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Abstract

We establish explicit constructions of Mahler’s p-adic U,,-numbers by using Ruban p-adic continued
fraction expansions of algebraic irrational p-adic numbers of degree m.
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1. Mahler’s and Koksma’s classifications of p-adic numbers

Let p be a prime number and let |- |, denote the p-adic absolute value on the field
Q of rational numbers, normalised such that |p|, = p~!. The completion of Q with
respect to | - |, is the field Q, of p-adic numbers, and the unique extension of |- |, to
the field Q, is denoted by the same notation | - |,. Mahler [16] gave a classification of
p-adic numbers in analogy with his classification [15] of real numbers, as follows. Let
P(x) = a,x" + -+ + a;x + ag be a nonzero polynomial in x over the ring Z of rational
integers. We denote by deg(P) the degree of P(x) with respect to x. The height H(P) of
P(x) is defined by H(P) = max{|a,|, ..., |a1l, |ap|}, where | - | denotes the usual absolute
value on the field R of real numbers. Let £ be any p-adic number and let n, H be any
positive rational integers. Following Bugeaud [3], set

wp(H, &) = min{|P(&)|, : P(x) € Z[x], deg(P) < n, H(P) < H and P(¢) # 0},

wp(&) = li}r? jol:p — IOg(g;v;;H’ ) and w(é) = lirnn_) sotlp W"T@

Then £ is called:

* a p-adic A-number if w(¢) = 0;

* a p-adic S-number if 0 < w(§) < oo;

* a p-adic T-number if w(€) = oo and w,(€) < coforn =1,2,3,...; and
* a p-adic U-number if w(¢) = oo and w,,(§) = oo from some n onward.
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2 G. Kekec [2]

The set of p-adic A-numbers coincides with the set of algebraic p-adic numbers.
Therefore, the transcendental p-adic numbers are separated into the three disjoint
classes S, T and U. If ¢ is a p-adic U-number and m is the minimum of the positive
integers n satisfying w,(¢) = oo, then ¢ is called a p-adic U,,-number. Almagik [I,
Ch. III, Theorem I] gave the first explicit constructions of p-adic U,,-numbers for
each positive integer m. For further constructions of p-adic S-, T- and U-numbers, see
[4,5,9,10].

Assume that « is an algebraic p-adic number. Let P(x) be the minimal polynomial
of @ over Z. Then the degree deg(a) of @ and the height H(a) of @ are defined by
deg(@) = deg(P) and H(a) = H(P). Given a p-adic number ¢ and positive rational
integers n, H, in analogy with Koksma’s classification [12] of real numbers and as
in Bugeaud [3] and Schlickewei [21]), set

. . 3 _ a1is an algebraic p-adic number,
w,(H,£) = min {|§ alp : deg(a) < n,H(a) < Hand a # f}’
—log(Hw,(H, &)) wi(€)

wy(£) = lim sup and w*(¢) = limsup ==,
H-oco IOgH n—oo n

Then £ is called:

* a p-adic A*-number if w*(¢) = 0;

* a p-adic S*-number if 0 < w*(¢) < oo;

* a p-adic T"-number if w*(£) = co and w)(§) < oo forn =1,2,3,...; and
* a p-adic U*-number if w*(£) = co and w}(€) = co from some n onward.

The set of p-adic A*-numbers is equal to the set of algebraic p-adic numbers. Therefore,
the transcendental p-adic numbers are separated into the three disjoint classes S*,
T* and U”. Let £ be a p-adic U*-number and let m be the minimum of the positive
integers n satisfying w;(¢) = co. Then ¢ is called a p-adic U,,-number. Mahler’s
classification of p-adic numbers is equivalent to Koksma’s classification of p-adic
numbers, that is, the classes A, S, T and U are the same as the classes A*, S*, T* and U*,
respectively. Furthermore, a p-adic U},-number is a p-adic U,,-number and vice versa.
(See Bugeaud [3] for further information on Mahler’s and Koksma’s classifications of
p-adic numbers.)

