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FIXED POINT PRINCIPLES FOR CONES
OF A BANACH SPACE FOR THE MULTIVALUED MAPS
DIFFERENTIABLE AT THE ORIGIN AND INFINITY

DONALD VIOLETTE AND GILLES FOURNIER

ABSTRACT.  In [6] and [7], Krasnosel’skii proved several fundamental fixed point
principles for operators leaving invariant a cone in a Banach space. In [9], Nussbaum
extended one of the results, the theorem about compression and expansion of a cone,
to k-set contraction maps, k < 1. Other versions for completely continuous maps were
given by Fournier-Peitgen [2] and G. Fournier [1].

The purpose of this paper is to generalise some of these results to upper semi con-
tinuous multivalued maps which are k-set contractions, k < 1, and differentiable at the
origin and infinity.

0. Notations and definitions. Let E and E' be two real Banach spaces. In this paper,
all multivalued maps F: E — E’ are assumed to satisfy F(x) is compact forevery x € E. F
is upper semi-continuous (u. s. c.) at x € E if for any neighborhood V of F(x), there exists
a neighborhood U of x such that F(y) C V for any y € U. F is upper semi-continuous
on E if for each open subset V of E/, the set F~'(V) = {x € E | F(x) C V} is an open
subset of E. F is lower semi-continuous (1. s.c.) on E if for every open set V C F’, the
set {x € E | F(x)MV # (0} is an open subset of E. If F is bothu.s.c. and . s.c. on E, we
say that F is continuous on E.

PROPOSITION 0.1.  IfF: E— E' isu.s.c., the image F(K) = U,cx F(x) of a compact
set in E is also compact.

If F: E— E' and G: E' — E" are two u.s.c. multivalued maps, then the composition
GoF:E — E"isu.s.c. Apointx € E is called a fixed point of F: E — E if x € F(x).
A u.s.c. multivalued map F: E — E' is acyclic if for every x € E, F(x) is acyclic with
respect to the Cech homology functor H with rational coefficients i.e. F(x) is non-empty,
Ho(F(x)) ~ Q and H,(F(x)) = 0 forallg > 1.

A multivalued map F: E — E’ is called homogenous if F(kx) = kF(x) for any x € E
and k € R. We say that F is semi-linear positive if F ( 1 t,vx,») C L, tiF(x;) for every
x; € E,t; > 0and X, #; < 1. In this case F(0) = 0 and F(coA) C co F(A) where co A
is the convex hull of A C E.

Areal number A is aneigenvalue of F: E — Eif there existsx € E such that Ax € F(x).
x is called an eigenvector corresponding to A.

The first author has been supported by a grant from “Faculté des études supérieures et de la recherche de
I’Université de Moncton”.

The second author has been supported by grants from NSERC.

Received by the editors July 5, 1990 .

AMS subject classification: 47H09, 54C60, 54H25.

(© Canadian Mathematical Society 1992.

888

https://doi.org/10.4153/CJM-1992-054-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-054-0

FIXED POINT PRINCIPLES 889

For A C E, we define the measure of non-compactness Y(A) of A (due to Kuratowski)
to be Y(A) = inf{r > 0 | there exists a finite covering of A by subsets of diameter at
most r}.

We have the following properties:

0.2) 0 <7v(A) <6(A) where 6(A) is the diameter of A.

(03) IfACBCE YA <7Y(B).

0.4)  YAUB) = max{¥(A),Y(B)}, Y(A+B) < ¥(A)+Y(B) and Y(N(4)) < Y(A)+2¢
where N.(A) = {x € E| d(x,A) < ¢} and d(x,A) = infyeq ||x — y||.

0.5)  Y(coA) = Y(A).

0.6) Y(A) = 0 if and only if A is relatively compact.

0.7) IfKi DK, D --- DK, D ---where K, is closed and non empty for any n
and lim, o, Y(K,) = 0, then K, = (,> K is non-empty and compact and for
any neighborhood V of K, there exists an integer n, such that K,, C V for all
n > n,.

