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Abstract

We study the free Lie ring of rank 2 in the variety of all centre-by-nilpotent-by-abelian Lie rings of derived
length 3. This is the quotient L/([y.(L"), L] + L") with ¢ > 2 where L is the free Lie ring of rank 2, y.(L")
is the cth term of the lower central series of the derived ideal L’ of L, and L’ is the third term of the
derived series of L. We show that the quotient y.(L") + L /[y.(L"), L] + L' is a direct sum of a free
abelian group and a torsion group of exponent c. We exhibit an explicit generating set for the torsion
subgroup.

2010 Mathematics subject classification: primary 17B01; secondary 17B55.
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1. Introduction

In this paper we study free centre-by-nilpotent-by-abelian Lie rings of derived length 3.
These are the quotients

G=L/(ly(L), L1+ L") (c>2) (1.1)

where L is an (absolutely) free Lie ring, y.(L’) is the cth term of the lower central
series of the derived ideal L’ of L, and L’” is the third term of the derived series of L.
In view of the short exact sequence

0-7.(G") > G- G/y.(G") -0,

this is a free central extension of G/y.(G’) = L/(y.(L") + L""), the free nilpotent-(of
class ¢ — 1)-by-abelian Lie ring of derived length 3. The additive structure of the
latter is well understood. Its underlying abelian group is a free Z-module. Things
are different for the central term y.(G’). That ideal contains elements of finite
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order. This has been known for a long time if c =2 and ¢ = 3. If ¢ =2, (1.1) turns
into G = L/[L”, L], the free centre-by-metabelian Lie ring. Its second-derived ideal
G” = y,(G’) contains an elementary abelian 2-subgroup. This was proved in [7] where
a basis for this 2-subgroup was exhibited. However, as pointed out by Zerck [13], some
of the details in [7] needed correction, and this was eventually carried out in [9] and
[6]. In fact, in the case of rank 2, which turned out to be considerably easier than
the case of higher ranks, a similar result on torsion in the context of the lower central
quotients of the free centre-by-metabelian group was proved much earlier by Ridley
[12]. If ¢ = 3, (1.1) turns into L/[y3(L"), L], the free centre-by-(nilpotent of class 2)-by-
abelian Lie ring. Drensky [2] proved that its central ideal y3(L")/[y3(L’), L] contains
elements of order 3 if the rank of L is at least 7. More generally, he showed that for
any prime p the free Lie ring L/[y,(L"), L] contains nontrivial multilinear elements of
degree 2p + 1 which have order p. These investigations of torsion in relatively free
Lie rings were motivated and inspired by parallel results on relatively free groups. In
particular, in 1973 Gupta [3] discovered elements of order 2 in the free centre-by-
metabelian groups F/[F”, F] (here F denotes a free group of rank at least 4). This
was the starting point for further work on torsion in free central extensions of the form
F/ly.(F"), F] (see [5] for the latest results, a brief survey and further references), and
also free central extensions of the form F/[y.(F"), F]F'"", the exact counterpart of (1.1)
in group theory (see [4, 10, 11]).

In the present paper we focus on the relatively free Lie ring (1.1), but we restrict
ourselves to the case of rank 2. In this case we extend the results on (1.1) for ¢ =2
to arbitrary values of c. We show that, for arbitrary ¢ > 2, the central ideal y.(G’)
is a direct sum of a free abelian group and a torsion group of exponent ¢. Our main
result (Theorem 6.1) refers to the torsion subgroup. We exhibit an explicit independent
generating set, that is, a generating set such that the torsion subgroup is the direct
sum of the cyclic subgroups generated by the members of this set. If ¢ is a prime,
this generating set takes a particularly simple form (see Corollary 6.2), and for ¢ = 2
we recover the known results about torsion elements in free centre-by-metabelian
Lie rings (Corollary 6.3). Our approach to the problem is based on an isomorphism
identifying y.(G") with the tensor product M°(L'/L") ®y Z, where M(L’ /L") is the
cth homogeneous component of the free metabelian Lie ring on L'/L”, regarded as a
module for the universal envelope U of L/L’, and Z is a trivial U-module. We use
homological techniques to get the torsion subgroup of this tensor product. A crucial
advantage in restricting ourselves to rank 2 is that the quotient L’/L” is a free cyclic
U-module in this case. We hope, however, that our results will be a first step towards
understanding the additive structure of (1.1) for arbitrary ranks.

We are grateful to the referee for some helpful comments.