2. Ruban p-adic continued fractions

Ruban [20] introduced a continued fraction algorithm in Q,. In this section, we
recall the Ruban p-adic continued fraction algorithm and its basic properties following
the approach of Perron [19, Sections 29 and 30, pages 101-108] (see also [14, 17,
22, 23]). Let £ be a nonzero p-adic number with the canonical expansion

&= idjpj,
=k
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[3] p-adic continued fractions 3

wherea; € {0,1,...,p—1}forj=k,k+1,...,a; # 0and k is the rational integer such
that |£], = p k. If k <0, then we write & = {¢} + |£], where
0 I
=) ap and 1£]=) ap
=k j=1

If k > 0, then we write & = {£} + |£], where

0o

(€1=0 and |¢]=) ap.

Jj=k
Further, we write 0 = {0} + [ 0], where {0} = |0] = 0. Then, for each p-adic number &,
{¢} and | £] are uniquely determined. Let by, by, by, . . . be nonnegative rational numbers
with
boe{{é}:£€Qy} and by e{{}:6€Q)p KKl 2p (v=1,23,..).
A finite Ruban p-adic continued fraction [by, b, . .., b,], is defined by
1

[bO’bla'“’bn]p :b0+

Then we have the following properties.
1

[bolp = bo,  [bo,b1], = by + b

1
[b09b1,-'-9bn]p = bO’bl9""bn*2’bn*] + b_] = [b()’b]’"'7bm*l9[bm7""bn]p]p’

ndp
[bo, b b,l, = by + !
0»Floee Tl = 0 [bls“-sbn]p.
Hence, [bg,by,...,b,], is a nonnegative rational number, and the numbers
b, (v=0,1,...,n) are called the partial quotients of the Ruban p-adic continued
fraction [bg, by, . .., b,],. Define the nonnegative rational numbers p, and g, by

{p—2 =09 p—l = 17 pV =prV—1 +pv—2 (V:09 1323"')’ (2‘1)

qg2=1, q.1=0, ¢ =bg-1+q-> (»=012,..).
By induction,
[bo’bl’-”sbn]p:& (n=0,1,2,...).

qn
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4 G. Kekeg [4]

The nonnegative rational numbers po/qo, p1/41, - - -» Pu/gn are called the convergents
of the Ruban p-adic continued fraction [bo,by,...,b,],; pv/q, (v=0,1,...,n) is
called the vth convergent of [bo, by, ..., b,],. By induction,

Pv@v-1 = pvagy = (1)1 (v=-1,0,1,...). 2.2)
From (2.1),
|Qn|p = |b1|p ' |b2|p T |bn|p and |pn|p = |b0|p ' |b1|p T |bn|p = |b0|p : |Qn|p (1f by # 0)

forn=1,2,3,.... As |bv|p 2p (V =12,3,.. -)a we have |Qn+1 |p > |Qrt|p and |pn+l|p > Ipnlp
forn=1,2,3,.... Therefore,

lim |g,|, =c0 and lim |p,|, = co.
n—-oo n—o00

By (2.2),
Pu_pot| 1 (n=1,23,..)
qn qn-11p |qn|p : |Qn—1|p B
Then
lim |22 - 2L} g,
n—eo | g, Gn-1lp

Thus, {p./qu},., is a Cauchy sequence in Q, and has a limit in Q,. An infinite
Ruban p-adic continued fraction [by, b1, by, . . .], is defined as the limit of the sequence
{Pn/qn}, > that is,

[bo, b1, b, .. 1, := lim 2% = Tim[bo, by.....b,],.

n—oo qn n—oo
Further, for £ € Q, \ {0},
DPn &+ Pui
[bo,...,bp, &, = ——— (n=0,12,...). (2.3)
0 g qn &+ qn1
Let &y be a p-adic number. If & # {&}, then we write
1
é:O = bO + é,:_l,
where by = (&), & = 1/1é0, 161, = p and (&) # 0. TF & # (£}, then we write
1
& =b + 5
where by = {£1}, & = 1/1&1, €21, = p and {&} # 0. If the process continues, then
1
& =by + (v20), (2.4)
§v+l

where b, = {£,} (v 2 0) and &,y = 1/[£,] (v 2 0), and
|§v|p = |bv|p =p v=1.
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[5] p-adic continued fractions 5