The measure of non-compactness of F: E — E' is Y(F) = inf{k | W(F(A)) < kY(A)
for all bounded A C E}

DEFINITION 0.8. A u.s.c. multivalued map F: E — E is called k-set contraction if
there exists k < 1 such that ¥ (F(A)) < kY(A) for every bounded subset A of E i.e. if

Y(F) < 1L
Let F(E) be the set of all non empty bounded closed sets in a Banach space E. For
A,B € F(E) define p(A,B) = sup{d(x,B) | x € A} and let p(A,B) =

sup{p(A, B), p(B,A)}, dy is called the Hausdorff metric in F (E). We write ||A|| in place
of du(A,0) = sup,, ||al|.

We have the following property:
(09) dy(A,B) <eifandonlyif A C N(B) and B C N.(A).

DEFINITION 0.10. A cone C of E is a closed convex subset of E such that \C C C
forall A > 0and CN(—C) = {0} where —C = {—x | x € C}.

Now, we present briefly the fixed point index for composition of multivalued acyclic
maps in Banach spaces. This generalises the index given by Siegberg-Skordev [10] which
is defined for compositions of multivalued acyclic maps defined on open subsets of com-
pact polyhedra. For more details, the reader can consult [3].

Let f = (F,,...,Fy) be a sequence of acyclic maps F;: X; — X;;; where each X;
is Hausdorff for any i = 0,1,...,n and Xo = U is an open subset of X,,,; = X. The
sequence f is said to be an acyclic decomposition for F if F = F, o - - - o Fj;. Moreover f
is admissible if Fix F = {x € U | x € F(x)} is compact in U.

We shall write X € F if X is a closed subset of a Banach space E from which it
inherits its metric and if X has a locally finite covering by closed convex subsets of X. If
in addition the covering is a finite covering, we shall write X € F.

DEFINITION 0.11.  An admissible sequence f = (F,,, ..., Fy) of acyclic maps is com-
pacting, if there exists an open set W and a sequence {K,,} C %o such that
(0.11.1) Fix() CWCWC Uwhere F=F,0---0Fp:U—XandX € F;
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0.11.2) WCK, CX;
(0.11.3) F(WNK,) C K,;; C K, foralln € N*;
(0.11.4) lim,_, Y(K,) = 0.

We have the following theorem:

THEOREM 0.12. Iff = (Fp,...,Fy) is a compacting sequence, then the fixed point
index, ind(U, f, X), is defined.

Although this index depends on the decomposition f, it has nevertheless the following
property:
(0.13)  ind(U.f,X) = ind(U,(Fy,...,Fix1,F; 0 Fi_\,Fia,...,Fo),X), provided that
Fio F;_ is still acyclic.

REMARK. If F: C — Cis au.s.c. multivalued map with convex values such that F
is a k-set contraction, then F is compacting. Hence the index of F is defined and unique
by (0.13).

This fixed point index has the usual properties of the index (see [3]), including a
homotopy property which is a new result even in the single-valued case. We have also a
Lefschetz theorem.

Finally, we will recall our notion of differentiable multivalued maps (see [4]).

Let E, E’ be two real Banach spaces and U an open subset of E.

DEFINITION 0.14. A multivalued map 7: U — FE' is differentiable at the pointx € U
if there exists a u.s. c. multivalued map Sy: T(x) X E — E’, (z,h) — S.(z, h), such that
the map S, ;: E — E' defined by S, ;(h) = Sy(z, h) is u.s. c., homogenous and semi-linear
positive and such that for any € > 0, there exists § = é(e,x) > 0 such that if ||h|| < 4,
then

dH(T(x+h), U (z+8: h))) < e||h|.
2€T(x)

The map S is called a differential of T at x. If T is differentiable at every point of U,
T is said to be differentiable on U. We don’t have the uniqueness of the differential at a
point. However, our differential is not necessarily a map with convex values.

REMARK 0.15. The map S, ;: E — E’ is continuous in 4 for all (x, z).

