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RANDOM FOURIER SERIES ON COMPACT 
NONCOMMUTATIVE GROUPS 

MASSIMO A. PICARDELLO 

1. Let G be a compact group, let / b e a subset of its dual object T, which, 
wi thout loss of generality, will be assumed to be a countable subset. Let Du 

i £ / , be irreducible representat ions of G of degree dt. The Fourier series of a 
f u n c t i o n / in Ll(G) is denned by 

f(pc)~ £ dytr (AyDy(x)) 
7<Er 

where 

Ay = J f(x)Dy(x~1)dx. 
J G 

The following definition was given in [7, Section 37] and [9]. 

Definition. I ÇZ T is called a Sidon set if every continuous function 

f(x)~Z dntr(A„Dn(x)) 

satisfies: 

E dntr(\An\) < o o . 

Analogously, / is said to be a A(p) set, p > 1, if every function in Ll(G) whose 
spectral support is contained in / belongs to LP(G). I is said to be local Sidon 
(respectively, local A(p)) if 

t r ( | ^ n | ) £ K\\tr (AnDn(x))\\m 

(respectively, | | tr (AnDn(x))\\p ^ K'\\tr (^ nZ) n(x)) | | i ) 

for each n G / and for some positive K (respectively, K') depending on / but 
not on n. 

Replacing, in the previous definitions, each function algebra by its center, 
the corresponding definitions of central lacunary sets are obtained. 

We shall use the fact t ha t a Sidon set / is a A{p) set for each p < GO , and 
for e a c h / £ L2(G) the inequali ty 

\\f\\,£B{p)\\f\\* 

holds, where B(p) is a positive number depending only on p and L 
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Let Si be a closed subgroup of the uni tary group U(dt) and © = YlielSi. 
Let Ji be the projection of © onto its i th factor. The formal series 

(*) / v W - E d i t r ^ J ^ * ) ) , 

where { F<} = V £ ©, may be considered as a random Fourier series in the 
independent random variables Jt defined on ©, regarded as a probabili ty space 
with its Haar measure. 

Our purpose is to investigate which conditions on the symmetry groups St 

and the representations Dt are necessary or sufficient in order tha t fv be 
almost surely in LV{G) for all p < oo whenever it is in Ll{G) with positive 
probabili ty. 

I t has been proved in [5; 6], tha t the assumption tha t the symmetry groups 
be large enough, for instance St = U(di), is a sufficient condition, without 
any requirement about the representations D{. In [2] it has been proved tha t 
even the weaker condition of random symmetry with respect to the orthogonal 
group 0(di) is sufficient, no mat te r what the Dt are like. I t is reasonable, 
however, to expect tha t the weaker random condition is assumed, the stronger 
spectral condition will be needed. For instance, (*) will represent a function 
in LP(G), without any random condition (i.e., when Si is trivial for all i £ / ) 
if and only if / is A(p). We shall investigate the random symmetries for which 
the assumption tha t the spectral support / is a local A(p) set for all p < oo 
will be a necessary or sufficient condition. In particular we'll prove tha t , if 
Si = Dt(G), or St = Z 2 X Dt(G) (or, more generally, Si = Ht X Di(G), 
where the Hi s are any sequence of subgroups of the one-dimensional torus T ) , 
then every random series (*) which is the Fourier series of a function in Ll(G) 
with positive probability is almost surely the Fourier series of a function in every 
LV(G) (p < oo ) if and only if I is a local A(p) set for each p < oo . 

Under this respect, the behaviour of these random series is part icularly 
interesting because it contrasts with the property of the same series expressed 
by Billard's theorem: if (*) is the Fourier series of a function in Lœ(G) with 
positive probabili ty (with respect to the group Hiei Z 2 X Dt(G)) then it is 
almost surely the Fourier series of a continuous function, without any require­
ment on the spectral support / ([3, Theorem 1]). Let 's notice, however, tha t 
this result is false, in general, when the symmetry group is chosen to be 
YLiaDi(G), a t least if / is not local A(p) for some p ([3, Section 3]; see also 
Remark 3 below). 

We remark that , by an easy application of Fubini 's theorem, our results can 
be extended to any random Fourier series 

ZditriAiXiDiix)), 

where the XJs are a sequence of independent random variables symmetric with 
respect to © = n i - € 7 S < , and with values on the algebra of the d r dimens iona l 
square matrices. 
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Furthermore, we shall obtain similar results in the case of much weaker 
random conditions (for instance, with respect to the Cantor group). 

