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Abstract

The space of shapes of quadrilaterals can be identified with CP2. We deal with the subset of CP?
corresponding to convex quadrilaterals and the subset which corresponds to simple (that is, without self-
intersections) quadrilaterals. We provide a complete description of the topological closures in CP? of both
spaces. Although the interior of each space is homeomorphic to a disjoint union R* Li R*, their closures
are topologically different. In particular, the boundary of the space corresponding to convex quadrilaterals
is homeomorphic to a pair of three-dimensional spheres glued along a Mdbius strip while the boundary
of the space corresponding to simple quadrilaterals is more complicated.

2010 Mathematics subject classification: primary S7TN25; secondary 57N13, 52A10.
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1. Introduction

Let n > 3 be an integer. We can view C" as the space of n-gons (with marked vertices)
contained in the plane C by identifying an n-tuple (z;, 22, . . ., 2,) € C" with the n-gon
whose consecutive vertices are 7j, zp,...,2,-1 and z,. In fact we allow all possible
degenerations of the polygons with the exception of the degeneration of the polygon
to a point. Define an equivalence relation via (21, 22, . ..,2n) ~ (W1, Wa, ..., wy,) if and
only if there exist a,b € C with a # 0 so that w; = az; + bforalli = 1,...,n. The space
of shapes of n-gons is the quotient space

C" @i, ) la ==z~

Obviously, this quotient space is biholomorphic to the complex projective space Pc(V)
of the hyperplane V = {(zy,...,2,) | z1 = 0}. Then the space of shapes of n-gons can be
identified with CP"~2 := Pc(C"!). The space of shapes arises when we are interested
only in the shape, that is, when we do not care about the size or placement of the
polygon in the plane.

The topology (and a certain geometry) of some subsets of the space of shapes CP" >
has been investigated by various authors. We mention some of the earliest and seminal
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references. The topology of subsets corresponding to n-gons with fixed side lengths
is studied in [5] (achieving a complete description for the cases n =4, 5 and 6). The
structure of the subsets which corresponds to n-gons whose sides are parallel to fixed
directions has been discussed in [1]. The paper [6] is devoted to the study of the
subset of CP® determined by certain (star-shaped) pentagons. Subsets corresponding
to n-gons obtained by unfolding of polyhedra with fixed conic angles appeared in [9].

Our goal is to understand the subsets of CP? corresponding to convex and
simple (that is, without self-intersections) 4-gons (or quadrilaterals), as well as
their topological closures. The paper is organised in three sections. After some
preliminaries, we present a brief overview of our results, in Section 2. Section 3 deals
with convex quadrilaterals and Section 4 with simple quadrilaterals.

This paper is based on the doctoral thesis [3] of the first author under the direction
of J. C. Gémez-Larranaga. In particular, the results concerning convex quadrilaterals
are to be found in [3].

2. Preliminaries and overview

From now on, we shall use 7 to denote the quotient projection to the space of
shapes n: C" \ {(z,2,...,2)} = CP"2 and [z, 22, ...,2,] to denote the equivalence
class n(z1, 22, - . ., z,). The elements of the space of shapes CP"? will be called shapes.
We also refer to n-tuples in C" as n-gons if n > 2, or quadrilaterals if n =4 and
triangles if n = 3. Given Z = (zy,...,2,) € C", it is convenient to consider the set

(Z)={zi;zVUZazz3 U - UZp12, U Zez1} € C,
where ab denotes the segment between a and b.

Derinition 2.1 (Simple polygons). An n-gon Z € C" is simple if its vertices are pairwise
different and ¢(Z) determines a Jordan curve. We denote the set of simple n-gons by
S(n) c C". If Z € S (n), the bounded component of C \ ¢(Z) will be denoted by int(2),
and the set ¢(Z) U int(Z) will be denoted by p(Z). A simple n-gon is positively-oriented
if the labelling of its vertices is counterclockwise, and it is negatively-oriented if the
labelling is clockwise.

DerinitioN 2.2 (Convex polygons). An n-gon Z = (zy, .. .,2,) 1s convex if it is simple
and Zxz; € p(Z) for all k,l e {1,...,n}. We denote the set of convex n-gons by
Kn) cC".

Clearly, K(3) = S(3) and K(n) € S(n) for n > 3.

