1.5.4], is incorrect as stated. (The assumption that the automorphism acts
trivially on D+ should be added to the statement. Moreover, the group Z/sZ x Z/27 in the
statement should be replaced by the dihedral group of order 2s.) The group N’ is trivial in
the cases studied by Looijenga so Aut(Y, D) = Hodge, /Wy

Ezample 5.3. We give an example where Admy, /W is nontrivial (in fact, infinite). Let D be
a cycle of seven (—2)-curves. Then one can show that Aut(Ye, D) is infinite. (Indeed, since
Oy.(D)|p ~ Op, there is an elliptic fibration f : Y, — P! with f~!(co) = D. Moreover, the
fibration f is relatively minimal because Kx = —D. So there is an action of the Mordell-Weil
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group MW (f) of sections of f on (Y, D) given by translation by the section on the smooth
fibers of f. Finally, MW(f) is infinite by [MP86, Theorem 4.1] (or a short root theoretic
calculation, cf. Example 5.6 below).) The group N’ is finite because [D1],...,[D,] € Pic(Yy)
are linearly independent. Hence Admy, /W is infinite by Theorem 5.1.

We note by way of comparison the following lemma.

LEMMA 5.4. In the cases Looijenga considers in [Loo81] we have Admy = W.

Proof. We use [Loo81, Proposition 1.4.7, p. 284]. By definition Cr(Y,D) is the group of
automorphisms of the lattice Pic(Y) preserving the ample cone of Y and the boundary divisors
Dy, ...,D,. We may assume (Y, D) is generic, that is, in Looijenga’s notation B™ = . Then
Admy = Cr(Y, D) = W by Lemma 4.5 and [Loo81, 1.4.7]. O

Example 5.5. We describe an example of a Looijenga pair (Y/, D.) such that the set A of internal
(—2)-curves on Y/ is infinite.

Let (Ye,D.) be the Looijenga pair of Example 5.3. Then there is an elliptic fibration
f:Y. - P! with D = f~!(c0) and such that f has infinitely many sections. Each section
C C Y. is a (—1)-curve (because —Ky, - C = D - C = 1). Any two sections meeting the same
component of D intersect D at the same point (because ¢y, is trivial by definition). So there is a
point p in the smooth locus of D, such that there are infinitely many (—1)-curves on Y, passing
through p. Now let (Y’, D) denote the blowup of p € Y, together with the strict transform of D..
Then clearly ¢y is also trivial, so (Y, D") = (Y/, D.). Now Y’ contains infinitely many internal
(—2)-curves given by the strict transforms of the (—1)-curves in Y, passing through p.

Ezample 5.6. We describe an example of a Looijenga pair (Y, D) such that W is trivial and Adm
is infinite.

Let (Y, D) be the toric Looijenga pair given by F; together with its toric boundary. Label
the boundary divisors Dy, ..., Dy so that D = —1, D3 =0, D2 =1, and D = 0. Let (Y’, D’) be
the toric pair obtained from (Y, D) by the following sequence of toric blowups. We first blowup
D1 N Dy, DN D3, and D3 N Dy, then blowup the intersection point of the strict transform of
D, with the exceptional divisor over D3 N Dy. Now let (Y, D) be the Looijenga pair given by
performing an interior blowup at a point of each of the (—1)-curves contained in D’. Then D is
a cycle of eight (—2)-curves. One can check that D+ does not contain any classes a such that
a? = —2. Thus ® = ¥ and W is trivial for (Y, D). Moreover, choosing the positions of the interior
blowups appropriately (so that (Y, D) = (Y., D.)), there is an elliptic fibration f : Y — P! with
f~1(0c0) = D. There are no reducible fibers of f besides D (because ® = @ and f is relatively
minimal). It follows that the Mordell-Weil group of f is infinite. (Indeed, writing n € P! for the
generic point, the Mordell-Weil group of sections of the elliptic fibration f is given by

MW(f) =Pic’(Y;) = (D) /(T | f.T' =0)
= (D) /Dy, ..., Dsg).

In particular, tk MW(f) = 1.) Thus the group Aut(Y, D) is infinite. Now by Theorem 5.1 we find
that Adm is infinite.