The p-adic numbers &),&;,... are called complete quotients, and the nonnegative
rational numbers by, by, b, . . . are called partial quotients. It follows from (2.4) that

&o = [bo, &11p = [bo, b1, &1y = [bo, by, ..., by, Enii]p (2.5)
and

§V= [bv’bv+ls---sbm§n+1]p (V:O, 1,...,”).
By (2.5), (2.3) and (2.2),

Pn _ Pnnst + Pt P _ (="

&o — = )
qn qn§n+1 + qn-1 qn Qn(Qn§n+1 + Qn—l)

Then
1 1 1 1

Pn
- 2 - 2 < 2"
P |§n+1|p : |Qn|p |bn+1|p : |Qn|p |Qn+]|p . |ql’1|p |Qn|p

‘f__
qn

(2.6)

‘We now have two cases to consider.

Case (i). Some &, appears with &, = {£,+1} = b,+1 and the process stops with
&q+1 = byy1. Then it follows from (2.5) that

fo = [bO’ bl’ e ’bn’ bn+1]p-

Case (ii). €11 # {€n+1) for every n > —1 and the process never stops. Then it follows
from (2.6) that

& = lim 22 = lim[bo, b1, ... bal, = [bo. b1, b .. 1,
n—oo qn n—oo

The Ruban continued fraction expansion of a p-adic number is unique because the
canonical expansion of a p-adic number is unique. Laohakosol [14] and Wang [22]
proved that a p-adic number is rational if and only if its Ruban continued fraction
expansion is finite or ultimately periodic with the period p — p~!. Ooto [17] recently
proved that an analogue of Lagrange’s theorem does not hold for the Ruban p-adic
continued fraction: that is, there are quadratic irrational p-adic numbers whose Ruban
continued fraction expansions are not ultimately periodic.

3. Our main results

Almagik [2, Theorem] gave a construction of real U,,-numbers by using continued
fraction expansions of algebraic irrational real numbers of degree m. In the present
paper, we establish the following p-adic analogue.

THEOREM 3.1. Let a be an algebraic irrational p-adic number with |a|, > 1 and the
Ruban p-adic continued fraction expansion

a = [ag, a1, a2, .. .]p. 3.1)

https://doi.org/10.1017/5S0004972724000959 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972724000959

6 G. Kekec [6]
Let (r,),”, and (s,),. , be two infinite sequences of nonnegative rational integers such
that

O0=rp<so<r<s1<m<s$H<r3<sy<--- and Trni—5,>2.

Denote by p,/q, (n=0,1,2,...) the nth convergent of the Ruban p-adic continued
fraction (3.1). Assume that

log g
im SEWlp _ (32)
n—eo loglqy,|p

and

lim su —10g 9511y
n—>°°p 10g|q5n|p

Define the rational numbers b; (j = 0,1,2,...) by

b = aj fra<j<s, n=0,1,2,..)),
T vj ifs,<j<ry m=0,1,2,..),

(3.3)

(3.4)

where v; is a rational number of the form
—d —d+1 -1
Uj = C_g4p +C_gs1p +---+cCc1p  +Co.

Here, d€Z, d>0, c.q#0 and ¢; €{0,1,...,p—1} for i=—-d,-d+1,...,-1,0.
Note that |vjl, > p. Suppose that |vjl, < kilajl,; and Z]r:ti]:rll laj — vjl, # 0, where
k1 and ky are fixed positive rational integers. Then the irrational p-adic number
& =1bo,b1,by,...], is a p-adic U,-number, where m denotes the degree of the

algebraic irrational p-adic number a.

REMARK 3.2. Let F, be the finite field with g elements and let Fq((x‘])) be the field
of formal power series over F,. In }P"q((f1 )), Can and Kekeg [6, Theorem 1.1] recently
established the formal power series analogue of Almagik [2, Theorem].

Recently, Keke¢ [l1, Theorem 1.5] modified the hypotheses in Almagik
[2, Theorem] and gave a construction of transcendental real numbers that are
not U-numbers by using continued fraction expansions of irrational algebraic real
numbers. Our second main result in the present paper is the following partial p-adic
analogue of Kekec [11, Theorem 1.5].

