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ABSTRACT

Let G be a split reductive group over the ring of integers in a p-adic field with residue
field F. Fix a representation p of the absolute Galois group of an unramified extension of
Q. valued in G(F). We study the crystalline deformation ring for p with a fixed p-adic
Hodge type that satisfies an analog of the Fontaine-Laffaille condition for G-valued
representations. In particular, we give a root theoretic condition on the p-adic Hodge
type which ensures that the crystalline deformation ring is formally smooth. Our result
improves on all known results for classical groups not of type A and provides the first
such results for exceptional groups.

1. Introduction

1.1 Crystalline deformation rings

Let p be a prime, and let A be the ring of integers in a p-adic field L with residue field F. We fix
a split reductive group G over A. Then let K be a p-adic field unramified over Q, with residue
field k£ and ring of integers W (k), and denote the absolute Galois group of K by I'k.

For a fixed continuous homomorphism p : I'x — G(F), there has been considerable interest
in studying lifts of p with ‘nice’ properties, in particular lifts closely connected to p-adic Hodge
theory. This began with Ramakrishna’s results on flat deformations [Ram93], which played an
important role in the Taylor—Wiles proof of modularity of semistable elliptic curves over Q. Most
automorphy lifting theorems for GL,, use either an ordinary or Fontaine-Laffaille condition at p
to ensure that the local deformation ring is nice. Fontaine-Laffaille theory [FL82] lets one study
special cases of the crystalline deformation rings for G = GL,, constructed by Kisin [Kis08] when
p is unramified in K and the Hodge-Tate weights lie in a small interval relative to p. In this
paper, we address the natural question of finding an analogue of the Fontaine-Laffaille condition
for G-valued crystalline deformations. More precisely, we give a root theoretic condition on the
Hodge—Tate cocharacter which ensures that the crystalline deformation ring is formally smooth.
Up to technical conditions on the isogeny class of the group G, we believe this result is close
to optimal when the cocharacter is regular. As discussed in the following, our result improves
on all known results for classical groups not of type A and provides the first such results for
exceptional groups.
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We begin by stating our result more precisely. If B is an L-algebra, a continuous represen-
tation of I'c valued in G(B) is crystalline if the composition with any representation of G is
crystalline. Assuming that A contains a copy of W (k), to such a representation we may associate
a p-adic Hodge type, which is a collection of geometric conjugacy classes of cocharacters of G
indexed by the set J of embeddings of W (k) into A. This generalizes the notation of (labeled)
Hodge—Tate weights of a representation of I'k valued in GL,,(B).

Let u = (i )oes be a collection of dominant cocharacters of G. Our primary goal is to study
the framed crystalline deformation ring with p-adic Hodge type u, whose L-points are crystalline
representations with p-adic Hodge type given by p. We denote this A-algebra by R%’D.

DEFINITION 1.1.1. We say that u is Fontaine—Laffaille, or lies in the Fontaine-Laffaille range,
provided that (uy,a) < p — 1 for every root a € ¢ and every embedding o of W (k) into L. We
say p is strongly Fontaine—Laffaille provided that (u,,a) < (p — 1)/2 for every root o € @ and
every embedding.

There is a natural way to associate potential p-adic Hodge types u to p.

THEOREM A. Suppose p is unramified in K and that p{ #m1(G*%), where G* is the adjoint
group of G. Fix a Galois representation p : 'k — G(F) and a potential p-adic Hodge type u for
the representation.! If Spf R%’D is non-empty and either:

(i) p is Fontaine-Laffaille and the derived group G is simply connected; or
(ii) p is strongly Fontaine—Laffaille;

then Spf R%’D is formally smooth over Spf(A).

Remark 1.1.2. If Spf R%’D is non-empty, its dimension is dim G + ), 7 dim P,, \GF where
P,, F is the parabolic associated to ji; this follows from studying the generic fiber [Ball2,
Theorem 5.1.5]. The assumption that Spf R%’D is non-empty is harmless in many applications,
for example to modularity lifting theorems. Furthermore, when p is regular, one does not need the
assumption that u is a potential p-adic Hodge type; the assumption that Spf Rg’D is non-empty
suffices (see Remark 6.4.5).

Theorem A generalizes previous results about crystalline deformation rings obtained using
Fontaine—Laffaille theory for the general linear, symplectic, and orthogonal groups. Beyond these
cases, for example for spin and exceptional groups, it provides completely new information.

Ezxample 1.1.3. When G = GL,,, the condition that p is Fontaine—Laffaille is equivalent to the
Hodge—Tate weights of the p-adic Hodge type (using the standard representation) lying in an
interval of length less than p — 1 for each embedding of L into K. In this situation, Clozel, Harris,
and Taylor applied Fontaine—Laffaille theory to show formal smoothness of the Fontaine—Laffaille
deformation ring [CHTO08, §2.4]. This deformation ring is none other than the crystalline defor-
mation ring we consider. Our proof uses the theory of Kisin modules and so is independent of
Fontaine-Laffaille theory. Theorem A has an extra hypothesis, that p{n = #m(PGL,). This
hypothesis is needed to apply Proposition 5.1.1, where it is used to reduce to the adjoint case.
For the special case of G = GL,, it is not hard to do a direct analysis and remove this hypothesis
(see Remark 5.1.3).

Ezxample 1.1.4. When p # 2, we can apply Theorem A to symplectic and orthogonal groups. Now
Spa,, is simply connected while SO,, is not, and the highest roots (using the standard descriptions

! More precisely, p|r., ~ TGF@) for some G-Kisin module B of shape j; see Definition 3.1.9 and §3.3.
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of the root system) are 2e; and ej + eg, respectively. Using the standard representation, we can
relate p-adic Hodge types to Hodge—Tate weights. We see that our result applies to Sp,,, for
Fontaine—Laffaille 1, when the Hodge—Tate weights of the p-adic Hodge type lie in the open
interval (—(p —1)/2,(p — 1)/2) for each embedding of L into K. There is an obvious extension
to GSpy,, with Hodge-Tate weights lying in an interval of length less than p — 1.

Similarly, our results apply to SO, for strongly Fontaine-Laffaille p, when the sum of the
two largest Hodge—Tate weights is less than (p — 1)/4 for each embedding of L into K. This is
the case, for example, if the Hodge-Tate weights lie in (—(p — 1)/4, (p — 1)/4).

This generalizes results of Patrikis and the first author (see [Pat06] and [Bool9, Theorem 5.2])
which use Fontaine—Laffaille modules with pairings to show formal smoothness under the addi-
tional assumption that the Hodge—Tate weights with respect to the standard embedding lie in
an interval of length less than (p — 1)/2 (for each embedding of L into K') and that the p-adic
Hodge type is regular (i.e. for each embedding the Hodge-Tate weights are distinct). In the
symplectic case, our method gives roughly double the range of Hodge—Tate weights, while we
obtain a similar range for special orthogonal groups but with some added flexibility involving
the second-largest Hodge—Tate weight.

Ezample 1.1.5. As spin groups are simply connected, Theorem A applies to Fontaine—Laffaille
p-adic Hodge types. Under the quotient map Spin,, — SO,, and embedding SO,, — GL,, this
implies the sum of the two largest Hodge—Tate weights would be less than p — 1.

If we attempted to deduce things about the crystalline deformation ring for Spin,,-valued
representations via the quotient map Spin,, — SO,, and applying Fontaine-Laffaille theory with
pairings to study SO,-valued representations, we would need a much stronger condition, that
the largest Hodge—Tate weight is less than (p — 1)/4.

Remark 1.1.6. When G9° is not simply connected, the hypothesis that u is strongly
Fontaine—Laffaille and not just Fontaine-Laffaille is necessary, even though it might not be
initially expected. Example 6.2.4 gives an example of a representations p valued in GLo with
quotient p’ valued in PGLy with associated Hodge-Tate weights 0 and (p —1)/2. This is
Fontaine-Laffaille but not strongly Fontaine-Laffaille. Our result shows the crystalline deforma-
tion ring for p is formally smooth, but does not apply for p’. We do not expect the deformation
ring for p’ to be smooth.

The group G4 being simply connected or p being strongly Fontaine Laffaille is actually a
proxy for a more technical condition (the Kisin variety being trivial, see Theorem 6.4.4) which
we expect to hold for most 5 when p is Fontaine-Laffaille even if G4 is not simply connected.

Remark 1.1.7. The condition that p{ #m1(G®') in Theorem A is actually two conditions: the
center of GI°* is prime to p order and p { #m1(G9°T) where G is the derived group of G. The
former only appears in a tangent space estimate (Proposition 5.1.1) and can likely be removed.
The latter condition arises out of serious technical issues with the theory of mixed characteristic
affine Schubert varieties for these groups. We do not know if this condition can be removed.

Finally, we discuss the condition that Rg’D is non-empty, or equivalently that p admits
a crystalline lift with p-adic Hodge type p. As discussed in §1.2, our primary analysis is in
characteristic p. We expect proving the existence of crystalline lifts with particular p-adic Hodge
type to require unrelated techniques, and so are content to assume the existence of a lift in
Theorem A. This is not an issue for applications to automorphy lifting where a lift is often given.
However, it is a manner in which our methods are weaker than usual Fontaine—Laffaille theory.
Given that p admits a lift of type u (i.e. Spf R%’D is non-empty), Levin [Lev15] showed that there
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is a G-Kisin module (B, ¢5p) with coefficients in F giving rise to p|r., and the conditions in the
theorem ensure that B is unique. Furthermore, the elementary divisors of ¢g (with respect to
variable u and decomposed over embeddings of W (k) into A) are given by dominant cocharacters
w = (p)oes such that p. < pe in the Bruhat order. We call i/ the shape of 9B. The condition
that p is a potential p-adic Hodge type in Theorem A is that y/ = pu. The theorem we prove in
§ 6 is more general than this, for example, if we assume that p is regular then the assumption
that ¢/ = p is not necessary as long as we assume existence of a lift (see Remark 6.4.5).

If p is tamely ramified such that the image of p lies in the normalizer of a maximal torus
T C G, it is often possible in a combinatorial way to construct crystalline lifts of specified u
which are also similarly valued in the normalizer of T'. These are often referred to as obvious or
explicit crystalline lifts and give a class of p to which our theorem applies. The combinatorics of
these lifts for a general group G is explored to some extent in Gee, Herzig, and Savitt [GHS18]
in the context of the weight part of Serre’s conjecture.

Lin has also recently investigated the existence of crystalline lifts [Lin21, Lin22].

Remark 1.1.8. Although we have not attempted to prove it here, our expectation is that if p
admits a lift of type u, then the shape of 8 must be exactly p rather than strictly smaller. This
is consistent with the fact that Fontaine-Laffaille modules only deform in fixed weight for GL,,.

Remark 1.1.9. It is not clear whether an alternate approach using a theory of Fontaine-Laffaille
modules with G-structure could be used to prove Theorem A. The advantage of this approach
would be that it would also produce a crystalline lift, showing that the crystalline deformation
ring is non-empty. While the category of Fontaine-Laffaille modules is a tensor category, the
functor relating Galois representations and Fontaine—Laffaille modules has limited compatibil-
ity with tensor products. In particular, for Fontaine—Laffaille modules M; and Ms the Galois
representation associated to M7 ® My can be shown to be the tensor product of the Galois repre-
sentations associated to M7 and Ms only if the ‘weights’ of all three Fontaine—Laffaille modules
are in an interval of length p — 2. See [Bool9, Fact 4.12], and for more details see the appendix
of the arXiv version of [Bool9]. This causes substantial technical problems relating G-valued
Galois representations to Fontaine—Laffaille modules with G-structure, which we do not know
how to resolve. This limitation explains why in [Pat06, Bool9] the Hodge-Tate weights must
lie in an interval of length less than (p — 1)/2 instead of p — 1: one tensor product is needed to
study the duality pairing.

1.2 Overview of the proof

We prove Theorem A by relating G-valued Galois representations to G-Kisin modules. Many of
the techniques are inspired by [Lev15], which dealt with the very special case when the p-adic
Hodge type is minuscule, and by [LLHLM18, LLHLM23] which introduce a p-adic approximation
to the monodromy condition in p-adic Hodge theory and connect this approximation to the
geometry of affine Schubert varieties in the case of tamely potentially crystalline representation
of small weight.

In § 2, we review some basics about G-bundles, affine Grassmanians, the Tannakian formalism
for dealing with G-valued representations, and p-adic Hodge theory for G-valued representations,
in preparation for introducing G-Kisin modules in § 3. We define a variety of deformation prob-
lems for G-Kisin modules and G-valued Galois representations in §3.3, and make precise the
notion of ‘potential p-adic Hodge type for p’ that appears in Theorem A. The Kisin resolution
Xg — Spec R%’D is our main tool for relating Galois representations and Kisin modules. We
ultimately show the resolution is an isomorphism and that Xg is formally smooth.

1794

https://doi.org/10.1112/S0010437X23007297 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007297

G-VALUED CRYSTALLINE DEFORMATION RINGS IN THE FONTAINE-LAFFAILLE RANGE

The analysis of the Kisin resolution occurs in §§6.1 and 6.2, and uses that p is unrami-
fied in K and that p is strongly Fontaine-Laffaille or that G9° is simply connected and p is
Fontaine—Laffaille. (This is the only step of the argument where y being Fontaine-Laffaille does
not suffice.) An argument using the Bruhat order on affine Schubert varieties shows the Kisin
variety is trivial, and hence Xg is local. We then make a delicate tangent space argument to
show the Kisin resolution is an isomorphism.

Next, we embed Xg (up to formal variables) into rigidified deformations of G-Kisin modules

of type < p, which in this introduction we denote by 15%” . We show it is an embedding in §6.3
using the theory of (o, I')-modules with G-structure developed in [Lev15]. We have to show that
G-Kisin modules of type < p admit at most one crystalline I'-structure; this requires that pu is

Fontaine-Laffaille and p is unramified in K.
Given that the generic fiber of Xg consists of crystalline representation, it factors through the

flat locus ﬁ%“ Voo - ﬁ%“ which satisfies the monodromy condition characterizing G-Kisin mod-
ules corresponding to crystalline representations. Let RV> (respectively, R) represent ﬁ%” Voo

(respectively, 5%“ ). Welet C € G(W (k) ® R/pR)[u][1/u]) represent the Frobenius on the uni-

versal G-Kisin module over R/pR. Via Tannakian formalism, we define an element u(dC/du)C~1
in LieG ® (k® R/pR)((u)). The condition that
ac ,_, ,
u%C’ € LieG ® (k® R/pR)[u], (1.2.1)
i.e. that u(dC/du)C~! has no poles, is a closed condition on R/pR which we refer to as the
mod p monodromy condition and denote by (R/pR)V'. By p-adically approximating the true
monodromy condition, we prove the following theorem.

THEOREM 1.2.1 (Theorem 4.2.6). The special fiber of ﬁ%"’v“’ is contained in the locus of the

special fiber of f)%“ where the mod-p monodromy condition holds; equivalently,

Spec RV /pRV> C Spec(R/pR)V".

