
RINGS IN WHICH ALL SUBRINGS ARE IDEALS. I 

ROBERT L. KRUSE 

In analogy with Hamiltonian groups, an associative ring in which every 
subring is a two-sided ideal is called a Hamiltonian ring, or, more concisely, 
an H-ring. Several attempts at classification of H-rings have been made. 
H-rings generated by a single element have been studied by AI. Sperling (5), 
L. Rédei (4), and A. Jones and J. J. Schàffer (2). H-rings enjoying additional 
properties have been characterized by F. Szâsz (e.g., 6), and by S.-X. Liu 
(3). A class of closely related rings has been studied by P. A. Freïdman (1). 
In the present paper and its sequel all H-rings are classified and completely 
described in terms of their generators and relations. 

Among the most natural examples of H-rings are the null rings, in which 
all products are 0, and the ring 3 of rational integers together with its sub-
rings and homomorphic images. Result (1.4) shows that a semi-simple H-
ring cannot differ much from the subrings and homomorphic images of £. 
One might also expect that a radical H-ring, which by (1.3) must be nil, 
would not differ much from a null ring or a nilpotent ring of the form N^/{M), 
where the integer N is a divisor of M. We shall in fact find this to be true, 
although the list of differences which can occur is rather complicated. The 
complications arise in the classification of the finite, nilpotent H-rings of 
prime-power order, and so this classification will be done in a separate paper. 
In § 2 of the present paper other classes of radical H-rings are determined, 
and in § 3 the extension problem of constructing H-rings from their radicals 
and semi-simple factor rings is solved. Finally, in § 4, the results are sum­
marized. 

1. Preliminaries. 
(1.1) Definitions and special notations. The characteristic of a ring 9? [an 

element 0 of a ring] is the least natural number N for which N\f/ = 0, all 
\p € 9î [for which N</> — 0], provided such an N exists. Otherwise, the charac­
teristic is 0. We write char 9? or char <j> for the characteristic of 9Î or <£. The 
exponent of a nilpotent element 4> is the least integer r for which <t>T = 0. A 
ring [an H-ring] whose additive group is a p-group is called a p-ring [an H-p-
ring]. The letter p will always denote a prime. Let © be an element or a set 
of elements of a ring. (©) will denote the subring generated by ©, and {©} 
will denote the additive subgroup generated by @. The word ideal will refer 
only to two-sided ideals; the word annihilator to two-sided annihilators. All 
rings are assumed associative. 
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We shall make frequent use of the following known results. 
(1.2) Suppose that 9Î is a nil ideal in a ring 9?. If 9Î/9Î contains an idem-

potent 0 + 9 ,̂ then 9? contains an idempotent e G <t> + 9Î. 
(1.3) (Freïdman (1)). The (Jacobson) radical of an H-ring is nil. 
(1.4) (Freïdman (1)). A semi-simple H-ring is isomorphic to a ring direct 

sum of the form 

NS © E*€* © %P (restricted), 

where ^ is a set of primes, $ is the ring of rational integers, N£ the subring 
generated by an integer N, gp is the prime field of order p, and each prime p 
divides N. 

(1.5) (Rédei (4)). Let w be a nilpotent element of characteristic 0 in an 
H-ring. Then co2 has non-zero, square-free characteristic, and co3 = 0. 

The following elementary observations are also helpful. 
(1.6) Every subring and every homomorphic image of an H-ring is an 

H-ring. 
(1.7) A ring is an H-ring if and only if every subring generated by a single 

element is an ideal. 
(1.8) A ring 9î with torsion additive group is isomorphic to a restricted 

ring direct sum of p-rings dlp for different primes p. 9î is an H-ring if and 
only if each 9ip is an H-p-ring. 

Proof. The usual abelian group decomposition, in fact, gives a ring direct 
sum. Every subring of the direct sum is itself the direct sum of its projections 
into the direct summands. A subring is an ideal in a direct sum if and only 
if its projections are ideals in the direct summands. 

2. On radical H-rings. To study rings which are close to null it would 
seem appropriate to consider the two-sided annihilator of the ring. In addition, 
for our purpose, a somewhat larger subring is useful. We begin with the 
definition. 