Recall from Definition 1.11 that if ((Z, D),p;) is a Looijenga pair with marked boundary,
and p : Pic(Y') — Pic(Z) is a marking of Pic(Z), the marked period point of ((Z, D), p;, i) is a
point in

Ty := Hom(Pic(Y), Pic’(D)).
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Construction 5.7. Universal families. Let (Y, D) be a Looijenga pair, and 7 : Y — Y a toric
model, with exceptional divisors {£;;} which are disjoint interior (—1)-curves. Varying ¢ € Ty,
the construction of Proposition 2.9 produces sections p; : Ty — Ty x D C Ty X Y, and then
unique sections ¢;; : Ty — Ty x D7 such that

$(Ei;) = Op(qij(6)) ™" @ Op(pi()) € Pic®(D) = Gy,

Explicitly, let p; be the section p; of Lemma 2.8 (this involves choosing the right inverse 7 of v,
but see Remark 5.8), then ¢;;(¢) € Gy, is the point

¢(Eij)~" - pi(¢) € Dy,

where Pic’(D) = G,, acts on DY using the convention of Lemma 2.1.
Let IT: Vg, D) — Ty x Y be the iterated blowup along the sections

qi; CTy x DY C Ty x Y.

This comes with a marking p : Pic(Y') — Pic()) preserving boundary classes, and sending FEj;
to the corresponding exceptional divisor &;;. This induces a marking of Pic(Z) for each fibre Z.
We call X : (y{Eij},pi, u) — Ty a universal family. See Theorem 6.1 for justification of this term.

If 7: Y — Y’ is a toric blowup, with exceptional divisor E/, and Y has a toric model as above,
then there is a divisorial contraction 7 : Y,y — 5{’{ By} which blows down the (—1)-curve u(E)
in each fibre; this is a family of toric blowups. Observe that identifying Pic(Y'), Pic(Y”) with
A1(Y), A1 (Y") respectively, we have a map 7, : A1(Y) — A;(Y’), and hence a transpose map
Ty =Hom(A;(Y’),G,,) — Hom(A1(Y), Gy,) = Ty, an inclusion of tori. This identifies Ty with
the elements of Ty which take the value 1 on exceptional divisors of 7. We define X : yi B ™ Ty

to be the restriction of )72 o to Ty C Ty . This inherits markings of the boundary and the Picard

group. In this way we have a universal family associated with each configuration of exceptional
curves for a toric model of some toric blowup.

Remark 5.8. Note in the construction we made a choice of right inverse v : Ty — Aut®(D) of .
By Proposition 2.6, any two choices differ by a homomorphism h : Ty — Aut(Y, D). One can
check that h together with the action of Aut(Y, D) on Y induces a canonical identification of
the universal families constructed.

Remark 5.9. There are in general infinitely many universal families of a given combinatorial type.
For a given pair (Y, D) with exceptional divisors E;; for a toric model, the above construction
gives a finite number of families, as there is a choice of order of blowup. However, there may be
an infinite number of sets of exceptional divisors of the same combinatorial type, giving rise to
distinct families. We will see that any two are birational, canonically identified by a birational
map; see Theorem—Construction 5.12.

By construction we have the following lemma.

LEMMA 5.10. For ¢ € Ty, the marked period point of the fibre ((¥, D), pi, t)¢ of a universal
family is ¢.

In particular, the fiber of a universal family (), D)/Ty, over the identity e € Ty, is the pair
(Ye, D) defined above.
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COROLLARY 5.11. The locus of generic pairs in a universal family (Y, D)/Ty is the complement
in Ty of the countable union of hypertori

To ={¢ € Ty | ¢(a) = 1}
for a € P.
Proof. This follows from Corollary 3.5. a

We construct a birational action of Admy, on a universal family. This action is used to
identify Admy, with the monodromy group (see Theorem 5.15).

THEOREM—CONSTRUCTION 5.12. Let (Yy, D) be a generic Looijenga pair. Let {E;;},{Fi;} be
two exceptional configurations for (Yy, D), not necessarily of the same type. Then there is a
canonical birational map

Vikyy == Viryy
commuting with the projections to Ty,. This birational map restricts to an isomorphism over a
Zariski open set of Ty, containing the locus of generic pairs, and respects the markings of the
Picard group and the boundary of each fiber over this locus.

