THE LATTICE OF ALL TOPOLOGIES IS
COMPLEMENTED

A. C. M. VAN ROOI]J

In (3), J. Hartmanis raised the question whether the lattice of all topo-
logies in a given set is complemented and gave the affirmative answer for
the case of a finite set. H. Gaifman (2), has extended this result to denumerable
sets. Using Gaifman’s paper, Anne K. Steiner (4) has proved that the lattice
is always complemented. Our aim in this article is to give an alternative
proof, independent of Gaifman’s results. So far, Steiner’s proof has not been
available to the author.

Throughout this paper X is a fixed set. The letters 4, V, W denote sub-
sets of X; A, B are topologies in X; a, B8, v, ... are ordinal numbers. We
call 4¢ the complement of 4 C X.

A topology U in X is identified with the family of all -open subsets of X.
If A is a topology in X and 4 C X, then A4 = {V N A: V € U} is a topo-
logy in A.

For two topologies U, B in X we put A = B if every A-open set is B-open,
i.e., if A C B. Thus, as is well known, the set Top(X) of all topologies in X
becomes a complete lattice, its largest element being the discrete topology,
while its smallest element is the topology {0, X}.

The g.l.b.of A, B € Top(X) is AN B, their Lu.b. is the topology that has
(VAW VeA WEe B} as a basis. Thus, U, B are complements of each
other if and only if the following two conditions are satisfied.

M I VeANB and V=0, then VV = X.

(IT) For every x € X there exist V€ A, W € B with {x} = VN W.

Let Y be a set, let a,v be ordinal numbers, a < v. For 8 =2 o, 8 < v, let
vg be an element of Y. Then the symbol [y,, ¥,) will denote the well-ordered
sequence of the yg with o £ B8 < v (which, strictly speaking, is a map of
the interval [a, v) into Y). Note that vy, does not necessarily exist. Some-
times we shall also use [Va, ¥y) to denote the set {ys: a = 8 < v}.

LemMma. Let A € Top(X). Then X has an U-dense subset A such that A|A
has a complement in Top(A4).

Proof. Consider the well-ordered sequences [xi, xy) in X that have the
property: for each @ < 7, x, does not lie in the A-closure of [x1, x.). By Zorn’s
lemma, there is a maximal sequence 4 = [x1, x,) of this kind. Clearly, this
A is Y-dense in X. In the rest of this proof we identify 8 and x3. (Note that
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X # xg as soon as a # f.) Then every [1,a) is (A|4)-closed, so that every
[, v) is in A|4. Fora € A puta’ = min{f: a < B < 7; [a, B) € A|A}. There
is an ordinal number 6 and a sequence [aj, @s11) of ordinal numbers such that
a1 =1, a1 = (@) if v+ 1 =6, @ = supfaa: A < »} if v is a limit ordinal
<4, and v = sup{an: A < 8}. Then the intervals [a), anr1) form a disjoint
covering of 4, and [an, aay1) € A4 for each \. Let B4 consist of the empty
set and all the sets ¥V C A that have the property: for every \ < §,

V f\ [a)\, a>\+1)

is of the form [ay, 8), where 8 > an.

Since B4 is closed under arbitrary unions and intersections, it is a topology
in 4.

I HVeBsN (AA4) and V 5 @, then,if X < 8, VN [ay, ang1) = [, B)
for some B > ay. Since [ay, any1) € A4 we have [m, 8) € A|4, so that
B = ()’ = ang1. Thus, V D [an, ary1) for all X < § and hence, V = A4.

(IT) Let B € 4 and let [a,, @y31) be the interval in which g8 falls. Put
V=1[8a1) and W = [a,, 8 + 1) U {ax: A < §}. Then

V = [Olpy av+1) a [61 'Y)v

hence V € A|4. Obviously, W € 8, and VN W = (8}.
From (I) and (II) we infer that B, is a complement of |4 in Top(4).
Thus we have proved the lemma.

TaEOREM. Top(X) s complemented.

Proof. Let A € Top(X). From the preceding lemma we deduce the exist-
ence of a well-ordered sequence [Xi, X,) of non-empty subsets of X such
that

(1) The X, form a disjoint covering of X,

(2) For each a < u, A|X, has a complement B, in Top(X,),

(3) For each a, X, is dense in U {Xs: B8 = «} in the topology induced by .

Let & be the first 8 > 1 such that U{X,: v < 8] € U. Let B be the set of
all those V C X for which

@) YN X, € B, for each «,

(b) If VN X, 5# @, then U{Xs: 8= 68} C V.

This B is a topology in X. We shall show it to be a complement of 9.

(I) Let Ve ANDB, V=0. By (a) there is a non-empty set = C [1, u)
such that V = U{X,: a € Z}.

Assume a € 2, B = a. We claim that 8 € Z. In fact, in the topology U
induces in U{X,: v = B}, X; is dense, and VN U{X,: v = B8} is open and
non-empty; thus Xz M V # @, and B € 2. Hence, Z is of the form [1, ¢).
Since V € U, € = 4. It follows from (b) that V = X.

(IT) Take x € X. There is an a with x € X,. By definition of B, there are
Vi € AlX, and W, € B, such that {x} = V; N\ W;. There is a V, € A with
Vi=TV:N X, Ilf a =1, we put
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V=VT.NU{Xg:B<s and W= WU U{Xs: 8 = 6};

ifa>1, take V = Vyand W = W,
In either case, V€ A, W€ B, and {x} = VA W.

Let us call a topology A in X complete if {V°: V € U} is a topology, i.e.,
if the open sets are closed under arbitrary intersections. This is the case if
and only if every element of X has a smallest ¥-neighbourhood. A closer
inspection of the preceding proof reveals that every A € Top(X) has a com-
plement that is complete; for, in the proof, one has only to replace the word
“complement”’ by ‘‘complete complement’’. The complete topologies in X
form a subset C Top(X) of Top(X), and one easily proves it to be a sub-
lattice. It contains the smallest and the largest elements of Top(X). Hence,
C Top(X) is complemented. Now the complete topologies can be inter-
preted as quasi-orders in the following way. (A quasi-order in X is a binary,
reflexive, and transitive relation on X.) For % € C Top(X) we define the
binary relation d* on X by

x ¥y fxceVeEA=yeE TV (x,y € X).

Thus, x A* y if and only if y is contained in the smallest ¥-neighbourhood
of x. Then U* is a quasi-order. Conversely, if a is a quasi-order in X, there
is exactly one A € C Top(X) with UA* = q, viz.,

A={V:VCX,if x€Vand xay, then y € V}.

Thus there is a one-to-one correspondence between the elements of C Top(X)
and the quasi-orders in X. Further, we notice that

A=Y (A B CTop(X))
is equivalent to
“If x B*y, then x A* y.”

For quasi-orders a, b, let us define a < b by

xby=xay (x,y € X).
Then we have proved the following corollary.

COROLLARY. The quasi-orders in any set X form a complemented lattice.
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