(2.1) Definition. A subring © of a ring 9î almost annihilates 9Î if, for all 
<t> e © , 

(1) 4>3 = 0, 
(2) M(j)2 = 0 for some square-free integer M which depends on 0, 
(3) 09Î C {02} and dt<t> C {02}. 
When © = 9Î, the ring 3? is called almost-null. 
Three observations are immediate. 
(2.2) When subring © is a nil H-ring, then (1) of (2.1) follows from (2). 
(2.3) All almost-null rings are nilpotent H-rings. 
(2.4) Suppose subring © almost annihilates ring 9Î. Choose <f> G ©. Then 

<t> annihilates 9Î if and only if $2 = 0. 
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The importance of almost-null rings is shown by the following two pro­
positions. 

(2.5) PROPOSITION. A nil p-ring of characteristic 0 is an YL-ring if and 
only if it is almost-null. 

(2.6) PROPOSITION. A nil ring which contains an element of characteristic 0 
is an W-ring if and only if it is almost-null. 

The proofs of these two propositions are similar and will be treated to­
gether. We begin with some lemmas. 

(2.7) LEMMA. If <j> is an element of a nil H-p-ring, then <j)z € {<t>2)> 

Proof. Let k be the minimal integer such that there exists an integer M 
with cj)k = M<j>k~l. The result is true for k ^ 3 so suppose k ^ 4. Let r be 
the exponent of <j>. Then 0 = <t>r-]c(j)1i = M4>r~l implies p divides M. From 
0</>2 G (<£2), it follows that 4>z = F((j)2) for some polynomial with integral 
coefficients 

F(X2) = F2X
2 + F,X* + ...+ F2SX

2S. 

Then, <£*-! = 4>*-4tf>3 = 4>*-*F(4>*) = F2<t>k~2 + (F,M + . . . + F2sM
2S-*)<l>k-1. 

Since p divides M and char 0 is a power of p, this equation may be solved 
for c^ - 1 as an integral multiple of cj>k~2. This contradicts the minimality of k. 
Thus k ^ 3 and the result is proved. 

(2.8) COROLLARY. Let 9Î be a nil H-p-ring and let <j> G 9Î, £ G 3u Then 
there exist integers U, £/', V, V such that 

të = m + v<t>2 = u'$ + vfe. 
(2.9) LEMMA. Let 4> and co be elements in a nil W-ring. Suppose that 

M = char 0 ^ 0 and M2 divides char co. Then char 02 is square-free. 

Proof. Let iV be the greatest square-free integer which divides M. (2.8) and 
(1.8) imply that 4>(N<f>) = UN<j> + VN2<j>2 for suitable integers U and V. 
From this it follows that Ncj>2 G {<£}. One of two cases must occur. If 
{0} H {co} = 0, then 0(i\ty + ikfco) G (Afy + Mw) implies N4>2 = 0, q.e.d. If 
{<£} H {co} ^ 0, then char co ^ 0 and by (1.8) it suffices to suppose that 
M = pr and char co = p2r+s for some prime p and integers r, s ^ 0. Further, 
there are integers A ^ 0 (mod £) and t < r such that pr+s+tu = Apl<j). Then 

4>(Ap4> - pr+s+1w) G (y4̂ </> - £r+s+1co} 

implies ^0 2 = 0. This completes the proof. 

Proof of (2.5) and (2.6). Let $ be a nil H-p-ring which contains elements 
of arbitrarily large characteristic, and let 9î be a nil H-ring which contains 
an element of characteristic 0. If <j> G $, then, by (2.9), p<j>2 = 0. If 0 G 9Î, 
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then, by (1.5) or (2.9), 02 has square-free characteristic. To show that $ 
and 9? are almost-null is thus reduced, by (2.2), to showing, for 0, £ G 3̂ 
[0, £ G ffi], that 0£ G {02} H {£2}. We shall prove 0£ G {02}. 0£ e {£2} 
follows dually. If char 0 = char £ = 0, choose integers £7 and V such that 
0£ = U<t> + V<t>2. (1.5) implies 0£3 = 0, which implies U = 0. Thus, 0£ G {tf>2}. 
If char0 ^ 0, char £ = 0, let ^ = 0 + (char 0) (char £2)£. Then ^ G <̂ > 
implies 0£ G {02}. If char 0 = 0, char f ^ 0, then 0£ G (?) implies 
char (0£) ?* 0 implies 0? G {02j. If, finally, char 0 je 0, char? ^ 0, then by 
(1.8) it suffices to consider the case char 0 = pr, char £ = ps for some 
prime p and integers r and 5. 