The singularities of 15%“ are related to the singularities of a (mixed characteristic) affine

Schubert variety [],c; Gré“ 7, and the mod-p monodromy condition can be descended to a
condition on [] ¢, Gréﬁ 7, an affine Schubert variety. The ultimate source of smoothness then is
that the differential equation (1.2.1) cuts out a smooth subvariety of the affine Schubert variety
(Theorem 5.2.1).

To complete the proof of Theorem A, we collect the relationships between all the defor-
mation problems in Theorem 6.4.2 and compare dimensions. Theorem 6.4.4 provides a more
technical version of Theorem A. It also offers some information for free about the non-existence
of crystalline lifts with particular p-adic Hodge types (Corollary 6.4.6).

1.3 Notation
We collect some standard notation that will repeatedly arise for easy reference.

Fix a prime p. Our standard convention is for A to be the ring of integers in a p-adic field
L with residue field F, and for G to be a split reductive group over A. We denote the derived
group (respectively, adjoint group) of G by G (respectively, G21) and often use Z and Z9 to
denote the centers of G and G In many places, we assume that p { 71 (GI).
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We often fix a finite field k and a p-adic field K with ring of integers W (k). We let G’ :=
Res(w (k)on)/a G- When A contains a copy of W(k), we have that G' = HaeHom(KL) G.

1.3.1 Root systems. We fix a split maximal torus 7' C G and a Borel subgroup B of G
containing T'. Let X*(7T") and X,(T') denote the character and cocharacter lattices of T'. We let
P C X*(T) and @Y, C X, (T') denote the roots and coroots for (G, T). We let (u, x) denote the
standard pairing between a cocharacter p and a character A.

Let <I>z§ denote the set of positive roots with respect to B, and X, (7T')+ the set of dominant
cocharacters. For a cocharacter j, let pd°™ be the unique dominant cocharacter in the same
Weyl orbit as p. There is a partial ordering on X, (7')4+ where A < p if 1 — A is a non-negative
combination of simple coroots.

For a cocharacter p of G, we define

hy = . 1.3.1
= max {p,) (13.1)

1.3.2 Lie algebras. We let g denote the Lie algebra of G, t the Lie algebra of a split maximal
torus T', and denote the root space for a € ¢ by g,. For a A-algebra A, we let g4 denote g ®4 A,
or equivalently the Lie algebra of G4. We use g’ (respectively, t',...) for the Lie algebra of the
Weil restriction G’ (respectively, the Lie algebra of a split maximal torus 77,...).

1.3.3 Affine Grassmanians. Almost all of our work with affine Grassmanians will involve
the group G’. We use LG’, LTG’, and Grgr to denote the loop group, positive loop groups, and
affine Grassmanian for G’ over A. When p { 71 (G9°") (or, equivalently, p { 71 ((G")%")), we also
use Gréf‘ over A; see §2.3.

Over the residue field F, we let Grég and Grgg denote the Schubert variety and open

Schubert cell for a cocharacter u of G'.

1.3.4 Galois representations. Let K be a p-adic field unramified over Q,, with fixed algebraic
closure K. Let k be its residue field and W (k) the ring of integers in K. Let 'y = Gal(K/K)
be its absolute Galois group. We usually fix a continuous homomorphism p : I'x — G(F).

Fix a compatible system {pl/p,pl/pQ, ...} of p-power roots of p, and let K =
K(pl/p,pl/pQ, ...). We let T', be the absolute Galois group of K. (with respect to K).

1.3.5 Big rings. Let & := W(k)[u] and E(u) = u — p. We set Og to be the p-adic completion
of &[1/u]. The rings & and Og are equipped with a Frobenius ¢ by extending the standard
Frobenius on W (k) by sending u to u”.

For any p-adically complete Z,-algebra A, we set &4 := (W (k) ®z, A)[u] and Og 4 is the
p-adic completion of & 4[1/u]. We extend Frobenius to both by having it act trivially on A. Note
that if A is finite over Z, (for example, Artinian), then &4 = 6 ®z, A.

1.3.6 Kisin modules. A type for G is a cocharacter u for the group G’. We usually use ‘B to
denote a G-Kisin module (Definition 3.1.1), and denote the category of G-Kisin modules of type
< p with coefficients in a A-algebra A by Y'S#(A) (Definition 3.1.7).

1.3.7 Deformation functors. Let Cp (respectively, é\A) denote the categories of coefficient

A-algebras: local Artinian A-algebras with residue field F (respectively, complete local Noetherian
A-algebras with residue field F'). Morphisms are local A-algebra maps.

1796

https://doi.org/10.1112/S0010437X23007297 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007297

G-VALUED CRYSTALLINE DEFORMATION RINGS IN THE FONTAINE-LAFFAILLE RANGE

Our deformation problems are functors from Cy (or C, A) to sets. A variety of deformation prob-
lems (DE’D, Df’E, etc.) and their associated deformation rings (RB’D, R’f’g, etc.) can be found
P b P 7

in Fact 2.4.2 and Definitions 3.3.1, 3.3.2, 3.3.5, and 6.4.1. Theorem 6.4.2 shows the relationships
between many of them.

2. Preliminaries

Let G be a split reductive group defined the ring of integers A in a p-adic field L with residue
field F. We begin by reviewing some background about G-bundles, the Tannakian formalism,
affine Grassmanians, and p-adic Hodge theory for G-valued representations.

2.1 G-bundles
In what follows, all G-bundles are with respect to the fppf topology. We begin by recalling a few
things about G-valued representations and trivializations of G-bundles.

DEFINITION 2.1.1. For any profinite group I' and a finite A-algebra A, let GRepy4(I') be the
category of pairs (P, p) where P is a G-bundle on Spec A and p : I' — Autg(P) is a continuous
homomorphism (giving A the p-adic topology).

DEFINITION 2.1.2. A trivialization of a G-bundle 8 on X is an isomorphism with the trivial
G-bundle £% on X.

We know that if A is a complete local A-algebra with finite residue field, then any G-bundle
on A is trivializable [Lev15, Proposition 2.1.4]. Thus, in all cases we consider, Autg(P) is (non-
canonically) isomorphic to G(A). Identifying Autg(P) with G(A) is equivalent to choosing a
trivialization. A continuous homomorphism p : I' — G(A) is equivalent to (P, p’) € GRepy4(I)
together with a trivialization of P.

Remark 2.1.3. For G = GL,, G-bundles are vector bundles in the Zariski topology. If A is a
complete local A-algebra with finite residue field then the vector bundle is given by a finitely
generated projective (hence, free) module over A and a trivialization is a choice of basis.

2.2 Tannakian formalism

Now let FRep,(G) denote the category of representations of the algebraic group G on finite
free A-modules, and Proj, denote the category of projective A-modules. For a A-algebra A, a
G-bundle P on Spec(A) is equivalent to a fiber functor 1 : fRep, (G) — Proj, (a faithful exact
tensor functor sending the trivial representation to the trivial A-module of rank 1); the fiber
functor associated to B sends a representation G — GL(V') to the pushout Py (see [Levls,
Theorem 2.1.1] for this level of generality). This allows us to give ‘additional structure’ on the
G-bundle P by factoring n through a category of projective A-modules with ‘additional
structure’; equivalently, by specifying ‘additional structure’ on the A-modules n(V') for each
G — GL(V) that are compatible in an appropriate sense.

Ezample 2.2.1. We make this idea precise in a few important examples.

(a) An automorphism of the fiber functor n corresponds to an automorphism of the G-bundle
(see [Levl3, Theorem 2.5.2] for this level of generality). In our situations, the G-bundle can
be trivialized, so (V) >~ V4 and a choice of trivialization identifies Aut(n) ~ Autg(P) ~ G.
In particular, we see that G(A) is in bijection with collections of elements gy € GL(Vy) for
V € 'Rep A(G) that are compatible with tensor products and exact sequences in the sense
that gyv,gv, = gv; ® gy, and such that for short exact sequences 0 - V4 -V — V5 — 0 in
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fRep, (G) the following diagram commutes.

0 1%} Vv Vs 0
l 9V1 J av J gV2
0 1%} V Vs 0

Furthermore, g7 = id.

(b) We can extend the previous example to treat a representation of a group I' valued in G(A)
as a compatible set of representations of I' on V4 for V € /Rep, (G).

(c) Similarly, an element X € g4 is equivalent to endomorphisms Xy in End(Vy) for V €
JRep, (G) (with X7 = 0) that are compatible with exact sequences and with tensor prod-
ucts in the sense that Xygyr = Xy ® 1 +1® Xyv. This follows from the dual-number
interpretation of the Lie algebra and example (a).

(d) A G-grading is a fiber functor which factors through the category of graded vector bundles
on Spec(A). This corresponds to giving a grading on each (V') ~ V4 for each V € fRep, (G).
The gradings are compatible with exact sequences, and with tensor products in the sense
that (using subscripts to denote graded pieces)

VoV, = @ V;® V.
i+j=n
Furthermore, (1)o = 1. This can equivalently be described via a cocharacter p: G, —
Autg(*B), arising by letting t € Gy, act on V,, via multiplication by ¢".

(e) There is an analogous description of G-filtrations as fiber functors 7 factoring through the
category Fily of vector bundles on Spec(A) with decreasing filtration. A splitting is an
isomorphism of a G-grading with the composition of 1 with the associated graded functor.
In the setting we are working in, all G-gradings are split [Riv72, Proposition IV.2.2.5]. The
type of the filtration is the geometric conjugacy class of cocharacters of G giving the splitting.

2.3 Affine Grassmannians
Let G be a split reductive group over A, and fix a split maximal torus 7T and set of positive
roots. We make use of a mixed characteristic affine Grassmannian. In the context where they
arise, the affine Grassmannians are centered at u = p and involve a Weil restriction. We focus
on that setup.

We let LG and L™ G denote the loop group and the positive loop group for G over A. For a
A-algebra A, we have that

LG(A) = G(A(u—p)) and LYG(A) = G(AJu - p]).

The affine Grassmanian Grg is the fpgc quotient LTG\LG. It is an ind-projective scheme.
If p: G — H is any homomorphism of algebraic groups, then there is natural induced map
px: Grg — Gry. Given C € LG(A), we let [C] denote the equivalence class in the quotient
Grg(A).

The special fiber Grgy is just the usual affine Grassmannian for G' centered at u = 0. For
any cocharacter u of T', we use (u — p)* to denote the element pu(u — p) € LT(A) C LG(A) and
[(u — p)¥] denote the corresponding A-point of Grg. When working in special fiber, we use u#
and [u#] with the obvious meaning.

Given dominant cocharacters ' and p of G, recall that ' < p if p— p/ is a non-negative
linear combination of simple coroots. Let Gréf; and Grg‘; denote the affine Schubert variety and
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open affine Schubert cell for the cocharacter u, which are the orbit closure and orbit respectively
of LG on u*. These only depend on the conjugacy class of u, so it is convenient to work with
dominant representative.

THEOREM 2.3.1. Assume that p { #m(Gder) then there is a projective flat A-scheme Gré“ such
that
< <
(GI‘C\;M)F = Gra‘:

and the generic fiber (Gré“)L is the reduced closure of the LT G -orbit of (u — p)*.

Proof. When G is simply connected, there is a construction of affine Schubert varieties over any
base on p. 52 of [Fal03]. Under the assumption on the fundamental group, one can reduce to this
case. For lack of a better reference, the theorem is also a consequence of [PZ13, Theorem 9.3]
since Gré“ is a very special case of the Pappas—Zhu local model associated to GG, the conjugacy
class of p, and the maximal compact parahoric G(A). O

Remark 2.3.2. Let p be dominant. The affine Schubert variety Gr is the union of GrG’” for
dominant p/ < p. This can also be phrased in terms of the Cartan decomposmon For C € LG( ),
we have that [C] € Gr\’; if and only if there exists dominant p/ < p such that

C e LYG(F)u LT G(F).

For later use, we now record a standard fact about tangent spaces. We use our standard
notation about root systems and Lie algebras from §§1.3.1-1.3.2.

LEMMA 2.3.3. The map on tangent spaces induced by right multiplication by u* on Grgyg
identifies

V“ = @ ( (o >ga JFlu] )/ga Flu] € Lie GrI'GF = OF(u /gF (231)
a€®q,(p,a)<0

with the tangent space of Grgﬁ at [ut] as a subspace of the tangent space of Grgy at [u].

Proof. First, note that the stabilizer of [u#] € Grg, under right multiplication by LTGp is
(LTGy Nu MLTGput), and so we get a locally closed immersion

(L+GF N uiuLJrGFu'u)\(LJrGF) — L+GF\LGF

with image Grg” (cf. the proof of [Zhul7, Proposition 2.1.5]). Right multiplication by u™#* gives
an isomorphism from the tangent space of Grg! at u/ to

(Ade(u")gppy )/ (9F[e N Ada(u)grp) = Vi C 8 (w)/9F[ = Lie Grag. O
In our analysis, the affine Grassmanians that appear will actually be for the group
G/ = ReS(W(k)®sz)/A G.

Assuming A is sufficiently large, G’ is just a product of Homq, (X, ) copies of G and so the

( )Hom(K ,L)

above discussion applies with G replaced by G'. Any pe X, (T7) = defines a

cocharacter of the G’ and an affine Schubert variety Gréf‘ .

2.4 p-adic Hodge theory

We briefly review the translation of p-adic Hodge theory to apply to G-valued representations;
see, for example, [Levl5, §2.4] for details. Let K be a finite extension of Q, and I'x be the
absolute Galois group of K. For any L-algebra B and continuous representation p : 'y — G(B),
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we say that p is crystalline (respectively, semi-stable, de Rham) if py is crystalline (respectively,
semi-stable, de Rham) for all V € fRep,(G). As G is reductive, this can be checked on a single
faithful representation.

DEFINITION 2.4.1. A p-adic Hodge type for G is a geometric conjugacy class of cocharacters of
(ReSK®QpL/L G)f

A p-adic Hodge type is equivalent to a collection of geometric cocharacters of G indexed by
Q,-embeddings of K into L. For a fixed split maximal torus 7" in G, each type can be represented

by an element p € X*(T)HomQP(K’L). We denote the conjugacy class by [u]. When there is no
danger of confusion, we often speak of a cocharacter u of G being a p-adic Hodge type (or just
a type) instead of the geometric conjugacy class.

The functor Dgygr from the category of de Rham representations on projective B-modules to
the category of filtered K ®q, B-modules is a tensor exact functor. For a de Rham p: I'g —
G(B), composing with Dgqgr defines a tensor-exact functor from /Rep (Gp) to Fil K®q,B Which
we denote by ng. Let [u] be a p-adic Hodge type for G. We say that p has type [u] provided
that FSR has type [u].

Now fix a continuous p : 'k — G(F). There are framed deformation rings whose character-
istic zero points incorporate conditions from p-adic Hodge theory.