THEOREM 3.3. Let « be an algebraic p-adic number of degree m > 2 with |a|, > 1
and the Ruban p-adic continued fraction expansion

@ =lag,ar, az, .. .]p.

Let (ry),”, and (sy),., be two infinite sequences of nonnegative rational integers such
that

OZI"()<S0<}"1<Sl<r2<52<l"3<S3<-" and rue — S, = 2.
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[7] p-adic continued fractions 7

Denote by p,/q, n=0,1,2,...) the nth convergent of the Ruban p-adic continued
fraction a. Define the rational numbers bj (j = 0,1,2,...) by

a ifr,<j<s, n=0,1,2,...),
b= T ( ) (3.5)
vj ifs,<j<ry m=0,12,..),
where v; is a rational number of the form
vj = ceap ¥ c_gnp ™+ +elip e

HeredeZ,d>0,c_4g #0andc; €{0,1,...,p—1}fori=—-d,-d +1,...,-1,0. Note
that |vj|, > p. Suppose that |vjl, < kila;l;; and Z}r:s‘:rll laj — vjl, # 0, where k| and k>
are fixed positive rational integers. Assume that

lo
lim inf 2& 19 1p
n—eo ]0g |Qr,,|p

logki ) (3.6)

>2+4m(m+/<2+ .
log2

Then the irrational p-adic number & = [by, by, by, .. ], is transcendental.

In the next section, we cite some auxiliary results that we need to prove our results.
In Section 5, we prove Theorems 3.1 and 3.3.

4. Auxiliary results

The following lemma is a p-adic analogue of Almagcik [2, Lemma IV].

LEMMA 4.1. Let p/q and u/v be two rational numbers with Ruban p-adic continued
fraction expansions

u
§ = lao.ar.....al, and = =lbo.b.....bl, (ol > Llbol, > 1.
Assume that

ijlp < /<1|aj|;2 G=0,1,...,n), “4.1)

where k| and k; are fixed positive rational integers. Then
lul < laolkilgly o512,
PROOF. It follows from (4.1) that
|u|p = |b0|p : |b1|p e |bn|p < KT—I : (la()lp : |al|p e |an|p)K2-
As |Q|p = |a1|p t |an|p = P" > 2",
n K k2| |K: K kr+logk /log?2

July < 27 OER O gl gt < Jaolfaalgfy . :

THEOREM 4.2 (Icen [8, page 25] and [7, Lemma 1, page 71]). Let L be a p-adic

algebraic number field of degree m and let ay,...,a; be algebraic p-adic numbers
in L. Let 1 be any algebraic p-adic number. Suppose that F(n, a1, ..., a;) = 0, where
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8 G. Kekec [8]

F(x,x1,...,x¢) is a polynomial in x,x1,...,x; over Z with degree at least one in Xx.

Then

H(n) < 32dm+(l|+~~+lk)mHmH(al )llm . H(ak)lkm’
where d is the degree of F(x,x1,...,x;) in x, l; is the degree of F(x,x1,...,x;) in
x; (i =1,...,k) and H is the maximum of the usual absolute values of the coefficients

of F(x,x1,...,Xk).

LEMMA 4.3 (Pejkovic [18, Lemma 2.5]). Let a; and a, be two distinct algebraic
p-adic numbers. Then

oy =l > (deglan) + 17 (deg(a) + 1) ¥V H(a) ¥V H(ay) 5.

LEMMA 4.4 (Ooto [17, Lemma 7 and page 1058]). Let a be a p-adic number with
lal, > 1 and let p,/q, be the nth convergent of its Ruban p-adic continued fraction
expansion. Then p, < |pulp, qn < 1q4l, and

Pn Ipnlp €EZ qn - |Qn|p € Z.
THEOREM 4.5 (Lang [13, page 32]). Let K be a p-adic algebraic number field and let

a be any algebraic p-adic number. Then, for each € > 0, the inequality

lor =Bl < H@

has only finitely many solutions 8 in K.