Let t = max(r, s) + 1. If the ring contains an element co of characteristic 
0, let \p = 0 + £'(char co2)co. Then ^£ G (^) implies 0? G {02}. Otherwise, 
choose co so that char co = p2t. Then 0? G {02} follows from \p£ G (*A), where 
\p is chosen as follows: 

(1) If {co} C\ (0) = 0, then f = 0 + £<co. 
(2) If {coj H {0} ^ 0, let p2t+k-rœ = Apk4>, where A fk 0 (mod £) and 

& < r, then \f/ = A<j> - p2t~rœ. 
(3) If neither (1) nor (2) holds, then there exists integers A and B with 

p2t-i0) = ApT-l$ + £02 . If A = 0 (mod£). then ^ = « + £'«. If 4 ^ 0 
(mod />)> then \p = A<j> - p2t~rœ. 

Thus $ and 9t are almost-null. An application of (2.3) completes the proof 
of (2.5) and (2.6). 

The remainder of this section is a determination of the structure of almost-
null rings. Let g t>e an arbitrary finitely generated subring of such a ring, and 
let %l be the annihilator of %. Then g/Sft must be a null ring generated by at 
most two elements, and all products in § must be natural multiples of a 
fixed element \f/ with M\f/ = 0 for some square-free integer M. This structure 
is typical of that of an arbitrary almost-null ring, which we now describe 
in greater detail. 

(2.10) PROPOSITION. For a ring 9? and a prime p define 

% = (0 € $R| £02 = 0). 

A necessary and sufficient condition that 9? be almost-null is that 9? = YLv ^v 
and that each subring dlp satisfies one of the following conditions. 3lp is the 
annihilator of 9ÎP. 

(1) 9îp = 9tp is null. 
(2) % = {0} + %, where p<t> G %, 02 G %, and char 02 = p. 
(3) 9?p = {0, £} + Slipj where p<j>, p%, 02 G 9tP, char 02 = £, and where there 

are integers A, F, and Fr such that £2 = ^402, 0£ = F<j>2, £0 = F'cj)2, and for 
which the congruence 

(*) X2 + X(F + F') + A SB 0 (mod p) 

Aas wo integer solution X. 
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Proof. A straightforward verification establishes the sufficiency of the con­
dition. To establish necessity, suppose that 9Î is almost-null and define sJip = 
(<t> 6 9?| P<t>2 = 0). Condition (2) of (2.1) implies dt = £*, %,, where the (re­
stricted) sum is taken over all primes p. If the subring 9?p satisfies neither (1) 
nor (2) of the conclusion, then there exist elements <j> G dtp, £ G 9ÎP, with 0, g 
linearly independent mod(p9t„, 9^). (2.4) implies 02 ^ 0, and (J + X<t>)2 ^ 0 
for any X; otherwise, £(:{</>} + 9V We now prove {<£2} = {J2}. This follows 
from (3) of (2.1) if 0 £ ̂  0 or £<£ ^ 0. Otherwise, it follows from the inclusion 
that 

0(0 + ?) e {(0 + ?)2}. 

Now (f + X0) 2 ^ 0 is equivalent to (*), so if 9?p = {0, £} + %, then (3) 
holds. Suppose, on the other hand, that there were some \p £ dtp, $ d {0, £} +5ftp. 
As above, {02} = {f} = {<A2}, and, by (2.4), (X0 + YÇ + Z^)2 = 0 implies 
X = Y = Z = 0 (mod£). The existence, however, of a non-zero solution of 
this equation follows from the well-known fact that every quadratic form in 
three variables over the field of p elements represents zero. This contradiction 
completes the proof of (2.10). 

