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PRODUCTS OF DECOMPOSABLE POSITIVE OPERATORS

TERRANCE QUINN

ABSTRACT.  In recent years there has been a growing interest in problems of factor-
ization for bounded linear operators. We first show that many of these problems prop-
erly belong to the category of C*-algebras. With this interpretation, it becomes evident
that the problem is fundamental both to the structure of operator algebras and the ele-
ments therein. In this paper we consider the direct integral algebra [* B(H ) du with H
separable and infinite dimensional. We generalize a theorem of Wu (1988) and charac-
terize those decomposable operators which are products of non-negative decomposable
operators. We do this by first showing that various results on operator ranges may be
generalized to “measurable fields of operator ranges”.

Introduction. Let # be a separable infinite dimensional Hilbert space and U a uni-
tary operator on # . In 1958 [9] Halmos and Kakutani showed that U may be factored as
a product of 4 symmetries. Later it was proven by Radjavi [17] than any normal operator
is the product of 4 Hermitian operators. More recently, using non-trivial results on op-
erator ranges [6], Wu was able to bring these theorems together while showing that the
set of finite products of nonnegative operators coincides with both the set of products of
normal operators and the set of products of Hermitian operators [21].

With regard to the finite-dimensional case, facts of this kind include that T is a product
of 5 positive operators if and only if det7 > O [2]; and that a unitary operatory U is a
product of four involutions if and only if det U = +1 [16].

Over the years there has been a growing interest in such factorization theorems. A
good survey paper here is by Wu [22] and a good expository paper, “Bad Products of
Good Matrices”, is by Halmos [8]. In general the problems are twofold: with S a set
of (distinguished) operators it is asked which operators 7" may be either factored as, or
approximated by, a finite product of operators, with each factor belonging to .S.

As it turns out, of particular importance are the sets B = {T € B(H) : T is a finite
product of k positive invertible operators}, k = 1,2,3,..., P, = U2 F and fl_’k — the
norm closure of P,.

So in addition to the factorization theorems mentioned thus far, certain approximation
theorems have been obtained in [13]. For example, Theorem 1 of that paper characterizes
those normal operators in P, while Theorem 3 gives the equality of the norm closure of
the following five collections: Ps, P, the invertibles, Fredholm operators of index zero,
and the collection of operators T with the property that dimker 7 = dimker 7.

At this point we may now broaden our perspective. Problems of factorization are
(topologico-) algebraic, while determining the norm closure of distinguished subsets
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(such as P, or the invertibles) is (algebraico-) topological. Therefore, since positivity
is essentially an operator-theoretic notion, we find that our questions properly belong
to the category of C*-algebras, and those specifically concerning the sets P, should be
rephrased as follows: Letting 4 be an C*-algebra, which elements of 4 can be factored
as, or approximated by, finite products of k positive operators, with each factor also from
A? (In this framework it is seen that Ballantine [2] and Wu [21] were considering factor-
ization in the relatively large and well-structured C*-algebra B(# ), for H respectively
finite and infinite dimensional.) We note that to answer this requires insight into both the
algebra and the elements therein. Hence the question is fundamental, for it concretely
intertwines single operator theory with the theory of operator algebras, and implicitly
concerns deep structure theorems for both.

It has been the object of our current research to begin dealing with these matters.
In doctoral work (to appear) we considered families of algebras obtained from finite-
dimensional C*-algebras by such constructions as direct integrals and direct limits. Thus
we obtained our so-called “APN-algebras” along with, for example, a characterization
of which of these have Q4 dense (See discussion preceding Corollary 2.14). In our next
two papers we pursue these questions of factorization and approximation by products
of positive operators, but in a different class of C*-algebras. As opposed to our thesis
work, the underlying Hilbert spaces for this new class of algebras are all separable and
infinite-dimensional. So with (X, 1) a o-finite standard measure space and # separable
and infinite-dimensional, a basic object in our present study is the von Neumann algebra
of decomposable operators, otherwise known as the direct integral [* B(H ) dp.

Our main theorem of this paper, Theorem B, generalizes the result of Wu [21] by
chracterizing those decomposable operators which may be factored as a finite product of
decomposable non-negative operators. Much as in Wu’s theorem, this set coincides with
finite products of decomposable self-adjoint operators.

Central to establishing Theorem B is a generalization of Dixmier’s proof of a result
of von Neumann. As stated by Dixmier, von Neumann’s result is in terms of operator
ranges, and can be found in [6] as Theorem 3.6. There it is proven that if & is a non-
closed operator range in a separable Hilbert space #{, then there is a unitary operator U
on H such that R N UR_ = {0}. Our generalization of this is Theorem A, which we
now state.

THEOREM A. Let x — T(x) be a measurable field of bounded operators with R (x) =
range T(x). If R.(x) is not closed a.e. then there exists a measurable field of unitary op-
erators x +— U(x) such that R (x) N U(x)R (x) = {0}.

