ON THE DIMENSION OF MODULES
AND ALGEBRAS (IIT)

GLOBAL DIMENSION"
MAURICE AUSLANDER

Let A be a ring with unit. If A is a left 4-module, the dimension of A
(notation: 1.dims A) is defined to be the least integer n for which there exists

an exact sequence
0—>Xp—> ... —>X—>A—>0

where the left 4-modules X, ..., X, are projective. If no such sequence

exists for any », then 1.dims A = . The left global dimension of A is
l.gl.dim A =sup l.dim, A

where A ranges over all left 4-modules. The condition 1. dim. A <nis equivalent
with Exti(A4, C)=0 for all left 4-modules C. The condition L.gl. dim A<n
is equivalent with Ext} = 0. Similar definitions and theorems hold for right
A-modules.

In the first section of this paper it is shown that the global dimension of
A is completely determined by the dimensions of the cyclic modules over 4,
i.e., the modules generated by a single element. In the next section the notion
of weak global dimension of A (notation: w.gl.dim 4) is introduced, and using
the previous result it is proven that if A is both left and right Noetherian, then
l.gl.dim 4 =w. gl.dim A =r. gl. dim A.

The rest of the paper, which is independent of the first two sections, is
devoted to a study of the global dimension of semi-primary rings. The prin-
cipal result here isthat l. dim, I'=1.gl.dim A =w. gl.dim A =r.gl.dim A =r.dima 7,
where I'= A/N, N being the radical of 4.

The definitions and notations employed in this paper are based on those
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introduced by H. Cartan and S. Eilenberg in [1].
§ 1. Global dimension and ideals

TueoreM 1. For each ring 4 we have

(a) lL.gl.dim 4= sup l.dim, B
(b) =sup l.dim, 4/1
I

where B ranges over all left A-modules generated by a single element and I
ranges over all left ideals of 4.

If further 4 is not semi-simple (i.e., I. gl. dim 4>>0), then
(c) lL.gl.dimA=1+sup l.dim. L
1

The equivalence of (a) and (b) is obvious. From[1; I, 4.2] we deduce that
A is semi-simple if and only if A4/I is projective for all left ideals I of A. It
follows from this and [1; IV, 2.3], which we state below without proof as Pro-
position 2, that (b) implies (¢).

ProposiTiON 2. If 0—> A'—> A—> A" —>0 is an exact sequence of left 4-
modules with A projective and A’ not projective, then 1. dim, A” =1+ 1.dim. A'.
Therefore in order to prove Theorem 1, it suffices to prove statement (a)

of Theorem 1. This proof is based on

PropsiTiOoN 3. Let A be a left A-module, I a non-empty well-ordered set
and (Ai)ie: a family of submodules of A such that if 4, j& I and < j, then
A;€ Aj. U Ai=A and I dim,(Ai/A) £n for all i€ ] where Al=U 4;,
then 1. dim, leelé n. ]<,

Proof. The proof is by induction on #. If #=0, then for all 1 € I we have
1.dim (Ai/A}) = 0. Therefore each Ai/A} is projective. This implies that each

of the exact sequences
0—> Ai—> Ai—> Ai/ Ai—>0
splits. Thus there exist submodules C; of A; such that

(i) Ai= A} +C; (direct sum),

(ii) each C; is isomorphic to A;/A} and therefore is projective.

From (i) and the hypothesis that A = U Aj, it follows that A = EC; (direct
sum). = =
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From (ii) we have that A is projective, since by [1; I, 2.1] the direct sum of
projective modules is projective. Therefore 1.dim, A =0 and the proposition is
established in the case n=0.

Suppose # > 0 and the proposition has been established for #—1. Also,
suppose 1. dima (A4i/Ai) =n for all i€ I. Let F be the free A-module generated
by the elements of A and F; (respectively F;) the free A-module generated by
the elements of A; (respectively A!). Further, let R =Ker (F—> A) and define
R=FNR Ri=FiNR.