Fact 2.4.2. Let i be a p-adic Hodge type of G and R%’D be the framed crystalline deformation
ring for p with p-adic Hodge type u. It is a complete local A-algebra which is A-flat and reduced.
Its relative dimension over A is dim Gy + dim P, ¢\ G-

The ring R%’D is the flat closure of the locus in (RﬁD[l /p]) of crystalline representations with
p-adic Hodge type p constructed in [Ball2, Theorem 4.0.12]. More precisely, for a finite local
L-algebra A, an A-valued point of RﬁD factors through R%’D if and only if the associated Galois
representation is crystalline with p-adic Hodge type p. Since the local rings of the generic fiber
(Rg’D[l /p]) are formally smooth, the generic fiber is reduced. Since R%’D is A-flat by construction,
it is also reduced. The relative dimension comes from a calculation of the dimension of the generic
fiber [Ball2, Theorem 5.1.5].

3. Deformations of G-Kisin modules and Galois representations

Fix a p-adic field K unramified over Q, with residue field k and ring of integers W (k). Let '
denote the absolute Galois group of K with respect to a fixed algebraic closure K. As before, let
A be the ring of integers in a p-adic field L with residue field F, and G be a split reductive group
defined over A. Assume L is sufficiently large such that it contains a copy of K. Throughout this
section, we also assume that p { #m (G9).

3.1 G-Kisin modules and types

We begin by recalling the definition of a Kisin module with G-structure and some related notions
from [Lev15, § 2.2]. These are generalizations of the objects introduced in [Kis09], which addressed
the case that G = GL,. We work with p-adically complete A-algebras A, and use the ring &4
equipped with Frobenius ¢ introduced in §1.3.5. We continue to work with G-bundles in the
fppf topology.

DEFINITION 3.1.1. For a p-adically complete A-algebra A, a G-Kisin module with coefficients
in A is a pair (B, ¢g) where B is a G-bundle on Spec &4 and ¢ : *(B)[1/E(u)] ~ P[1/E(u)]
is an isomorphism of G-bundles.
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We often suppress ¢z and speak of B as being a G-Kisin module (denoting ¢g by ¢ if the
subscript is not necessary to disambiguate).

DEFINITION 3.1.2. When G = GL(V) where V is finite free over A, a G-Kisin module with
coefficients in A is equivalent to a finitely generated projective module 9t over & 4 of rank equal
to the rank of V, together with an isomorphism ¢on : @*(9M)[1/E(u)] ~ M[1/E(u)]. Let a < b be
integers. We say that 9t has height in [a, b] if

()" 5 dan(i6" (M) D E(u)'M.
We say 9 has bounded height if it has height in [a, b] for some integers a and b.

Remark 3.1.3. In the case of GL(V), there is often an effectivity condition which corresponds to
a > 0, but there is no such notion for G-bundles since all G-bundle maps are isomorphisms.

Example 3.1.4. For any representation V € /Rep A(G), one can pushout a G-Kisin module P
with coefficients in A to a GL(V)-Kisin module, which we denote by (V). This construction
gives an equivalence between G-Kisin modules and faithful, exact tensor functor from /Rep, (G)
to the category of Kisin modules with bounded height. More precisely, a G-Kisin module is
equivalent to the data of a fiber functor n corresponding to the underlying G-bundle plus the
data of isomorphisms

Py " (n(V)[1/E(u)]) = n(V)[1/E(u)]
for each V € fRep, (G) that are compatible with exact sequences and tensor products.

Example 3.1.5. Let B be a G-Kisin module with coefficients in A. If 8 is a trivial G-bundle
(this is equivalent to 8 mod u being trivial) and if one chooses a trivialization [, then we
can associate to ¢ an element Cop 3 € G(S4[1/E(u)]). Changing trivialization by an element
D € G(&4) replaces Cip 5 by its ¢-conjugate DCsy gp(D) ™.

Recall that G’ = ReS(W(k)®ZpA)/A G. By assumption, L contains a copy of K, and so G’ =
I1 setom(k,1) G- A cocharacter p of G’ is equivalent to a collection (iiy),cHom(x,z) Where each
lo is a cocharacter of G.

As we have assumed that p { #m1 (G9°"), we have an affine Schubert variety Gréf‘ associated
to p over A as in §2.3. It is projective, A-flat, and stable under right multlphcatlon by LTG'. As
the notation suggests, the special fiber of Gr is the affine Schubert variety Gr

Let B be a G-Kisin module with coefﬁments in a p-adically complete A- algebra A together
with a trivialization 3. The Frobenius then defines an element Cyp g € G(S4[1/E(u)]). Since
A is p-adically complete, S4 = (W (k) ® A)[u] = (W (k) ® A)Ju — p] and so G(S4[1/E(u)]) =
LG'(A). Letting [Cy ] denote the class of Cy 3 in the quotient LTG'(A)\LG/(4), the map
(B, B) — [Cp g defines an element W (P, 3) of Grer(A).

Ezxample 3.1.6. As we assume that L is sufficiently large to contain a copy of K, we can be more
explicit. Letting J be the set of embeddings of W(k) into A, we see

LG'(A) = G(&4[1/E(u)]) = ] G(A[u][1/E(w)).
=N

Thus, we may represent Cy 5 as a tuple (Cf; 5)oe7- Note that o(Cypg) = (0(Ch75 ))oes-

DEFINITION 3.1.7. Let P be a G-Kisin module with coefficients in a p-adically complete
A-algebra A. Assume P admits a trivialization 5. We say P has type < p if (B, 5) € Gréﬂ(A).
Note that this condition does not depend on the choice of trivialization because Gréf‘ is stable

1801

https://doi.org/10.1112/S0010437X23007297 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007297

J. BOOHER AND B. LEVIN

under right multiplication by LTG’. Let Y S#(A) denote the category of G-Kisin modules with
coefficients in A and type < u.

The following elementary observation is key to many computations.

LEMMA 3.1.8. Let B be a G-Kisin module of type < u with coefficients in a p-adically complete
A-algebra A. Then B(Lie G) has height in [~hy,, h,], where h), = maxacao, (i1, ).

Proof. This follows from considering the adjoint representation. O

If P has coefficients in F, then B has type < p if and only if for some y/ < p and choice of
trivialization 3, Cyp g € LTG'(F)u* L*G'(F) (see Remark 2.3.2). We give this element a name
following [LLHLM18].

DEFINITION 3.1.9. Let B be a G-Kisin module with coefficient in F and g/ a dominant cochar-

acter of G'. We say that P has shape p’ provided that for any choice of trivialization 3 we have
Cypp € LTG'(F)u"' L+G'(F).

3.2 G-Kisin modules and Galois representations
The connection between G-Kisin modules and Galois representation is via the theory of étale
p-modules, which uses the rings Og 4 with Frobenius ¢ recalled in §1.3.5.

DEFINITION 3.2.1. For a p-adically complete A-algebra A, a (Og 4, ¢)-module with G-structure
with coefficients in A is a pair (P, ¢p) where P is a G-bundle on Spec O¢ 4 and ¢p : ¢*(P) — P

is an isomorphism. We denote the category of such pairs by GMod%g K

Ezample 3.2.2. An element (P, ®p) € GMod%g L I8 equivalent to a faithful, exact tensor functor
from /Rep, (G) to the category of (Og 4, p)-modules.

Since E(u) is invertible in Og, there is a natural map S4[1/E(u)] — Og a for any p-adically
complete A-algebra A. We let ¢g denote the induced functor from the category of G-Kisin
modules with coefficients in A to the category of (Og a, ¢)-modules with G-structure.

DEFINITION 3.2.3. Let A be a p-adically complete A-algebra and P € GModggA. A G-Kisin
lattice of P is a G-Kisin lattice inside P, i.e. a G-Kisin module 98 with coefficients in A together
with an isomorphism « : € () ~ P (compatible with ¢q3 and ¢p).

The category (}Mod‘(‘;‘€ L, I8 connected with G-valued Galois representations. As in §1.3.4, fix

a compatible system {pl/p,pl/pz, ...} of p-power roots of p, and let Ko, = K(pl/p,pl/p2, ...)and
I'eo = Gal(K /K« ). The following result is [Lev15, Proposition 2.2.4].

Fact 3.2.4. For a A-algebra A which is finite over Z, and either Z,-flat or Artinian, there is a
functor T 4 : G:Modé(S P GRepy (') giving an equivalence of categories with quasi-inverse
Mg a. ’

DEFINITION 3.2.5. Let TG,A be the composition of Tz 4 with €.

3.3 Deformation problems

We define a variety of deformation problems on the categories Cx and C A of coefficient A-algebras

from §1.3.7. Subscripts (such as 8 or p) denote the basic objects being deformed, whereas

superscripts (such as < p or [J) impose conditions or specify auxiliary information to be included.
We fix a faithful representation Vg € /Rep, (G). Let P be a G-Kisin module with coefficients

in F, and fix a dominant cocharacter u for G’. For any integers a < b, we can define a defor-

@ on Cx consisting of deformations P of P such that B(Vp) has height

mation groupoid DE
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in [a,b]. Choosing a sufficiently small and b sufficiently large depending on p, Levin [Levl5,
]

Proposition 3.3.9] constructed a closed subgroupoid D%“ - D[%’b consisting of deformations
with type < p (in [Lev15] it is denoted by D% but we find < p to be more descriptive here). It

is non-trivial if and only if 3 has type < p.
We begin with recalling the construction of representable formally smooth covers of both
D%“ and D[%’b] from [Lev15, Proposition 3.1.1]. Fix N > (b—a)/(p — 1) and a trivialization 3

of P mod E(u)™N.
DEFINITION 3.3.1. Define D%”’B(A) to be the category of pairs (3, 5) where D%“(A) and 3 is
a trivialization of ¢ mod E(u)" lifting 3. (It is denoted by ﬁ%\[)’“ in [Lev15].)

Here D%“ s representable on 5,\ by a complete local Noetherian ring which we denote by
R%“ P Now fix a continuous Galois representation p : 'y — G (F). We will define some additional

deformation functors assuming there exists a G-Kisin module P with coefficients in F with
an isomorphism 7% : T p(*B) ~ plr,. . (This assumption is natural for our purposes as this is
a necessary condition for p to admit a crystalline lift.) Let Dg’D be the deformation functor
associated to the deformation ring R%’D for crystalline representations of p-adic Hodge type p
from Fact 2.4.2.

DEFINITION 3.3.2. For fixed p, B, and 7, we define the following deformation problems on Cy:

(i) define D’Ff”% by

D) = {8,618 € D (A), p € DETA), ol & Toa (P}

where § lifgsmi;
" 1,8,
(ii) define Dp,ﬁ by
w08, o o, <u,B
a20(4) = {(B,p.6,6) | (B, p.6) € DLE(A), (,5) € DI (4)}

where f lifts [3;
(iii) define D%“ A by

DH0(A) = {(.8.0) : (.8) € DFP(4), a trivializes To4(P)}.
There are natural forgetful maps between these deformation problems:

B B B

| (3.3.1)

e,
Dﬁ

Remark 3.3.3. If A is the ring of integers in a finite extension of A, or if A is a L-algebra, then
the Galois representation p in the above definitions has p-adic Hodge type u. However, in general
(for example, if A is torsion), we cannot speak of the Galois representation or the G-Kisin module
having type pu. We can only require that the G-Kisin module have type < p or that the Galois
representation be an A-point of Rﬁ’D. We reiterate that we require p ¢ #m1(G9°T) in order to use
Theorem 2.3.1 to define YS* and study G-Kisin modules of type < p.
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Because of the presence of framings or trivializations, these deformation problems are easily
seen to be pro-representable by complete local Noetherian rings which we denote by R; ’%, by

H,B,D g,LL,,B,D .
Rﬁ@ , and by Rﬁ , respectively.
7 g/”‘yﬁ gﬂ,B,D 5 7
LEmMMA 3.3.4. The rings Rﬁ and Rﬁ are A-flat with reduced generic fiber.

Proof. This follows from [Lev15, Proposition 3.3.6], the local model diagram [Lev15, (3-3-9-2)],
and Theorem 2.3.1. O

In contrast, it is not clear that Rg ’% and Rg ’%D are A-flat.

DEFINITION 3.3.5. Define R;’%ﬂat (respectively, R%"%D’ﬂat) to be the flat closure of Rg’g

tively, R*2H).
(respectively, RP,SB )

We also analyze D%“ # a bit more in characteristic p. We work over F-algebras, where
E(u)™ = u™. Define G’(n) := Res(eg /un)/F G, which is a smooth affine group scheme as it is
the Weil restriction of Gy along the finite flat map (k[u]/u" ®p, F)/F. There is a natural map

L+G’F — G’(n) given by reduction mod u". Define a group scheme L1:(") G over F to sit in the
exact sequence

1— LPWGEE - LG — G/(n) — 1.

The following lemma says that the p-conjugation action of LT ()G’ can be ‘straightened’, where
N is a previously fixed integer satisfying N > (b —a)/(p — 1).

LEMMA 3.3.6. Let A be an F-algebra, and consider Cy,Cy € G(& 4) such that po(C2) has height
in [a,b]. If Oy = gCy for g € LHWN)GL(A), then there exists ¢ € LT N)Gr(A) such that Cy =
g'Ca(g") ™"

Proof. We are trying to solve the equation

9C20(¢")C5 = ¢

This can be solved by the usual successive approximation argument taking g{, = g and defin-
ing g/ = gCap(g,_,)Cy*. Using that if g/ , € LHMGR(A) for n > N, then Cop(g,_,)Cy"' €
LG (A), the g) converge u-adically to the desired element ¢’ O

PROPOSITION 3.3.7. Assume ‘P has type < p and so x = U (B, ) € Gréf‘ (F). Then ¥ induces
F
a formally smooth morphism
< b
\I’g\ . (Dﬁu 'B)F — Spf Oé\}réf @
F

of relative dimension dim G’( Ny

Proof. Let A € Cy be killed by p and let I be a nilpotent ideal. Given (4,7, 84/1) € D%””g(A/I),

choose a trivialization 5 4/1 Of Pasr over & 47 lifting B4 ,7. The Frobenius trivializes to an element
Cayr € G(&4/1(1/u]). Note that W(B 4,1, Basr) =z = [Cayg] in Grgy (A/I).

Assume we have a point T € Gréfg (A) lifting = = [C'y/]. Since LTG" is formally smooth as
functor on A-algebras, we can choose a representative C'4 for the class & such that C'4 mod I =
Ca/r- We can construct a G-Kisin module P4 with coefficients in A lifting 4,5 equipped with
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a trivialization 84 lifting EA/I and with Frobenius given by C4. If we take 54 = 34 mod E(u)N
it is clear that (Pa, a) deforms (P4/r,B4/r) and it has type < p since 7 € Gréf‘ (A).
F
The fiber of W over [C4] can be identified with

{(LYG(A)eCa}/(LPNGR(A)e, ¢),

where the action is by ¢-conjugation and the subscript e indicates that we require elements to
be the identity modulo the maximal ideal of A. By Lemma 3.3.6, we have

{(L*G(A))eCa} /(LH MG (A)e, ) = (LN GR(A))\(LTC'(A))eCal)
and, hence, the fiber is a torsor for (G’( N) (A))e. This proves the dimension formula. O

Finally, we recall a resolution of Spec R%’D introduced by Kisin for GL, and constructed
in [Lev15] for G-valued representations.

PROPOSITION 3.3.8. The Kisin resolution Xg is a projective R%’D—scheme (flat over A) such
that the following hold.