The proof of this relies on certain facts concerning “measurable fields of operator
ranges” (to be defined below). We are therefore brought in a natural way to consider
“measurable fields of closed operators”, a notion which generalizes measurable fields of
operators x — T(x) by allowing the function values 7(x) to be closed but not necessarily
bounded. Our paper thus divides into two sections. In Section | we treat “measurable
fields of operator ranges” and provide generalizations of selected theorems from the
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paper by Fillmore and Williams [6]—the objective here is to establish Theorem A. In
Section 2 we then use Theorem A in the proof of Theorem B, our factorization theorem.
We point out that because our setting is the algebra of decomposable operators, we could
interpret Theorems A and B by saying that von Neumann’s result and Wu’s theorem are
both “decomposable”.

1. Decomposable operator ranges. Let us begin by recalling a few facts from the
theory of direct integrals. Our reference here is [19]. In what follows (X, nt), or some-
times just X, will stand for a standard Borel space with o-finite measure . (We suppress
notation for the underlying o-field, or Borel structure.)

DEFINITION 1.1. A measurable field of Hilbert spaces over (X, ) is a family { H (x) :
x € X} of Hilbert spaces indexed by x together with a subspace § of the product space
[Teex H (x) with the following properties:
(i) For any £ € S the function x — ||£(x)|| is p-measurable.
(ii) For any n € ITex H (x), if the function x +— (£(x), n(x)) is y-measurable for
every £ € S, thenn € S.
(iii) There exists a fundamental sequence, i.e. a countable subset {&;,&,,...} of S
such that for almost every x € X the set {£(x), £2(x), ...} is total in H(x).

TERMINOLOGY. Members of S are called measurable vector fields.

Now let H be the collection of measurable vector fields such that
I€l? = [ ll€|> dp < oo.
X

With respect to the natural point-wise linear operations, " is a vector space and the
sesquilinear form

(&) = /x<§(x), n(x) dp

gives a Hilbert space #{ in the usual way, that is, by identifying two fields &, 7 if £(x) =
n(x) a.e.

DEFINITION 1.2.  We call this Hilbert space the direct integral of the measurable field
of Hilbert spaces {# (x) : x € X} and denote it by

H = / H(x)dp.
Each vector ¢ € # is written as

= [ edn

or sometimes just
x = £(x)

where it is understood that this a representative for the equivalence class &.
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When H (x) = H° for some fixed Hilbert space #°, then the field {# (x) : x € X}
is called the constant field and we have a natural isomorphism

/@9{°dugL2(x,u)®7{°

where L2(X, 1) is the usual Hilbert space of equivalence classes of L2-functions.

DEFINITION 1.3.  Given two measurable fields of Hilbert spaces {#(x) : x € X}
and { FH(x):x€X }, a field of bounded operators

x1— T(x) € B(Hy, (x), Hy(v))
is called measurable if for any £ € S, the vector field
x = TX)E(X) € FHho(x)

is measurable, i.e. belongs to ;.
If a measurable operator field is essentially bounded (in the sense that the function
x + ||T(x)|| is essentially bounded) then for each

= ["ewdne [ Hdp
Te= [T T0EC) dpt € [ Hh) dp.

We write this operator as

T= /{D T(x) dp

and call it the direct integral of the (essentially bounded) measurable field x — T(x).
The norm of T equals the essential supremum ess sup || 7(x)]|.

TERMINOLOGY. We call operators of this form decomposable.

NOTATION. (i) For any subset S of a Hilbert space #, [S] will denote its norm clo-
sure.

(ii) For any operator A, ker A will denote the kernel of A and rg A will be the range of
A.

We use the next lemma to state some basic facts on measurable fields of bounded
operators.

LEMMA 1.4. Let x — T(x) be a measurable field of bounded operators.
Then
(i) x — ker T(x) is a measurable field of Hilbert spaces.
(it) x — [rg T(x)] is a measurable field of Hilbert spaces.
Moreover, if x — T(x) = U(x)|T(x)| is the canonical polar decomposition of T(x), then
(iii) x +— U(x) is a measurable field of partial isometries.

PROOF.  For (ii), let {¢, -, be a fundamental sequence for the measurable field
x — H (x). Then {n, = T¢&,} defines a fundamental sequence for the field x — [rg T(x)],
from which we conclude that this field is measurable.
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For (i), let K(x) = [rgT"(x)]. We then have that since x +— T(x) is measurable,
so is x + T™(x). From (ii), x +— X(x) is measurable, which implies that x +— Pg,) is
measurable, where Pg, is the orthogonal projection onto X(x). But now x +—
I — Py = Per7(v) is measurable. So by (ii) again, it follows that x +— rg(Pyerrr)) =
ker T(x) is measurable.

Finally, to prove (iii), let

Xe={xeX: |Tw| <k}, k=123,

and Tk = T‘xk.