From the relations A; 2 A}, F; 2 Fi, Ri 2 R} and the exact sequences

0— Ri— Fi—> Ai—0
0— Ri—Fi—> Ai—>0,

it follows that the sequences
0—> Ri/Ri—> F;/ Fi—> Ai/ Ai—> 0

are exact for all i€ I. Each Fi/F} is a free A-module and therefore projective,
since each F; is generated by a subset of a basis for ;. Therefore by Pro-
position 2 we have l.dim, (R;/R:)<n—1. It can easily be established that the
family (R;);e; has the properties that 7, j&€ I and 7 < j implies that R; & R;.
R=UR; and R:= UR,. Thus by the induction hypothesis .dim R=n-—1.

i€l i<i
Since the sequence

0—R—F—A—0

is exact, it follows from Proposition 2 that l.dim Ax=1+1.dim, R < n.

We now prove (a) of Theorem 1.

Let A be an arbitrary A-module. Well order the elements x; of A and
dsnote by A; (respectively Aj) the submodule of A generated by x; for j<i
(respectively j < ). Then A;/A} is either 0 or generated by the single element
%;. Therefore 1.dim (A4i/A}) £ n, where n =sup l.dim B, B ranging over all
left A-modules generated by a single element. Since the family (Ai)ie: of
submodules satisfies the hypothesis of Proposition 3, it follows that I.dim A < zn.
Therefore 1l.gl.dim A = n. - But by definition lgl.dim A4 =n. Therefore
l. gl. dim 4 = », which completes the proof of Theorem 1.

§ 2. Global dimension of Noetherian rings

Let A be a left A-module. In addition to 1.dim. A we introduce (see [1;
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VI, Exer. 3]) the weak left dimension of A as follows:
—1l=w.l.dim, A £ o,

where w.1l.dim, A < % if and only if Tors (C, A) =0 for all right A-modules
C. For a right 4-module C we define w.r.dim, C similarly.

We introduce the weak global dimension of A as follows:
0=w.gldimA4< o,

where w. gl.dim 4 < % if and only if Tors=0.
For the weak global dimension there is no distinction between “left” and

“right” dimension. Indeed, we have
w.gl.dim A =sup w.l.dim, A
A
=sup w.r.dim, C
C
where A ranges over all left 4-modules while C ranges over all right 4-modules.

Since the functors Tor’ commute with direct limits, we may restrict A (res-

pectively C) to range over finitely generated left (respectively right) A-modules.
THEOREM 4. If the ring A is left Noetherian, then
l.gl.dim 4 = w. gl.dim A.
Similarly, if A is right Noetherian, then
r.gl.dim 4= w. gl.dim 4.
Proof. By Theorem 1 we have
Lgl.dimA= sup L.dim, A
where A ranges over all finitely generated left .4-modules. Since A is left
Noetherian, we have by [1; VI, Exer. 3] that
l.dima A=w.l.dim, A
for each finitely generated left A-module A. This yields the conclusion.
CoroLLArY 5. If A is both left and right Noetherian, then
l.gl.dim 4 =w.gl.dim 4 =r. gl. dim 4.

This common value will be denoted by gl.dim A.
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§ 3. Semi-primary rings

Before discussing semi-primary rings, we prove the following general lemma.

LemMma 6.2 Let 4 be an arbitrary ring, N a nilpotent left ideal in 4, and T
a (covariant or contravariant) half exact functor defined for all left A-modules.
If T(A) =0 for each left 4-module such that NA =0, then T =0.

Proof. Suppose the lemma is false. Then there is a left A-module A such
that T(A) %0. Since N is nilpotent, there is a maximal index 220 such that
T(N*A)=0 (where N’ = 4). Consider the exact sequence

0—> N*"'A—> N*A—> N*A/N**A—>0.
Since T(N*"'A) =0=T(N*A/N*"*A) and T is half exact, we have T(N*A4) = 0.

This contradiction proves the lemma.

Let A be a ring (with unit). We say A is semi-primary if there is a two-
sided nilpotent ideal N of 4, which we call the radical of A, such that I'= A/N

is semi-simple. It is clear that if A is semi-primary, its radical is unique.

ProrosiTioN 7. Let 4 be semi-primary, with radical N, and let I'= A/NV.
Then for each left 4-module A the following conditions are equivalent:

(a) Tory (I, A) =0

(b) Torh (C, A) =0 for every simple right 4-module C

(c) w.LdimyA<n

(d) Ext} (4, I =0

(e) Exti (A, C) =0 for every simple left 4-module C

(f) I.dim, A < 7.