Proof. Suppose first the configurations are on Y{ (rather than on possibly different toric blowups
of Yp). Let U C Ty, be the maximal open subset such that each F;; C Y, deforms to a family
of (—1)-curves Fj; C Vg, ylu over U. The Zariski open set U contains the locus of generic
fibers by Lemma 4.6. Write )/ = y{Eij}\U. The Fj; restrict to an exceptional configuration
on each fiber of )’ over U, and we have a birational morphism ()’,D') — (', D) given by
blowing down these families of curves. Let 7 : (Yy, D) — (Yg, D) be the toric model obtained
by contracting the Fj;. Then (), D) is a fiber bundle over U with fiber (Yy, D). Also, V' — )’
restricts to an isomorphism D’ — f/, so the markings piE : Ty, = Vig,;) induce markings of
D cY. Let pf be the sections of the trivial family U x (Yp, D) given by Construction 5.7 for
V(F,,;}- By construction, the marked period points of the fibers of the families ((?’,5’), p¥F) and
(U x (Yo, D),pl") over each ¢ € U coincide. So, by Lemma 2.7, there is a unique isomorphism
I ((?’,5’),;9?) — (U x (Yo, D), pf') over U. Each of Y and U x Y comes with sections ¢j (given
in the first case by the images of the exceptional divisors F;;, in the second by Construction 5.7
for Yy Fij}), which are identified under the isomorphism f. Thus after performing the iterated
blowup of the g;; on Y and U x Y, respectively, f induces an isomorphism )’ — Yy Fij}’ v. That
is, we obtain a birational map Yy Eyy ~? Yy Fi} which is an isomorphism over U.

If the configurations are on toric blowups of Yy we make the obvious modifications: we replace
Yy by a toric blowup 7 : Zy — Yj on which they both appear and carry out the above. Then we
restrict the birational maps to the subtorus Hom(Pic(Yy), G,,,) € Hom(Pic(Zy), G,,), and obtain
induced birational maps between the universal families (which we recall are obtained from the
restricted families via the families of toric blowdowns determined by 7). O

Construction 5.13. Let (Yo, D) be a generic Looijenga pair. Observe that Aut(Pic(Yp)) acts by
precomposition on Ty;:

9(¢) ==pog .

If g is admissible and {E;;} is an exceptional collection, then {g(E;;)} is an exceptional collection
necessarily of the same combinatorial type as {£;;}. This induces, by the construction of the
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universal families, a commutative diagram

y{Eij} y{g(Eij)}

.
¢>¢9T

TYo ~ 1Yy

where the horizontal maps are isomorphisms. Composing YV(g,} = Viy4(k;;)} with the canonical
birational map Yyy(g,,)1 -—* Y{g,;} gives a birational map

Vgt Vibyy > Ve

which is an isomorphism over a Zariski open set containing the locus of generic pairs. In particular
this gives a canonical action of Admy; on Yy E;;} by birational automorphisms. By construction
the composition

: r1 . Py . r .
Pic(Yy) —— Pic(Vig;;}) — Pic(Y(g,;;) — Pic(Yp)

is g € Aut(Pic(Yp)) (here r is the restriction).

Ezample 5.14. Consider the pair (Y, D) obtained by blowing up one general point on each
coordinate axis of P2, with D the proper transform of the toric boundary of P2. Write the
generators of Pic(Y) as L,FEy, Ey, E3 with L the pull-back of a line in P? and the E;
the exceptional divisors. Then {Ej, E2, E5} is an exceptional configuration, as is {Fy, Fy, F3}
where F; = (L — E1 — Ey — E3) + E;. We obtain universal families Vigy: Yir,;y — Ty. The
birational map constructed above f : Vg, 1 --» Y(f,,} is an isomorphism away from the locus
where the three blown-up points lie on a line L. Over such a point, the curve of class Fj
decomposes as a union of irreducible curves of class o := L — B — Ey — E3 and E;. The curve
of class « is the proper transform of L and is common to all three curves, hence the three curves
cannot be simultaneously contracted. The proper transform of L must be flopped before this
contraction can be performed.

Note in this example that D= is generated by «, and ® = {£a}. The reflection s, satisfies
sa(E;) = F;. It is an admissible automorphism, and W = {id, so}. Since the only nontrivial
automorphism which preserves the boundary classes and the intersection pairing is s, it is clear

that W = Admy.

Using the construction of universal families together with the Admy action, we show that
Admy is equal to the monodromy group.

THEOREM 5.15. Let (Y, D) be a Looijenga pair. The group Admy is the monodromy group in
the following sense. Let (), D) — S be a family of Looijenga pairs over a connected base S
together with a point s € S and an identification

(Y, D) —> (Vs, Ds).