Remark 2.3 (Local chart for shapes of simple polygons). There is exactly one
representative in the plane {(0, 1, z3,24,...,2,)} € C" for every shape of simple
polygons. Hence the chart {[z;,22,23,...,2,] € CP" 2|z # 22} » C"2, given by

23— 2 in — <1

Zz—Zl’“.’Zz—Z] ’

[ZI’Z29Z3,"'9Z”] =

endows 7(S (n)) with a coordinate system. Obviously, we may endow n(S (n)) with
other coordinate systems by setting different coordinates z; and z; as zero and one.
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REMARK 2.4 (C" as a fibration over CP"~2). Note that
17 (21,22, ..., z2a]) = {(az1 + b,aza + b, ... ,azy + b) € C" | a,b € C,a # O}.
Moreover, it is a fibre bundle
C'XC— C"'\{@2...,2)} — CP"2,

where C* = C \ {0}. The fibration is not a product because m(CP" 2 xC*xC)=2Z
but 71 (C* \ {(z,...,z}) =0.

DeriniTiON 2.5 (n-segments). The shape [zj,...,z4] € CP"? is an n-segment if
Z1,...,Zy are collinear.

RemARK 2.6. The set of n-segments is a real projective space RP"~> smoothly em-
bedded in CP"~2 since every shape [zy,...,2,] with z1,. . ., z, collinear is represented by
the n-gons (0, Axy, ..., Ax,) with x5, ..., x, € Rand 4 € R* = R \ {0}. The n-segments
do not have a natural orientation, that is, it makes no sense to say whether an n-segment
is positively-oriented or negatively-oriented.

ExampLE 2.7 (Shapes of triangles). The space of shapes of triangles is the complex
projective line CP'. There are three options for [0, 1, z] € CP!, depending on the
imaginary part y of z = x + iy

(@ y>0, (b) y<0, (o) y=0.

The first option corresponds to positively-oriented triangles, the second to negatively-
oriented triangles and the last to 3-segments. The 3-segment [0, 0, 1] is the only
shape that is not of the form [0, 1, z], that is, it does not belong to the local chart
of Remark 2.3. We conclude that the space of shapes of positively-oriented triangles is
homeomorphic to an open disk and its closure is a closed disk. It follows, from Remark
2.4, that the space of positively-oriented triangles is homeomorphic to the product of
an open disk with C* x C, since any fibre bundle over a disk is a product.

We aim to provide a description for the spaces of shapes of convex and simple
quadrilaterals similar to that in Example 2.7 for triangles. This will be achieved in
Section 3 for shapes of convex quadrilaterals and in Section 4 for shapes of simple
quadrilaterals. Both sections are divided into two subsections. After some notation,
we present an overview of some results contained in these subsections.

We use A°, A and A to denote the familiar concepts of interior, closure and
boundary of a set A, respectively. Let S* c S(4) and S~ c S(4), respectively, be
the sets of positively- and negatively-oriented simple quadrilaterals. Obviously,
S* NS~ =0 and the mapping (21,22, 23, 24) - (24,23, 22, 21) defines a homeomorphism
between ST and S-. For this reason we work mainly with positively-oriented
quadrilaterals. Set S =n(S*) and K =n(K(4) N S*). Denote the upper half-plane
{x+iyeC|y>0} by H. We use the standard notation Re(z) and Im(z) to mean the
real and imaginary parts of a complex z, respectively.
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A‘U} ﬂ m v

Figure 1. Infinite triangular region A,, determined by w € H.

We shall prove, in Sections 3.1 and 4.1, that both K° C CP? and S c CP? are
subspaces homeomorphic to R*. In fact, we construct a diffeomorphism from H x H
to K° and a homeomorphism from C\ {re R |r < 1} x H to S. A major technique
for constructing both homeomorphisms involves using Schwarz—Christoffel integrals.
Sections 3.2 and 4.2 contain results which are combinatorial and topological in nature.
In Section 3.2, we show that K is a topologically embedded four-dimensional closed
ball in CP? (Theorem 3.3), while, in Section 4.2, we see that this does not happen
to S (Theorem 4.2). We also prove that n(K(4)) C CP? is homeomorphic to a pair of
four-dimensional closed balls glued along a Md&bius strip. In particular, the boundary
of n(K(4)) c CP? is characterised as being a pair of three-dimensional spheres glued
along a certain Mobius strip (Theorem 3.8). The topology of the boundary of
nS4)) c CP? is also described (Section 4.2).