5. Proofs of Theorems 3.1 and 3.3

PROOF OF THEOREM 3.1. We prove Theorem 3.1 by adapting the method of the proof
of Almacik [2, Theorem] to the non-Archimedean p-adic case. Define the algebraic
p-adic numbers

a, :=|bo,b1,....b. a5 41,0542,..]p € Ua) (n=0,1,2,..))
and
Br, = lan+1,0n42,...1p € Q@) (m=0,1,2,..)).
Then deg(e,,) = deg(B,,) =m (n=0,1,2,...). By (2.3),

PrBr, + Pr,—1
a = lag,ay,...,a:,0,], = ——— ®=0,1,2,...)
i qr,Br, + 4r,-1

and thus

@qy,Br, + @41 = PrBr, —Pr-1 =0 (n=0,1,2,...).
Therefore, F(B,,, @) = 0, where, by Lemma 4.4,

F(x,x1) = |pr,|p@rx1% + |pr | p@r,1%1 = P pPrX = D1 pPr.—-1
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[9] p-adic continued fractions 9

is a polynomial in x, x; over Z. It follows from Theorem 4.2 and Lemma 4.4 that

HB,,) < cilgy, [, (5.1)
where ¢; = 33’”|110|127’”H(a)m. Set
Ph o _
— =bo,by,....by], (n=0,12,...).
qn
Then
b1 sbo iy = L Pt
arn: 0sUlsev-5 U, r,,)zl—, n=9u,1,2,...
: qrnﬁr“ + qrn—l
and

ozrnq;n,B,n + a,"q’rn_l - p;nﬂrn - p;n_l =0 (n=0,1,2,..)).
Thus, F(a,,,B,) = 0, where, by Lemma 4.4,
F(x,x1) = |p;, gy, x1x + 1P} 1,4, 1 x = |y, s %1 = 1Py Py
is a polynomial in x, x; over Z. It follows from Theorem 4.2, Lemma 4.4 and (5.1) that
, 2
H(ay,) < 3%"p,, 2"eq, 2. (5.2)
From (3.4),
bil, < kilaily  G=0,1,2,...).
By Lemma 4.1,
1P, 1p < laolkilg,, [ 5152 (n=10,1,2,...). (5.3)
Using (5.2), (5.3) and lim,,_, |g,,|, = oo, we obtain, for sufficiently large n,
H(ay,) <lqs 5, (5.4)

where ¢; = 1 + (m + k; + log k; /log 2)2m.
We approximate ¢ by the algebraic p-adic numbers «,,. We infer from (2.6) and

(3.4) that
ps ps
e-anly <max{le- 22 o, - 22 b o =012 59
Sp 'P qsn p |qS,,|]7
Put
I'n
e_ = [ar,,+1 s Ary 425+ 005 as,,]p = [br,,+l P brn+2a ceey bs,,]p-
I'n
We have
Ps,
q_ = [a()a Aly e s Qrys Ar+15 Apy 425 - - - 9as,,]p
Sn
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10 G. Kekeg [10]

and
p/
s,
_,n = [b()abl’ cee 7br,,’ br,ﬁ-l, brn+29 e bs,,]p-
Sn
Then
|QSn|p =laj-- 'arn|p|ar,,+l e ’as,,lp = |Qr,,|p|ar,,+1|p|ern|p
and
|q:~"|p = |b1 te brn+1|p|br,z+2 T bs,,lp > |€rn|p'
Therefore,

|qg',,|p < |arn+1|p|Qr,,|p|q;,,|p n=0,1,2,...). (5.6)

It follows from Lemmas 4.3 and 4.4 that
1

‘a S S — (5.7)
qr. Ip C3|Qr,,|pm
where c3 = (m + 1)2"H (a)laollzjm. On the other hand, by (2.6),
, 1
’a—ﬁ - (1=0,1,2,..)). (5.8)
qr, lp |ar,1+1|p|an|p
Combining (5.6), (5.7) and (5.8), we get
|qsn |p < C3|an|,2,m_] |61:~n |p- (59)
By (3.2) and (5.9),
C3|C]rn|§m_l < |q;~n|p
for sufficiently large n. So, for sufficiently large n,
s, p < 15,1 (5.10)
We see from (3.2), (5.4), (5.5) and (5.10) that
1 1
O0<lE-apl, < —<
Em b <] S Haay
for sufficiently large n, where
log|g;
= M and lim ¢, = co.
(&) IOg |Qr,, |p n—eo
As deg(a,,) =m (n=0,1,2,...), this shows that £ is a p-adic U*-number with
w (&) = 0. (5.11)