PROOF. Since S, is u.s.c. at 0 € E, then for any € > 0, there exists 6 > 0 such
that ||h|| < & implies that S, (h) C N.(0). Since S, is homogeneous and semi-linear
positive, Sy, (x' + h) C S,,(x') + S,.(h) where x'’ € U and then |[h|| < & implies
Sea(X +h) C Seo(x') + Ne(0) C Ne(S2(x)). Moreover, if y € S,.(x') NV, where V
is open, there exists € > 0 such that N.(y) C V. As above (replacing x’ by x’ — h and then
h by —h), there exists § > 0 such that ||| < é implies that S, ,(x) C N((Sm(x’ +h)) and
thus S,.(x' + h) NV # 0.

EXAMPLE 0.16. Let T: U — R" be the map defined by T(x) = co(T| ),... ,T,,(x))
where 7;: R* — R" is a single-valued differentiable map on an open subset U of R". Then
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T is differentiable on U and the map S,: T(x) X R" — R" defined by

Su(z.h) = {fa@ﬂ(x)(h)
i=1

is a differential of T at x € U.
The differentiable multivalued maps have the following properties:
(0.17) Let T: U — E’ be a multivalued map differentiable at x € U. Then there exists
& > 0 and there exists k > 0 such that ||S(z, h)|| < k||A]|| for ||| < & and for
every z € T(x).
(0.18) IfT:U — E' is a multivalued map differentiable at the pointx € U, then T is
continuous at that point.
We have also a mean-value theorem and a remainder theorem (see [4]).

n n
Za,‘Ti(X) =za > 0 and Za,- =1
i=1 i=1

1. Expansion and compression of cones. We need the following results to prove
the principal theorems of this paper. In the following and for all the sections, E is a real
Banach space and U is an open subset of E.

PROPOSITION 1.1.  Let F: U — E be a differentiable multivalued map at the point x €
U such that x € F(x). If F is a k-set contraction, k < 1, then S is a k-set contraction.

PROOF. By hypothesis, there exists k < 1 such that Y(F(A)) < k¥(A) for every
bounded subset A of E. Let € > 0 be such that 2¢ < 1 — k. Since F is differentiable at
x € U, there exists & > O such that ||A|| < & implies that x+S, (k) C UzGF(x)(Z+SX.Z(h)) -
N (Fx +h)).

Let y € A C Ns(0), then by the positive semi-linearity of Sy, Sxx(A) C Sxx(A —y) +
Syx(y). Hence

Y(Sex@)) <V(Sexld =) +0 = V(x + Sex(A — y))
< (New(Fx+4—))
<Y(F(x+A —y)) +2e8(A)
< kY(A) +2685(A)
< (k+26)5(A) = K'5(A)
where k' = k +2¢ < 1.
If A = UL A is such that §4) < YA, we have Y(S:x(4)) <
maxi—1.» V(Sex(A) < maxioy_, K'8(A;) < K"¥(A) where k" = 24 < 1.
Then W’(SX,X(A)) < k”Y(A) on N;(0) and by homogeneity of S, , we have W(SX,X(A)) <
K'Y(A).

DEFINITION 1.2. Let T: U — E’ a multivalued map such that T(x) is compact for
every x € U where U = {x € E | ||x|| > M > 0}. T is differentiable at infinity if for any
€ > 0, there exists & > 0 such that ||h|| > § implies

du(T(h),S(h)) < en|

where S: E— E’ is au.s.c., homogenous and semi-linear positive map.
The map S is called a differential of T at infinity.
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PROPOSITION 1.3. If F: U — E is a differentiable multivalued map at infinity such
that F is a k-set contraction, then the differential S is a k-set contraction.

PROOF. Let 0 < k < 1 such thaty (F(A)) < kY(A) where A is an arbitrary bounded
subset of E. We must show that V(S(A)) < k'Y(A) where k' = 5;—1 < 1. We distinguish
two cases:

PARTICULAR CASE. If0 < r = d(0, A), it is sufficient to show that there exists R > 0
such that ¥ (S(RA)) < k'Y(RA) since S is homogenous and Y(RA) = RY(A).