3. H-rings which are not nil. The structure of semi-simple H-rings is 
given in (1.4). In this section we combine this result with the results of § 2 
to obtain the structure of general H-rings. To do so we consider three cases. 
First, we consider those H-rings which contain no elements of characteristic 
0, secondly, those whose semi-simple part contains an element of characteris­
tic 0, and thirdly, those which contain a nilpotent element of characteristic 0. 
By (3.3), the second and third cases are disjoint. 

The study of H-rings with no elements of characteristic 0 is reduced, by 
(1.8), to the study of H-p-rings. By the next result, the problem is reduced 
to the study of nil H-p-rings. These have been partially described in § 2, and 
the description will be completed in a sequel to this paper. 

(3.1) PROPOSITION. A ring is an H-p-ring if and only if it is isomorphic 
to a ring dt which satisfies one of the following conditions. 

(1) 9î is a nil H-p-ring. 
(2) 9î = % © Sft, where g is the field of p elements and ÏÏÏ is a nil H-p-ring. 
(3) 9? = S/(Pn) is the ring °f integers modulo pn, n > 1. 

Proof. Rings which satisfy (1) or (3) are clearly H-p-rings. I t is not diffi­
cult to show the same for rings which satisfy (2). For the converse, suppose 
that 9? is an H-p-ring which is not nil. Let 5DÎ be the radical of 9Î. By (1.4), 
9Î/Ï)? is isomorphic to the field of p elements, and so by (1.2), 9Î contains an 
idempotent e. Since 9? is an H-ring, the Peirce decomposition gives 

9Î = <€> © m, 
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where ïït is a two-sided annihilator of e. If 9? were not nil, it would contain 
an idempotent; but then 9?/99? would fail to satisfy (1.4). Thus $1 is a nil 
H-p-ring. Let char e = pn. If n = 1, then condition (2) holds. For n > 1 
choose any element co £ 3Î. The containment 

e(pe + co) € <pe + co) 

implies co = 0. Thus 9̂  = 0 and condition (3) holds. 

We next determine the structure of an H-ring 9? whose semi-simple part 
contains an element of characteristic 0. Let 9Î be the radical of 9Î. By (1.4), 
yt/yt is isomorphic to 

NS ® $/(M) 
for some positive integer N and square-free positive integer M which divides 
N. Thus there is an element v £ dt with v2 — Nv = \[/ £ 9t and char y = 0. 
The following must hold. 

(3.2) v\p = \f/v = yj/2 = 0. C = char ^ ^ 0, is square free, and divides N. 

Proof. Suppose that C = 0. Let K = char î 2. By (1.5), K ^ 0. Then 

Kv{2Kv) (Z <2i^>. 

Thus C ^ 0 . Next, suppose there is a prime £ such that p2 divides C. Then 
v(C/p)v (? ((C/p)v). Thus, C is square-free. Now, choose a prime p which 
does not divide N. The ring (v)/(pv, \p2) must satisfy (3.1), and this implies 
p\fz = \[/p = 0 (mod (pv, \p2)). This must hold for infinitely many primes p, 
and thus v\fr = \pv = 0 (mod (i^2)). Then 

*(& + *) G (Cv + f) (mod<^2» 

implies C divides N. Finally, (2.7) implies ^3 = 0, which, with 

implies ^2 = 0. Thus also v\f/ = \pv = 0. This completes the proof of (3.2). 

(3.3) 9Î contains no element of characteristic 0. 

Proof. Suppose that co £ 9Î and char co = 0. By (1.5), K = char co2 ̂  0. 
Let £ = 2CP + Kw. Then v£ £ <£>. 

In addition to the subring of characteristic 0 the semi-simple ring 9Î/9Î 
may contain a torsion subring isomorphic to £>/{M) when M is a square-free 
integer which divides N. lî M 9e 1, then, by (1.2), there is an idempotent 
e € 9? with Afe = e*> = ?€ = 0 (mod 9Î). The following must hold. 

(3.4) Me = ev = i>e = 0. e annihilates 9Î. 

Proof. Let Ç = char e. By (3.3), Q ^ 0. Suppose for some prime p that 
p2 divides Q. Let 0 = QiW + (Q/p)e. Then etf> g (0). Thus Ç is square-free. 
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It follows that (e) contains no nilpotent elements, so (e) Pi 31 = 0. The con­
clusion follows directly. 