3. Convex quadrilaterals

3.1. K° homeomorphic to R*. If Z = (z, 23,23, 24), then Definition 2.2 implies that
7123 C int(Z) and 7,24 C int(Z) whenever n(Z) € K°.

Tueorem 3.1. K° is a subspace of CP* homeomorphic to R*.

Proor. Consider local coordinates, defined as in Remark 2.3. Let Z = (0, 1, w, z) with
w=a+iband z=x+1iy. If n(Z) € K°, then w e H and z € A,,, where the region
Ay, =HnN{x+iyeClbx—ay<0}n{x+iyeC|bx+ (1 -a)y<b}cCisdetermined
by w (see Figure 1).

Note that K° = U,em{[0, 1,w,z] | z € A} and that this union is disjoint. We
construct a homeomorphism F : H X H — K* of the form F(w, z) = (w, f,,(2)) (Working
with the coordinate system for K given in Remark 2.3) by using homeomorphisms
fw i H— A, for all we H. A natural candidate for f,, comes from the so called
Schwarz—Christoffel mapping

4 1
fw<z>:wf0 5“‘(4—1>ﬁ‘d§/f0 7N - 1P lae, 3.1
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which defines a diffeomorphism from H to A,,, where @ and S are the interior angles
of A,, (see Figure 1). We refer the reader to [8, pages 235-245] for a detailed discussion
of the Schwarz—Christoffel mapping. Notice that both @ = a(w) and 8 = B(w) are
positive real analytic functions of w.

From here on, the proof that F is a homeomorphism could be completed by means
of a purely topological argument, as in the proof of Theorem 4.1 below. However, a
proof that F is a smooth diffeomorphism can be given as follows. We regard F as a
function between subsets of R*. We claim that F has continuous partial derivatives.
For the partial derivatives with respect to x and y, note that f,, is a holomorphic
function of z = x +iy. The smoothness of fol %7 N(¢ — 1P7'd¢ with respect to the
variables @ and S is proved in [10, Section 17.3] via the smoothness of the gamma
function. It only remains to prove that foz %7 N(¢ - 1)$7'd¢ has continuous partial
derivatives with respect to @ and 8 when z # 1. It is obvious that the partial derivative
of foz 97N = 1)P71d{ with respect to 8 exists and that it is continuous if the curve £(f)
does not pass through one. Then it is sufficient to check the uniform convergence of
the improper integral

f Z i{‘“(g— 1Y 'ds = f Z 7N - 1P ogde
o Oa 0

(see [10, Section 17.2] for a discussion on differentiation of improper integrals with
respect to a parameter). Near zero, the absolute value of this improper integral can be
bounded from above by an expression involving

' a Yo
ﬂdr——hm r—(a'lnr—l) =— (a>0),
rl-a -0 | a2 e @2

thereby proving the uniform convergence on compact sets of the parameter o, and the
claim is established. The Jacobian matrix of F is

1 0 0 0
1 0 0
|2 o of\ (0%
DF =|2-Re(f,) = Re(f,) Re ( az) Im az) :
d 9w} Re (9w

which has determinant |0f,/dz]> #0. We conclude that F: Hx H — K° is a
diffeomorphism, by the inverse function theorem for functions of several real variables.
Indeed, F is a C*-diffeomorphism (compare with the smoothness of Eulerian integrals
discussed in [10, Section 17.3]). O
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d(zk, Zh—12k+1)

FiGure 2. If 2r < d(zx, Zk-12k+1), then wy lies above wi_jwy;; for any triple of points wy_; € B, (zx-1),
wk € Br(z) and wyyy € Bi(zi41)-

3.2. Closure of K.

Lemma 3.2. There are only three types of quadrilateral in 0K(4) c C*, namely:

(D) a simple quadrilateral of the form Z = (21, 22, 23, 24) With Zj—12k+1 C «(Z) for
exactly one k € {1,2,3,4} (subscripts k — 1 =0 and k + 1 = 5 should be taken,
respectively, as 4 and 1);

() a quadrilateral of the form (21, 22,23, 24) With zx = Zx+1 for exactly one
ke{1,2,3,4} (subscript k + 1 =5 taken as 1); and

(M) a quadrilateral of the form (z1, 22, 23, 24) With collinear points zy, 72, 23, 24, which
is the limit of convex quadrilaterals (recall that not all 4-segments are limits of
convex quadrilaterals; for example, [0,2/3,1/3,1]).