(i) For any x € Xg(F’), let OF denote the complete local ring of Xg at x. There is a
corresponding G-Kisin lattice P and a closed immersion

Spf O% — D
which is an isomorphism modulo p £ower torsion.
(ii) Let m denote maximal ideal of R“ ", let p denote the universal deformation, and let X

denote the fiber over the closed point of Spec R%’ . For any Artinian local F-algebra A,
X2 W(A) C{B |P is a G-Kisin lattice in Mg r(plr..) ®og ¢ Oc,a with type < p}.

(i) If O : Xg — Spec Rg’D is the structure map, then O[1/p] is an isomorphism.

Proof. Parts (i) and (iii) follow from Corollary 3.3.15 of [Lev15], and part (ii) is an immediate
consequence of part (i). The only difference with [Lev15] is rather than all weights < u, we
restrict to those with exactly weight . In particular, X7 is the closure of Spec R%’D[l/p} in

Xgﬁs’gﬂ (see Definition 3.3.14 in [Lev15]). O

4. The monodromy condition

As before, we let A be the ring of integers in a p-adic field L with residue field F, and G be a
split reductive group defined over A. We continue to fix a p-adic field K unramified over Q, with
residue field k and ring of integers W (k). Throughout this section, we assume that p { #m1 (G9°).
In this section, we study the difference between Spf R;“p A5 and Spf Réu A8 The difficulty
is identifying which Kisin modules give rise to crystalline representatlons as opposed to just
I’ o-representations. To prove our main theorem, it suffices to obtain a bound on the special fiber.
This is accomplished by a monodromy condition introduced in [Kis09], which we recall and adapt
to G-Kisin modules in §4.1. In §4.2, we follow the strategy introduced in [LLHLM18§] to find a
p-adic approximation for the monodromy condition and understand its reduction modulo p.

4.1 The monodromy condition
Let O'% denote the ring of rigid analytic functions on the open unit disc over K, and fix an
embedding O"¢ — K[u]. Note that &[1/p] is identified with the subring of bounded functions

1805

https://doi.org/10.1112/S0010437X23007297 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007297

J. BOOHER AND B. LEVIN

on that disc, that O™ consists of power series Y a,u™ such that lim, o |an|,r™ = 0 for any
r < 1, and that the Frobenius of & extends to O"g. For a Kisin module 9t with coefficients in
a finite flat A-algebra A, we define 0% := Orie ®z, A and Mie .= M ®es 08, For a G-Kisin
module P with coefficients in A, we define "8 := P X gpec & Spec(O™8).

Define A € O by
A= ﬁw”(E_(Z)> - ﬁ¢"<1—z>. (4.1.1)

n=0 n=0
We define a derivation Ny on O"8 by Ny = —u\(d/du).
For a A-algebra A equipped with a A-linear derivation N4, remember that a derivation over
N4 on an A-module M is a function Np; : M — M such that Nps(v+ w) = Ny (v) + Ny (w)
and Nys(cv) = Na(c)v + eNpy(v) for v,w € M and c € A.

Example 4.1.1. Let M be a A-module. There is a trivial derivation N}\f[i" on M ®z, O"ig gver
Ny given by 1 ® Ny.

Remark 4.1.2. Given a basis 3 = {vy,...,v,} for a finitely generated free A-module M, a deriva-
tion Njs on M can be represented by a matrix [Nas]g whose ith column is the coefficients of
N (v;) written in the basis {v1,...,v,}. For example, the matrix for N1V is the zero matrix.
If [T is the matrix for a homomorphism 7" : M — M, then

[T'oNwmlg=[T]g-[Nmlg and [Ny oTlg=[Numls- [T]s+ Nv([T]p)-

Fact 4.1.3. Let A be a finite flat A-algebra A and let 9 be a Kisin module of bounded height.
There is a unique derivation Ngy on 9"8[1/)] over Ny such that Ngy = 0 mod u and such that
as endomorphisms of 9t"8[1/\] we have

Nongon = E(u) ™ (Nom)- (4.1.2)

The module 98 is preserved by Nyy if and only if (T GLn,A(9))[1/p] is the restriction to I'sg of
a crystalline I' i -representation.

Except for uniqueness, this is essentially [Kis06, Lemma 1.3.10 and Corollary 1.3.15]. The
argument for uniqueness is routine, and is spelled out in [BL22, Lemma 2.2.1]. The condition
that Ngy preserves 98 is often referred to as the monodromy condition.

We now generalize this to apply to G-Kisin modules. We begin by defining a notion of
derivations on G-bundles. Let B be a A-algebra equipped with a A-linear derivation Np.

DEFINITION 4.1.4. Let P8 be a G-bundle over B corresponding to a fiber functor 7 : Rep, (G) —
Projg. A derivation on P over Np is the data, for every G — GL(V), of a derivation Ny on
n(V') over Np such that:

(i) for a short exact sequence 0 — Vi — V — Vs, the operators Ny, Ny,, and Ny, are
compatible;
(ii) NV1®V2 =1® NV2 + .7VV1 ® 1.

LEMMA 4.1.5. Let B be a G-bundle over B corresponding to a fiber functor 1 : fRep,(G) —
Projg. The set of derivations on 3 over Np are a Lie G-torsor. Fixing a trivialization of ‘[3,
the torsor is trivialized by the derivation N"V given by N‘t}iv =1® Ny on V ®p B for each
V € fRep, (G).

Proof. Let N and N’ be derivations on B3, and X € gp. For representations V € fRep A(G), there
are associated Ny, Xy : n(V) — n(V) as in Definition 4.1.4 and Example 2.2.1(c). A straightfor-
ward computation shows that N + X (defined for V € Rep, (G) by Ny + Xy/) is a derivation,
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and that N — N’ (defined for V € fRep,(G) by Ny — N{,) is an element of gp again using
Example 2.2.1(c). This establishes the first statement. Yet another straightforward check shows
that NV is a derivation, establishing the second. ]

Remark 4.1.6. When G = GL(V) for a free B-module V of rank n, after picking a basis for V the
Lie algebra (Lie G)p is identified with Mat,(B). Unwinding definitions, the matrix associated
to a derivation in Remark 4.1.2 agrees with the element of (Lie G)p obtained by trivializing the
torsor of derivations by N1V,

By working with each V' € fRep, (G) individually, we may compose derivations with (semi-
linear) automorphisms. Of course, the result is only a function Vg — Vg, and will not necessarily
be a derivation. We may likewise define multiplication by scalars and base change.

PROPOSITION 4.1.7. Let ‘B be a G-Kisin module with coefficients in a finite flat A-algebra A.
There is a unique derivation Ny on B"8[1/)] over Ny such that Nogg =0 (mod u) and

Npogp = E(u)dpe™ (Nyp). (4.1.3)

Proof. By Example 3.1.4, each V € fRep, (@) induces a Kisin module (V). Using Fact 4.1.3, we
obtain a unique derivation Ny y compatible with ¢y in the sense it satisfies (4.1.2). Compatibility
of the Ny with exact sequences and tensor products follows from uniqueness, so the Ny y/
collectively define a necessarily unique derivation Ngs on B"8[1/)] satisfying (4.1.3). O

COROLLARY 4.1.8. Let B be a G-Kisin module with coefficients in A as in Proposition 4.1.7.
Fix a trivialization of 3 and trivialize the torsor of derivations on P"&[1/\] by N:%iv. Letting
dg trivialize to C € G(OE[1/)]) and E(u)¢mg0*(N§i")¢§31 trivialize to Ny € Gorispi/n Ve have

that Ne trivializes to an Ny, € Boriz| such that
A

1/7]
Now = B(u) Adg(C)(p(Now)) + Ni. (4.1.4)

Proof. 1t is straightforward to verify that gbqggo*(Ngi")qbgil is a derivation on ¢*(P)"8[1/)\]. We
may rewrite (4.1.3) as

Ny = E(u)gpe™ (Np) by’

again with the equality interpreted as equality of functions on V' for each V' € /Rep,(G). The
left-hand side is a derivation which trivializes to Nu. On the right-hand side, £ (u)gbspgo*(Nm)quil
trivializes to

E(u)dpe* (Np)dgs' — N = E(u)oqe™(Nop)dgs' — E(u)dpep* (N )y’
+ E(u)ope” (NgV)dg' — Ny

Using Example 2.2.1(c), the endomorphism E(u)gbmgp*(Nsp)gzﬁ;}l - E(u)gbgpgp*(NgiV)d);il corre-
spo]r\lfds to E(u) Adg(C)(¢p(Nwo)) € Borisp/n)- By definition, E(u)q&mNgiv(ﬁ%l _ Nggiv corresponst
to IVq.

PROPOSITION 4.1.9. Let P be a G-Kisin module with coefficients in a finite flat A-algebra A,
and Ny be the derivation on PBr8[1/\]. Then T 4()[1/p] is the restriction to T of a crystalline

G-valued representation of I' ¢ if and only if Nog v (V' ® Ojg) cVe® (’)ig for every V € fRep, (G).

Proof. This follows from the second part of Fact 4.1.3 and the fact that a G-valued representation
is crystalline if and only if the representation on V is crystalline for every V € fRep, (G). g
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As usual, it suffices to check that Ny v (Py) C Py for a single faithful representation V' €
fRep, (G). Tt also suffices to check, using the equivalence of Example 2.2.1(c), that the Ny, €
B0z /A corresponding to Ny actually lies in g .

A A

DEFINITION 4.1.10. Let P be a G-Kisin module with coefficients in a finite flat A-algebra A.
Let Ny be the natural derivation on Borig[y/y which trivializes to Noo € B0z - We say ‘B
A

(or Nuo) satisfies the monodromy condition if Nog € g ris-
A

We immediately obtain the following result.

COROLLARY 4.1.11. With the notation of Proposition 4.1.9, f@A(‘B)[l/p] is the restriction to
s of a crystalline G-valued representation of ' if and only if 8 satisfies the monodromy
condition.

Remark 4.1.12. When G = GL(V), after fixing a basis (§ for V' the trivial derivation corresponds
to the zero matrix. Furthermore, we claim that the derivation E(u)¢mg0*(N<giv)(ﬁ%1 trivializes

to Ny(C)C™! = —uA(dC/du)C~! where C' = [pq]p is the matrix of ¢gqz with respect to 3.
Since ¢g is semi-linear, note that Ccp([qb%l] 3) =1, and since Ny is a derivation note that
0 = Ny(idy) = Ny(CC™Y) = CNy(C™) + Ny(C)C7L.
Using that —E(u)p o Ny = Ny o ¢, which can be checked on power series, we compute that
E(u)[ppe” (N™)og'1s = E(w)C - o(INg"15log' s + Nv(log']5)
= E(u)Co(Nv([95]s)) = ~CNv(([65']s))
= —CNy(C™) = Ny(O)C™.
This gives the claim, and also an explicit description of Nj. Using this, (4.1.4) is equivalent to
[Nocls = E(u)Cp([N]s)C™" + Nu(C)O7

For general G, if we trivialize 98, and hence for every V € /Rep,(G) obtain a basis for V,
we obtain a derivation and semi-linear automorphism of V. These are represented by matrices
N v and Cy such that

Neo,v = E(u)Cvp(Noov) Oyt + Ny (Cv)Cy
We see that Ny y = —u(dCy /du)Cyt.
In light of Remark 4.1.12; we introduce some convenient notation for later.

DEFINITION 4.1.13. For any A-algebra A and C € LG/(A), let (dC/du)C~' € LieLG'(A) cor-
respond to the endomorphism given by (dCy /du)Cy;' for V € /Rep, (G’) under the equivalence
of Example 2.2.1(c).

It is straightforward to verify that the (dCy/du)Cy,* for V € fRep, (G') are compatible with
exact sequences and tensor products, so the definition is valid. By Remark 4.1.12, for C' = [¢g]g
we have

d
—UAEC_l = Nl.
du
Remark 4.1.14. The individual terms of (dC/du)C~! have no intrinsic meaning, but overall

expression behaves as the Leibniz rule would formally predict:

d(SUC)(CC’)_l _ %C‘l + Adg(C) (Ciii(cl)_l>'

This can be checked on V' € fRep, (G).
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4.2 Approximating the monodromy condition
We now want to study the monodromy condition in families and g—adically approximate it.
We apply this to families of deformations such as that over R%“ AU We follow the setup in

[LLHLM23, §7.1].
Let R be a flat local Noetherian A-algebra with finite residue field that is p-adically complete.
Define

Ogg = lim(W (k) ®z, R) [[u, l;n]] [1/p],

which is naturally a subring of (K ®z, R)[u]. Clearly, we have an inclusion O™ C Ogg and
6r — (’)Eg. The operators ¢ and Ny extend to (’);g with trivial action on the coefficients. Note
that for any f € Ogg, we can evaluate f at u = p to get an element of K ®z, R which we denote

by flu=p-

Fix a G-Kisin module P with coefficients in R, a trivialization of 3, and a type u for
G. Assume that P has type <, and as usual set hy, = maxaea, (1, @). We frequently use
Lemma 3.1.8, that since P has type < p, then PB(Lie G) has height in [—hy, h,].

The same argument as in Proposition 4.1.7 using [LLHLM23, Proposition 7.1.3(1)] shows that
PBre[1/)] (defined at the beginning of §4.1) admits a unique derivation Ny such that Ny =0
mod u. Note that Ny interpolates the connections at all the finite flat A-algebra points of R.

Let C € G(6g[1/E(u)]) correspond to ¢g. Trivialize the torsor of derivations by N3, and
let No and N7 be as in Corollary 4.1.8; in gogg[l//\}, we have

Noo = E(u) Adg(C)(¢(Neo)) + N1
DEFINITION 4.2.1. Let Ny := 0 and for ¢ > 0, inductively define
Niy1 — N := BE(u) Adg(O)(p(Ni — Ni—1)). (4.2.1)
Furthermore, set L1(C) := (E(u)" /ul\) N1 = —E(u)" (dC/du)C .
LEMMA 4.2.2. The sequence {N;} converges to No in 9(K®z, R)[u] in the u-adic topology.

Proof. When G = GL,,, this follows from [LLHLM?23, Proposition 7.1.3(2)]. In general, one may
check the result on each V' € fRep(G). O

PROPOSITION 4.2.3. The G-Kisin module B satisfies the monodromy condition if and only if
Ny has no poles at u = p.

Proof. When G = GL,, this is [BL22, Proposition 2.2.4]. The general case follows as both
conditions may be checked on each V' € fRep(G). O

Thus, we are reduced to studying the condition that N,, has no poles at u = p. We aim to
show that the condition that N7 has no poles at u = p is a good approximation to this condition
when h, < p — 1. To make this precise, we have to look more carefully at the sequence N;.

LEMMA 4.2.4. Assume ‘P has type < p and that R[1/p] is reduced. Then:

(1) L1(C) € gop;
(if) E(w)"Ada(C)(ger) C 9o, and E(u)" Adg(C)(goms) C 8orisi
(iii) A" 1Ny € g prie-
R
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Proof. As can be checked on any faithful representation, Li(C) € gg,[1/E(u)]. The condition
that L1(C) € goj, is then a Zariski closed condition on R. Since R is A-flat and reduced, it
suffices to check that condition on the L-points of R. If = is any such point, let C, denote the
base change of x to L.

