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1. Introduction. In an ear l ier paper [l] we presented 
a representat ion theory for the Fourier transformation defined 
by 

(1.1) F(x) =fj_(27t)-i y _ w ( (e i x y- l ) / iy ) f(y)dy, 

for functions f in certain function spaces . This theory made 
use of an operator 

(1.2) F k t [ F ] - ( - i k / t ) k + 1
 (2TT)~2 / (x- ik/ t ) - ( k + 1)F(x)dx, 

' J -co 

where k = 1 , 2 , . . , , and it was stated without proof that this 
operator is an inversion operator for the Four ier t ransforma
tion; that i s , that under certain conditions 

(1.3) l i m k ^ o o F k ) t [F] = f(t). 

Here we propose to investigate the circumstances under which 
(1.3) is t rue , the limit in (1.3) being taken in various senses 
of convergence. 

The derivation of the inversion operator (1.2) is outlined 
in [2] , where it is shown that a certain operator applied to the 
Four ier t ransformation changes.it into the Laplace t ransforma
tion. Then an application of the Widder-Post inversion operator 
for the Laplace transformation yields (1 .2) . 

As k -* 00 , the operator (1.2) tends formally to the 
classical inversion operator for the Four ier t ransform, 

(1.4) f(t) = (2Tf)"2 / e" l t xF(x)dx , 
J -co 

since 
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l i m k ^ ^ ( - i k / t ^ + ^ x - i k / t ) - ^ 1 ) - e~ i t x ; 

bat actually (1.3) has somewhat greater utility than (1.4) since 
the integral in (1.4) fails to exist, in the Eebesgue sense, 
unless F e L.^-00 , °° ), while the integral in (1.2) exists, for 
example, if F € Lp(-co , oo ) for any p, 1 ̂  p -s. oo * 

It is known that the Fourier transform F of f, defined by 
( 1. 1), exists if f € Lp(-oo , oo ) where 1 < p -s 2, or if 
| x | 1 - z / c i f(x) € Lq(-oo , oo), where q >2. When f e L1(-co , <*> ), 
the differentiation indicated in (1.1) can be carried under the 
integral sign. We shall show in section 2 that under any of 
these circumstances just mentioned, (1.3) holds in the sense 
of pointwise convergence almost everywhere, and in section 4 
we shall show that, under the same hypotheses, (1.3) holds in 
the sense of mean convergence. Section 3 is given over to two 
lemmas needed in section 4. 

A word about notation. Throughout this paper, p will 
stand for a fixed but arbitrary number satisfying 1 <= p :< 2 , 
while q will stand for a fixed but arbitrary number satisfying 
q > 2 . Also, if a number r > 1 is given, we shall understand by 
r1 the number defined by 

1/r + 1/r1 = 1, 

2. Pointwise convergence. The following theorem shows 
the pointwise convergence. 

THEOREM 1. If F is defined by (1.1), where either 

(a) f é Lp(-oo f oo ) , 
or 

(b) | x | l-2/q f ( x ) 6 L q ( . G 0 f 0 0 ) f 

then at every point t fi 0 in the Lebesgue set of f 

limk^oo F k ) t [F] = f(t) . 

Proof. Let t ^ 0 and let k be an arbitrary positive integer. 
Then, as a function of x, 

(x-ik/t)-(k+l) £Lp(-oo ,oo ) . 

Also, an easy application of the residue calculus shows that 
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• CO 

(2 7T)-i y ~ ( x - i k / t ) - ( k + ^ e ~ i x y d x 

r ( Z T T ^ t - i ^ + ^ e k y / t / k l , y > 0 , t < 0 , 

- ( 2 T T ) i ( - i ) k + 1 y k € k y / t / k l , y < 0 , t > 0 , 

0 , y t>0 . 

Hence by [ 4 , t h e o r e m 35 if f * Ln(-oo ,oo ) , t h e o r e m 75 if 
f 6 Lp(-oo ,oo ) , l < p < 2 , t h e o r e m 49 if f € L^-oo ,oo ) , and 
t h e o r e m 81 if | x | 1 ' " 2 / c l f (x ) e L q ( -oo , oo ) , q > 2 ] , 

(2 .1) F k t [F] = ( - i k / t ) k + 1 ( 2 T T ) - i f ( x - i k / t ) - ( k + 1 ) F ( x ) d x 
' J -co 

r A00 

f ( k / t ) k + 1 ( k i ) - 1 / e - k y / t ykf(y)dy, t > 0, 
I J o 

( - ( k / t ) k + 1 ( k l ) - 1 / e-^y/1 y k f (y)dy, t ^ O . 
J -co 

F o r s > 0, l e t 

/

• oo 
e-syf(y)dy, 

O 

and 

/

* co 

o e - s y f ( . y ) d y . 

T h e s e i n t e g r a l s a r e c l e a r l y f in i t e . A l so le t 

L k , t [ g ] = ( - l ) k ( k / t ) k + l g ( k ) ( k / t ) / k l , k = 1 , 2 , . . . . 