2. Reduction to metabelian Lie powers

In this section L denotes a free Lie ring of finite rank. By the Shirshov—Witt
theorem, the quotient L'/L”’ is the free metabelian Lie ring on L'/L"”: L'/L"" =
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M(L'/L"). This is a graded Lie ring and its degree-c homogeneous component
M¢(L’ /L") is isomorphic to the lower central quotient

Vel L) Yent (L [L7) = GelL) + L)/ e (L) + L),

The adjoint representation induces on these lower central quotients the structure of an
L/L’-module, and hence a module for its universal envelope U = U(L/L’). The latter
is a polynomial ring. In fact, if X is a free generating set for L, and hence a Z-basis
for L/L’, then U may be identified with the polynomial ring on X: U = Z[X]. Thus we
have a U-module isomorphism

(Ye(L') + L")/ (Yer1 (L)) + L") = M(L'/L”). 2.1
In view of the canonical isomorphism
(Ye(L') + L")/ (Yert(L') + L") @y Z = (yo(L') + L") [(Iy(L'), L1 + L),
trivializing the U-action on both sides of (2.1) gives an isomorphism
(Ye(L') + L") /(lye(L), L1 + L") = M(L' /L") ®y Z. (2.2)

We will exploit this isomorphism to investigate the additive structure of the quotient
on the left-hand side by examining the tensor product on the right-hand side.

3. Metabelian Lie powers

We use the left normed convention for Lie products, that is, [a,a, ..., a.] stands
for [[a1, ap, .. .,a.—1],a.], and U = Z[X] denotes the polynomial ring on a finite set X.
Let A be an arbitrary U-module whose underlying abelian group is a free Z-module.
We denote by AX the kth symmetric power of A. Symmetric powers and tensor powers
of U-modules will be regarded as U-modules under the derivation action. For example,
forxe X,a; €A,

C
(agoayo---oa.)x = Zal o--ro@ixo---0d.,, (AI@a)x=a1xQap+a; axx.

i=1
The metabelian Lie power M¢(A), that is, the degree-c homogeneous component of
the free metabelian Lie algebra M(A) on A, is generated by the simple Lie products
[ai,ay,...,a.] with a; € A. The U-action on A extends to the whole of M(A) via

lai,az,...,a:.]x = Z[al, R/ 75 S
i=1

For ¢ > 2 the metabelian Lie power M°(A) fits into a short exact sequence
0- MU DBaeA 450 3.1)
where the maps v4 and 74 are given by

la1,a,...,acl > a1 ®(@0---0a)—ay®(ajo---oa)
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anda; ® (apo---o0a.)—ayoapo---oacrespectively (see [4, Corollary 3.2]). The
maps are actually compatible with the U-action on the three terms in (3.1), so this is a
short exact sequence of U-modules.

There is also a U-module homomorphism p4 : A ® A" — M¢(A) given by

ay®(ayo---oa.) - la,az,as,...,a.)+ lay,as3,ay,...,a.]
+ -+ [a,ac,a0,...,a.-1].
Indeed, this is just the composite
AQAT S ARA®AT? > M(A)
where the two maps are given by
ai®(@o---oa)—a®ay®(@yo---oa.)+--+a;®a.®(ao---0da.1)

and
a®ay®(azo---oa.) [ay,az,a;3,...,a],

respectively. The second map is correctly defined because a simple Lie product
lai,az,as,...,a.] in a metabelian Lie algebra is symmetric with respect to the entries
as, . ..,a.. Using this, antisymmetry in the first two entries and the Jacobi identity, one
easily calculates that the composite

MA) D A0 AT s Mea) 3.2)
amounts to multiplication by the integer ¢ on M“(A):

vapa = Clyea)- (3.3)

By applying the homology functor to (3.2) we find, in view of (3.3), that the kernel
of the induced homomorphism H;(M¢(A)) — Hy(A ® A°7!) is annihilated by c for all
k > 0. Indeed, if w € ker Hi(v,), then

0 = wHy(va)Hi(pa) = wHi(vapa) = cw.
So we have the following result.

Lemma 3.1. Let A be a Z-free U-module, ¢ > 2. Then, for all k > 0, the kernel
of the homomorphism Hi(M¢(A)) — Hi(A ® A™Y) is an abelian group of exponent
dividing c. O
Now suppose that A is free as a U-module. Then the tensor product A ® A°~! is also
a free U-module under derivation action (see, for example, [9, Lemma 5.2]). Hence
Hy(A® A" = (A® A°™")®y Zis a free abelian group, and Hy(A ® A™) = 0fork > 1.
The initial part of the long exact homology sequence stemming from the short exact
sequence (3.1) is given by
0— H{(A) > M ARy Z—-(ARAH®YZ - A°®yZ— 0. (3.4)

From this we can read off the following result.
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Lemma 3.2. Let A be a free U-module, ¢ > 2. Then the tensor product M°(A) ®y Z is
a direct sum of a free abelian group and a torsion group of exponent dividing c. The
latter is isomorphic to the homology group H,(A).