Since P has type < p, there exists u/ < p such that C, = KlE(u)“,Kg where K1, K5 €
L*tG'(L). Applying Remark 4.1.14, we have

/ rfdKsy
Li(Cy) = L1(K1) + Ada(K) Li(B(w)*) + E(u)™ Adg(K1E(u)" )<du2K2 1>'

We directly see that L;(Ki) and E(u)(dE(u)” /du)E(u)™" are in gs, - For the third term,
note that (dKa/du)K; ' € ge, and since p’ < 1, we know E(u) Adg(K,E(u)*) preserves g6,
Thus, we conclude L;(Cy) € ge,-

Since P has type < p1, we see that PB(Lie G) has height in [—hy,, h,] which gives part (ii).

For the last part, it suffices to show \»~IN; € 8yis which we prove by induction on . The

R
base case follows from part (i). Since Nipq = N; + E(u) Adg(C)(¢(N; — Ni—1)), it suffices to
show that if "' N; € g e then E(u)X»~! Adg(C)(0(N;)) € goris- This follows from part (ii)
R R

using that

E()A" 1 Ada(C)(p(N:) = E(u)" /(—=p)" 1 Adg(O) (0 (A1 Ny)). .

Since A has simple pole at u = p, the condition that /N7 has no poles at © = p is equivalent
to L1(C) having a zero of order at least h, — 1. Similarly, by Lemma 4.2.4(iii), the monodromy
condition is equivalent to F(u)™ !N, having a zero of order at least hy—1atu=p.

Given an element of element X = (X,)se7 € 9x@,rR = [[5c7 9R, We say the entries of X are
the coefficients of each X, with respect to a fixed basis for g over A.

DEFINITION 4.2.5. Let Iy_ denote the ideal in R[1/p] gencrated by the entries of
d'(E(u)" 1 Nu) /dut|y=p for 0 < i < hy, — 2. Furthermore, define
In, = fNoo NR,

so Spec R/Iyn_, is closure of the locus on the generic fiber satisfying the monodromy condition.
Define Iy, C R to be the ideal generated by the entries of (d'Li(C)/du’)|y=p for 0 <i <
hy — 2.

Our goal is to p-adically approximate I and relate it to In, by studying the condition on
the pole of Nj. This will yield our main theorem.

THEOREM 4.2.6. Let ‘B be a G-Kisin module with coefficients in a complete flat local Noetherian
A-algebra R with finite residue field. Assume B has type < u, that h, < p —1, and that R[1/p]
is reduced. Then

In, C (Ing,p)-

We prove this in §4.3. The key idea is to control the p-divisibility of terms in a series relating
N, 00 to V- 1-

DEFINITION 4.2.7. Let B be a G-Kisin module with coefficients in a A-algebra A of characteristic
p. Let C correspond to g upon choice of trivialization. We say that P satisfies the mod-p
monodromy condition provided that L;(C) has a zero of order at least h, — 1 at u = p.
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It is straightforward to verify that this notion is independent of the choice of trivialization,
and equivalent to the condition that (dC/du)C~t € (1/u)ge,-

COROLLARY 4.2.8. Assume h, < p—1 and that R[1/p] is reduced. The base change P Qg
SR/(p,In,,) satisties the mod-p monodromy condition.

Proof. Theorem 4.2.6 shows Spf R/(In. ,p) — Spf R/(In,,p). O
4.3 Proof of Theorem 4.2.6

We continue the notation of the previous subsection and set h := h,. Throughout we assume
that R[1/p] is reduced. We begin with some preliminaries.

LEMMA 4.3.1. Assume that P(Lie G) has height in [—h, h]. Then:
(i) E(u)"N1 € ulg s
R . .
(ii) fixj <pand X € ggre; if (d'X/du’)|u=p € pTgW(k)(@sz for all 0 < i < j, then for any i < j
R

d'(E(u)"Ade(C)(X))
du’

€ PTQW(k)(@ZPR-
u=p

Proof. The first statement follows from Lemma 4.2.4(i).
For the second statement, we can expand X = 3,5 X;(E(u)*/i!) with X; € P 9w )@y, R for
i < j and otherwise X; € gk, r- By Lemma 4.2.4(ii), we see that E(u)"Adg(C)(X;) € p'osp
for i < j. For any ¢ < j we conclude that
d'(E(u)"Ade(C) (X))
du?

€ pTGW(k)®sz- [
u=p

DEFINITION 4.3.2. We define Ac : gyyric — gyrie by Ac(X) = E(u)" Adg(C)(p(X)). Further-
R R
more, define Ly(C) := Ac(L1(C)) = E(u)* Ada(C)(¢(L1(C))).
Note that Ac is well defined and that La(C') lies in g ,rie by Lemma 4.2.4(ii).
R

Remark 4.3.3. When G = GL,,, using Remark 4.1.12 we see Li(C) = —E(u)"(dC/du)C~" and
Ly(C) = B(u)"Cyp(L1(C))C".
Now we let

P i+l
20 = _U@p(/\) and Z; = we ()\) . (431)

pIT5) @7 (B(u)h
LEMMA 4.3.4. Letting A% denote the i-fold composition of Ac, we have that

B (Nis1 — N;) = AL (L1 (C)). (4.3.2)

and that

E(u)" "N = E(u)" "Ny + > E(w)" ' (Nij1 = Ni) = 20L1(C) + Y z:AL(L1(C)).  (4.3.3)
i=1 =1

Furthermore, we have that A (L1(C)) € gy
R

Proof. We directly see that FE(u)""'Nj = 20L1(C), and then the first equation follows
from induction using (4.2.1). The second equation telescopes. The last claim follows from
Lemma 4.2.4(i). O
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We now collect together information about zy and the z;. Let v, denote the p-adic valuation
on Z, normalized so v,(p) = 1.

LEMMA 4.3.5. Leti > 1

(i) We have that ¢'(\)|u—p is a unit in Z,, and that for 0 <n < p

d"o'(N) I VA )L A ition
Jun = -5 +O(p” )-

u=p (p* —n)!
) =p—n.
u=p
mn

an()
=—1, and Up< p
p) du
vp(zi) =p' —i(h—1)—1 and v, Jun >p' +min(i,p) —n—i(h—1)—1.

(ii) For 1 < n < p, we have that

d
tplenlr) =0 (2

(iii) For 0 <mn < p— 1, we have that

Proof. (i) This an elementary calculation using the product rule on

S = [[=2

=i P

(ii) This will follow using part (i). The first claim is immediate. The second follows from

dzp dp(X) 1
To) L ] Loy
U | y= U u=p u=p
For the third, note that
d'z|  _ 1d"Te()) d"p(N) =1 o =D it
du” |,_, T p dur! u=p  du u=p - (n— 2)!pp + (n— 1)!pp +O0’ )

and that 1+ (n —1)"! #20 mod p when 1 <n < p.
(iii) An elementary analysis using the product rule shows that for 0 < n < p, we have

o (s |_) s

Furthermore, H;’:l 0 (E(u)/(—p))' =" evaluated at u = p is a p-adic unit. Combining this with
part (i), we see using the product rule that for 0 < n < p the nth derivative of

g = (=p) DT II¢ )"

when evaluated at u = p will have valuation at least p’+min(i,p) —n —i(h —1) —1. The
statement about z; itself is elementary given the previous calculations. O

We now begin to analyze the monodromy condition to obtain information about its reduction
modulo p. At first glance, it is not clear that the evaluation of derivatives of terms in (4.3.3) at
u = p even lie in gy (1), g, 16t alone are multiples of p. For conciseness, we write g’ instead of

W k)@, r 0 the following arguments.
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LEMMA 4.3.6. Suppose that h < p — 1. Then there exists ag € Z, such that
a0 L1(C)|u=p + (21L2(C)) lu=p € (", IN.. )8 (4.3.4)

and for 0 < m < h we have that
i m deO dm_le(C)
: j ) dul dum=J
7=0

Proof. We begin by evaluating (4.3.3) at u = p. We see that:

dm_jLQ (C)

dum—J

" Im\ &z
+Z<j>duﬂ'

u=p ;=0

€ (P, In,)gR (4.3.5)

uU=p

u=p

— on the left-hand side, the entries of F(u)" !Ny, are in Iy_ by definition;
— Vp(2ilu=p) = p? —2h+1>p?—2p+3 > pfor i > 2 using Lemma 4.3.5(iii);

— Ac(Li(0)) € gpris-
Thus, all of the terms with ¢ > 2 on the right-hand side are multiples of p”. Since ag := 2p|u=p
is in Z) by Lemma 4.3.5(ii), (4.3.4) follows.

The second statement follows a similar argument, beginning by evaluating the mth derivative
of by (4.3.3) at u = p. Again, the entries on the left-hand side are in Iy__. We apply the product
rule to the terms with 7 > 2: the mth derivative of the ith term is

()],

dum—J
Jj=0

u=p u=p

By Lemma 4.3.4, A% (L1(C))|u=p and its derivatives lie in g5. Lemma 4.3.5(iii) gives that for
O<j<p—-1
djzi
oG

It is straightforward to see this is greater than or equal to p when i > 2 as the p’ term dominates.
When ¢ = 2, the valuation is at least

pPP+2-2h-1)—j—12p*+1-2h—-1)—j=p*+1-3(p—2).

>>ﬂ+mm@m—uh—n—j—L
u=p

The right-hand side is always at least p. (For j = 0, we already say that vp(2;|u=p) > p.) Thus,
all the terms on the right-hand side of the mth derivative of (4.3.3) at w =p with ¢ > 2 are
multiples of p?. O

Now expand L1(C) = > 52, A;E(u)’ with A; € gly; there exists Q € g’R[[u]] such that

O(L1(C)) = Ag + A1 (uP — p) + Ag(uP — p)® + ... = (Ag — pA1 + p*Ag — ...) + uPQ(u). (4.3.6)
LEMMA 4.3.7. For a fixed positive integer n < p, if for all 0 < ¢ < n we have
d'L1(C) i ;
- 7 n—1 I
du s € (p ) Noo)gRa
then it follows that ¢(L1(C))|u=p € p"g and that for 0 <i < n
do(Ly(C _
(p(d 11'( )) € (pp-l-n 7INoo)g/R'
u u=p

Proof. The hypothesis implies that A4; € (p"~%, Iy, )@ for 0 <i < n. The first claim about
©(L1(C))|u=p = Ao is immediate from (4.3.6). For the second statement, we look closer at Q(u).
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In particular, there exists Q2(u) € 99%[[14] such that

Q(u) = (A1 — 2pAy + 3p?As — - )+ uPQa(u).

Since 4; € (p" %, In.. )@’ for 0 < i < n, it follows that Q(u)|u=p € (p" 1, In.. ). By inspecting
derivatives we see that d'Q(u)/du’|y=p € (PP, In_ )@, for i > 0. Using the product rule to
compute derivatives of uPQ(u) gives the desired result about derivatives of ¢(L1(C)). O

COROLLARY 4.3.8. For fixed n < p, suppose for all 0 < i < n, we know that
d'L1(C)

u=p
Then it follows that for all 0 < i < n, we have
diLQ(C)

du?

€ (p", In,, )8R
u=p

Proof. This follows from Lemmas 4.3.7 and 4.3.1(ii) applied to ¢(L1(C)). O

LEMMA 4.3.9. Suppose that h < p — 1 and fix n < h. If for 0 < ¢ < n, we know that
d'L1(C)

du’ € (pn—i, INoo)gle

u=p

then for 0 < j < n+ 1 we have that
Ly (0)

- € (0", Ing )8k

u=p

Proof. Using Corollary 4.3.8, the hypothesis implies that
d'Ly(C)

T € ("IN, gy for0<i<n. (4.3.7)

u=p

By Lemma 4.3.5(iii), since h < p — 1 we know that for 0 < i < p
dizl . .
vp(z1) 2p—(h—1)—1>2 and v, T >p—h—i+1>3—1i. (4.3.8)
u
We now show that d™ Ly (C)/du™|u=p € (p" 7™, In_ )@z for 0 < m < n + 1 by induction on m.
For the base case m =0, we know that Lo(C)|u—p € (", In.. )¢, and that v,(z1) > 0.
Therefore, using (4.3.4) we conclude that Li(C)|y=p € (p"*, I, )@ as desired.

For the inductive step, fix 0 < m < n + 1 and suppose that for all 0 < j < m,

d'Li(C i
dlg ) € (p"t 7 In) g
W=,
We consider each of the terms in (4.3.5). First, using (4.3.7) and (4.3.8) we see that
d™Ly(C _
21 u=p - dzm() € (P Ing)oRr C (0" I ).
u w=p
Second, for 0 < i < m we see that
d'z d™ " Ly(C) n+3—i / -
: : , c I C (p"T "IN, ) o
dai |, da |, (" Ine )8R C (p »IN )8R
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Furthermore, for 0 < ¢ < m we see that

diZQ . dm_iLl (C)

dui dum_i € (pn+17m7 INoo)gIPL

u=p

u=p
using the inductive hypothesis and Lemma 4.3.5(ii). Then (4.3.5) plus the fact that zo|,—p is a
unit imply that

d™L,(C)

SO e Iy

u=p

which completes the induction. O
COROLLARY 4.3.10. Suppose that h < p — 1. Then for any 0 < i < h — 1, we have that
d'Li(C) d'Ly(C)

CAE e g and =2 e (M In gk
u=p

dut

Proof. The first part follows from induction using Lemma 4.3.9. The base case is that L;(C) €
(p, IN.. )9y, which follows from (4.3.4) and the information about v,(21|u=p) in Lemma 4.3.5.

The statement about Ly(C') is then Corollary 4.3.8. O
Proof of Theorem /.2.6. 1t suffices to show that the entries of (d'L;(C)/du®)|y=p lie in (In.,p)
for 0 < i < h — 2, which follows from Corollary 4.3.10. O

5. Affine Schubert varieties and monodromy

For this section, we allow k to be any field and G to be any split connected reductive group
over k. Let G9°* denote its derived group with center Z49¢*. Let T denote a split maximal torus
and choose a set of positive roots <I>JGF. Let p € X.(T) be a dominant cocharacter. We let LG
and LTG denote the loop group and the positive loop group for G, respectively, over k. The
affine Grassmanian Grg is the quotient LT G\ LG. As before, the affine Schubert cell Gr" is the
reduced LT G-orbit of u*, and Gré“ its closure.

5.1 Tangent spaces

Let i/ be a dominant cocharacter such that p/ < p. For the key calculations in the next section,
we need some basic control over the tangent space of Gré” at the T-fixed point [u“l]. We use
the subgroup ind-scheme L™~G C LG given by

L GA) ={geGAu"])|g modu'=1}

for any k-algebra A. Recall that the natural map L™~ G — Grg is representable by an open
immersion (see, for example, [HR21, Lemma 3.1]). Thus, we can identify the tangent space at
the base point e of Grg with Lie L=~ G = u_l(gk[u—l}) C @k(u)- Recall that we defined

hy = .
p = max{(s, o)}

PROPOSITION 5.1.1. Assume that Z9" is étale over k. Let y1 and 1/ be dominant coweights such
that u' < p. The tangent space to (Gré“ )u*“l at e is contained in the subspace Vi generated as
a k-vector space by the following subspaces of Lie L™~ G:

~ fora € &g and 1 < j < 3(hy, — (i, ), the subspaces u™/gq; and
— for 1 < j < hy, the subspaces u™/(Lie T).
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Proof. For any a € ®¢, we have the corresponding root group U, C G, which is a copy of G,.
For any integer n, U, (tu") C LG is an affine root group with coordinate t. For j > 1, the tangent
space to Uy (tu™) is u 7 gq.