In Section 3 we shall investigate the existence of local A(p) sets for compact 
groups, and give partial results which are consistent with the following con­
jecture: r is local A(p) for some p > 1 if and only if it is bounded dimensional, 
i.e., sup {dy, y £ V} < oo. By a result of C. C. Moore [8], this would amount 
to identifying the groups whose dual objects are local A(p) sets with the finite 
extensions of abelian groups. 

The results of this paper partially appeared in our thesis of "laurea" at the 
University of Genova. 

We are grateful to A. Figa'-Talamanca and D. Rider for useful suggestions. 
In particular, Theorem 2 was suggested to us by D. Rider. 

2. Let Si be an irreducible subgroup of U(di). The set 3 = [Jt, i £ /} of all 
projections of ® onto its factors is then a subset of the dual object of ®. The 
following lemma can be proved in the same way as Lemma 1 of [6], provided 
one observes that, since 3 consists of independent representations, it is local 
A(4) if and only if it is a A(4) set (or one can apply Theorem 3 of [9], since 3 is 
central Sidon). 

LEMMA 1. Assume 3 is a local A(4) set for ©. Then, for each measurable subset 
M of & of positive Haar measure, and for each e > 0, there exists a finite set 
3o Çk 3 , which only depends on M and e, such that, if F £ L2(G), and 

HV)= E ditv(AiJi(V))= E diXxUiVt) 

({ Vi\ — y G ©), the following inequality holds: 

( l - e ) m ( M ) E ditrUtAn^ f \F(V)\2dV. 

On the basis of this lemma, by the same argument of Lemma 11.4.2 of [4], 
or as in [5, Theorem 4; 6, Theorem 3], one can prove the following result: 

THEOREM 1. Suppose that the projection set 3 is a local A(p) set for ®, p ^ 4, 
and that there exists a subset M of ®, of positive Haar measure, such that 

E dj tr (A jVjDjix)) 

represents a function fv G Ll(G) for each { V\} = V Ç M. Then fv belongs to 
U{G) for almost all V G ®. 

COROLLARY 1. Let & = HieiDi(G) (or also, more generally, & = Hiei (Ht X 
Di(G)), Ht any closed subgroup of T) . Suppose there exists a subset M of ®, of 
positive measure, such that 

£ ditriAtVjDjix)) 
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represents a function fv G Ll(G) for each V = { Vi) G M. If I is a local A (p) set 

for © (p ^ 4) , /Asw JV te/<wgs to LP(G) for almost all V G ®. 

Proof. I t is enough to observe tha t 3 is a local A(£) set, since 

LP(G) = | | t r (-4nA(^r))|Up(©)» 

and apply Theorem 1. 

We do not know whether Lemma 1 and Theorem 1 hold with a weaker 
assumption than p ^ 4. We also notice tha t , if Iu ®;-, 3S (j = 1, 2) satisfy 
the hypothesis of Lemma 1, and Iu I2 are disjoint sets, then the random 
symmet ry condition with respect to the group ®i X ®2 is sufficient for Theorem 
1 to hold, since 3 i \J 3 2 is local A(p). Similarly, we can extend the random 
condition in the following way: suppose 3 is a local A(p) set for @, for some 
^ 4 , and define 

®* = ® X Ilr-iU(dy), 

i.e., @* = I I 7 € r Ry, where Ry = Sy if y 6 I, Ry = U(dy) if y Ç T - / . Then 
the projection set 3 * of @* is local A(p), and Theorem 1 holds with © and 3 
replaced by ®* and 3 * . Similarly, Corollary 1 holds with © = Ylia (Ht X 
Z>*(G)) replaced by ®* = I l 7 € r Ry, where Ry = £/(d7) for 7 G V - I, Rj = 
H j X £ > , f o r j G / . 

Let ' s now drop the assumption of irreducibility of the groups St, in order 
to test if even weaker random conditions yield results similar to t ha t of 
Corollary 1. For the sake of simplicity, we shall restrict to the case © = 
I ï î 6 / Hi, where / is a local A(2s) set for G, and, for each i £ / , Ht is a compact 
subgroup of T ; if / is infinite and Ht = Z 2 for all i £ I then © is the Cantor 
group, and the random variables Jt may be regarded as Rademacher functions 
on T . 