Then the monodromy map
p:m(S,s) = Aut(Pic(Y))

has image contained in Admy. Furthermore, in the analytic category, there exists a family as
above such that S is smooth and the image of p is equal to Admy .
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Proof. We have already established that the monodromy group of any family is contained
in Admy. See Lemma 4.3. It remains to show that there is a family with smooth base and
monodromy group equal to Admy .

Let A : (¥,D) — S be a choice of universal family, with marking

p:Pic(Y) x S — R*\Z

and action ¢ of Admy. Here S = Hom(Pic(Y),G,,). Let A C Pic(Y)r be a connected open cone
on which Admy acts properly discontinuously. For example we can take A = C. Working in
the analytic topology, let £ C S denote the tube domain associated to A. That is

Q= (Pic(Y)r +iA4)/Pic(Y) C (Pic(Y) ®z C)/ Pic(Y) = S,

an open analytic subset of S. (Here we have used the identification Pic(Y') = Pic(Y)* given by
Poincaré duality.) Then Admy acts properly discontinuously on 2. (Indeed, the real analytic
morphism

O— A

given by projection onto the imaginary part is Admy equivariant and Admy acts properly

discontinuously on A.) Let
0°:=Q \ U Fix(g)

geAdmy

denote the complement of the fixed loci of the elements of Admy. Note that

U Fix(g) C Q

gEAdmy

is a locally finite union of analytic subvarieties because the action is properly discontinuous.
Hence Q° C Q is a connected open analytic subset. Note also that €2° is contained in the locus of
generic pairs. Indeed, the locus of generic pairs is the complement of the union of the hypertori
T, for a € ® by Corollary 5.11, and T, = Fix(s,) where s, € W C Admy is the reflection in
the root . Let

U :=Q°/Admy

be the quotient of Q° by Admy, a complex analytic manifold. Let (Vy, Dy) — U be the family
of Looijenga pairs over U given by the quotient of the restriction of the family (), D) — S to
Q°. (Note that the birational action of Admy on the universal family is biregular over the locus
of generic pairs and hence over 2°. See Construction 5.13.) Let ¢t € Q° be a basepoint, and u € U
the image of t. The Galois covering map 2° — U with group Admy corresponds to a surjection

m (U, u) - Admy.

Given g € Admy, let [y] € m1 (U, u) be a lift of g. Then +y is a loop based at w € U which lifts to a
path 4 in Q° from t to g~ 't. Now the monodromy transformation associated to the loop « for the
family (Vu, Dy) — U is identified with ¢ € Admy C Aut(Pic(Y)) via the marking isomorphism

pi : Pic(Y) = Pic()%). O
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6. Moduli stacks

We give a complete description of the moduli stacks of Looijenga pairs, with and without
markings. Note that these stacks are highly non-separated in general. The situation is very
similar to that of moduli of K3 surfaces without polarization, cf. [LP80, §10].

We work in the analytic category. The stacks we define are stacks over the category of analytic
spaces.

Fix a Looijenga pair (Yy, D). Let MYO denote the moduli stack of families of Looijenga pairs
(Y, D) together with a marking of D and a marking of Pic(Y") by Pic(Yy). More precisely, for an
analytic space S, the objects of the category Myo (S) are morphisms

ANV, D=D1+---+Dy) > S
together with an isomorphism
s Pic(Yy) x S = R2M\Z

and sections
pi S — D

of D; — S such that the following hold.

(i) The morphism Y — S is a flat family of surfaces.
(ii) The analytic space D; is a Cartier divisor on Y/S for each 1.

(iii) Each closed fiber (Ys, Ds, s, {pi(s)}) is a Looijenga pair together with marking pus :
Pic(Yy) — Pic(Ys) of the Picard group and marking p;(s) € D; s of the boundary.

Furthermore, in the cases n = 1 or 2, we assume we are given an orientation of D, that is, an
identification
Z x S = R'\Zp.

The morphisms in the category from (),D)/S to ()',D')/S" over a morphism S — S are
isomorphisms

Y, D) = (V,D) xg S

over S compatible with the markings and the orientation.

Similarly, let M’YO denote the moduli stack of Looijenga pairs (Y, D) together with a marking
of Pic(Y) by Pic(Yp), My, the moduli stack of Looijenga pairs with a marking of D, and My,
the moduli stack of Looijenga pairs.

We have the period mapping

MY@ —> TYO,
(Y, D), p, {pi}) = obv.