Then by [ 5 , c h a p t e r 2 , § 5 , t h e o r e m 5a] , for t > 0 

L k , t fe+] = (k/t)k+1(ki )-l J™ e-ky/tyk f ( y ) d y = F k i t [F] , 

and f o r t ^ 0 , 

L k , - t [ g " ] = ( - k / t ) k + l ( k l ) - l JQ e k y / t y k f ( - y ) d y 

= - ( k / t ) k + 1 ( k i ) " 1 / e - k y / t y k f ( y ) d y = F k i t [ F j 
J - 00 
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Hence by [5 , chapter 7, § 6, theorem 6a] , if t is in the 
Lebesgue set of f and t ^ 0, 

l iwi k -*f loF k > t [F] = f(t). 

3. Pre l iminary l e m m a s . Lemma 1 is pre l iminary to 
theorem 2 and lemma 2 to theorem 3. 

LEMMA 1. If f € L r ( 0 , oo ), where 1 s= r < <x>, then 

l i m y ^ J | f(yt)-f(t) | r dt = 0 . 

Proof. F r o m [ 3 , p . 397, ex. 19] , if g £ L r(-oo ,co ), 

l i m h ^ 0 / |g(x+h)-g(x) | r dx = 0 . 
J -oo 

Let g(x) = e x ' r f ( e x ) . Then g e L r(-oo , oo ), and hence 

/

oo 
| e ( x + h ) / r f (ex+h) „ex/ rf(eX) | r dx=o( l ) 

-oo 

as h-> 0. 

But then, setting e x = t , e" = y, we obtain 

y o °° |y l / r f (y t ) -£( t )K dt = o(l) 

as y ->1. But then, as y - * l , 

/ ° ° |f(yt)-f(t) |* dt 
* O 

éZT {Jo | y 1 / r f ( y t ) - f ( t ) | r d t + | y l / r - l | r j o | f (y t ) | r dt } 

= 2 r { J0 |Y 1 / r f (y t ) - f ( t ) | r d t + | l - y - l / r | r J | f ( t ) | r d t } 

= o(l) 

LEMMA 2. If tl-z/ri{t) e L r ( 0, oo), for some r , 
1 < r <. ao , then 

/•oo 
li™y-*l JQ t r - 2 | f ( y t ) - f ( t ) | r d t = 0 . 

Proof. An application of the previous lemma to tl'z/rf(t) 
gives us 
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l i m y ^ x Jo t r " 2 | Yl-Z/THyt) - f(t)| r dt = 0 . 

But then, as y —»• 1 

/ t r " 2 |f(yt)-f(t) l r d t 
J o 

* 2 r | Y t r " 2 ly l -2 / r f (y t ) . f ( t ) | r dt + [ y l - ^ / r . i j r J™ t r - 2 | f ( y t ) | r d t J 

= 2 r { / t r - 2 | y l - 2 / r f ( y t ) . f ( t ) | r d t + l y l - 2 / r . i j r / y r - i y t r " 2 | f(t) | rdtj 

= o( l ) . 

4. Mean convergence. Theorem 2 deals with the case 
f e Lp(- 00,00), and theorem 3 with the case | x| *-2/q f(x) e Lq(^o ,oo ). 

THEOREM 2. If f € L (-00,00 ), and F is defined by (1.1) , 
then 

l i m ^ ^ / | F k ) t [F] - f(t)|P -dt = 0 . 
J - 00 

Proof. Suppose first that t > 0. Then using (2. 1) and the 
fact that 

r °° 
(k/ t ) k + 1 (kl ) ' 1 J e-ky/tykdy- = 1 , 

we deduce 
roo 

f4-1) | F k , t [ F ] - f W l ^ k / t ^ ^ k i r 1 e -ky / tyk | f ( y ) - f ( t ) |dy . 
./ o 

Then an application of Hblder 's inequality to (4. 1), if p > 1, 
yields 

(4-2) | F k j t [ F ] - f ( t ) | 

s (k/t)k + 1(kl)-1 {JQ e -ky/^l f ty j - f t t ) ! P d y } 1 ^ 

• { / o * e-ky/Vkdyj1/p' 

-{ (k / t ^+^k i ) " 1 y o e-ky/tyk |f(y)-f(t) | Pdy} L/P , 

and this inequality remains true if p = 1, since then it reduces 
to (4 .1) . 
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Similarly, if t < 0, 

(4.3) | F k ( t [ F ] - f ( t ) U {-(k/t)k+1 f ° e-*-Y/ty*\î(Y)-î(t)\Pdy}l/P. 
J -00 

Now 

f-co^.tW -fWl Pdt = (Jo + IL) lFk,t£F] -f(t)| Pdt = I1 + I2 .' 

Consider first l\. By lemma 1, given a positive number £ , 
there is a positive number S so that if ly - l l £ S, 

• oo 

J |f(yt)-f(t)| Pdt< e. 