Proof. (a)=>(b). If C is a simple right A-module, then C is a direct
summand of I. Since Tor commutes with direct sums in either variable,
Tor(C, A) is a direct summand of Tor4(4, A). Therefore if Tor’(I, A) =0,
then Tori(C, A) =0.

(b)=>(c). Consider a right 4-module B such that BN=0. Since B can
be considered a right module over the semi-simple ring I, we have that B is
semi-simple, i.e., B is the direct sum of simple right 4-modules. Now, Tor
commutes with direct sum and (b) states that Tord(C, A) =0 for all simple
right 4-modules C. Thus Tor4(B, A) =0 for any B such that BN=0. Since

2) This is a generalization of [2, Proposition 3].
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Tori( , A) is a half exact functor, we deduce from Lemma 6 that Tor2(B, A) =0

for all right A-modules B.
(c)=>(d). By [1; VI, 5.1] we have
Ext (A, Hom.(B, T)) = Hom.(Tor(B, A), T)

where B is an arbitrary right 4-module and T = R/Z, the additive group of real
numbers reduced modulo the integers. Since (c) implies Tor4(B, A) =0, we
have Extp(A, Hom:(B, T)) = 0.

Now choose B =Hom.(I, T), which we consider a right Imodule (and
therefore a right A-module) by defining (fr1)(y2) = f(yir2) for all f € Hom. (I, T)
and 71, 72 € I. Since I' is semi-simple, the left I~module Hom.(B, T) is semi-
simple and thus every submodule of Hom.(B, T) is a direct summand. The
Imonomorphism ¢ : '—> Hom,(B, T), defined by ¢(y)f=s(r) for all fE B,
v & I, shows that I' is isomorphic to a submodule and therefore to a dirct
summand of Hom.(B, T). Since Ext commutes with finite direct sum on the
second variable and Ext;(A, Hom.(B, T)) =0, we have Extj(A4, I') =0.

(d)=>(e). Same argument as that used to prove (a)=> (b) with the functor
Ext}(A, ) substituted for Tor4(: ,A).

(e)=>(f). Consider a left A-module B such that NB=0. Then B can be
considered a left Imodule. Since I" is semi-simple, B is semi-simple, i.e.,
B = 3>\C;, direct sum of simple Imodules C;. Now >)C; is a submodule and
therefore a direct summand of the ™module IIC;, the direct product of the C;.
Thus Exti(A, 21C;) is a direct summand of Ext2(A, TIC;). But Ext¥(A4, IIC))
= ITExt}(A, Ci) =0. Thus Ext;(A, B) =0 for all B such that NB=0. Since
Exti(A4, ) isa half exact functor, we deduce from Lemma 6 that Ext}(A, B) =0
for all left A-modules B, i.e., L. dim A < x.

(f)=>(a). This follows immediately from the general proposition that
L.dim, A = w.1.dim, A (see [1; VI, Exer. 3]).

As an immediate consequence of this proposition we have.
CoroLLarY 8. If A is a semi-primary ring and A is s left .I-module, then
w.l.dim, A =1.dim, A.

Similarly, if A is a right 4-module, then

w.r.dim, A =r.dim, A.
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From Corollary 8 we conclude.
CoroLLARY 9. If A is a semi-primary ring, then
LgldimAd=w.gl.dim A4 =r.gl.dim A.

This common value we designate by gl. dim 4.

ProrosiTion 10. For each left 4-module A. the following conditions are

equivalent :

(a) Ext{(I, A)=0
(b) Exty(C, A) =0 for every simple left A-module C
(¢) Linj.dim, A < n.

Proof. (a)=(b). The same argument can be employed as was used in
Proposition 7 to prove that (d) + (e), but applied to the first variable instead
of the second variable.

(b)=>(c). Consider a left A-module B such that NB=0. Then, as we
have seen before, B=>1C;, the direct sum of simple left 4-modules Ci;. Now
Exty(3Ci, A)=TIExt}(Ci, A). Therefore, since (b) states that Ext(Ci, A) =0
for all 7, we have Exty(B, A) =0 for all B such that NB =0. Since Exti( , A)
is a half exact functor, we deduce from Lemma 6 that Exti(B, A) =0 for all
left A-modules B, i.e., l.inj.dims A < n.