(Note: if (¥, D)/S is an object of My, then the sections p; and the orientation of D determine a
canonical isomorphism
D xS D.

This is used to define the period mapping for families over an arbitrary base S.) Similarly, writing
T, }’,0 = Hom(D*,G,,), we have period mappings

V /Yo — T{/O,
MYO —> [TYO / Adm],
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and
Yo = [Ty, /Adm].

(Here for a group G acting on an analytic space X we write [X/G] for the stack quotient. We
also write Adm = Admy, for brevity.)
Let X denote the set of connected components of the complement

C’BJF\ U at.

acd

(So ¥ is permuted simply transitively by the Weyl group W.) Let U = Ty, x X. Define an étale
equivalence relation R on U as follows: (p,0) ~ (p,c’) if and only if o and ¢’ are contained in
the same connected component of CH\ |J aca, a't, where

¢, :={ae®|pla)=1}

Let Tyo denote the analytic space U/R. Thus we have an étale morphism Tyo — Ty, given by
the first projection U = Ty, x ¥ — Ty, which is an isomorphism over the open analytic set
Ty, \Uneca(p(a) = 1). Note that Ty, is not separated if ® # ¢J. We define T{/O — Ty, similarly.
That is, T{/O = U'/R' where U’ = Ty, x ¥ and R’ is defined by the same rule as above.

Recall the action of Aut®(D) = G, on

Ty, = Hom(Pic(Yp), G,,) = Hom(Pic(Yp), Pic’(D))

from Lemma 2.5.
Let K = Hom(N', G;,) where N’ is the group defined in Theorem 1.8. Every object (¥, D)/S
of MQ/O(S) has a canonical subgroup K x S of its automorphism group. (These are the

automorphisms acting trivially on the Picard group of the fibers.) See Theorem 5.1. Let Mg’/o
denote the rigidification of My along K in the sense of [ACV03, §5]. (Thus the objects of
My, and My, coincide locally, but the automorphism group in My, is the quotient of the
automorphism group in My, by K.) Similarly let My, denote the rigidification of My, along K.
(Note that the monodromy group Adm acts trivially on K.) The period mappings My, — Ty,
and My, — [Ty, /Adm] descend to maps My, — Ty, and My, — [Ty, /Adm].

THEOREM 6.1. We have identifications

My, = Ty,,
My, = [Ty, /Aut’(D)],
MYO = [TYO /Adm],
IYO = [Tyo/AutO(D) x Adm],

1"
Yo — TYQ’

and
Yo = [Ty, /Adm],

compatible with the period mappings.
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Proof. The identification
My, — Ty,
is obtained as follows. Given (), D)/S, u, {p;}) € My, (S) we have the associated period mapping

¢ : S — Ty,; see Definition 1.11(iii). We define a lift ¢ : S — Ty, of ¢ by

where o C ug ' (Nef()s)), for each s € S. Note that ug!(Nef()s)) is the closure of a connected
component of CH T\ Uaecbp ot by Lemma 2.15 and Theorem 3.2. So o is uniquely determined

up to the equivalence relation R and ¢ is a well-defined map to Tyo =U/R.

We now establish that the morphism My, — Ty, is an isomorphism. Objects of My, have no
nontrivial automorphisms by Proposition 2.6. So the stack MYO is (represented by) an analytic
space. The period mapping MYO — Ty, is étale by [Loo81, II.2.5]. Hence also MYO — Tyo is
étale. The map MYO — T Y, is injective on points by the global Torelli theorem for Looijenga
pairs, Theorem 1.8. Indeed, two marked Looijenga pairs ((Y, D), i, {pi}), (Y',D"), i/, {p}}) are
isomorphic if and only if ¢y = ¢y and p~t(Nef(Y)) = p/~1(Nef(Y’)) by Remark 1.9. Also,
the map is surjective on points by the construction of universal families (see Lemma 5.10) and the
fact that connected components of CBJr\ U aE®, o™ are permuted transitively by the Weyl group

W (®,). Hence the map My, — Ty, is an isomorphism as claimed.
The remaining identifications follow by passing to the quotients corresponding to forgetting
the marking of Pic(Y') and/or D. Note that applying Hom(+, G,,) to the exact sequence

0 — Dt — Pic(Yy) > Z" - N’ — 0
we obtain the exact sequence
1> K- Gy, — Ty, > Ty, > 1.