To complete the determination of the structure of 9? requires a more care­
ful investigation of the structure of 31. From (3.3) and (1.8) it follows that 
31 = J^p © 3lp (restricted) where each subring 3lp is a nil H-p-ring. 

(3.5) 3lp = 0 unless p divides N. 

Proof. For % ^ 0 choose 0 ^ 0 G $KP, with </>* = p<j> = 0. Then 

^ ( ^ + 4>) G <£" + 0) 
implies >̂ divides N. 

(3.6) 9^ ?s almost-null. 

Proof. Let 0 G 9^. Let char <£ = £s. Then 

4>(P<t> + psv) G (p<t> + PSP) 

implies >̂</>2 = 0. Let £ G 9V Let £ ' = max(char<£, char £). 

*(£ + £'") G (z + p'v) 

implies <j>£ G {£2}. <££ G {<£2} is dual. Thus 3lp is almost-null. 

Finally, we investigate the relation between v and each 3lp more closely. 
Let us write \p = Ylv tv where \pp G 3lp. Surely, p\f/p = 0, and \f/p = 0 unless 
£ divides C 

Note that no conditions have yet been placed on the choice of the element 
v within its coset of 31. 

(3.7) The element v may be chosen in such a way that \f/p and 3lp satisfy one 
of the following conditions: 

(1) \pp = 0, 3lv annihilates v, and char 3lp divides N. 
(2) \pv T^ 0, 3lp annihilates 9?, and char 3lv divides N. 
(3) \f/p 9^ 0, 3lp = {4>p} + 3Jlp, where \f/p G SOÎ̂ , £</>p G $WP, 3JlP annihilates 9Î, 

char SD?̂  divides N, and \\pp) contains (j>p
2, N<j>vi v<t>p, and <j>pv. The equation 

(v + X<t>P)2 = Nv+ E,*p* f f 

has no integer solution X. Finally, if <j)p
2 = 0, then p = 2 and 

N4>p = vcf)p = 4>pv = \j/v. 

Proof. First suppose that ^ = 0. Then (v) P 9^ = 0 so 9tp annihilates p. 
Also, for £ G 9îp, v(pv + £) G ( ^ + £) implies char £ divides iV or else there is 
an integer A such that £2 = AN% i£ 0. The latter implies £ ( ^ + £) G ( ^ + £}. 
Thus char 3lp divides N, and so (1) holds. 

From now on assume that \f/p ^ 0. Let £ G 9tp be arbitrary and let £ ' = char £. 
We shall show that either £ annihilates 9Î and £ ' divides iV or £ acts like 
the element <j>p of condition (3). 
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It is always true that v% G {\pp}, & G {^}, and p£, \pp, and £2 annihilate 
9Î. Moreover, the inclusion */(#* + £) G <iW + £) implies v£ - NÇ G {£2}. 
Dually, ^ - iV£ G î£2}. First, suppose that {^} Pi <£) = 0. Then v£ = & = 0 
and PO* + £) G (*> + £) implies pl divides N and £2 = 0. (2.4) completes the 
proof that £ annihilates 9?. 

Next, suppose that {^} H (f) ^ 0 and £2 G {£}. If £2 = 0, then ^ = ^ = #£. 
If NÇ = 0, then £ annihilates 9?. If NÇ je 0, then p = 2 and iV£ = ^ , or else 

(v + xçy = Nv + E ^ ^ 

has a solution. If £2 ^ 0, then {^} P (£) ^ 0 implies {^} contains £2 and iV£. 
Lastly, suppose that {^} H (£) ^ 0 and £2 g {£}. Let ^ = H\f/P. Then 

yfJïï/ - £) G (#V - £> and v{v + £) G <? + £} 

imply ^ £ = 0 and £2 G {^}. 
We have now shown that if all £ annihilate 9?, then (2) holds, while if not, 

when we set 4>p — i for some £ which does not annihilate 9?, then to show 
that (3) holds we need only verify that %lp = {<j>v} + $Jlp, where $lp annihi­
lates 9?, and that we can assume that 

(y + X4>PY = Nv + Z^p^q 

has no solution. But if there is a solution X, then, if v is replaced by v + X<j>p, 
\pp = 0, and so this choice of v makes $lp, \[/g satisfy (1). Finally, let Wlp be 
the annihilator of 9Î contained in %lp. If there is an element £ G 9^, £ G (0P,9KP), 
then it is possible to find integers X, Y such that 

(r + X4>p+ YS)* = Nv + £ * * * . , 

and so, by changing *>, ^ = 0 and (1) holds. This completes the proof of 
(3.7). 