(c)=>(a). This follows from the definition of the left injective dimension
of a module. (See [1; VI, 2.1al.)

CoroLrary 11. If 4 is a semi-primary ring with radical N and I'= A/N,
then

(a) gl.dim 4 =1l inj. dim, I

(b) =1.dims I’

(c) =14+1Ldim, N
(d) = sup I.dim, C
(e) = sup l.inj.dim, C

where C ranges over all simple left A-modules. Also, (a)~— (c) hold with

“left” replaced by “right.”

Proof. (a). If A is a left A-module we have by Proposition 7, (d) and (f),
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that 1. dims A £1.inj.dim, I. Thus gl.dim 421 inj.dim,I". But by [1; VI, 2.6]
we have gl.dim Ax1.inj.dim, I. Therefore gl.dim 4 = l.inj.dim. I

(b). If A is a left 4-module we have by Proposition 10, (a) and (c), that
l.inj. dimax A £1.dim, I. Therefore gl.dim 4 <1.dim,I. But by definition gl.dim 4
21dim,/. Thus gl.dim 4=1.dim, I

(c). If N=0, then 4 is not semi-simple and thus gl.dim 4 =1 dim. 1" > 0.

Therefore, by Proposition 2, we deduce from the exact sequence
0—>N—A—>T—0

that gl.dim A =1 dim, '=1+1Ldim, N. If N=0, then 4 is semi-simple, i.e.,
gl.dim A=0. Since 1.dim,0= —1, gl.dim A=1+41.dim, V.

(d). Since I' is semi-simple, I'= >)C;, finite direct sum of simple left A-
modules, where the C; have the property that if C is a simple left .4-module,
then C = C; for some i. Therefore snclp l.dim, C = 1. dim, I'= gl. dimA, where C
ranges over all simple left 4-modules.

(e). This is proved in an analogous fashion to (d).

CoroLLArY 12. If A is a semi-primary ring, then the following are equi-

valent :

(a) gl.dimA4<n

(b) Ext (I, I') =0, both I''s considered as left A-modules

(c) Exty(I, I') =0, both I''s considered as right A-modules

(d) Tor(I, I') =0, first I" considered a right J-module, second I” considered

a left 4-module
Proof. Since by Corollary 9 we have
gl.dim A =1.dim, I =w.dim, I'=r.dim, I,

it follows from the definitions of these various terms that (a) implies (b), (c),
(d). The proofs that (b), (c), (d) each imply (a) are all similar. Consequently
we will prove only that (b) implies (a) and leave the others to the reader.

By Proposition 7(d), we have that if Exti(I, I') =0, then l.dim, I < . But
we have by Corollary 11(b) that 1. dima I" = gl. dim 4. Therefore if Ext (I, I") =0,
then gl.dim 4 < n.

ProposiTion 13. If A satisfies the left minimum condition and gl. dim 4 > 0,
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then there is an indecomposable left ideal J in 4 such that J*=0 and
gl.dim A=1+1.dim, J.

Proof. Let J be a left ideal contained in the radical N, minimal with res-
pect to the property that 1. dims J=1.dim, IV (ideals of this type exist since IV
is such an ideal). If J=A+ B (direct sum), then l.dim,J=sup (L dim, A4,
l.dims B). By the minimal property of ], either A or B must be the trivial
ideal. Thus J is indecomposable.

Suppose J?=0. Then there is an element 1* € J such that JA* 0. Consider
the exact sequence

(%) O———>K—*]—f—>]/1*——>0
where f(1) =22* and K=Ker f. Since J is nilpotent, JA*=J and f is not a
monomorphism. Thus 0% K=J. Therefore JA* and K are proper ideals in J.
Consequently we have sup (1. dim, J2*, 1.dim, K) < 1..dim,J. But in view of
the exact sequence (%) and [1; VI, 2.3] we have l.dimJ<sup (l.dim,JA*,
l.dim, K). This contradiction proves that J*=0. Since by definition 1. dim, J =
1. dim, N, we have by Corollary 11(c) gl.dim 4 =1+ 1.dim.J. Q.E.D.