Now just use the usual theorem for direct integrals together with the fact that X =
U2 1 X

Now, to get to Theorem A requires the notion of a measurable field of operator ranges.
From Theorem 1.1 of [6], this means we must have some definition of a measurable field
of closed operators, for any operator range can be characterized as the range of some
closed operator, or in fact as the domain of some closed operator. The key fact for our
purposes is that, by definition, a closed operator A on # has a closed graph in H @& # .
Hence the orthogonal projection P of # & H onto the graph of A, graA, is bounded.
Since P acts on the direct sum H & H , it can be expressed uniquely in terms of a 2 x 2
matrix (Pj;) of bounded linear operators on H . Stone [18] called this the characteristic
matrix of the operator A. Therefore, like Nussbaum in [14], we are led to the following:

DEFINITION 1.5. A field of closed operators x — T(x) is said to measurable if the
field of characteristic matrices x — (P,-j(x)) is measurable.

This definition is justified by Proposition 6 of [14] where it is shown to agree with
Definition 1.3 whenever it is the case that 7(x) is bounded a.e.

DEFINITION 1.6. A field x +— T(x) of closed (not necessarily bounded) operators
is said to be weakly measurable if for each measurable vector field x +— f(x) such that
f(x) € dom T(x) a.e., the new vector field defined by x +— T(x)f(x) is also measurable.

Corollary 2 of [14] states that a measurable field of closed operators is weakly mea-
surable.

DEFINITION 1.7. Let x +— T(x) be a measurable field of closed operators. Then
dom T is the set of equivalence classes of all square integrable vector fields x — f(x)
such that f(x) € dom T(x) a.e. and x — T(x)f(x) is square integrable.

PROPOSITION 1.8. The mapping T: f +— g where f € dom T and g(x) = T(x)f (x) is
a closed linear operator in H = [ H (x) du denoted T ~ T(x).

PROOF. See [14], Proposition 7.

Implicit in the above result is the precise relation between a closed operator A and its
characteristic matrix P4 = (P;;). For the convenience of the reader we therefore pause to
give a table of the basic equations, as also found in [20], p. 73:

Pi=AA+1)"" Ph=A"AA"+1)"
Py = AAA+ 1)1 Py = AA*(AA* + 1)
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As well, we have that
domA = rg((P11,Pi2): H & H — H)

and

rgA =rg((P1.Pn): HOH — H).

LEMMA 1.9. Suppose x — T(x) is an essentially bounded measurable field of op-
erators, so that T = [¥ T(x)du is a bounded decomposable operator. If g T(x) is dense
a.e., thenrg T is dense.

PROOF. Suppose g = [, g(x)du and (g, Tf) = O for all f = [¥f(x)du. Then
(T*g.f) = 0 forall f = [’ f(x) du which implies T*(x)g(x) = 0 a.e. Therefore g(x) €
(rg T(x))L = {0} a.e. so that g = 0. It follows that (rg 7)* = {0} and hence that rg T is
dense.

COROLLARY 1.10. (TO LEMMA 1.9). Suppose x — T(x) is a measurable field of
bounded operators such that rg T(x) is dense a.e. Then

a7l = [* Hwdu.

PROOF.  Since x — || T(x)|| is measurable,
Xy ={xeX:|Tw| <k}

is measurable foreach k = 1,2,3,....
Suppose now that

g= f gdy and (g Tf) =0
for all f € dom T. Then with

H = L j Hx)dp, g = /Xk g(x)dp

and T} = fX; T(x) dp we have, for each fixed k, (g, Tefi) = O for all f; € H,. Therefore,
by the lemma, g, = O for each k, from which it follows that g = 0.

COROLLARY 1.11. Let x — T(x) be a measurable field of bounded operators. Then

B
rgT] = / [rg T(x)] du.

EXAMPLE 1.12. Let X be [0, 1] with Lebesgue measure. Define T(x) = M, = mul-
tiplication by x on C, x € [0,1]. Then rgT(x) = C, 1gT C L£7[0,1] = P Cdy but
#

[rg 7] = L2[0,1] = [Frg T(x)dp.

We now provide a generalization of a result by Douglas, found as Theorem 2.1 in [6].
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THEOREM 1.13. Let x — A(x) and x — B(x) be measurable fields of bounded
operators. Then the following conditions are equivalent:
(1) rgA(x) CrgB(x) ae.
(2) AA*(x) < A (x)B(x)B*(x) a.e. for some positive measurable function x —
Alx) > 0ae.
(3) A(x) = B(x)C(x) for some measurable field of bounded operators x — C(x).

Moreover, the measurable field x — C(x) can be chosen to be essentially bounded if
and only if the function in (2) can be chosen to be essentially bounded.

PROOF. Suppose that (1) is true. Let

Bo(x) = B(X)|(kerB(ry)L-

By Lemma 1.4 this defines a measurable field of bounded operators, and by Theorem 3
of [14], |
x+— By (x): g B(x) — (ker B(x))

is a measurable field of closed operators. This implies that
x+— By (0)A(x) = C(x)

is also a measurable field of closed operators. By the closed graph theorem C(x) is
bounded a.e. and A(x) = B(x)C(x) a.e.

That (3) implies (1) is obvious.

If (2) holds, then

A" || < AX)||B* (x)f (x)|| forall f(x) € H(x) a.e.