To bound the tangent space, we use the adjoint representation denoted Ad. The map
Ad: G — GL(LieG) induces a map of affine Grassmannians Ad, : Grg — Grgprie)- There

is a closed subscheme Gr[G_IfZ(‘fi}:‘G]) which is the image of the subfunctor {g € LGL(Lie G)(A) |

ulr g, ung=! € End(Lie G)(A[u])}. This subfunctor is clearly closed under right multiplication

by LTGL(Lie G). Since Ad,(u") € Gr[(;_&*fi};’g), it follows that

—hu,h
Ad,(Gr§) € Gr il

Assuming that U, (tu~7) lies in (Gré“)u‘”/, then Ad,(Uy(tu=7)) Ad.(u”) lies in Grg&‘fﬁ‘g) and

so satisfies the height condition. Let e_,, and e, generate g_, and g, respectively, in Lie G. The
[_huvhu}

height condition defining GrGL(Lie e

) implies that

Ad(Uq(tu™)) Ad(u”' ) (e_o) € u™ Lie LTG. (5.1.1)

A straightforward computation, for example using the map SLs — G sending the upper triangu-
lar G, to Uy, shows that the coefficient on e, of Ad(U,(tu=7)) Ad(u*')(e_q) is a scalar multiple
of —t2¢ =21~ (W@)  Thuys, (5.1.1) implies that

2] + <M/aa> < hu

which implies the first item.

We now explain how to reduce checking the second item to the adjoint case. Let Gder, G2d
denote the derived and adjoint groups of G, respectively. By § 6.a.1 of [PRO8], Grgaer — Greaa is a
closed immersion. Furthermore, by Proposition 6.6 in [PROS], the reduced connected component
of Grg containing the base point is identified with the same for Grgaer. Thus, Gré“ u C Greder.
It is clear then that if we let 7, 7’ denote the image of p and y/ in the X, (7°9), then

Gré“ M Grégd u "
Thereby, we may reduce to the case when G is adjoint to analyze the torus contribution.

Let Y € Lie T, and assume 7Y lies in the tangent space to (Gré“ )u‘“/. By the adjointness
assumption, there exists some « € @g such that a(Y’) # 0. By the same argument as before,
considering Ad(u=7Y) Ad(u* )e_,, gives that

J< = (W' o) < hy. O

Remark 5.1.2. There is a formula for the tangent space to Gré“ at [u~"] in terms of affine
Demazure modules in characteristic 0 due to Kumar [Kum96] for Kac-Moody groups. It is
unclear to us whether this formula holds in characteristic p and so we opted to prove the upper
bound directly.

Remark 5.1.3. If k has characteristic p and G = GL,, the hypothesis that p{n (so Zder — 1,
is étale) is not needed. We can argue directly, without reducing to checking the second item
for adjoint case, by considering the action of 1" on the standard representation. The key is the
elementary observation that if p is the cocharacter given by the n-tuple of integers (aq,...,a,),
then the standard representation has height in [min; a;, max; a;], while h, = max; a; — min; a;.
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5.2 Monodromy locus

Recall that for any k-algebra A and any C € LG(A), we defined an element (dC/du)C~! €
Lie LG(A) characterized using the Tannakian formalism in Definition 4.1.13. Define a closed
subfunctor

LGV (4) = {c LG(A)’C;CC’ iLieIﬁG(A)}cLG(A).

u

Remark 4.1.14 shows that LGY is stable under left multiplication by LTG, so we can define
closed sub-(ind)-schemes

Grg = LTG\LGY C Crg, Gr5"Y = Gr§' nGrl c Gry. (5.2.1)
We can now state the main theorem of the section.

THEOREM 5.2.1. Let u € X, (T) be a dominant coweight. If k has finite characteristic p, then
assume that (u, ) < p for all positive roots a and that Z9° is étale over k. Then we have that

<u,v ~ H

,<N

<p,V

where P, is the parabolic subgroup associated to p/. In particular, Gr5™" is smooth.

Remark 5.2.2. The strategy is similar to the approach taken in [LLHLM?23, §§3-4] where an
analogous fact is proven for GL,,.

The proof will reduce to the following key computation on tangent spaces.

PROPOSITION 5.2.3. If k has finite characteristic p, assume that h, < p and that Zder i étale

Y

over k. For a dominant i/ < i, the dimension of the tangent space of Gr"" at [u“/] is equal to

dim PM'\G'
Proof. As in Proposition 5.1.1, we translate and consider the tangent space W“ of (Grg“ )u*“l
at the base point e as a subspace of Lie L™~ G. By [LLHLM23], W}, C V... Slnce Grg e Grs"
Lemma 2.3.3 gives that V), C W“

It is elementary to check that uw* € LGY and so [ut] € Gr<“ V. Let Vj and W;’j,’v denote

the tangent spaces to (Grg H NGre)u* and (Gr<“ Vyu=H' | respectively, at the identity. For

Y e W//j’ that translates to C' € LG(k[e]/(€)?), the key observation is that Y € Wﬁ,’v if and only
if

dy ,
Uy T Y, 1] € gkfu]- (5.2.2)

This can be checked using any faithful representation V' of G, where we compute that [C]y =
([1]y + €[Y]y)u* and, hence,

d[Clv d(([Wy +e[Y)u)

O o1 = W) i (@ - ety )
- ddL:u K1y + e(d[zlgv + [Y}VddL:u*“/ - d;iju“l[Y]V).

We see this is in (1/u) Lie LT G(k[e]/(€?)) precisely when u(d[Y]y /du) + [[Y]v, '] € grpu]-
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We first analyze Vj. Using Lemma 2.3.3, for any « such that (1/, @) < 0 we can represent

the a-component of Y as Y, = Zii ’,_a1> Ymui where Y, ; € k. Then condition (5.2.2) becomes

W) '

Z (i — (1, Q)Y u' € kJu].

i=—1
Since —p < (i, ) < 0, wesee (i — (i, ) # 0in k for (¢, a) < i < 0 and, hence, Y, ; = 0. There
is no restriction on Y, (s o). Since dim P,/\G is equal to the number of positive roots such that
(i, ) > 0, we have dim VuV = dim P,,\G and, hence,

dim Py\G = dim V,y < dim WY, (5.2.3)

Define V/ﬁf’v to be the subspace of V/ﬁf satisfying (5.2.2), and let Y € Vﬁf. As before, we can
write the a-component of Y as Y, = Z;:]\i1 You' with Y, ; € k where N := 3(h, — {1/, ) is
the bound given in Proposition 5.1.1. Again, we must have

-N

D (= (W)Yol € k[ul.

i=—1
Note that for —N <4 < —1, we have —1 — (¢, ) > i — (i, @) = —3(hy, + (i, ). For o € ®f,,
since p/ < p we see that (p/, o) < hy. Hence, i — (¢, ) > —p and, thus, Y, ; =0. If a € &, a
similar check confirms that (i — (¢/,a)) =0 mod p only if i = (¢, o). Hence Y, ; = 0 except if
i=(u,a) and (i, ) # 0.

Finally, consider Y & V/f, N ty(u)- By Proposition 5.1.1, Y = Z?ﬁl Y;u~" where Y; € t.

Condition (5.2.2) becomes
hy
> _(—iYi)ut € gy
i=1

Since h,, < p, this implies that each Y; = 0.

Since dim P,,\G equals the number of positive roots such that (1, ) > 0, we conclude that
dim WL‘,’V < dim V/ﬁf’v < dim P,/\G. Together with (5.2.3) this completes the proof. O

Letting e, generate g,, the previous proof also shows.

COROLLARY 5.2.4. With hypotheses as in Proposition 5.2.3, using the map on tangent spaces
induced by right translation by u” | the tangent space of Gré“ Y at w"' is contained in

spany, ({u'"ea} g o) T Okl © Lie GrG, = Br(uw)/Okul-

We now consider the open affine Schubert cell Grg” " and its intersection with Grg for any
dominant cocharacter y/. We show that Grg/ Vo= Grt n Cry, is equal to the orbit u*' G; this
is known to be a flag variety.

PROPOSITION 5.2.5. Let u' € X, (T) be a dominant coweight. If k has finite characteristic p,
then assume that (i, ) < p for all positive roots a € CDJCS and that Z9°" is étale over k. Then we
have

09 l}v Y
Gry"" = Py\G.

Proof. We first show that the closed subscheme Grj/ Vo Gry " is stable under the right mul-
tiplication by G. It suffices to show that LGV is stable under right multiplication by G. Let A

1818

https://doi.org/10.1112/S0010437X23007297 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007297

G-VALUED CRYSTALLINE DEFORMATION RINGS IN THE FONTAINE-LAFFAILLE RANGE

be a k-algebra. For any C' € LGV (A) and g € G(A), by Remark 4.1.14

d(Cyg) o dc dg 4
ar9) =% A 49 -1,
7, \(C9) ¢ TAGO)| Sy
As g € G(A), (dg/du)g~' = 0 and, hence, Cg € LGV (A).
Next, let X, C GrG’“ denote the orbit u#' G. It is well known that X,s = Py\G and, hence,
is projective (see top of p. 100 of [MVO07]). Now note that X,, C GrG’“’ since u* € LGV (k).

Furthermore, we claim that the inclusion X, C Gr o',V

7.““7

is an open immersion and, thus, (the
projective) X, is a connected component of Grg”*". Since the inclusion is G-equivariant and G
acts transitively on X, it suffices to show that map on tangent spaces at ut' is an isomorphism.
This follows from proof of Proposition 5.2.3 which shows that the dimension of the tangent space
of Grgt “Voat u is equal to dim P,\G.

Finally, recall the loop Gy, action on Grg denoted 0 from [MVO07, §2] which sends u to au.

Equation (2.4) in [MVO07] says that G, action of § contracts Grg" " onto X - It is easy to see

7“7

that LGV is stable under §. Thus, any component of Grg must necessarily intersect X,,. [

Proof of Theorem 5.2.1. Given that u satisfies the hypotheses of Theorem 5.2.1, so does any
w1 < p. Since Gré“ is topologically the union of Grj" for i/ < p, by Proposition 5.2.5

(Grg"Nrea 2 [] Pu (5.2.4)

W<y

A

To prove Theorem 5.2.1, then, we just need to show that Gr5™" is reduced.

By (5.2.4), G acts transitively on each connected component of Gr\“ 7. To show that Gr<” v
is reduced, it therefore suffices to show that the dimension of the tangent space at [u“ ] is equal
to dim P,,\G which follows from Proposition 5.2.3. u

6. Proof of the main theorem

Let A, F, L, and G be as before, and continue to assume that p{ #m1(G9"). Throughout this
section, we fix a G-Kisin module % over F and a continuous Galois representation p : I'y — G(F)
together with an isomorphism f@p(ﬁ) ~ plr,, as we did in §3.3 to define our deformation
problems.

6.1 Kisin varieties

We begin by studying the Kisin variety and identifying some conditions that guarantee it is
trivial.

DEFINITION 6.1.1. Fix P € G‘:Modé‘g p and a dominant cocharacter p for G'. The Kisin variety
Y§” is the projective scheme over F which represents the functor sending an F-algebra A to the
set of G-Kisin lattices of type < p in Py4.

Let P = Mg r(plr..) and m be the maximal ideal of R“ ~. The Kisin variety is an ‘upper
bound’ on the fiber of X7 " over p. More precisely, Proposmon 3.3.8(ii) gives an inclusion
b < b
XB % Spee 10 Spec Rg Jm C Y (6.1.1)

LEMMA 6.1.2. Suppose p is FontainefLaﬁ”aiH/e\ and A is a local Artinian F-algebra with residue
field F'. Fix v € X;(F') and a lift ¥ € Spf(O%)(A) where Oy is the completion of XJ at x.
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The G-Kisin module B corresponding to = using Proposition 3.3.8(i) satisfies the mod-p
monodromy condition.

Proof. Note that O% is A-flat and reduced by Proposition 3.3.8(iii) and Fact 2.4.2. Since O[1/p]
is an isomorphism, the L-points of @fé correspond to crystalline representations with p-adic
Hodge type p. Using Corollary 4.1.11 we conclude that Iy = 0. The lemma then follows from
Corollary 4.2.8. O

We set K := G(F[u]), and begin by recalling several useful facts related to the Cartan
decomposition. We fix a split maximal torus 1" contained in a Borel B and adopt our standard
notation for root systems (see §1.3.1). Let T9¢" be the corresponding maximal torus of G,

Fact 6.1.3. We have that:
(i) (Cartan Decomposition) G(F((w) = I1,ex, 1), Kuv'K;
(ii) for pu,\,w € Xu(T)4, if Ku’ KuK N KutK # (), then u < A + w.

The first is the standard Cartan decomposition; see, for example, [Tit79, 3.3.3]. The second
is a special case of [BT67, Proposition 4.4.4(iii)]; this is somewhat complicated to apply but we
do not know a more direct reference. The footnote in [HV15, § 6.9] explains how to translate our
set-up into the language of [BT67, Proposition 4.4.4]. The K in [BT67] is actually a larger group
containing K, which is harmless.

LEMMA 6.1.4. For dominant coweights ji, \,w, v, if K’ Ku*Ku’K N Ku*K # 0 then p < A+
w+ V.

Proof. Apply Fact 6.1.3(ii) twice. O
Given a coweight ), define A%°™ to be the unique dominant coweight in the same Weyl orbit.

LEMMA 6.1.5. Let u = (is)ses be a type for G. If g € [[,c; Kut“K, then

(i) g5! € Kul-r)*"K.

(i) ¢(9)op € KuPtoK.

Proof. This is clear. O

Let @ggh denote the set of highest roots of the irreducible root systems which appear in the
irreducible decomposition of the root system of G. Recall that h, = maxacao,, (1, ).

PROPOSITION 6.1.6. Let P = (P, ¢) € GModéS g and p be a dominant type of G such that for
every non-zero dominant coweight A of GI°* there exists aj, € @ggh such that
(p = 1)(A\, ap) > 2hy,.

Then for any finite extension F'/F there is at most one G-Kisin lattice of type < u in Pgs (up
to isomorphism).