Let € > 0 be such that 2¢||A|| < (k' — k)Y(A) + g%)V(A). Since F is differentiable at
infinity, there exists § > 0 such that ||| > & implies that S(h) C N, (F(h)). Choose
R > 0 such that rR > §. Then S(RA) C N g4 (F(RA)) and

Y(S(RA)) < 2¢R|A|| +(F(RA))
< 2¢R||Al| + kY(RA)
(1—k)

< Y(RA) + kY(RA) = kK'Y(RA).
GENERAL CASE. Since S is u.s.c., there exists § > 0 such that S(th(O)) C
N"z—’w(A)(O)‘ Then

A(S()) < max{¥(S(4\ N(0),7(S(Ns(0) N4) ) }
< max {k'Y(A \ Ns(0)),k'¥(A)} = K'¥(A) by the first case,

and we get the conclusion.

LEMMA 1.4. If Cis a cone of E, there exists y € C such that ||x + \y|| > ||x|| for
every x € Cand forall A > 0.

PROOF. See [8].

LEMMA 1.5. Let C be a cone in E and S: C — C a homogeneous multivalued map
such that S is a k-set contraction and all eigenvalues of S are different from 1. There
exists € > 0 such that d(x, S(x)) > ¢||x|| for ||x|| # 0.

PROOF.  Since S is homogeneous, it is sufficient to show that there exists ¢ > 0 such
that d (x, S(x)) > ¢ for ||x|| = 1. We proceed by contradiction and we assume that there
exists a sequence {x,} C C, ||x,|| = 1, such thatd (x,,, S(x,,)) goes to 0 for n large enough.
Let z, € S(x,) such that d(x,,z,) tends to 0, then Y({x,}) = Y{z.}) < V(S(x,,)) <
kY({x,}) where k < 1 since S is a k-set contraction. But this is true only if Y({x, }) = 0.
In this case {x,} has a subsequence which converges toy € {x,} and so ||y]| = 1 and
y € S(y), a contradiction since 1 is not an eigenvalue of S.
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LEMMA 1.6. Let C be a cone in E and let F: C — C be a multivalued map which is
a k-set contraction and differentiable at 0 such that F(0) = 0. If Sy is a differential of F
at 0 and all eigenvalues of Sy are different from 1, then 0 is an isolated fixed point of F.

PROOF. We proceed by contradiction. If O is not an isolated fixed point of F, then
there exists a sequence {x,} C C which converges to 0 such that x, € F(x,). Since
F is differentiable at O, then x,, € F(x,) C Nf,.IIx,.II (Soyo(x,,)) where ¢, goes to zero if n

is big enough. This implies that 2 € N, (SO'O(W);—:U»' Let y» = 121, [ly«ll = 1 and
d(yn, So,o(Yn)) goes to O for n large enough, which is impossibe by the Lemma 1.5.

LEMMA 1.7. Let C be a cone in E and let F: C — C a multivalued map which is a
k-set contraction and differentiable at infinity. If S is a differential of F at infinity and all
eigenvalues of S are different from 1, then F has no fixed point if ||x|| is big enough.

PROOF.  Since S is a differential of F at infinity, for any ¢ > 0, there exists 6 > 0
such that ||x|| > & implies that F(x) C N(”X”(S(x)). By Lemma 1.5, x ¢ NGHXH(S(x)) if
|lx]| is big enough and so x & F(x).

Now we will give and prove the principal theorems of this paper.

THEOREM 1.8 (EXPANSION AT THE ORIGIN). Let C C E be a cone. Let F: C — C be
au.s.c. multivalued map with convex values such that F(0) = 0, F is a k-set contraction
and differentiable at O € C. Let Sy be a differential of F at 0 such that
(1.8.1) Soo(h) is convex for every h,

(1.82) d(0,S00(N(0)) ) > V(So0) where r >0,

(1.8.3) the eigenvalues of So are strictly greater than 1 (=> 0 is an isolated fixed point
of So,0)-

Then ind(N,(O), F, C) = 0 if r is small enough.

PROOE. There are three important steps to do to show this result.

i) We will show that F is homotopic to So on N,(0) if r is small enough.

Let G be the homotopy given by G(h,7) = (H,,(F(h), t),t) where Hy(y,1) =
Hy,h,t) = (1 — t)yy+tpp(y), y € F(h), h € C,t € [0,1] and py, is the projection on
the convex compact F(0) + Soo(h) = So,0(h) (i.e. pp(y) is the set of elements of Spo(h)
which are nearest to y). p,, is a multivalued map with convex values and itis u. s. c. at the
point (y, h) € F(h) x C (see [5]). The sequence (H X 1(0,1},8 X 1l{0,1}) Where g is defined
by g(h) = F(h) x {h}, is an acyclic decomposition for G.