Clearly we may assume S< 1. Then from (4 .2) , 

u = / r iFk,ttF] -f(t)ppdt 
00 /-OO 

* ( k k + 1 / k i ) /Q f ( k + l ) d t y o e -ky/ tyk |£(y)- f ( t )p dy 

TOO / * ° ° 

= (k k +l /k i ) / dt / e"kyyk | f(ty)-f(t)[P dy 
Jo Jo 

/

•oo > 

e - k y k d y / |f(yt)-f(t)|P dt 
o Jo 

" + / c + / J ^ y | f (yt)-f( t) |P 
o -> i-s y i+s y o 

dt 

J l + J 2 + J 3 

But 

J , = ( k k + 1 / k i ) / 1 _ S e-kyykdy / " " |f(yt)-f(t)|P dt 

é 2P(k k + 1 /k l ) Z 1 " 5 e ' k y ^ d y A ( |f(yt)|P + |f(t)|P )dt 

= 2P(k k + 1 / k i ) f1' e ^ y ^ + y ^ d y /" °°|f(t)|P dt 
•/ o y o 

c M ( k k + l / k l ) A 1 " 8 e - ^ y k ^ d y , 
J o 

where 

M = 2Î*X / |f(t)|P dt, 
«/ o 
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But if k > 1. e' 
- ( k - i ) y y k - i 

steadily increases on the interval 
0 £ y ^ 1 > so that 

J , * M ( k k + 1 / k ' . ) e - ( k - l ) ( l - 6 ) ( l - S ) k - l f U i
 e-ydy 

J O 

< M el~* ( k k + 2 e - k / k l ) k i ( e 8 ( l - 8 ) ) k -» 0 

as k -> oo on using Stirling's formula and the fact that e S (1-S ) < 1, 

Similarly J3 -v 0 as k -voo , and also 

/

• -j , ç /*oo 

x _ s e-kyykdy y |f(yt)-f(t)|Pdt 
1+S 

* £ ( k k + 1 / k l ) fl+ e - k y y
k dy 

J 1-8, 

«, £ ( k k + 1 / k l ) / e - ^ y k d y = £ . 

Hence, 

l i m ^ _^ 00 11 & t 

and thus since £ is a rb i t r a ry , 

^ k - ^ o o 1 ! = ° • 

Similarly, 

l im k _+ oo I 2 = 0 

and thus 

l i m ^ a , / _ " | F k > t W . f ( t ) | P d t = 0 . 

THEOREM 3. If |x \l"Z^ f(x) t L q ( - « , 00 ), and F is 
defined by (1.1) , then 

l i ^ k ^ o o / ' " i t l * " 2 | F k j t [ F ] - f ( t ) | < l d t = 0 . 

Proof, As in the proof of theorem 2, but with p replaced 
by q, we have, if k > q - 2, 
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| F k t t [ F ] - f ( t ) | 

{ (k / t^+^ki ) - 1 f e-ky/tyk |f(y)-f(t)|q dy}l /q , t > 0, 
•I o 

{-(k/t^+^kl)"1 f°n e-ky / tykU(y)-f(t)l<ldy}l/q , t < 0. 

Now 

J j t |< i - 2 |F k > t [F]-f( t ) |q<i t = (y'o +/_^)lFk > t[F]-f(t) |qdt 

= i 3 + 1 4 . 

Consider first I3 . By lemma 2, given a positive number £ , 
there is a positive number S so that if l y - l | *£ & , 

f " t^"2 |f(yt)-f(t)|<ldt * I . 
J o 

Clearly we may assume S < 1. But then, 

13= f™ t q - 2 | F k t [ F ] -£(1)1*1(11 
J o 

/

' 00 /"CO 

t q - k - 3 d t / e -ky / t yk | f (y ) . f ( t ) | qdy 
o J o 

= ( k k + 1 / k l ) f™ t*~2dt ^ e " k y y
k | f ( t y ) - f ( t ) | qdy 

/

*co f °° 

e - k y ^ d y / t^" 2 |f(yt)-f(t)|<l dt 
o V o 
r i - * fl+S r 0 0 rao 

= ( k k + 1 / k l ) ( / + / + / ) e-kYykdy / t^"21 f(yt)-f(t)|<l dt 
J o Jus y 1+6 y 0 

= J 4 + J5 4- J"k , 

J 4 and J^ tend to zero a s k - > 00, in much the same manner as 
J1 and J 3 of theorem 2, and as in that theorem, J5 é £ . Hence 

î î m k _ > 0 0 I 3 é £ , 

so that since £ is a r b i t r a r y , 
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l im k _^ ^ 1 3 - 0 . 

Similarly 

l im k ^ oo I4 = 0 » 

and thus 

r °° 
l i m ^ ^ / | t | ^ 2 | F k [F] -f(t)|<ldt = 0 . 
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