Proor. The exactness of (3.4) gives that the image of M“(A)®y Z in (A® A ) ey Z
is free abelian, and the kernel is isomorphic to H{(A¢). By Lemma 3.1, this kernel is
of exponent dividing c. O

4. Homology of symmetric powers

In this section we calculate the homology group H;(A€) in the case where U is the
polynomial ring in two indeterminates x and y, U = Z[x, y], and A is a free cyclic U-
module of rank 1, so A = U. In this case the Koszul complex, a free resolution of the
trivial U-module Z of length 2, is

0 d
P: 0> Ul Aer) > Uey@®Uey — U — Z — 0,

where the differentials are given by e; A ey > ye; — xe; and e; — x, ey — Y,
respectively (see, for example, [8, Ch. VII]). For an arbitrary U-module B, the
homology groups Hy(B) are the homology groups of the complex B ®y £. We first
focus on k = 2. The terms of our complex in degrees 2 and 1 can be identified with B
and B @ B, respectively, and then the differential in degree 2 is the map

0:B—> B®B, at (ay,—ax) (a€ B). 4.1)

The homology group H,(B) can be identified with the kernel of the homomorphism

(4.1). We consider the case where B = U¢, the cth symmetric power of U. The

polynomial ring U = Z[x, y] has a Z-basis consisting of all monomials x”y? where

P, q > 0. We denote this basis by U, and we order this set by setting x”' y?' > xP2y? if

and only if p; > p, or p; = p, and ¢q; > ¢,. For u € U and a positive integer k it will

be convenient to set u* = yowuo---ou. The symmetric power U has a Z-basis B
N AR

k
consisting of all symmetric tensors

_ on ory ory
b=u;"ou,?o---ou” “4.2)
where u; > --- > ugand ry,. .., ry are positive integers such that ry +--- 4+ r; =c. We

shall use the lexicographic order on 8 induced by the ordering on U, that is, for
uyz--->ucand uy >--->u;, upouyo---ou.>ujo---ouif and only if there is
a k such that u; > u; and u; = u; for i < k. Any element in w € U¢ can be written as a
unique linear combination w = ), g @pb Where @, € Z and only finitely many of the
ayp are not zero. The leading term of w is the a.c where ¢ € B is the largest basis
element occurring with nonzero coefficient in the decomposition of w. Now the action
of x € U on a basis element (4.2) is given by
N

(u" ouy?o---ou*)x= Z riuy" o ouixo u?(ri_l) o---ou”). (4.3)
i=1
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It is easily seen from (4.3) that if w € U¢ with leading term a;,b where b € B is as in
(4.2), then the leading term of wx is a,r;(uyx o u(l)(”fl) ouy o---oug™). This implies
that the map w — wx with w € U¢ is injective on U¢. Hence the kernel of the map (4.1)

is zero. But this kernel is isomorphic to H,(U¢). So we have the following result.

Lemma 4.1. If U = Z[x,y] is the integer polynomial ring in two indeterminates, then,
foranyc> 1, Hy(U%) =0. O

Things are different if we reduce modulo c. For a basis element b € 8 as in (4.2) we
let w(b) = (ry,...,rs) denote the greatest common divisor of the exponents 7y, ..., ;.

Lemma 4.2. If U = Z[x,y] and ¢ > 2, then H,(U® ® Z.) is a direct sum of the cyclic
subgroups generated by the cycles

c
W b® (e; Aey) “4.4)

where b € B with w(b) > 1. The order of a cycle (4.4) is w(b).

Proor. We need to determine the kernel of the map (4.1) with B = U°. Evidently, this
is equal to the kernel of the map a — ax where a € U°. We use the basis B, but now
we are working modulo ¢. We claim that for a = ;g @b (With only finitely many
ap nonzero modulo ¢), ax = 0 if and only if clapw(b) for all b € B. This implies that
the kernel is generated by the elements (4.4) as required. In order to verify the claim
we introduce some new orderings on the set B as follows. Let d be a positive divisor
of c¢. For b € B as in (4.2), we define k;(b) as the smallest subscript i such that d does
not divide r;, and we set ky(b) = oo if d|r; for all i =1,2,...,5. We set by >4 b if
and only if k;(b1) < k4(by) or k4(by) = k4(b) and by > b,. Now assume that our claim
is not true. In other words, ax = 0 for some a = },cg @pb such that ¢ ¥ apw(b) for
some b € B. Suppose that b is as in (4.2). Then there exists a subscript k such that
¢ {1 apry, but clapr; for i < k. Observe that k > 1, since the arguments used in the proof
of Lemma 4.1 give an immediate contradiction if k = 1. Our assumption implies that
there exists a positive divisor d of ¢ such that d 1 ry, but d|r; for i < k. Take the largest
such b (with respect to the ordering >,) that occurs with nonzero coeflicient in the
decomposition of a, say