Therefore the linear maps
D(x): rg B*(x) — rg A*(x)

defined by
D(@)B*(x)f (x) = A*(x)f (x)

are bounded by A(x) a.e. Therefore D(x) extends by continuity to [rg B*(x)]; then put
D(x) = 0 on ker B(x). As in [6]

A(x) = B(x)D" ae.

so it’s enough to show that
x+— C(x) = D*(x)

is a measurable field of bounded operators, and since D(x) is bounded a.e., it is sufficient
to prove that the field is weakly measurable (See Proposition 6 of [14]). For this, suppose

fe [ treB odu = [re(B ~ B')]
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is of the form f = B*g, g € H . Then

D(x)f (x) = D(x)B*(x)g(x) = A" (x)g(x)

is measurable. Hence x — D(x) is a measurable field and (2) implies (3).
Suppose now that (3) is true. Let f(x) € H (x). Then, just as in [6], A(x) = ||C*(®)]|.
This completes the proof.

We now wish to generalize Theorem 1.1 of [6] by characterizing measurable fields of
operator ranges arising from decomposable operators. We need the following definition:

DEFINITION 1.14. A field x — ‘V(x) of vector subspaces (not necessarily closed) is
measurable if there exists a sequence {£,}°, in [ H (x) du such that
(i) &€.(x) € V(x) foralln=1,2,3,...ae. and
(i) {&(x)}>2, istotal in [V(x)] a.e.
For completeness we include the following:
The lower direct integral is given by

[f Vwdu={f € [(1Vldu:f() € Vi) ace.):

the upper direct integral is given by

fvm di= ["1V)dp

Clearly, the lower integral is a subspace of the upper integral.

REMARK. Using the Lebesgue dominated convergence theorem it is straightforward
to show that if

V= /®‘V(x)d,u

then [V] = T V(x)dp = [P[V(x)] dp. See also Corollary 1.11.

REMARK. If T is decomposable, it does not follow that
rgT = /€B rg T(x)dp.
For example, let T be multiplication by x on £2[0, 1]. In terms of direct integrals

T=[ Mxde, H=[ Cdu and rgT(x)=C
= Joy xdy, = o 1 and rgT(x) =Ca.e.

Hence, in this case,
®
/ rgT(x)dpy=H DrgT.
;é

—x

Before proceeding to our theorem, we present two elementary results concerning the
spaces just defined.
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PROPOSITION 1.15. Let T = [, T(x) du be a decomposable operator. Then the field
of vector spaces x — rg T(x) is measurable.

For a proof argue as in Lemma [.4(ii).

THEOREM 1.16. Let x — R.(x) C H (x) be a measurable field of vector subspaces
(not necessarily closed). Then the following are equivalent:
(1) There exists a measurable field of bounded operators x — T(x) such that

R(x) =rgT(x) a.e.

(2) There exists a measurable field of closed operators x — T(x) such that
R(x) =1gT(x) a.e.
(3) There exists a measurable field of closed operators x — T(x) such that
R.(x) = domT(x) a.e.

(4) There exists a field of inner products (, ), on R (x) such that x — (R (x), {, )\) is
a measurable field of Hilbert spaces such that for all f(x) € R (x), |[f )]’ > |[f(x)]] a-e.
(5) There is a sequence of measurable fields x — Hy(x) of closed subspaces of H (x)
such that
(i) the spaces Hy(x), n = 0,1,2,... are all mutually orthogonal a.e. and

(ii) R(x) = {20 fa(x) : fulx) € Ho(x) and 57724(2"[[fu(0)[])* < 00}

PROOF. To begin, observe that by Proposition 6 [14], (1) implies (2). Assume now
that R (x) = rg T(x) for a measurable field of closed operators. Let D(x) = dom T(x) and
put T (x) = T(X)| pioyrker iy - Then T(x) is closed, one-one and has range K (x) a.e.,
so that 7~ '(x) is closed with domain & (x). Moreover, since x — T(x) is measurable,
it is easy to check that x — T)(x) is also measurable. Hence, by Theorem 3 of [14],
X T,"(x) is a measurable field of closed operators, so (2) implies (3).

If R (x) = dom T(x) for a measurable field of closed operators, then R (x) is complete
in the inner product defined by (f(x), g(x)). = (f(x), g(x))x + (T(x)f (x), T(x)g(x)), for all
f(x), g(x) € R (x). That the field of Hilbert spaces is measurable follows by considering
the sequence

En=Tn, = ‘[!‘ Txn,(x)du, n=1,2,3,...

where 1, is a fundamental sequence for H = [ H (x) du. Since the inequality is obvi-
ous, this completes the proof that (3) implies (4).

To show that (4) implies (1), note first, exactly as in Theorem 1.1 [6], that the inclusion
maps

T(): (R0, () — H(x)

are bounded a.e. Therefore, by Proposition 6 [14] this field is measurable if it is weakly
measurable. But this is straightforward since the underlying measure spaces are the same.
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We therefore obtain, by Theorem 3 [14], a measurable field of bounded operators x —
T*(x). With T*(x) = U(x)|T(x)| the canonical polar decomposition, Lemma 1.4(iii) gives
us a measurable field of partial isometries

x = U@): Hx) — (R, (, 1)

such that .
g 7" ()] = (ker 7))~ = R ().