Proof. Suppose that (P,a’) and (P”, ") are two G-Kisin lattices in Pp = (Pgr, ¢p,, ). After
trivializing Pps and identifying e (') and e (PB”) with Pg/, we obtain A, ®, and @' in G'(F'(()))
such that

" = AP p(A)L. (6.1.2)

Write A = (Ay)oecg, D' = (P)ser, and " = (P)),c7. As the G-Kisin lattices are of type < u,
we know that there are dominant cocharacters ',y < pu such that for each o € J we have
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P! € Ku'K and @/ € KutsK. There is a unique dominant coweight A of G/ such that A, €
Ku* K for each o € J. It suffices to show that A = 0 so that A € G'(F'[u]).
Working with components as in Example 3.1.6, we note that (6.1.2) is equivalent to

P(Agp-1) = p(A)s = (@)1 A, P! for each o € J. (6.1.3)
We know that (®7)~! € Ku(—ra)om
Lemma 6.1.4 to (6.1.3) gives that

PAog1 = Ao < ply + (=)™, (6.1.4)

K and that p(4), € KuPoe ' K by Lemma 6.1.5. Applying

"
e

In other words, p/, + (—p/)dom — PAspo-1 + Ay is a non-negative linear combination of simple

coroots. Since any «j, € @ggh pairs non-negatively with positive coroots, this implies
<M:7 + (_M;/)dom - p>‘o‘<p*1 + AU, Oéh) = 0.

Now as p/, " < p, the difference pl, — u is a combination of simple coroots for each o € J.
Then ), — p!l and, hence, pl, + (—p2)3°™ is in X, (79°). Likewise, we see pAop1 — Ay € X (T9)
for each o € J and, hence, that (p*7 — 1)\, € X,(T9"). As the quotient of X, (79) —
X, (T97) is torsion-free, we conclude that A, is a cocharacter valued in Gaer,

Fix a0 € J and o, € @ggh that maximize (A,,—1,ap): if A # 0 then (p — 1)(A\,p-1,n) >

2h,, by hypothesis. There is an element w of the Weyl group such that w(—p)em = — " and,
hence,

(=)™ an)] = (g, wan)| < (o, wan)| < hy.

Likewise as 1/ < p we see that (u,, an) < hy. We know (Mg, ap) < (Asp-1,ap) by choice of o, so
we see that

<M;' + (_Mg)dom - p>‘a¢>*1 + Aoy ah) < 2h’u - p<>‘agp*17 ah> + (Aago*1704h> <0. (615)
This contradiction shows that A = 0. OJ

We next show that the hypothesis on p in Proposition 6.1.6 is satisfied when g is sufficiently
small.

LEMMA 6.1.7. Let i be a dominant type for G. For every non-zero dominant cocharacter A of
GYer | there exists ay, € @ggh such that
(p— 1)(\, o) > 2h,, = 2 max (u, «)

ac®qy
provided that:

(i) w is strongly Fontaine-Laffaille (i.e. (u,a) < (p —1)/2 for every a € ®¢v); or
(ii) p is Fontaine-Laffaille (i.e. (u,o) <p—1 for every a € ®¢/) and there are no non-zero
coweights A of G such that (\,ap) < 1 for all oy, € @ggh; or

(iii) u is Fontaine-Laffaille and G is simply connected.

Proof. The first and second are immediate, as (\, a;,) must be a positive integer for any non-zero
dominant coweight A.

When the root system of G is irreducible and G4 is simply connected, it turns out there are
no coweights A with (\, az,) = 1 so the third follows from the second. In particular, the condition
(A, ap) =1 is one of several equivalent definitions for A being a minuscule weight of the dual
root system; see [Bou05, Ch. VIII, §7.3] for the properties of minuscule weights. Let aq, ..., a;
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be the positive simple roots, and write

ap =n1oy + -+ ey

with the n; positive integers. Then A being minuscule is equivalent to the condition that A = @’

for some fundamental weight w;” with n; =1 (see [Bou05, VIII § 7.3, Proposition 8]). Further-
more, the minuscule w,;’ form a system of representatives for P(®/)/Q(®},). However, G is simply
connected, so X*(T') = P(®¢) and X, (T) = Q(®Y). Thus, none of the minuscule coweights lie
in the cocharacter group, so there are no dominant minuscule cocharacters. Therefore, there are
no coweights A with (A, o) = 1.

If G9¢T is simply connected but the root system is not irreducible, decompose the root system
into irreducibles and write G as a product of simply connected groups with irreducible root
systems. The claim follows as the decomposition of the root system is orthogonal. U

COROLLARY 6.1.8. Let P € GMOdfOEF and p be a dominant cocharacter of G' such that
either:

(i) p is strongly Fontaine-Laffaille; or
(ii) p is Fontaine-Laffaille and G is simply connected.

Then for any finite extension ¥’ of F, we have Y7§“ (F’) is either empty or a single element.
Proof. Combine Proposition 6.1.6 with Lemma 6.1.7. g
Next we establish a result about tangent spaces.

PROPOSITION 6.1.9. Fix a finite extension ¥'/F, a dominant cocharacter pu of G’ in the
Fontaine-Laffaille range, and g € Y SH(F”). Consider lifts B1,Pa € Y SH(F'[e]/(e?)) of P that
satisfy the mod-p monodromy condition. If e(P1) =~ e (P2) compatibly with the identification
of the reduction with B, then B, and Po are isomorphic as deformations of .

We continue our standard notation of LG', LTG’, Grey, Gréft and Gr8§“ for loop groups
F
and affine Grassmanians as summarized in § 1.3.3, and use the description of the tangent space
to Gr2§“ provided by Lemma 2.3.3. For C' € LG/, let m¢ denote the right multiplication by C
F

map on LG’ or Grgr.

Remark 6.1.10. An F'[e]/(¢?)-valued point of LG’ corresponds to an F’-valued point of LG’
plus a tangent vector to LG’ at that point; let ¢ denote the identification of tangent vectors
with F[e]/(e?)-points. At the identity, multiplication of F[e]/(e?)-points corresponds to addition
in the Lie algebra. For use in the proof of Proposition 6.1.9, we record how multiplication on
F’[€]/(€%)-points interacts with identifying the tangent spaces with the Lie algebra via translation.

For C € LG'(F'), the derivative dm¢ induces an isomorphism between the tangent space
of LG at the identity and the tangent space of LG’ at C. Given Yi,Y5 in the Lie algebra, set
B; := 1(Y;) so, for example, «(dmc(Y2)) = B2C. As

mc(B1) Bz = mc(B1 Adg(C)(Bs))

we conclude that B1CBs = t(dmc (Y1 + Adg(C)(Y2))). In contrast, Bome(B1) = BoB1C =
mC(BQBl) = L(dmC(YQ + }/1))

Proof of Proposition 6.1.9. Trivializing 9, and B2, we obtain O, Cy € LG'(F’[¢]/(€?)) repre-
senting ¢y, and ¢y, and D € LG/(F'[¢]/(€?)) representing the isomorphism eg(P1) ~ e (Pa)
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such that
DCy = Cyp(D). (6.1.6)

We know that D is the identity modulo ¢, and that C; and Cy agree modulo €. Let C € LG/(F’)
be the common reduction of C; and Cy; we may write C' = Biu! By with By, Bs € LTG'(F)
and ' < pas P € YSH(F'). Using the natural inclusion F' — F'[¢]/(€?), we may also view C as
an element of LG/ (F'[¢]/(€?)).

We wish to show that D € LTG/(F’), which implies that 1 and s are equivalent deforma-
tions of B. By appropriate choice of trivializations, without loss of generality we may assume
that Bj is the identity. We rewrite (6.1.6) as

DCyBy' = 03By ' Bap(D)B; .

Note that D corresponds to a tangent vector at the identity, and C; By ! corresponds to a tangent
vector at u# . The derivative of the right multiplication map m,, identifies the tangent space at
the identity with the tangent space at u/’, so there are X, Y7, and Y, in Lie LGp = 9F/((u) Such
that +(X) = D and 2(dmyx (Y;)) = C;B; *. Using Remark 6.1.10, they satisfy

X +Y) — Yy = Adg(u” By)(p(X)). (6.1.7)

Let n be the largest integer such that X € u” gF,M We claim that n > 0, which shows that
X lies in g, [o- This, in turn, implies that D € LTG'(F’) as desired.

We begin by considering the left-hand side of (6.1.7). Since JB; and PPy satisfy the mod-p
monodromy condition, Corollary 5.2.4 shows that

mln 0
Yi€tppy & O (@00 pp,y).
Oé€<I>G/
In particular, we see that

Z:=X+Yi-Yseu'tlppg e @ (winelng oo,

ac®q
On the other hand, as By € LT G'(F’) we know Adg (Bs) is an invertible linear transformation
of g'F,[[u]] and, hence, Adg/(B2)(¢(X)) lies in up"g'F,[[u]] but not w1 g’F,[[u]]. As Ade (ut) acts on
the root space g/, via multiplication by w2 and it acts trivially on t, we see that

Z = Adg(u By)(0(X)) € gy & P (0" g, pipy)-

aECDG/
We also know there is either a root « for which the g/ -component of Z does not lie in
uPn Q) of 9o P[] OF the t-component of Z does not lie in up”HtF,[[ I In the latter case, if
n < 0, then the t-component of Z = X + Y] — Y5 does not lie in u tF,M a contradiction. In the

former case, this would imply that pn + (¢/, &) > min({¢/, @)), n). If the minimum is (¢/, ), then
we see that pn > 0 and, hence, n > 0. If the minimum is n we would have (p — 1)n > —(i/, a).
But since p is Fontaine-Laffaille, | (1, o)| < [(u, @)| < p — 1, so we again conclude that n > 0. O

COROLLARY 6.1.11. Fix a finite extension F'/F, y in the Fontaine-Laffaille range, and P €
YSH(F'). Given lifts PB1, By € Y (F'[e]/(¢?)) of P satistying the mod-p monodromy condition
such that TG,F’ e/ (e2) (PB1) =~ To F[d/(e2)(P2) (compatible with the identification of the reduction
with p|r., ~ fQF/ (*B)), then P; and Po are isomorphic as deformations of L.
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Proof. This is an immediate consequence of Proposition 6.1.9 as T(; gr[¢/(c2) 1S an equivalence of

categories GMod‘ég e GRep(F'[€]/(€2)) (Fact 3.2.4). O

COROLLARY 6.1.12. Suppose p is Fontaine-Laffaille and G is simply connected, or that p is
strongly Fontaine—Laffaille. If Y;”(F) # (), then Y;“ = Spec(F).

Proof. Corollary 6.1.8 shows that Y;“ has only one point. By Lemma 6.1.2, any F'[¢]/(€?)-points
satisfy the mod-p monodromy condition. Then Proposition 6.1.9 shows that Y7§“ is reduced. [

6.2 Forgetting Kisin modules
Fix p: 'k — G(F) and a dominant cocharacter p for G’. Our next goal is to show the Kisin
resolution is an isomorphism in our situation.

PROPOSITION 6.2.1. Let P = Mg r(p), and suppose the Kisin variety Y7§“ is trivial (i.e.
isomorphic to Spec(F)). Then © : X2' — Spec Rg’D is an isomorphism.

Proof. Since O : X;“ — Spec R%’D is constructed as the limit of O, : X;,’f — Spec R%’D/m”
D), to check it is finite it suffices to check that each ©,, is

finite. But R%’D /m™ is a local Artin ring, so has a unique geometric point. As the Kisin variety
is trivial, the fiber is a single point, and so ©,, is quasi-finite and, hence, finite as © is projective
by Proposition 3.3.8. Thus, X;“ = Spec S for a local ring S that is finite over Rg’m.

As the Kisin variety is trivial, © induces an injection on tangent spaces at the closed point.
Using the finiteness of S and Nakayama’s lemma, we see O is a closed immersion and hence S is
a quotient of R%’D. However, since R%’D injects into R%’D[l/p] (as R%’D is A-flat) and O[1/p] is

an isomorphism (by Proposition 3.3.8(iii)), it follows that R%’D — S is injective. This completes
the proof. ]

COROLLARY 6.2.2. Fix a G-Kisin module B in Mg r(p|r..) of type < p. If the Kisin variety is
trivial, then R%’D = prDifat,

(where m is the maximal ideal of R’

PP
Proof. Proposition 6.2.1 shows that Xg is represented by local ring; it is A-flat by Fact 2.4.2.
Using Proposition 3.3.8(i), we see it is isomorphic to Spf Rg ’%ﬂat. O

Remark 6.2.3. We know that the Kisin variety is trivial when G9°' is simply connected and s
is Fontaine-Laffaille, or when p is strongly Fontaine-Laffaille (Corollary 6.1.12). We expect the
Kisin variety to be trivial for most p when p is Fontaine-Laffaille, but we give an example below
where the Kisin variety is non-trivial for a particular p valued in the non-simply connected group
PGLy and a particular g which is Fontaine-Laffaille but not strongly Fontaine-Laffaille.

Ezample 6.2.4. Let K = Q,, with p # 2, and consider the projection map pr : GLy — PGLy. Let
@ denote mod p cyclotomic character. Consider 5 = @® /2@ 1 and 7 = pr(p), and let P’ =
Mpgr, F (7'). We denote the cocharacter of GLg sending u to the diagonal matrix with entries
u® and u® by (a,b). We abuse notation and use the same notation to denote the composition of
this cocharacter with pr.

We claim that for = ((p —1)/2,0), the PGLy Kisin variety Yﬁ“ has at least two closed
points. Note that p is Fontaine—Laffaille but not strongly Fontaine-Laffaille, and PGLy is not
simply connected. We start with the rank 2 Kisin module 9, over F with Frobenius given by
ut. Clearly pr(9t) = P} is a lattice in P’ with type < u. We can define a second lattice Mo
in 90 [1/u] which scales the second basis vector by u; Frobenius is then given by u((P=1)/2:p=1),
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The pushout pr(My) = P, is a lattice in P’ different from P} because u®V) ¢ LTPCGLy(F).
Finally, the image of u((P=1)/2P=1) in Grpqy, (F) is the same as the image of u((?P~1/20) and so
P5 has type < p.

6.3 Forgetting Galois representations
We next study the forgetful map Dip"%m — D%“’B’D. To do so, we use the theory of (p,I')-

~

modules with G-structure developed in [Lev15, §4.2], extending Liu’s theory of (¢, G)-modules
(see [Liul0]). We briefly recall a concrete version here.
Let (’)% be the perfection of Op/(p) and Ajy = W((’)"?) A fixed compatible set

{pl/p,pl/zﬂ7 ...} of p-power roots of p defines an element 7 € (9%. Let [7] € Ajns be the Teich-
muller lift of . There are embeddings & — A;,s and Og — Aj,r defined by sending u € & to
[7]; they are compatible with Frobenius. In this section only, let t € Aj,¢ denote the period of
G(1), which satisfies ¢(t) = c5 ' E(u)t.

The theory of (¢, @)—modules uses a ring R C Ay which contains &. It is defined on p.- 5
of [Liul0]; we do not need detailed information about it. For a Z,-algebra A, define Ry =
R®gz, Aand Ay a = Ain 9z, A.

As in §1.3.4, let K, = K(pl/p,pl/pQ, ...) and 'y, = Gal(K/K). Furthermore, set Ky =
Up K ((pn) where (pn is a primitive p™th root of unity. Let Ko poo denote the compositum of Ko
and K. It is Galois over K; set = Gal(Kxo po/K) and [y = Gal(Koo po [ Koo).

Fix a coefficient ring A € Ch.

DEFINITION 6.3.1. Define G4(u™) to be the kernel of the reduction map
G(Aint,a) = G(Ainta/(p(Hu")).