A straightforward verification shows that a ring which satisfies (3.2)-(3.7) 
is an H-ring. We can therefore summarize as follows. 

(3.8) PROPOSITION. A ring which contains a non-nilpotent element of charac­
teristic 0 is an H-ring if and only if it is isomorphic to a ring 9? which satisfies 
(3.2)-(3.7). 

We conclude this section with a characterization of H-rings which contain 
a nilpotent element of characteristic 0. The result follows. 

(3.9) PROPOSITION. A ring which contains a nilpotent element of characteristic 
0 is an H-ring if and only if it is isomorphic to a ring 9?, 

9Î = 9? 0 £*€* 0 %P (restricted), 

where 31 is almost-null, $ is a set of primes, and $p is the field of p elements. 

Proof. A straightforward verification shows that a ring of the form 
W ® Hpe<$ ® $P is a n H-ring. For the converse let 9? be an H-ring wiiich 
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contains a nilpotent element co with char co = 0. Let 5ft be the radical of 31. 
By (2.6), 31 is almost null. By (3.3) and (1.4), 31/31 is isomorphic to 
1LP£$ ® $P> where $ is a set of primes and $p is the field of p elements. %p 

is generated by an idempotent, which, by (1.2), may be lifted to an idem-
potent ep 6 9î with pep £ 31. Let C = char ê . Since pep is nilpotent and 
€p2 = €p, C = pr for some integer r. Let D = char co2. By (1.5), Z) 9e 0. Then 
the inclusion 

e(pe + prDoo) e (pe + prDoo) 

implies r = 1. Thus (ê ,) is isomorphic to $?> (e?) ^ 9Î = 0, and 31 is then 
isomorphic to 

ft e E*e* © &, 

4. S u m m a r y . A class of rings, called almost-null, is of fundamental im­
portance in the determination of rings in which every subring is a two-sided 
ideal. The specific structure of almost-null rings is given in (2.10). Such a 
ring is nilpotent with cube 0; the square of the ring, locally, consists of the 
natural multiples of a fixed element; and the ring over its annihilator, locally, 
is at most a two-generator null ring. If a radical ring contains elements of 
sufficiently "large" characteristic, then it is an H-ring if and only if it is 
almost-null. B "larger" than A means A divides B. More specifically: 

Suppose that 31 is a radical ring in which, for every <£ G 31 which does not 
annihilate 31 and for which char <j> ^ 0, there exists some co Ç 31 for which 
(char$)3 divides char co. Then 31 is an H-ring if and only if 5ft is almost-
null. 

The structure of radical H-rings which contain no elements of "large" charac­
teristic is more complicated and will be given in a separate paper. The idea 
of "almost-null", however, may also be used to describe concisely those 
algebras in which all subalgebras are ideals (Liu (3)): 

An associative algebra over a field k has every subalgebra an ideal if and 
only if it is almost-null, or is isomorphic to the direct sum of an almost-null 
algebra and the field k. 

Almost-null rings are also important in the description of H-rings which 
contain elements of characteristic 0. A ring which contains a nilpotent ele­
ment of characteristic 0 is isomorphic to the direct sum of an almost-null 
ring and a ring which is, locally, isomorphic to the rational integers modulo 
a square-free integer (see (3.9)). If the semi-simple part of an H-ring con­
tains an element of characteristic 0, then its radical is almost-null, with the 
more special structure given in (3.7). See (3.2)-(3.8). Finally, the deter­
mination of H-rings with no elements of characteristic 0 is reduced (by (1.8), 
(3.1), and (2.5)) to the study of nil H-rings of prime-power characteristic. 
Such rings, in fact, must be the direct sum of a finite nilpotent ring with 
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at most four generators and a null ring. The proof is too lengthy to be in­
cluded in this paper. 
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