As a field of operators from # (x) into H (x), U(x) has range K (x) and is bounded a.e.,
since

U < [UGFN" < [If@)-

Next we show that (1) implies (5). Recall that for any bounded operator T(x) on H (x),
T(x) and A(x) = (T(x)T”“(x))I/ : have the same range. (See Theorem 2.1 of [6]). Let
E(x) be the spectral measure of A(x), E,(x) = E(x)(Z’""HA(x)] ,2’"||A(x)||) and let
Hy(x) = E,(x)H(x),n > 0. By Theorem 5.1 of [1] and Lemma 1.4, we obtain both
a measurable field of projections and a measurable field of spaces. That (i) and (ii) are
satisfied is the same as in [6].

To complete the proof, we show that (5) implies (1). With P,(x) the orthogonal pro-
jection onto H,(x) and D(x) = ¥, 27"P,(x), then x — D(x) defines a measurable field
of bounded operators with rg D(x) = R (x).

COROLLARY 1.17.  Let T(x), R(x) and (, ). be as above, and suppose that the field is
essentially bounded. Let T = [ T(x) duand R_ = rg T. Then the Hilbert space (R, {, )’)
(6] is isomorphic to f_i“(‘]{(x),(, );) dyand R = {Zj’f;ofn o € Hy = [P Hy(x)du
and Zﬁio(22” S @12 d,u) < oo}

We leave the proof to the reader.

QUESTION. If x — T(x) is a measurable field of operators, then x +— rgT(x) is a
measurable field of operator ranges (vector spaces). If x — rg T(x) is a measurable field
of operator ranges, does there exist a measurable field of bounded operators x — S(x)
such that rg S(x) = rg T(x) a.e.?

DEFINITION 1.18.  An operator range is of type Js (Dixmier’s notation) if it is dense
and is determined, as in Theorem 1.1 [6] by an orthogonal sequence of infinite dimen-
sional closed subspaces.

DEFINITION 1.19. Let x — R (x) and x — S(x) be measurable fields of vector
spaces. They are called (decomposably) unitarily equivalent if there exists a measurable
field of unitary operators x — U(x) such that S(x) = U(x)R (x) a.e.

Generalizing Theorem 3.1 [6] it is possible to show that when R (x) = rgA(x) for
some measurable field of bounded operators, we may replace “unitary” by “invertible”
in the above definition. We leave the details to the reader.
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LEMMA 1.20. Let x — T(x) and x — S(x) be measurable fields of operators such
that rg T(x) and rg S(x) are of type Js a.e. Then the fields of operator ranges x — rg T(x)
and x — 1g S(x) are unitarily equivalent.

PROOF. Let #,(x) and %, (x) be the spaces corresponding to T(x) and S(x) respec-
tively, as obtained in Theorem 1.1 [6]. Then foreachn =0, 1,2,...

dim H,(x) = dim K, (x) a.e.

and dim(Z,ﬂB 7&()())i =0= dim(fo’ Kz(x))L a.e. So (for each n) we obtain a measur-
able field of unitaries

x > V() Hy(x) — Ky(x).

From here we can now construct the required field by setting
V@) = 3 Vo).
The lemma now follows.

LEMMA 1.21. Let x — T(x) be a measurable field of bounded operators such that
R (x) = rg T(x) is non-closed a.e. Then there exists a measurable field of bounded oper-
ators x — S(x) for which rg S(x) is of type Js and rg S(x) D rg T(x) a.e.

PROOF. Let R (x) be determined by the sequence {#,(x) : n > 0}. Because R (x)
is non-closed, #,(x) # O for infinitely many n, a.e. Now let Ky(x) = Ho(x) for all
x € Xo = {x: Ho(x) # 0}, Ko(x) = Hy(x) forall x € X; = {x: Hy(x) = 0, H;(x) # 0}
etc.

By induction we obtain a sequence of measurable fields of Hilbert spaces X, (x),n > 0
satisfying

(i) K(x) #0,n>0ae.

(i) K(x) L Kpu(x), n £ mae.

(ii) T2 Kl = T2 Hu(x) ace.

Let {n,} be a double sequence of non-negative integers for which
(i) each row n,,n,,n,, ... is strictly increasing

(ii) ny9 > rforall r

(iii) the n, are all distinct and

(iv) Urs{nn} =40,1,2,3,...}.

To finish the proof, we define

7w = (57 %0) & (L)
709 = (£ %)

H (x) = <§)® ?(zs(x)) etc.