Proor. Let Z = (z1, 22, 23, z4) be a quadrilateral in 0K (4).

First, suppose that Z is a simple quadrilateral. We analyse two cases.
Case 1. When 7;_12ks1 C int(Z2) U {zx—1, zxs1} for all k =1,2,3,4, we define 2r =
ming=123.4 d (Zx, Zk—12k+1), Where d (z, %) denotes the distance between the point z € C
and the segment ab c C. Clearly, HLI B.(z) is a neighbourhood of Z c C* contained

in K(4) (see Figure 2), where B,(z) C C is the ball of radius r > 0 centred at z. Hence
Z ¢ 0K(4).

Case 2. When there exists a k € {1,2, 3,4} such that p(Z) N Zi_1Zxs1 = {21 Zas1)s
we again define r as in Case 1. Analogously, Hizl B,(z;) is a neighbourhood of Z
contained in K(4), and therefore Z ¢ 0K(4).
From the above two cases, a simple quadrilateral Z € dK(4) is of the type L
Finally, suppose that Z is not a simple quadrilateral. If ¢(Z) is a Jordan curve, then
Z is of the type II. If ¢(Z) is not a Jordan curve, then Z is of the type III. O

A quadrilateral is said to have angle equal to m at z; if it is of the type I of
Lemma 3.2. The closed ball {p € R* | |p| < 1} is denoted by B*.

Tueorem 3.3. K is a subspace of CP? homeomorphic to B*.
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@ [0,0,0,1] (b) [0,0,0,1]
0,1,1,1]
0,0,1,0]
il 1,1
oo 0,711 0,7,1,01 " 70,1,1,0]
FiGure 3. (a) Triangle #. corresponding to shapes of the form [0, 7, 1,z4], for a fixed 0 < r < 1. The left

edge of 01, corresponds to shapes with z4 < 0, its right edge to shapes with z4 > 1, its lower edge to shapes
with 0 < z4 < 1 and the upper vertex to z4 = co. (b) Pyramid 7, with a shaded slice #,. Two faces of T,
are the triangles 7y and #;.

Proor. First we show that 9K c CP? is an embedded three-dimensional sphere S°.

We begin by studying shapes of quadrilaterals having angle equal to 7 at z,; other
cases are similar. Shapes having angle equal to  at z; are of the form [0, r, 1, z4], where
0 <r<1andz4 € H. By fixing r and varying z4 € H, we get a set that is homeomorphic
to an open triangle 7, whose boundary ¢, corresponds to shapes of the form [0, 7, 1, z4],
where z4 € R U oo (see Figure 3). In fact, d¢, corresponds to shapes of type III. When
r =0and z varies in H U R U {co}, we get shapes of type II. Analogously, we get shapes
of type Il when » = 1 and z varies in H U R U {co}. Hence the closure of shapes having
angle equal to 7 at z; forms a pyramid 7, = Up<,<;?, (see Figure 3).

When the angle equal to 7 lies at z;, z3 and z4, a similar procedure provides
pyramids 77 = {[z1,1,23,0] |0 <z; < 1,z € H}, T3 = {[21,0,23,1] |0 < z3 < 1,71 € H}
and Ty ={[1,22,0,24] |10<za < 1,20 € ﬁ}, respectively (see Figure 4). By Lemma 3.2,
it is clear that all the possible shapes in 3K belong at least to one of these pyramids. In
order to reconstruct 4%, it is necessary to carry out the corresponding identifications
between 0T, 0T», 0T and 0T4. Pyramids T and T are only identified by their bases,
and, similarly, so are T, and Ty, giving two octahedra O3 and O,4 such that O3 is
to be identified with 00,4 by a homeomorphism. The identifications between lateral
faces are listed below (identifications are by means of changes of coordinates between
charts similar to that in Remark 2.3).