Hence
My, = [Ty, /Aut’(D)] = [Ty, /G},],

where K C G}, acts trivially and the quotient H := GJ; /K acts freely. Thus rigidifying Mg,o
along K yields [Ty, /H] = T{,—O. O

7. Generalization of the Tits cone

In this section we explore to what extent some additional constructions from [Loo81] extend to
the more general context of this paper.

The paper [Loo81] considers Looijenga pairs (Y, D) such that the following conditions are
satisfied.

ASSUMPTIONS 7.1. (i) The number n of irreducible components of D is less than or equal
to five.

(ii) The intersection matrix (D; - D;) is negative semi-definite.

(iii) There do not exist (—1)-curves contained in D.

(Note that condition (iii) is not essential: Under condition (ii), there is always a toric
blowdown (Y, D) — (Y’, D’) such that (Y’, D’) satisfies condition (iii).)
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Remark 7.2. Under assumptions 7.1, Looijenga gives an explicit description of the set A and
shows that it is a basis of the lattice D+ := (D1, ... ,DnH. In general, however, the set A does
not give a basis of D+. In fact A may be infinite (see Example 5.5). At the other extreme, there
are examples with D+ # 0 and A = ¢ (see e.g. [Fril3, Examples 4.3 and 4.4]).

Under assumptions 7.1, Looijenga defines the Tits cone I C Pic(Y ) as follows. (Here we use
our notation.) Write A = Ay, for the set of classes of (—2)-curves on Ye. Define the fundamental
chamber

C={zeCt|z-a>0foralacAl.

The Tits cone I is defined by
I= U w(C).
weW
Looijenga proves that the Weyl group W acts properly discontinuously on the interior Int(I) of
I [Loo81, Corollary 1.14]. Moreover, the reflection hyperplanes a* C Pic(Y)g, o € ® are dense
in Pic(Y)gr\ Int(Z/) U (—Int(1)) by [Loo81, Theorem II.1.5]. So

Int(I) U (=Int(1)) C Pic(Y)g

is the maximal W-equivariant open set on which W acts properly discontinuously.

In the general case, recall that we have an inclusion W C Adm. The group Adm is the full
monodromy group and the Weyl group W is the normal subgroup given by Picard—Lefschetz
transformations. Under assumptions 7.1 we have W = Adm (see Lemma 5.4). In general
W # Adm, and in fact the index of W C Adm may be infinite (see Example 5.3). Moreover,
there are examples such that W is trivial and Adm is infinite (see Example 5.6).

However, we show that the fact that W = Adm acts properly discontinuously on the Tits
cone admits a generalization as follows.

PROPOSITION 7.3. Assume the conditions 7.1. Let (Yy, D) denote a generic deformation of (Y, D).
Then the closure of the Tits cone I C Pic(Y)r is equal to the closure of

W(Yg) + <D1, ey Dn>R~

Proof. Write A =NE(Y,)+ (D1, ..., Dy)r, a convex cone in Pic(Y)g. We must show that A = 1.

The Weyl group W acts transitively on the set of (—1)-curves on Y, meeting D;, for each
i=1,...,n, by [Loo81, Theorem 1.4.6]. Also C* C I by [Loo81, Lemma 1.3.7].

If D? < 0, then [ is the convex hull of the union of (D1, ..., D,)r and the set of (—1)-curves
on Yy by [Loo81, Proposition 1.3.9], the description of the extremal facets of I in [Loo81, §1.3.8],
and [Loo81, Theorem 1.4.6]. Now by the description of NE(Y,) given by Lemma 2.14 we deduce
that I = A if D* <0.

If D? =0 then

I={x€Pic(Y)r |x-D >0}U(Dy,...,Dn)r

by [Loo81, Proposition 1.3.9]. It is easy to see that I = A in this case. Indeed, if x - D > 0, then
(r+ ND) e Ct for N> 0, and thus x € A. So I C A. Conversely, A C I because D is effective
and D - D; = 0 for each component D; of D (note that D is either irreducible with D? = 0 or a
cycle of (—2)-curves). O

PROPOSITION 7.4. Let Y be a smooth projective surface. Let T' C Aut(Pic(Y')) be a subgroup

preserving the semigroup of effective classes. Then I' acts properly discontinuously on the interior
of the cone NE(Y).
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Proof. First note that any subgroup I' of Aut(Pic(Y')) acts properly discontinuously on the
positive cone C'7.