Then the ranges R /(x) determined by the measurable field H,'(x) are of type Jg and
contain R (x) a.e.

https://doi.org/10.4153/CJM-1994-048-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-048-4

DECOMPOSABLE POSITIVE OPERATORS 865

LEMMA 1.22. Suppose x — S(x) is a measurable field of bounded operators for
which S(x) = rgS(x) is dense and contains an infinite-dimensional closed subspace
a.e. Then there exists a measurable field of bounded operators x — S'(x) such that
S'(x) =g S (x) C rgS(x) and S'(x) is of type Js a.e.

PROOE. Let S(x) be determined by the measurable fields of Hilbert spaces % (x), as
in Theorem 1.1 [6], and note that %, (x) is infinite dimensional for some n(x), a.e. (for oth-
erwise, as pointed out in [6], the corresponding diagonal operator D(x) = 3, 27"Q,(x),
where Q,(x) is the orthogonal projection onto X, (x), would be compact and S(x) would
contain no infinite dimensional subspaces, by Theorem 2.5 [6]). For each x, let p(x) be the
smallest positive integer for which this is so, that is, for which dim % )(x) = oo. Write
Koy = 220" Li(x) where x — L;(x) is a measurable field of infinite dimensional closed
subspaces, foreach i = 0, 1,2,.... Put X/'(x) = K(x)® L;(x), i # pand ‘]g’(x) = L,(x).
Then the range .§’(x) determined by { K] (x)}°, is of type Js and is contained in S(x) a.e.
We finish the proof by letting S(x) be the diagonal operator D'(x) (See Theorem 1.1 (5).
().

We are now ready to end this section of the paper by proving Theorem A, stated in
the Introduction.

PROOF OF THEOREM A. Similar to Theorem 3.6 [6], the proof rests on two facts:

(a) There exists a measurable field of bounded operators x — S(x) and a measurable
field of unitaries x — V(x) such that S(x) = rg S(x) is dense, contains a closed infinite
dimensional subspace and S(x) N V(x)S(x) = {0} ae.

(b) If S(x) is as in (a), and x +— T'(x) is any measurable field of bounded operators with
R (x) = rg T(x) then W(x) R (x) C S(x) for some measurable field of unitaries x — W(x).

The measurable field of unitaries needed in the statement of the theorem will then be
x— Ux) = W) Vx)W(x).

To prove (a) we need only let A(x) = A, S(x) = rg A(x) and V(x) = V, where A and V
are the operators given in Theorem 3.6 (a) [6].

For the proof of (b), suppose S(x) is as in (a), and R (x) is as in the statement of
the theorem, so non-closed a.e. Then by Lemma 1.28 there exists a measurable field of
bounded operators x — R’(x) for which rg R'(x) is of type Js and rg R'(x) 2 R (x) a.e.
By Lemmas 1.27 and 1.29 there exists a measurable field of bounded operators R”(x) for
which rg R”(x) is of type Js, is contained in S(x) a.e. and such that the measurable field
x — rg R”(x) is unitarily equivalent to x — rg R'(x).

But now (b) follows and Theorem A is established.

2. Products of positive operators. For this section #° is a fixed separable infinite-
dimensional Hilbert space and H (x) = H° a.e.
We begin with some elmentary results on the range function 7.

DEFINITION 2.1.  For each bounded operator A

Y(A) = inf{||Ah|| : ||h|| = 1 and h L kerA}.
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LEMMA 2.2. Suppose x — T(x) is a measurable field of bounded operators. Then
x—Y(x) = ’7’(T(x)) defines a measurable function.

LEMMA 2.3. If T = [, T(x)du is a bounded operator, then T has closed range if
and only if there exists ¢ > 0 such that 7(T(x)) >e>0ae

PROOF. The result follows from the facts that x — W( T(x)) is a measurable function
and that Y(T) = essinf? (T(.\')).

LEMMA 2.4. A decomposable operator T = [ T(x)du is invertible if and only if
T(x) is invertible a.e. and ’\,'( T(x)) is essentially bounded away from zero.

The following proposition is a special case of Fillmore’s theorem (Corollary to The-
orem 3 [5]) which itself is a generalization of the Halmos-Kakutani Theorem [9] to the
case of properly infinite von Neumann algebras.

PROPOSITION 2.5.  Let U be a decomposable operator. Then U is the product of four
decomposable symmetries Jy, J», J3, Jy satisfying U(x) = Jy(x) J2(x) J3(x) Js(x) a.e.

PROOF. The algebra [ ‘B(*H°) du of decomposable operators is properly infinite.

REMARK. Necessary for our purposes is that fori = 1,...,4, +1 and —1 are eigen-
values of infinite multiplicity a.e. This can be easily seen from Fillmore’s proof in [5].

REMARK. Our original proof was longer but drew explicitly on measurable selection
theorems and the measurable structure of decomposable operators. Because measurable
selection theorems are at the core of direct integral theory, we at least give a sketch of
our elementary proof, which “point-wise” generalizes that of Halmos and Kakutani [9]
(See also [7] Problem 142).