{z2=0,za€H} C T,
{m=1,ucHCT,
(0<z2<1,4<0}C T,
0<zm<l,zu=1}CcT,
{za=0,0€eH} C Ty
{w=1lneHcCTy
{0<z4 1,200} CcTy
0<zu<l,p>21}CTy

We conclude that 9% is homeomorphic to S3.

IK is embedded in CP2.
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{n=1leHcT
{z3=0,z; € H} C T3
0<z1<1,3=>1}C T,
{0<z3<1,70 <0} CT;s
{zz=1,71 €H CT;
{z1=0,z3 € H C T}
{0<zz<l,z1 =21} CcT;s
0<z1<1,z3<0}CTy.

Moreover, the construction shows that
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@ T, [0,0,1,0] (b) T, [0,0,0,1]
‘1 1,1,0] 0,9 [0,1,1,1]
[0,1,0,0] (1,1,0,0] [0.0-1,0] [0,1,1,0]
© T3 (1,0,0,0] @ Ty [0,1,0,0]
1, [1,1,0,1]
[1,0,1,1]
(1,0,0,0] [1,0,0,1]
[0,0,0, 1] 0.0,1

FiGure 4. 0% is obtained by identifying boundaries of these pyramids.

(b)

Ficure 5. Neighbourhoods in ( C? of shapes [0, z, 1, z4] € 0K (using a coordinate system for K that is

similar to that in Remark 2.3). The shaded region describes the intersection of a neighbourhood with %.

In (b), the region of possible values for z, varies according to z4 while, in (c), the possible values for z4
vary according to 2.

Shapes of type I, II and III have neighbourhoods that are homeomorphic to the
closed upper half-space {(xi, X2, X3, x4) € R* | x4 > 0} (see Figure 5). Then K is
a manifold with a boundary that is homeomorphic to S3, the interior of which is
diffeomorphic to R*. Therefore K is homeomorphic to B* (see [2, page 371]). O

Remark 3.4. Figure 5 shows that the neighbourhoods of shapes of types II and III
are homeomorphic to the upper half-space {(xy, x2, x3, x4) € R* | x4 > 0}, but are not
diffeomorphic to it. Hence B* does not admit a smooth inclusion i : B* < CP* such
that i(B*) = K
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FiGUuRre 6. Q is obtained by carrying out the identifications indicated by the arrows. Each back face of

a pyramid is identified with a front face of another pyramid. The dashed edges of back faces form the

boundary of Q. The diagonals that lie in the bases of 7, and 7, can be thought of as the components of

the middle circle of the Mobius strip Q. Leaves of a foliation that is transversal to the middle circle are

shown by dotted lines. Since the leaves vary from O to 7/2 in one octahedron, and from /2 to r in the
other, it follows that Q is a standard M&bius strip.

COROLLARY 3.5. n‘l(%) c C* is homeomorphic to B* x C* x C.

Proor. It follows, from Theorem 3.3 and Remark 2.4, since any fibration over B*is
the trivial one. O

Contrast Corollary 3.5 with the nontrivial global bundle structure of Remark 2.4.

DerinitioN 3.6 (Convex 4-segment). A convex 4-segment is a shape of type III. We
denote the set of convex 4-segments by Q ¢ CP?,

There are an infinite number of topologically different embeddings of the Mobius
strip into R3. One embedding is obtained by rotating a small segment in such a way
that its centre is moving in time 0 < ¢ < 27 along y(f) = (cos t, sin t,0) € R? while it
remains orthogonal to y’(¢) and forms angle #/2 with the plane xy. If an embedding of
the Mobius strip is isotopic to this one, then it will be called a standard Mobius strip.
Embeddings of M&bius strips into R? have been classified up to ambient isotopy [7].

CoroLLARY 3.7. Q is a subspace of dK homeomorphic to a closed Mébius strip.
Moreover, Q is the standard Mobius strip in S® = 0K.