We wish to show that £ is a p-adic U,,-number. We must prove that w;(£) < oo for
t=1,...,m—1. Let 8 be any algebraic p-adic number with 1 < deg(5) <m — 1 and
with sufficiently large height H(5). We deduce from Lemma 4.3 and (5.4) that
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[11] p-adic continued fractions 11

1
calgy, I, HB)™

for sufficiently large n, where ¢4 = (m + 1)""'m™ and c5 = c,(m — 1). By (3.3), there
exists a real number T > 1 such that

|a'r,, _ﬁ|p 2 (512)

195,15 = 1r,.., | (5.13)
for sufficiently large n. We have
& = Blp = 1€ = ar,) + (@, =Blp. (5.14)
From (5.5), (5.10) and (5.13), for sufficiently large n,
€ - a,l, < ,1 5 < ! < 11 7 (5.15)
i P P VA

Let i be the unique positive rational integer satisfying |g.|, < H(B) <lq,,,|,- Put
Ty := T(m+cs + 1). If Il < HB) < 5.1y, then it follows from (5.12), (5.14) and
(5.15) with n = i that

1

B> 5.16

e T (5.16)

If Ig,,,, [,/ < H(B) < |y, ,» then it follows from (3.2), (5.12), (5.14) and (5.15) with
n=1i+ 1 that

B, — 5.17

€ =Bl > T H@y T (5.17)

We deduce from (5.16) and (5.17) that

|§ _ﬁlﬁ = C4H(ﬂ)m+c571

for all algebraic p-adic numbers g with deg(8) < m — 1 and with sufficiently large
height H(5). This gives

wi€) <eco (t=1,...,m—1). (5.18)

We infer from (5.11) and (5.18) that ¢ is a p-adic U, -number. As the set of p-adic
U,,-numbers is equal to the set of p-adic U},-numbers, ¢ is a p-adic U,,-number. ]

EXAMPLE 5.1. This example illustrates Theorem 3.1. In Theorem 3.1, take the
algebraic p-adic number « as the quadratic irrational

a = [a09 al’ a29 .. ']p = [piz’ piza piz’ .. ‘]p
and the sequences (r,); , and (s,);", as

rn=0,r,=2n+1)! =n=1,2,3,...) and s,=m+2)! n=0,1,2,...).
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12 G. Kekec [12]

Define the rational numbers b; (j = 0,1,2,...) by

p? ifr,<j<s, n=0,1,2,...),

4

b, =
Tt ifs,<j<r (m=0,1,2,..).

Take «; = 1 and «, = 2. Then all the conditions of Theorem 3.1 are satisfied and
therefore the irrational p-adic number & = [bg, by, b, .. .], is a p-adic U,-number.

REMARK 5.2. In Theorem 3.1, if we replace lim,,_,,(log|g;,|,/10g|g:,|,) = oo by

lo lo
timinf 9 71 s esTy) and  Timeup £l
n—e loglgy, |, nooo 10g1qr, |p

then we see from the proof that Theorem 3.1 still holds true.

bl

PROOF OF THEOREM 3.3. We replace (3.2) by (3.6) and keep all the lines of the proof

of Theorem 3.1 up to (5.10). By (3.6), there exists a positive real number & such that
log |qsn IP
loglgy, |,

for sufficiently large n. We deduce from (5.4), (5.5), (5.10) and (5.19) that

>2+e) (5.19)

0< |§_a’r,,|p < W

for sufficiently large n. It follows from the definition of @,, and (3.5) that the algebraic
p-adic numbers «,, in Q(a) are all distinct. Then, by Theorem 4.5, the irrational p-adic
number £ is transcendental. ]

Finally, we pose the following question.

PROBLEM 5.3. Does an exact analogue of Kekeg [11, Theorem 1.5] hold in Q,,?
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