The key fact is that for each decomposable normal operator N = [, N(x)dp on H =
N H (x) dy, there exists a measurable field x — 7 (x) of subspaces which reduce N(x)
a.e. and such that both #,(x) and H;(x)* are infinite dimensional. To prove this, note
that the map x — U(N(x)) is measurable. By analysing the original Halmos-Kakutani
proof, and invoking the results of [11] and [1], the result follows. Now proceed as in [9]
and observe that the symmetries obtained are decomposable.

LEMMA 2.6. If T is a decomposable operator and dimker T(x) = dimker T(x) a.e.
then T is the product of two decomposable normal operators and the product of five
decomposable Hermitian operators. If, in addition, rg T is closed a.e. then the normal
and Hermitian operators may also be chosen to have closed ranges a.e.

PROOF.  Since dimker T(x) = dimker 7" a.e. T = UP where U is decomposable and
unitary and P = (T*T)>. Now invoke Proposition 2.5.

The next result is Lemma 2.3 of [21], which we record as
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LEMMA 2.7. Suppose A € B(H°) and T = N,---N, where dimkerN; =
dimkerN;, i = 1,...,n. If T is one-sided invertible (one-sided Fredholm) then T is
invertible (Fredholm).

PROPOSITION 2.8. Let T be a decomposable operator. Then if tg T(x) is closed a.e.,
the following are equivalent:
(1) T is the product of finitely many decomposable normal operators;
(2) T is the product of finitely many decomposable Hermitian operators;
(3) T = SP, for decomposable operators S, P for which S(x) is invertible and P(x) is
an orthogonal projection a.e.
(4) dimker T(x) = dimker T*(x) a.e.

PROOF. We have that (3) implies (2), by Lemma 2.6; and that (2) implies (1) is
obvious.

Next we show that (1) implies (4). Since x — dimker 7(x) is a measurable function,
the measure space X is partitioned into the disjoint union of measurable sets X;, X; =
{x : dimkerT(x) = k}, k = 0,1,2,...,00. If dimker T(x) = dimker T*(x) = o0 a.e.,
then we are done. If dimker T(x) < oo then, by Proposition 2.4 [21], dimker T"(x) =
dimker T(x).

We conclude by showing that (4) implies (3). Let P be the orthogonal projection onto
(ker T)*. The operator P is decomposable with P = f;‘ P(x)dp, P(x) the orthogonal
projection onto (ker T(x))L a.e. Let x — R(x) be a measurable field of partial isometries
with initial space ker T(x) and final space ker 7" (x). Define S(x)(f (x)+k(x)) =T)f(x)+
R(x)k(x), for f(x) € (ker T(x))L and k(x) € ker T(x). Then it is an easy exercise to show
that x +— S(x) defines an essentially bounded measurable field of invertible operators.
Letting S = [ S(x) du we obtain T = SP, as needed for (3).

Following Wu [21], the next situation we consider is where rg T(x) is not closed a.e.
Since the condition of having closed range is measurable (x +— 7<T(x)> is a measur-
able function), X will partition into disjoint measurable sets, according to whether or not
W’(T(x)) > 0. We will then put these together to obtain our main factorization theorem,
Theorem B. ’

PROPOSITION 2.9. Ifrg T(x) is not closed a.e. then T is the product of three decom-
posable normal operators and six decomposable Hermitian operators.

PROOF. Because of Lemma 2.6 we need only consider the case where dim ker 7'(x) #
dim ker 7*(x) a.e. And since rg T(x) is closed if and only if rg 7" (x) is closed, we further
assume that dimker 7(x) > dimker 7*(x) a.e. Let P be the orthogonal projection onto
(ker T)*, so that P = f;" P(x) dp with P(x) the orthogonal projection onto (ker T(x))l
a.e.

As in Proposition 2.6 of [21] we will construct an operator § with dimkerS =
dimker S*, such that T = SP. However, the operator S in our paper will have the ad-
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ditional properties of being decomposable with dimker S(x) = dimker §* a.e. To ac-
complish this, let
ker T(x) = H(x) & Hr(x)

where
X — ,'H;(x), i=1,2

are measurable fields, and

ker T = ﬁ ker T(x) dj = / () dp @ f Ih(x) .
X X X
Invoking Theorem A, let
x — K(x)
be a measurable field of closed infinite dimensional subspaces of
x— [1g T(x)]
such that
K(x)NrgT(x) = {0} ae.

We let S(x) be a measurable field of operators which maps H(x) to {0}, #5(x) isomet-
rically into X (x) and equals 7T'(x) on (ker T(x))l. As in [21], it follows that

dimker S(x) = dim H, (x) = dim ker T*(x) = dimker $*(x) a.e.
Define

o
S = / S(x) di.

By Lemma 2.6, applied to S, the result follows.

The next lemma allows us to treat products of positive operators. Recall from [21]
that every symmetry (in B(H?)) is the product of six positive invertible operators. Be-
cause of the work of Azoff and Clancey on direct integrals of normal operators [1], this
factorization also holds in the algebra of decomposable operators. Thus, we have

LEMMA 2.10. Every decomposable symmetry is the product of six decomposable
positive operators.

PROOF. Combine [1] with [21]. We leave the details to the reader.
This now gives us

LEMMA 2.11. Every decomposable unitary operator is the product of sixteen de-
composable positive invertible operators.