Proor. Identify the corresponding faces of the pyramids constructed in Theorem 3.3.
Figure 6 should convince the reader that Q is in fact a standard M&bius strip. ]

Turorem 3.8. The subspace 1n(K(4)) c CP? is characterised as the quotient of
the disjoint union B* U B* by identifying each point in a standard Mobius strip
Q c S* = 0B* with its corresponding point in the other copy of dB*.
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Proor. Recall that the mapping (z1, 22, 23, 24) — (24, 23, 22, 21) defines a homeomor-
phism between the sets of positively- and negatively-oriented simple quadrilaterals,
so Theorem 3.3 and Corollary 3.7 are valid for shapes of negatively-oriented
quadrilaterals. To complete the proof, use the fact that the 4-segments of type III
are the only shapes in %K that are limits of positively- and negatively-oriented convex
quadrilaterals. O

4. Simple quadrilaterals
4.1. S homeomorphic to R?.
TueoreM 4.1. S is a subspace of CP* homeomorphic to R*.

Proor. Consider local coordinates, defined as in Remark 2.3. Let Z = (0,1, w,2)
withw=a+iband z=x+iy. f ZeS*, then weC\{reR|r<1}and z € A,,
where A,, C C is determined by w according to three possibilities.

(1) Ifb<O0,thenA, =Hn{x+iyeC|bx+(1-a)y>b}.

(2) Ifb=0,then A, = H (in this case, a > 1).

(3) If b>0, then A, = {x+iye(Clbx—ay<0}Uint(O,l,w)UW\{O,W} (see
Figure 7).

We construct a homeomorphism F: (C\{reR|r<1}) xH — S of the form
F(w,z) = (w, f,(2)) by using the diffeomorphisms f,, : H — A, defined for all
w e C\ {reR|r < 1}. The definition of f,, depends on the three possibilities for w.

(1) Ifb<0,then f,(z) = (z—1)? + 1, where 67 is the angle (with counterclockwise
orientation and such that 0 < 07 < ) between the half-line {r € R | 1 < r} and the
line bx + (1 — a)y = b, and the branch of (z — 1)? = |z — 1|%1%2=D i chosen so
that -7 < arg(z - 1) <.

(2) Ifb=0,then f, is the identity on H.

(3) 1If b>0, then f,, comes from the Schwarz—Christoffel mapping: namely, there
exists a real number 7 > 1 such that

4 1
fw(z)=f0é"“_'(é—l)ﬁ_'(é—T)y_]d{/fo e -1 e -ortae @

defines a diffeomorphism between H and A,,, where ar, 8 and yr are the interior
angles of A, as in Figure 7.

Since F is a continuous bijection, the restriction of F to any compact set K
determines a homeomorphism Flg : K — F(K). Let U=(C\{reR|r<1}) xH.
Now we shall prove that F~! is a continuous map. Suppose, on the contrary, that there
exist a point p = (wo,z0) € U, an open ball B,(p) C U of radius p > O centred at p and a
sequence {py} Cc U \ m so that F(py) converges to F(p). Since the 3-sphere dB,(p)
is a compact set, F(dB,(p)) is a 3-sphere, which separates C? into two components
by the Jordan separation theorem (see [4, Section 2.B]). Due to the hypotheses on
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[e%y

Ficure 7. Region A,, whenever w € H. Note that @ + 8 + y = 3 for every such w.

{pi}, the connected sets F(B,(p)) and F(U \ m) lie in the same component of
C2\F (0B,(p)). In particular, the image under F of the slice {wo} x H lies in just one
of the two components determined in {wy} X C by the circle F(dB,(p) N ({wo} X H)).
This is absurd because Fly,)xm : {wo} X H = A,,, € {wp} X C is a bijection. O

4.2. Boundary of S. We begin the study of the topology of S. Any subscript
Jj¢{1,2,3,4} should be taken modulo four from now on, so j € {1,2,3,4}. A shape
[z1, 22, 23, 4] belongs to dS(4) if and only if there is a vertex z; which lies in the
segments Zx+1Zx+2 Y Zk+22k+3- Lhis situation is encoded by two pyramids (see Figure 3)

Tips1 ={zk2 =0, 23 = 1L, 0 < ze < 1, 211 € HY,
Tik1 ={zxs1 =0, k2 = 1, 0< 5 < 1, 1 € H)

In fact, 48 is the quotient of Ti2UT 4 UTy3UTy 1 UT34 UT3,UTy; UTysz by
identifying points corresponding to the same shape. Clearly, the pyramids are to be
identified by their boundaries. It can be verified that the pyramids Ty .1 and Ty - are
identified along three triangles adjacent to the vertex [1,0, 1,0], for k = 1,2,3,4. We
explain these identifications for the pyramids 7, = {[z,,0,1] |0<r <1, z € H} and
T3 ={[1,7,7,0]|10<r <1,7 € H} (other cases are similar).