T H E O R E M 2. Let s be a positive integer larger than 1, I a local A (2s) set for 
G j Hf a closed subgroup of T for each i (z I and © = Tlia Ht. If 

f(x, e) ~ 2 dnCn tr (AnDn(x)) 
ner 

(where e = {en} £ @) is a function in Ll(G) for all e in a subset M of & of 
positive measure, thenf(x, e) belongs to L2S(G) for almost all e in ©. 

Proof. By the zero-one law, we can assume tha t M has measure one. By the 
same a rgument as in Lemma 11.4.2 of [4] or Theorem 3 of [6], for each 5 > 0 
one can find a subset P of G X © such tha t m(P) ^ 1 — <52 and 

sup I f(x, e) I = d < 00. 
p 

Now, if Px = {e: (x, e) <E P] and E = {x G G: m(Px) > 1 - 8}, it follows: 

1 - Ô2 ^ I m(Px)dx ^ J dx+ I (1 - b)dx = 1 - bm(Ec), 
J Q J E J EC 

hence m(E) ^ 1 — <5. Since the projection set 3 is a Sidon set for ©, for every 
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square-summable sequence jaw}„67 the following inequalities hold: 

/
I 12 ( r \ 14 v / 2 / r v / 2 

P ^ | na I W © I / I / \ J Pxc / 

^^(4)2(m(P/))1 / 2Ç k|2 . 
Therefore, if x G £ and 5 < 1/45 (4)2, 

c \ 12 r I 12 c \ 
\ X enan \ de = } X enan \ de — I X enan 

J P„ nCT J © nCT J PC nçj Px I na ' & I n£I Px
c I n £ / 

^ 1/2 Z |a„|2 

(**) 1/2 X <C|tr (^reP„(x))|2 S f | /(x,6)|Ve g C5
2m(Px) ^ C,: 

Hence, for x £ £ : 

Similarly, 

I |tr (ylnDn(x))|2Jx g I I |tr (^Z)n(x))|2sdx) ( I (foe) 
J Ec \ J G / \ J EC ' 

^ k'ô 2 s ( s - -D/s J |tr (AnDn(x))\dx, 

where k is the A (2s) constant of / . Therefore, if 5 is small enough: 

I |tr (AnDn(x))\2dx = I |tr 04MI>re(x))|2dx - I |tr (yl„Z)„(x))|^x 
«^ E J G J Ec 

^ 1/2 J |tr (^nPn (x)) I dx. 
Now, by (**): 

1/4 X dn
2 f 

T J G 

|tr C4n£>re(x))|2dx g C5
2w(£) g Ci\ 

so that 

||/(*,0IL*(G> ^ 2C8 < 0 0 . 
Let's now prove tha t / (x , e) Ç £2(G) implies/(x, e) € L2s(G) for almost all 
e in ®: 

| / (x, e)\2sdxde g (5 (2s))2 ' / ( J " | / ( * . e)|2d«) dx 

(B(2s))2s i ( S rfK
2|tr(4reZ?„(x))|2)Sdx 

G \ nÇJ 

^ (-B(2 )̂)2s £ <C • • - O l t r UreiJDrei(x))||2s
2. . . 

wi ...ns£I 

X ||tr (ylnsP„.,(x))||2s
2 

g &2sCB(2s))2s £ <*». • • • dn. tr 0 4 , ^ * ) • • • tr U , . ^ . * ) 
n\...ns£I 

= k^(BC2s)Ys\\f(x,eWs <co. 
Hence/(x, e) G L2S{G) for almost all e in ©. 
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Remark 1. In the proof of Theorem 2 we did not need the inequality of 
Lemma 1. We ignore if such inequality still holds. 

Let us now investigate the random properties of Fourier series whose 
spectral support is not a local A(p) set. 

T H E O R E M 3. Let I Ç r be not a local A(p) set for some p, 1 < p < oo, let 

{Hi, i £ 1} be a sequence of closed subgroups of T and © = TLieT Ht or © = 
YLiei(Hi X Dt(G)). Then there exists a random Fourier series 

] £ dttr (AtViDtQc)) 

({ Vi\ = V G @), which represents for all V G © a function in Ll(G), and for 
no V G © a function in LV(G). 

Proof. L e t / i ( x ) = dt tr (̂ 4 iDi(x))1 i G / , be a sequence of functions such 
tha t 

l im l l /*IUII /<l l i = °°-
i 

Passing to a suitably normalized subsequence, one can assume: 

l l /<l | i^2-' 
I I/.l 1 , ^ 3 1 1 / ^ 1 1 , . 