PROOF. By Proposition 2.5, every decomposable unitary operator is the product of
four decomposable symmetries, for which 1 and —1 are eigenvalues of infinite multi-
plicty a.e. From the proof of Lemma 2.10 the assertion follows.
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PROPOSITION 2.12. [f dimker T(x) = dimker T*(x) a.e. then T is the product of
seventeen decomposable non-negative operators, if rg T(x) is not closed a.e., then T is
the product of eighteen decomposable non-negative operators.

PROOF. The first part of the assertion follows from Lemma 2.11 and the proof of
Lemma 2.6. If rg T(x) is not closed a.e., then using the factorization in Proposition 2.9,
T = SP, where dim ker $*(x) = dimker S*(x) and P(x) is non-negative a.e. So by the first
part, S is the product of seventeen decomposable non-negative operators, which together
with P gives eighteen, as claimed.

COROLLARY 2.13. A decomposable operator T = [P T(x)du is the product of
finitely many decomposable positive operators if and only if T(x) is one-one with dense
range a.e. In this case seventeen such factors will suffice.

PROOE.  Left to the reader.

We can now state and prove our main theorem, which extends Wu’s theorem [21] to
the algebra of decomposable operators.

THEOREM B. Let T be a decomposable operator, T = [° T(x)du acting on H =
I H (x) dp where H (x) is separable and infinite dimensional a.e. Then the following
are equivalent:

(1) T is the product of finitely many decomposable normal operators;

(2) T is the product of finitely many decomposable Herniitian operators;

(3) T is the product of finitely many decomposable non-negative operators;

(4) T(x) = S(x)P(x) or P(x)S(x) (depending on whether dimker T(x) > dimker T*(x)
or dimker T(x) < dimker T*(x)) for some decomposable operator S = [& S(x) du such
that S(x) is one-one with dense range a.e. and P = [ P(x) dy is an orthogonal projec-
tion;

(5) The space X partitions measurably into X; U X, so that for almost all x in Xy
dimker T(x) = dim ker 7*(x) and for almost all x in X,, 1g T(x) is not closed.

(6) T is the norm limit of a sequence of decomposable invertible operators.

Moreover, the number of factors required is bounded above; we need at most three
normal operators, six Hermitian operators and eighteen non-negative operators.

PROOF.  We first establish the equivalence of (5) and (6). If (5) is true, then by Propo-
sitions 2.9 and 2.12, T is a finite product of decomposable non-negative operators. Using
[1], we obtain that each factor is a norm limit of decomposable invertible operators;
hence so is T. If (6) is true, that is, there is a sequence T, = [ T, (x) du of decomposable
invertible operators such that 7 = lim, 7, then T(x) = lim7,(x) a.e., by elementary
direct integral theory. We now call on [4] to conclude that dimker 7(x) = dimker 7" (x)
or rg T(x) is not closed a.e.

From what we have done so far, we need only show now that (5) implies (4). But for
this we refer the reader to our Proposition 2.9 and Corollary 2.10 of [21]. This completes
the proof of Theorem B.
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One immediate corollary is on approximation, and is modeled on Theorem 3 of [ 13].

To state and prove the result we introduce some notation: Let 4 be a C*-algebra. Then
fork=1,2,3,...

P(A)={T€A:T=P,-- P, P;positive invertible,and in 4, i = 1,2,.. .k}

and

Po(A) = | B(A)
k=1

Similarly, we have the sets Q;(A4), defined like P, (A4) except that the factors are allowed
to be positive and not necessarily invertible. As usual, for a set S C A4, S denotes its
norm closure.

COROLLARY 2.14. Let A be the algebra of decomposable operators. Then the clo-
sures of the following sets are equal to Py7(A).

(1) The set of T € A such that T(x) is Fredholm with index T(x) = 0 a.e. denoted
Fo(A).

(2) The set of T € A such that dimker T(x) = dimker T*(x) a.e., denoted V(A).

(3) The set of invertible operators in A, denoted G(A).

(4) P(A) forn>11.

(5) Po(A).

PROOF. If n > 17, we have the following inclusions:
Pi1(A) C Pi(A) € Poo(A) C G(A) C Fo(A) C V(A).
Therefore it is enough to show that
V(A € Pir(A).

But, by Proposition 2.12, V() C Q7(A); and Q7(A) C Qn(}’l) - Q_’n(ﬂ), by [1].

REMARK. In Theorem 3 of [13] it is shown that, for the algebra B(H ), five factors
are enough in approximation by products of positive operators. Their proof depends on
the result that a biquasitriangular operator is in fl_’4( B(H' O)), which in turn rests on a deep
structure theorem of Herrero (Theorem 6.15 of [10]). So the following question arises:
Can Herrero’s structure theorem be extended to the algebra of decomposable operators,
thereby reducing the number of factors required in Corollary 2.14 from 17 to 5? On the
basis of preliminary evidence we conjecture that the answer here is “Yes”.
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