[2,7,0,1] = [1, - L,O] and [1, =r L,o] €Tos

1-z21-z2 1-z21-z2 '

if and only if both 0 < (1 -r)/(1—z) <1l and 1/(1 -2) € H hold. In this case, three
triangular regions of 7, |, which share the vertex [0, 1,0, 1], are identified with three
triangular regions of 75 3: namely,

{r=1}e—{r =0},
{z<0}e—{r <z <1},
0<z<rje—{l <}

With these identifications between Ty and Ty 4-1, a polyhedron Py is obtained for
each k =1,2,3,4 (see Figure 8).

Then we identify the boundaries of P, and P4 along the triangles with vertices
[1,0,0,1], [1,0,0,0], [1,1,0,0] and [1, 1,0, 1], forming an octahedron, and also P,
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() P, [0,0,1,1] (b) P [1,0,0,1]
[0,0,1,0] [0,0,0,1]
[1,0,1,1] [1,1,0,1]
(1,0,0,1] [1,1,0,0]
(©) P (1,1,0,0] @ B [0,1,1,0)
[1,0,0,0] [0,1,0,0]
[1,1,1,0] [0,1,1,1]
[0,1,1,0] [0,0,1,1]

Ficure 8. Polyhedra obtained via the identification of Ty . and Ty ,—; along three triangles. Note that all
of them have the same vertex at the centre.

and P, are to be identified along one closed curve. By way of illustration, we explain
these identifications for the pyramid 75 ; = {[z, 7,0, 1]}.

Identifications between T and Ty 3.

[z,r,o,u:[o,l,iz‘l] and [0,1,

z—r z—r

if and only if both z/(z — r) e H and 0 < (z — 1)/(z — r) < 1 hold. In this case, one
lateral face and one closed curve of T, are, respectively, identified with one lateral
face and one closed curve of T4 3: namely,

{1<zte—>{1<7},
{r=1,zeR}«—{r=1,7 €R},

where Ty3 = {[0,1,7/,7]1]10 <7 < 1,7 € H).

Identifications between T and Ty ;.

- -1 - ~1
[z,r,0,1]=[r—z,o,1,’" ] and [u,o,l,’—]em
r r r r
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[0705 1: 1]

[0,0,1,0] [0,0,0,1]

[0,1,1,1] [1,0,1,1]

Ficure 9. Octahedra and spheres obtained via the identification of Py and Py,,. Each octahedron has an

equatorial square whose centre represents the shape [0, 1,0, 1]. One diagonal of that equatorial square

is to be identified with a simple curve in a two-dimensional sphere which corresponds to shapes of
quadrilaterals such that z; = zj42.

if and only if both (r — z)/r € Hand 0 < (r—1)/r < 1 hold. In this case, the closed
curve {r =1,z € R} of T, is identified with the closed curve {r' =0,z € R} of
Ti1 ={[2,0,1,7110< 7 < 1,7 € H).

Under the identification, the circle {[z,1,0,1] € T, |z € R} is the equator of a
two-dimensional sphere whose hemispheres are described by {[z,1,0,1] € T5; | z € H}
and {[0,1,z,1] € Tu3|z€ H} ={[z,0,1,0] € T4, | z€ H}. Note that the part
{[z,1,0,11 € T51 | 0 £z < 1} of that equatorial circle is to be identified with the
diagonal between [1, 1,0, 1] and [1, 0, 0, 0] of the octahedron (see Figure 9). Similarly,
Py and P; are to be identified along the two triangles with vertices [0, 0, 1, 1],
[0,0,0,1], [1,0,0, 1] and [1,0,1,1] and also along one closed curve. With these
identifications between Pj and Py, an octahedron Oy is obtained, for k = 1, 2.