§ 4. Applications
ProposiTioNn 14. Let A be a semi-primary ring such that each simple left

A-module is isomorphic to a left ideal in 4, then gl.dim 4 =0, co.

Proof. Suppose gl.dimAd=n, 0<n < ow. By Corollary 11(d) we have
gl.dim 4 =1.dim, C, where C is a simple left 4-module. By hypothesis, C = I,
where I is an ideal in 4. Thus l.dimI=gl.dim 4 =#n. But since »> 0, A/I is
not projective. Therefore Proposition 2 applied to the exact sequence

0—I—A—> A/]—0

gives L.dim 4/I=1+1.dim I=1+n. However, l.dim, 4/I<gl.dim A=n. This

contradiction proves the proposition.

ProrosiTion 15. The hypothesis of Proposition 14 is satisfied in each of the
following cases:

(a) 4 is a direct sum of a finite number of primary rings (a semi-primary
ring 4 is primary if I'= A/N is a simple ring).

(b) A is a semi-primary commutative ring.

(c) A satisfies both the left and right minimum conditions and every two-
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sided ideal in A is a principal right ideal and a principal left ideal.

(d) 4 is a quasi-Frobenius ring.

Proof. (a). Suppose 4 is a primary ring. If N=0, we are finished. Assume
N=0. Let & be the maximum index such that N¥*%0. Since NNk=0, N is
a I'module. Thus N* is semi-simple and therefore contains at least one simple
left ideal of 4. But I' is a simple ring. Thus there is only one isomorphism
class of simple left A-modules. Therefore each simple left 4-module is iso-
morphic to a simple ideal in 4. The rest of (a) is obvious.

(b). Since N is nilpotent, every set of orthogonal idempotents in I" can be
“lifted” to an orthogonal set of idempotents in 4. From this and the com-
mutativity of 4, it follows that 4 is a finite direct sum of primary rings. Thus
(d) is reduced to (a).

(¢). By [3; Chapter 4, Theorem 37] we have that 1 is a direct sum of
primary rings. Therefore (c) is also reduced to (a).

(d). This is an immediate consequence of the definition of a quasi-Frobenius

ring as given in [41.

§ 5. Tensor products of semi-primary algebras

Tueorem 16. If A4; and A, are algebras over a field K, then
W. g]. d1m (/11 @ Az) = W. gl. dlm Ax -+ w. g]. dim Az.
If further A; and As are semi-primary algebras and I1 & I is semi-simple, then

A; ® A. is a semi-primary algebra and
gl dim (A4; & Ap) = gl.dim A+ gl. dim 4.
Proof. By [1; XI, 3.1] we have

SYTord (Ci, A1) & Tord*(C., Az) = Tor} ®4*(C; ® Cs, A1 ® Az)

rtag=n
for all #>0, where C; and C, are right A; and /4»rmodules and A; and A are
left 4; and A--modules. Since K is a field, Torp'(Ci, A;) %0 and Tor*(Cs, A:) %0
implies that Tor}®4:(C; ® Cs, A1 &® A:)%0. Thus

w. gl. dim( A4, & .15) = w. gl. dim .4 + w. gl. dim 1.
From the exact sequence
7
N1 ® Ao+ 4 Q& No—> N1 & Ao——> 118 [2—0

we deduce that the Ker f is nilpotent. If we assume that 7; ® I: is semi-
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simple, we have that 4; ® 4. is semi-primary with radical the Ker /. Now we
have

SYTorp (I, 1) ® Tory (I, Id) = Tory* @I ® Iy, 11 ® I3)

rtg=n

for all #20. Since K is a field, we deduce from Corollary 12 and these iso-
morphisms that

gl dim (111 ® Az) = g]. dim A+ gl dim As.

REFERENCES

{11 H. Cartan and S. Eilenberg, Homological Algebra, Princeton University Press, 1955.

{2] S. Eilenberg, Algebras of cohomologically finite dimension, Comment. Math. Helv., 28
(1954), 310-319.

I3] N. Jacobson, Theory of Rings, Amer. Math. Soc., 1943.

{41 T. Nakayama, On Frobeniusean Algebras II, Ann. of Math., 42 (1941), 1-21.

University of Michigan

https://doi.org/10.1017/50027763000023291 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000023291