_ orp ory OF OFg
b_ul ouz o...ouk O...ous (45)
with k;(b) = k. Then
apbx = a/brk(uir‘ o u;rz O---O0UEXO uzrk_l O rouUt )+ (4.6)

Since ax = 0, the first summand on the right-hand side of (4.6) must cancel with terms
in ax stemming from other @b in the decomposition of a. The basis elements b such
that bx involves the first basis element on the right-hand side of (4.6) are of the form

U _
u"o-oul o= o omxou o oul 4.7)
. :
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with2 <k < s, or

U
0---ou;’r’10—'o'--u;’"‘ (4.8)
x

ucl’r‘ o---ouUpx O uzrrl

with 1 <k < s— 1. However, the basis elements (4.8) cannot occur in the basis
decomposition of a as they are larger (with respect to >,) than the element (4.5). Now
consider the basis elements (4.7). If uyx = u;, then (4.7) is equal to (4.5), and hence we
may disregard this case. Finally, if u;x # u;, then (4.7) is larger than (4.5) (with respect

to >,) since d 1 r; — 1. Hence these basis elements cannot occur in the decomposition
of a. This completes the proof of the lemma. O

Now consider the short exact sequence
0—US U — (U®Z) — 0.
Part of the associated long exact homology sequence is
s> Hy(U®) = Hy(US @ Ze) — Hi(U) = Hy(U) — -+ .

Since H(U¢) =0 by Lemma 4.1, and multiplication by c¢ annihilates H;(U¢) by
Lemma 3.2, the exactness of this sequence implies that the connecting homomorphism
Hy(U° ®Z.) — H{(U°) is an isomorphism. The image of a generator (4.4) under this
connecting homomorphism is easily calculated. We record the result as follows.

Lemma 4.3. For U =Z[x,y] and ¢ > 2, there is an isomorphism
H,(U°®2Z.) = H\(U").

The image in H(U®) of a generator (4.4) with b as in (4.2) and r; = w(b)r] (1 <i<s)
is the homology class of the cycle

S

(1,71 ri—1 s
E ri(”1 o---ouiyoui‘ o---ou’ ®eg
i=1

1
—u'o---ouxou

o---oUf®er) 4.9)
in U@y P. (]

Of course, by Lemma 3.2, the torsion subgroup of M¢(U) ® Z is isomorphic to
H{(U°). In the next section we calculate the images of the cycles in Lemma 4.3 under
the connecting homomorphism in (3.4).

5. The connecting homomorphism H{(U¢) -» M‘(U) ®u Z

In order to carry out the computation of this connecting homomorphism, we tensor
the short exact sequence (3.1) with the free resolution . Here is the relevant part of
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the resulting commutative diagram.
U®y (Uey @ Uey)

I

(U@U Yoy (UeydUey) —— (UQUHey U

I

MU)QuU —— MWU)®yZ
We start with a cycle (4.9) and follow the standard procedure for computing the
connecting homomorphism (see, for example, [8, Ch. 11.4]). For a cycle (4.9), an
inverse image in (U ® U™") ®y (Ue; ® Uey) is
r,-—l

r
Zo...oui

+ 2

’ r
riuy®u; ou
1

... r’y
o---ouU ®ej
L

(5.1)

—1 r
; o---ou’®en.

S
— 4 . rl r2 .. rI
Zriu,x®u1 ouy o ou.
i=1
The image of (5.1)in U ® U"! @y U is
S
4 il ) ri=2 Ty
Z”i(”i_ Duyy®uixou' ouy o---ou; “o---ouy®1l
i=1
’ r ri—
+ Z rl-rju,-y®ujxou1 o---oy' o---oy
1<i, j<s,i# ]
N
’ r| r i—
— ri(ri— Duix®uiyou,' ouy o---ou
i=1
— /,.® .orlo...o i QO+++ 0
rirjuix @ ujy o u; u, u
1<i, j<s,i#j
An inverse image of this element in M“(U) @y U is

A

i*2 s
Zrlf(r,- — Dlwgy, wix, u uy o u ™, u]@ 1

i
i=1

’ s r ri—1 ri—1 T
+ Z ririw(b)[ul-y,ujx,ul,...,ul.’ ,...,ujf s l®l
1<i, j<s,i#]

and the canonical image of this in M°(U) ®y Z is the image of (4.9) under the
connecting homomorphism.