Finally, O; and O, have to be identified. We begin by explaining the remaining
identifications for the pyramid T,; = {[z, 1,0, 1]}. We shall see that, with two
exceptions (the triangle {r = 0} and one triangle in the base of T, ), the faces of 7
involved in the remaining identifications are triangles that have one vertex at [0, 1,0, 1],
which, in turn, are identified with other triangles that also have a vertex at [0, 1,0, 1],
and they will be identifications between the equatorial squares of the octahedra.

Identifications between T, | and T3 4.
1 -1
] and [0,1,7,7]:= [o,l,i,Z ]eT&4

Z—r Z—7r

[z,r,o,1]=[o,1,i iz

2—r z—r
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if and only if both 0 < z/(z—r) <1 and (z — 1)/(z — r) € H hold. In this case, two
lateral faces of T, are identified with two lateral faces of T3 4: namely,

{r=0e={r =1},
[z<0}e— {1 <}

Identifications beLween Ty and T,,. The shape [z,7,0,1] € Ty, if and only if both
0 <z<1andreHhold. In this case, the two triangles in the base of 7, ; are identified
with the two triangles in the base of T’ .

Identifications between T» 1 and T3 .

1—r 1
0| and [1.7.r.0]:=|1,
1-z21-z¢

1- 1
[2.r,0,1] = |1, L —.0|eTs,
1-z 1-2 '
if and only if both (1 —r)/(1 —z) € Hand 0<1/(1 —2) <1 hold. In this case, the
lateral face {z < 0} of T is identified with the triangular region {0 < 7" < '} of the

base of T3 .
Identifications between T and T} 4.

r— r—1

-1 -
[z.r.0,1] = [—Z,o, 1,r—] and [F.0,1,7]:= [u,o, 1,
r r r

} €Ta

,

if and only if both O < (r —z)/r <l and (r — 1)/r € H hold. In this case, the triangular

region {0 < z < r} of the base of T, is identified with the lateral face {z’ < 0} of T'; 4.
One can conclude that each face of O, is identified with the face of O, that has the

same vertices, and each triangle in the equatorial square of O, is identified with the

triangle in the equatorial square of O, that has the same vertices. Thus we have proved

the following result.

TueOREM 4.2. Let O and O, be copies of an octahedron (by octahedron we mean the
boundary and the interior), and let S% and S% be copies of a two-dimensional sphere.
Consider the equatorial square in both copies of the octahedron. Let dy and d, denote
the two diagonals of this equatorial square. Consider also a simple (that is, without
self-intersections) path in both copies of the sphere (as in Figure 9). The subspace
AS c CP? is homeomorphic to the quotient of the disjoint union O LI O, L S% U S% by
identifying the boundary and the equatorial square of O with the boundary and the
equatorial square of O, respectively, via the identity mapping, and by identifying dy
with the simple path of S?, fork = 1,2.

Let 8™ =n(S™) denote the set of shapes corresponding to negatively-oriented

simple quadrilaterals. Recall that (zi, z2, 23, 24) — (24, 23, 22, 21) defines a
homeomorphism between the sets of positively- and negatively-oriented simple
quadrilaterals.

CoroLLARY 4.3. Consider a simple path in two copies S% and S% of a two-dimensional
sphere.Consider also two simple paths dy and ds in a projective plane RP* that
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intersect at one point. The subspace S N dS~ c CP? is homeomorphic to the quotient
of the disjoint union RP? LI S% U S% by identifying dy with the simple path of S2, for
k=1,2

Proor. The area of a quadrilateral Z such that n(Z) € dS N dS~ is necessarily equal to
zero. If Z has area equal to zero and 7(Z) € 48, then either Z is a 4-segment or Z is
a quadrilateral Z = [z, 22, 23, 4] such that z; = z3 or 7o = z4. These sets, respectively,
correspond to RP? (see Remark 2.6) and to the spheres S% and S% that were constructed
in the proof of Theorem 4.2. Following the proof of Theorem 4.2, we may conclude
that the identifications are along curves with the required properties. O

Remark 4.4 (Work in progress). We make a final comment about shapes of n-gons
with n > 4. Theorem 3.1 can be generalised to n > 4 by the same method we have used
here (the generalisation can be found in [3]). We have not succeeded in proving ‘by
hand’ generalisations of other results shown herein. Currently, we are working on the
generalisation of Theorem 2.3 by other methods.
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