Let E be the index set of such a subsequence, and denote by ft(x, V) the func­
tion dt tr (i4 fF fZ>i(x)). Since \\fi(x, V)\\q = \\fi(x)\\Q for all q ^ 1, the series 

/(*, to = E /<(*. to 
surely converges in Ll(G); on the other hand, for each ©: 

E /<(*, n 
so tha t the event 

max lim 

> \\fr(x)\\p- E | | / , ( X ) | | ^ l / 2 | | / , ( * ) | | , - - > 0 0 . 

E /<(*> to < 00 

is surely not verified. This proves the theorem. 

Remark 2. More generally, the proof of Theorem 3 holds if © is replaced by 
©' = YlieiSi, where St is any closed subgroup of Uidi) with the property 
t ha t there exists a subset M of positive measure in ©' and for every V G M 
and for every sequence of d r dimens iona l matrices At there exist two positive 
numbers CV} Cv

f depending on V bu t not on i, such tha t 

| | t r (AtVtDtix))]], ^ Cy\\tr (A^^x))^, 

| | t r {AiViDMMi, ^ Cv ' | | t r (A tDt(x))\\p. 
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With respect to ©', there exists a random Fourier series which represents 
almost surely a function in Ll(G) bu t not in LP(G). T h e first explicit example 
of a random Fourier series (with respect to the group @ = Yliei(Z2 X Dt(G))) 
which is in L2 bu t not in L4 was produced in [4]. Our result shows t h a t this 
phenomenon is quite general. 

3 . In this section we consider the problem of the classification of the compact 
groups G whose dual objects T do not contain any infinite subset which is a 
local A(p) set for every p < oo. 

The following result is readily proved: 

PROPOSITION 1. If I is a subset of T such that sup {d1} 7 Ç /} < oo, then I is 

a local Sidon set, hence a local K{p) set for every p < 00 . 

Hence, one must require t ha t G is not a finite extension of an abelian group 
[8]. On the other hand, Theorem 3 of [1] shows t h a t no local A(4) subset I of 
the dual object of a compact Lie group can satisfy the condition sup {dy, 7 £ /} 
= 00 . One notices tha t , if G is not total ly disconnected, its dual object contains 
the dual object of a compact Lie group, and therefore it contains subsets which 
are not local A (4). T h e following theorem shows tha t , a t least for a wide class 
of totally disconnected groups, it is not difficult to find subsets of T which are 
not local A(4). 

PROPOSITION 2. Let G be a direct product of noncommutative compact groups Ga. 
Then there exists a subset I of T which is not local central A (4). 

Proof. Let {Giy i £ /} be a sequence of dist inct elements in {Ga}, and denote 
by ai the character of an irreducible representat ion Dt of Gt of dimension 
larger than one. Then ||o-f||4 ^ 21 / 4 . Define 

Xn = 0"1 • • • OV 

Since Xn is the character of the irreducible representat ion Di (g) . . . (g) Dn, it 
follows Hxralh = 1, while, by independence, \\xn\\* = 2W/4. 

Remark 3. By exhibiting a large class of groups whose dual objects contain 
subsets which are not local A(p) sets for some p > 1, we have shown, on the 
basis of the results of Section 2, t ha t the random Fourier series considered in 
Corollary 1 and Theorem 3 are in fact weaker, with respect to the above con­
sidered random property, than the uni ta ry random Fourier series, i.e., the 
random Fourier series whose symmet ry groups are full un i ta ry groups. As 
remarked in the introduction, the random Fourier series with respect to the 
symmet ry g r o u p ® = Tliei (Z 2 X Dt(G)) (called Steinhaus random Fourier series 
in the terminology of [3] ) have the following proper ty : if ^n<n dnentr (AnDn(ynx) ), 
({enDn(ynx)\ G ©) , represents almost surely a function in Lœ(G)> it 
represents almost surely a continuous function [3, Theorem 1]. We observe 
tha t this proper ty is also shared by uni ta ry random Fourier series, because, 
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if lLn£idn tr (AnUnDn(x)), (Un £ U(dn)) represents almost surely a function 
in Lœ(G), then the random Fourier series Ylna^n tr (AnUnDn(ynx)) represents 
a bounded measurable function almost surely with respect to © X IIw € / U(dn) ; 
now Fubini's theorem and Theorem 1 of [3] yield the result. This observation 
gives a positive answer to a question raised in [4, Chapter 2, Section 5]. 
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