6. The main result

It remains to use the isomorphism (2.2) to translate the result from the previous
section into the setting of free Lie rings. For brevity, we introduce the following
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notation. For the basis monomials u; = x”'y% € U, i =1,..., s, that occur in a given
b e Basin (4.2), we set

Ui=[y,xx....,%Y,...,)]
— ——
pi qi

and for w, v € G’ and a nonnegative integer k we write

[w,vk] =[w,v,...,v].
k

Moreover, to each basis element b € B as in (4.2) we assign the element
N
tb = Z rl,(rl - 1)[[Ul’ y]’ [Ul7 x]’ U;.17 U£2? AR Ulrl_ZS AR U:"S]
i=1

’s 7 ri— i—1 T
+ Z FrwBIUL YL (U 21, U U0 U o)

1<i, j<s,i#]

(6.1)
in y.(G”). Our main result is as follows.

THEOREM 6.1. Let G be the rank-2 free centre-by-nilpotent-by-abelian Lie ring (1.1) of
derived length 3 with ¢ > 2 on free generators x and y. Then the central ideal y.(G")
is a direct sum of a free abelian group and an abelian group of exponent c. The latter
is the direct sum of the cyclic subgroups generated by the elements (6.1) for all b € B
with w(b) = (r1,...,rs) > 1 and r; = w(b)r]. The order of (6.1) is w(b).

Proor. By (2.2), the central ideal y.(G”) is isomorphic to M(L' /L") ®y Z. Moreover,
if L has rank 2 with free generators x and y, then U = Z[x,y] and L'/L"” is a
free U-module of rank 1 with free generator [y, x]. This is because the elements
[y, x]xPy? = [y, x, %, ..., X,¥,...,y] with p,¢q > 0 form a basis of L'/L” as a free Z-
module (see [1, Ch. 4.7]). Then Lemma 3.2 gives that y.(G’) is a direct sum of a
free abelian group and a torsion subgroup of exponent dividing ¢ that is isomorphic
to H;((L'/L")°). This homology group has been determined in Lemma 4.3, and the
images of its generators in M°(L’/L") ® Z have been calculated in Section 5. Their
images in y.(G") are the elements (6.1). Among them are always elements of order
precisely ¢, namely, the ones with s = 1 and r; = ¢, and hence the exponent of the
torsion subgroup is c. O

In the case where c is a prime, the generating set for the torsion subgroup takes a
particularly simple form.

CoroLLARY 6.2. If ¢ is a prime, then the torsion subgroup of v.(G’) is an elementary
abelian c-group, and the elements

[[u, y1, [u, x],u, ..., u]
c-2
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where u = [y, x, X,...,x,y,...,yl with p,q > 0 form a basis of the torsion subgroup as
—— ——

p q
a Z.-module. |

Proor. If ¢ is a prime, the only basis elements (4.2) with w(b) > 1 are of the form u°°
with u € U. Therefore, in (6.1) we only get terms with s = 1 and r| = c. O

For ¢ = 2 we recover the description of the torsion subgroup of the free centre-by-
metabelian Lie ring of rank 2.

CoroLLARY 0.3 [6, 7]. Let G be the free centre-by-metabelian Lie ring of rank 2 with
free generators x and y. Then the torsion subgroup of G"” is an elementary abelian
2-group, and the elements

[y, x], [y, %, %, ..., 59,9,...,¥]]

such that the partial degrees of both x and y are odd and each of them is at least 3,
form a basis of it as a Z,-module.

Proor. By using the identity [[v, z], w] = —[v, [w, z]] which holds for all v,w € G’ and
z € G, the generators for the torsion subgroup in Corollary 6.2 with ¢ =2 can be
rewritten in the required form. O

Remark. If ¢ =3, then L”” C [y3(L’), L], and hence the free centre-by-(nilpotent of
class 2)-by-abelian Lie ring has derived length 3. Thus G = L/[y3(L’), L] in this case.
As mentioned in the Introduction, it was proved by Drensky [2] that this relatively free
Lie ring contains elements of order 3. His elements are multilinear and have degree
7, so they occur if the rank of G is at least 7. Our result shows that 3-torsion actually
occurs already in rank 2.
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