For our purposes, we do not need the general definition of a (¢, I')-modules with G-structure
[Lev15, Definition 4.2.6], and instead use the following description [Lev15, Proposition 4.3.10].

~

~

Fact 6.3.2. A crystalline (o, I')-module with G-structure and coefficients in A is equivalent to a
G-Kisin module (B, ¢) with coefficients in A with a ‘crystalline I'-structure’. If we fix a trivial-
ization [ of B, trivialize ¢*(*P) using 1 ®, B, and let Cp g € G(S4[1/E(u)]) correspond to ¢, a
crystalline I'-structure is a continuous map
Be:T — G(Ry)

that satisfies the following conditions:

(i) Cypp(B,) = By -7(Cop) in G(Aing.a) for all y € T;

(ii) By =1Id for all v € I';
(iii) By € Ga(uP) for all v € I
(iv) Byy = By -v(By) for all 7,7/ € T,
Fact 6.3.3. Let A be a finite A-algebra which is either flat or Artinian. There is a func-
tor Tg 4 from the category of crystalline (¢,I')-modules with G-structure with coefficients
in A to GReps(I'k). It is compatible with base change along finite flat maps. For a crys-

talline (¢, I')-module P with G-structure and underlying G-Kisin module ‘B, there is a natural
isomorphism

T a(P) = Toa(B)|r...

where TG, 4 is the functor from G-Kisin modules to representations of I's, in Definition 3.2.5.
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Proof. The functor T\Q A is discussed in [Lev15, §4.2]. O

Remark 6.3.4. As the name suggests, crystalline (go,f)—modules with G-structure are related
to crystalline representations. Let L'/L be a finite extension with ring of integer Op/. Then
T, G,0,, gives an equivalence of categories between the category of crystalline (¢, f)—modules with
G-structure and coefficients in Ops and the category of crystalline representations in
GRepp,, (I'x). This is [Lev15, Proposition 4.3.5].

We say that C' € G(G4[1/E(u)]) has height in [a, b] with respect to the adjoint representation
if
E(u)"Lie(G) ®x 64 C Adg(C)(Lie(G) ®4 64) C E(u)’Lie(G) @4 Ga.
LEMMA 6.3.5. Let A be a p-adically complete A-algebra such that pA =0, and let C €

G(64[1/E(u)]) have height in [—h, h] with respect to the adjoint representation. If h < p — 1,
then for any Y € G4(u™) with n > p, we have

P(C)e(Y)p(C) 7 € Ga(u™).

Proof. Let O¢g denote the coordinate ring of G and let I, denote the ideal defining the identity.
We have that Og/I. = A and I./I? ~ (LieG)". For a A-algebra B, we know that G(B) can be
identified with maps of rings from Og to B; the identity of G(B) is the natural map Og —
O¢/I. = A — B. Thus, we can identify G4(u™) with

{f € Homa(Oc, Aing,a) | f(Le) C (p(H)u")}.
Note that ¢(Y") is the composition of ¥ with the endomorphism ¢ of Aju¢ 4, so, in particular,

we conclude that o(Y')(Le) C ((p(t)u")) = (p(p(t))u™).
Now conjugation by C' induces an automorphism of G ,[1/E(u)], and hence an automorphism

Adog ()" : Og @p Gall/E(u)] — Og @p &4[1/E(u)].

Conjugation by ¢(C) likewise induces an automorphism, and is given by (1 ® ¢) o Adp,(C)*.
For z € I, ® 1, we claim that

(Adog (C))(z) € Y I @p E(u) & 4. (6.3.1)
j>1
By successive approximation, we can just study the induced automorphisms of the graded pieces
/I @) SA[1)/E(u)] ~ Sym? (Lie(G)) ®x S 4[1/E(u)]. Using the height condition, the image
of Sym’ (Lie(G)Y) @ G4[1/E(u)] lies in E(u)~" Sym’ (Lie(G)") @ S4[1/FE(u)] as desired.
Now viewing ¢(C)p(Y)p(C)~! as a homomorphism from Og ®p Sa[l/E(u)] to Ainra @4
S a[l/E(u)], observe that for z € I, ® 1

(@(C)e(Y)p(C) (@) = (2(Y) ® 1) 0 (1® ) 0 (Adog (C)*)(2).
Using (6.3.1), as o(Y) (1) C (go(t))jup”j we see that

((C)p(Y)p(C) ) (x) € Y w((t)) uP™ o(E(w) ™" An,a-
j=>1

Thus, to check that ¢(C)p(Y)p(C)™t € Ga(u "+1), it suffices to check that u"Tly(t) divides
a; = ()P o(E(u)) ™™ in A a for any j > 1. As pA =0 we have that E(u) = u, so
using that tF(u) divides ¢(t) in Ay (since o(t) = ¢ E(u)t) we see that a; is a multiple
of p(t)uPIuP™iy =P, However, when h <p—1and n>p, (p— 1)n>=pp—1) > p(h — 1) and,
hence, (p 4+ pn — ph)j > n as desired. O
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LEMMA 6.3.6. Suppose A is a p-adically complete A-algebra such that pA =0. For P €
Dg" A (A) with p in the Fontaine—Laffaille range, there is at most one crystalline T-structure

oniB

Proof. Suppose we have two crystalline f—structures, with the action of v € r given by B, and B’7
in G(Ains,4). Using property (iii) of Fact 6.3.2, we have that B (B/)~" € Ga(u?). Furthermore,
if the Frobenius on 3 is given by C, then

By (By)™! = (C)e(By(B)e(C) 7

An inductive argument using Lemma 6.3.5 shows that B, (B.)~" € G(u™) for all n > p. Thus,
B, = B! as desired. O

Note the forgetful map Spf Rg ’%’DHSpf RS*PE factors through the flat closure by
Lemma 3.3.4. ’

RM5: B, Dﬂat

ProPOSITION 6.3.7. For p in the Fontaine—Laffaille range, the natural map Spf o

Spf R%“ BH i injective on tangent spaces.

Proof. Let A be a finite F-algebra, and set R := R“ B8t YWe first claim that for every A-valued

point fa : R — A, there exists a finite flat A- algebra B and a B-valued point fp: R — B that
lifts f4. We do so using an idea from [Bar2l, Lemma 3.2.2]. Note that R is a complete local
A-algebra that is reduced and A-flat (Corollary 6.2.2 and Fact 2.4.2). Furthermore R is Nagata
as it is a complete local Noetherian ring. Now f4 : R — A factors through R/mY, for some integer
j = 1 by continuity, so we easily adapt [Bar20, Lemma 4.1.2] to find a ﬁmte flat A-algebra B
and a B-valued point fg: R — B that lifts f4.

We apply the previous paragraph with A = F[e]/(e?). A tangent vector to Spf R guﬂat

at the closed point corresponds to a pair (a,p4) and is the reduction of a B—Valued point
for some finite flat A-algebra B. This point gives a trivialized Kisin module Bp and a Galois
representation p : I'x — G(B) such that Te B(PBB) =plr., and p® L is crystalline. The same
argument used in the proof of [Levl5, Theorem 4.2.7] which relies on [Liul(] shows that Pp
admits a crystalline (¢, I')-structure B such that Tg B(‘,BB) = p. (In fact, as B is finite flat it
is the unique such structure.) Therefore, its reduction, the G-Kisin module B 4, also admits a
crystalline (¢, I')-structure such that fGA(&BA) = pA.

,B,0,flat

Finally, given two tangent vectors to Spf R’g @7 with the same underlying G-Kisin module,

we know each admits a crystalline (go,f)—structure. By Lemma 6.3.6 these structures are the
same, and we know the crystalline structure determines the Galois representation. ([

COROLLARY 6.3.8. If i is Fontaine—Laffaille, the natural map Spf R“’B Dflat — Spf R%“’ﬁ’m isa
closed immersion.

Proof. This follows from Proposition 6.3.7 and Nakayama’s lemma. g

6.4 Relationships between deformation rings
DEFINITION 6.4.1. We let R\”ﬁ BV be the A-flat and reduced quotient of R st guch that
Spec Rg“ P Dv[l /p] is the Vamshlng locus of the monodromy condition on Spec Rg“ A D[l /D).

Define R\“ BV similarly.
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There are closed immersions

Sp fR\“ﬂDV%S fR\WD and spr\“ﬁV%R;‘ﬁ

As R“ Ui A-flat (recall Fact 2.4.2), the forgetful map Spf R“ L — Spf R” H factors through

R qD3 ﬂat . As Spf R\“ A5 is A-flat by Lemma 3.3.4, we hkew1se obtaln a map Spf R“ B Aat
S ngy' B, D

THEOREM 6.4.2. Assume that p | #m1(G*!) and that u is Fontaine-Laffaille. We continue to fix
a G-Kisin module ﬁ over F and a continuous Galois representation p: 'k — G(F) together with

an isomorphism T p(*B) ~ p|r.. . If the Kisin variety Y\” o (p) 18 trivial, there is a commutative

diagram of formal schemes

SfRéuﬂDV s Sng'uﬂ’

7 £ £

Spf Rggﬂﬁat «— Spf R\WD I ep £ R (6.4.1)

I

.0 ~ w0, flat
Spf Rﬁ +——— Spf Rﬁﬁ

with the indicated arrows isomorphisms and closed immersions, and with the arrows labeled f.s.
formally smooth. The square is cartesian.

Remark 6.4.3. The hypothesis that p{ #m(G*) is equivalent to Z9°" being étale over A and
p 1 71(G9T), which are necessary to apply many of our results. The restrictions ultimately trace
back to Theorem 2.3.1 and Proposition 5.1.1.

Proof. The maps in (6.4.1) labeled f.s. come from forgetting a trivialization modulo E(u)" of
a G-Kisin module, or forgetting a trivialization of a Galois representation. These are formally
smooth as the set of trivializations are a G-torsor and G is smooth.

The horizontal isomorphism comes from forgetting the G-Kisin module; Corollary 6.2.2 shows
it is an isomorphism.

Corollary 6.3.8 shows that the forgetful map Spf R%‘ ’%D’ﬂat — Spf R%“ 5 s a closed

immersion.
We next claim that forgetful map Spf R” ’%D — Spf R\“ A8 factors through Spf Rg" A0V
and that ¢: Spf R" gD — Spf R;“ BV s a closed immersion. Tt suffices to check thls on

Rﬂﬂ D flat and R§M B0

L-points as are flat A-algebras (by construction and by Lemma 3.3.4)

and R“ B, Dﬂat[l/p] is reduced (which follows from Fact 2.4.2). Let A be the a finite flat
A—algebra. An A-point of R%‘ PH s a G-Kisin module B with coefficients in A together with

a Galois representation p : I'x — G(A) extending T, . A(P) (plus trivialization). After inverting
p, we know that p is crystalline with p-adic Hodge type p (see the discussion after Fact 2.4.2).
Corollary 4.1.11 implies 3[1/p] satisfies the monodromy condition. This gives the factorization.
As Réu A0 surjects onto RZ gmﬁat we immediately see that Rg“ BEV RMB0fat

surjects onto s
7
and, hence that ¢ is a closed immersion.
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The remaining maps were discussed before the statement of the theorem. The square is
cartesian by construction. O

Using this, we can prove a technical version of our main theorem. Recall that P, g
(respectively, P,y ) are the parabolics over F associated to the cocharacter p (respectively, u').

THEOREM 6.4.4. Suppose that p{ #m(G*Y). Fix a Galois representation p : I'x — G(F) with
shape ' and a Fontaine—Laffaille type pu for G with p and p' dominant and ' < u. Suppose
that:

(i) dim P#’F\GF > dim Pu’,F\GF;
(i) the Kisin variety YEZ w(p) 18 trivial; and

(iii) Spf R%’D is non-empty.
Then Spf R%’D is formally smooth.

Proof. We show that Spf Réu BBV is cither empty or formally smooth of the same dimension as

Spf R gD A2t Since 1 1s a closed immersion, it follows that Spf R* gD Jflat and, hence, Spf R“ ’

formally smooth.
Let C € LG(F) correspond to P 1t has shape p/. Imposing the monodromy condition on
the map from Proposition 3.3.7, we obtain a Cartesian diagram

Spf(R/")¥ BRI o

J [

Spf (R ) LN Spf O,

<uv
C’ .C

<
G;/l 7C

Note that Spf(R%“’ﬁ’v)F C Spf(R%“’ﬁ)g by Theorem 4.2.6. As Spf R%“”B’V involves imposing
the monodromy condition and then taking the flat closure, it is conceivable that it is empty. The
relative dimension of the bottom map is dim G’( N where N is the fixed integer from §3.3 we

have been using to define the deformation rings by trivializing G-Kisin modules modulo E(u)"
The upper right formal scheme is formally smooth of dimension dim P, #\G¥ by Theorem 5.2.1.

Thus Spf (R\“ # Vg is either empty or formally smooth of dimension at most dim Py ¢\G% +
dim G/ (N): Smce by definition, R\“ PV i A- flat, if Spf R\“ BV g non-empty, then it is formally

smooth of relative dimension at most dim P, g\G% + dim G( n)- We conclude that Spf Réu a0V

is either empty or formally smooth of relative dimension at most
dim Py p\GF + dim G{ ) + dim G (6.4.2)

as the set of trivializations on the I'y-representation is a Gg-torsor. On the other hand, we
assumed that Spf R%’D is non-empty. By Fact 2.4.2, we know it has relative dimension dim Gg +

dim P, y\Gp. Hence, Spf Rg 7’%D’ﬂat has relative dimension

dim Gy + dim P, p\Gf + dim G’(N). (6.4.3)

As dim P, p\GF > dim P,; g\GF, the existence of the closed immersion 2 completes the proof. [
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Remark 6.4.5.

(i) When p is a regular cocharacter, condition (i) is automatic.
(i) We expect that R%’D is in fact zero when u' # p so that condition (i) in Theorem 6.4.4
should not be necessary.

Theorem A is a direct consequence.

Proof of Theorem A. Take u' = p to guarantee condition (i) in Theorem 6.4.4, and use
Corollary 6.1.12 to guarantee condition (ii). O

Finally, note that Spf Rg’D is non-empty if and only if there exists a crystalline lift of p with
p-adic Hodge type p. We now record a few partial results about the non-existence of crystalline
lifts which follow from our methods.

COROLLARY 6.4.6. With the setup of Theorem 6.4.4, assume that condition (ii) holds but that
dim P, p\GF < dim P,y p\Gr. Then there does not exist a crystalline lift of p with p-adic Hodge
type L.

Proof. By hypothesis (6.4.2) is larger than (6.4.3). Then the proof of Theorem 6.4.4 shows that
Spf R ’%D’ﬂat is either empty or has relative dimension larger than the relative dimension of

p7
Spf R%“ BEV As there is a closed immersion 7 : Spf R; ’%’D’ﬂat — Spf R%“ BEV e conclude
that Spf R’; ’%D’ﬂat is empty. O

Remark 6.4.7. The techniques of this paper can also be adapted to show that the existence of
a crystalline lift of type u satisfying the hypotheses (i) and (ii) from Theorem A implies non-
existence of a crystalline lift of weight ' for ' < p. This is a motivation for the expectation in
Remark 6.4.5(2).
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