Now assume as in the statement that I' preserves the semigroup of effective classes. We will
use the Zariski decomposition of effective divisors on the surface Y to show that I' acts properly
discontinuously on the interior of the effective cone. Let D be a pseudoeffective R-divisor on the
surface Y (that is, D € NE(Y)). Then there is a unique decomposition

D=P+N

where P and N are R-divisors, P is nef, N is effective, and, writing N = > a;N; where N;
is irreducible and a; € R for each i, we have P - N; = 0 for each ¢ and the matrix (IV; - Nj) is
negative definite. See [KMMS87, Theorem 7.3.1]. Moreover D lies in the interior of the effective
cone if and only if P? > 0. (Indeed CT C NE(Y) so P? > 0 implies D lies in the interior of
NE(Y). Conversely if P2 =0 and P # 0 then D € Pt and P is nef so D does not lie in the
interior of NE(Y). Finally, if P = 0, then we can find a nef divisor B such that B-D = 0. Indeed,
take an ample divisor A and write B = A+ ) \;N; such that B - N; = 0 for each 4, then A\; > 0
for each i and B is nef, B- D = 0. Thus D does not lie in the interior of NE(Y).) Note also
that if D lies in the interior of the effective cone then the Zariski decomposition D = P + N
is characterized by the following properties: P is nef, P # 0, N is effective, and P - N = 0.
(Indeed, writing N = Zle a;N; as above, P- N =0 and P nef implies P-N; = 0 for each i. Also
P? > 0 because D lies in the interior of the effective cone, so the subspace (Ni,..., Niy)r C pt
is negative definite. It remains to show that the N; are linearly independent. Otherwise, we have
a nontrivial expression »  «;N; = > 3;N; where «;, 3; € R>g and o;; = 0 for each i. But then

o (o) = (£ (£0) 0

which is a contradiction.)
Let B C Pic(Y)r denote the interior of the effective cone. We need to show that I' acts
properly discontinuously on B. Equivalently, the map

I'xB— BxB, (y,z) (z,7x)

is proper (that is, the inverse image of a compact set is compact). Equivalently, if (v,,z,) is a
sequence in I' X B such that z,, - = and v,z, = y as n — oo for some z,y € B, then v, = v,
for some v € I, for infinitely many n. Let x, = P, + N, x = P+ N, and y = P’ + N’ be the
Zariski decompositions of x,,, x, and y. Then P, — P and N, - N as n — oo by continuity of
the Zariski decomposition on the interior of the effective cone [BKS04, Proposition 1.16]. Also,
since by assumption I' preserves the semigroup of effective classes, vnzn = Y Pn + Yo NVp is the
Zariski decomposition of v,z,. Thus v,P, — P’ and y,N, - N’ as n - oco. Now P, — P
and ~v,P, — P’ implies 7, = v, some v € I', for infinitely many n because I' acts properly
discontinuously on CT. O

LEMMA 7.5. Let (Y,D) be a Looijenga pair. Let (Yy, D) be a generic deformation of (Y, D).
Then the monodromy group Admy preserves the semigroup of effective classes on (Yy, D).

Proof. By Lemma 2.14 result (i), if C' C Yy is an irreducible curve, then either C C D, C? > 0, or
C'is a (—1)-curve. The group Admy preserves the boundary classes [D;] and the ample cone of Y
by Lemma 2.15. It follows from the Riemann—Roch formula that u(C) is effective for p € Admy
and C either an irreducible curve such that C? > 0 or a (—1)-curve. So Admy preserves the
semigroup of effective classes. g
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COROLLARY 7.6. Let (Y, D) be a Looijenga pair. Let (Y, D) be a generic deformation of (Y, D).
Then Admy acts properly discontinuously on the interior of NE(Y,) + (D1, ..., Dy)r.

Proof. The group Admy acts properly discontinuously on the interior of NE(Y;) by Lemma 7.5
and Proposition 7.4. Since Admy acts trivially on the subspace (Dq,..., Dy)g, it follows that
Admy acts properly discontinuously on the interior of NE(Y,) + (D1, ..., D,)r. (Indeed any two
points z, y in the interior of NE(Y,)+ (D1, ..., Dy)r are contained in a translate 7" of the interior
of NE(Y,) by some element z = Y a;D;, a; € R. Thus there exist open neighborhoods z € U C T
and y € V C T such that the set {g € Admy | gU NV # @} is finite because Admy acts properly
discontinuously on 7'.) O
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