By the Lemma 1.6, G has no fixed point on dN,(0) if r is small enough and by
Lemma 1.10, G is compacting. By the homotopy property of the fixed point index,

ind(N(0), Flw,«0). C) = ind(N,(0), (p. g

N0 C)

where p is defined by p(y, k') = pw/(y) for all (y,h’) € F(h) x C.
Now the homotopy G’ represented by

G'(h,t) = (1 = Dpu(F(h)) + 1So,0(h) C Soo(h)
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has only one fixed point which is 0. By (1.1), Sp is a k-set contraction so Sy is com-
pacting and its only fixed pointis 0. G’ has for acyclic decomposition (L, g X 1o,1)) where

L(y,h,t) = (1 = D)pn(y) + tSo,0(h).
By excision, homotopy and (0.13),

ind(N(0), (0, g|n,0). C) = ind(NA(0), (So0, 8
= ind(N,(0), So,. C)

N,0)C)

i1) We show now that Sy ¢ is homotopic to ASg if W;Wﬂ <A< m

By the choice of A, the map ASp is a k-set contraction since Y(ASo o) = AY(Sop0) < 1.

Let H' be the homotopy defined by H'(h, s) = sSo0(h) for 1 <s < \. H' has no fixed
point on dN,(0). For, if there exists s € [1,\] and h € IN(0) such that h € sSp(h), it
follows that 1h € Soo(h) and 1 > 1 by (1.8.3) which is a contradiction since 1 < 1.
Then the homotopy H’ is admissible and by homotopy property,

ind(N(0), So, C) = ind(N,(0), ASo 0. C).

iii) By (1.4), let yo be a point belonging to C such that d(0,Ryy + ASoo(h))
Xd(0,So(h)) for all R > 0. Choose R > “ASWEVOI; then d(0, Ryo + ASoo(h)
Rllyoll = A|[Soo(oNA0))| > —J—'——(M’S']f’;jf/'(o))“)||)’0|| — A[[So0(aN®)| = .

Let H" be the homotopy defined by H”(h,f) = tRyo + ASoo(h) for all ¢ € (0, 1]. By
the choice of yy and R, H" has no fixed point on N,(0). Then ind(N,(O), 2S0.0, C) =
ind(N(0), Ryo + XS0, C) = 0.

This completes the proof.

>
2

THEOREM 1.9 (COMPRESSION AT THE ORIGIN). Let C C Ebeacone. Let F: C — C be
au.s.c. multivalued map with convex values such that F(0) = 0, F is a k-set contraction
and differentiable at 0 € C. Let Sy be a differential of F at 0 such that
(1.9.1) Soo(h) is convex for every h,

(1.9.2) the eigenvalues of Sy belong to the interval [0, 1).

Then ind(N,(0), F, C) = 1 if r is small enough.

PROOF. As in the part (i) of (1.8), we can show that ind(N,(O), F, C) =
ind(N,(O), S0.0 C) if r is small enough.

The homotopy H' defined by H'(h,t) = tSoo(h), t € [0, 1], has no fixed point on
ON,(0). For, if there exists t € (0, 1) and h € dIN,(0) such that & € 1Sy (h), it follows that
%h € So,0(h) and thus } € (0, 1) by (1.9.2) which is a contradiction since % > 1. By the
homotopy property, ind(N,(0), So0, C) = ind(N(0),0,C) = 1.

LEMMA 1.10. Under the same hypothesis of Theorem (1.8), the map G defined in
1.8(i) is a k-set contraction.

PROOF. By definition of the map G, G(h, 1) C co(F(h), Soo(h)) for every h € C and
forall + € [0,1] and so G(A x [0,1]) C CO(F(A),S(),()(A)) for every bounded subset A
of E. Tt follows that ¥(G(A x [0,1])) < max <V(F(A)),’Y(SO,O(A))> and thus G is a k-set
contraction since F and Sy are.
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THEOREM 1.11 (EXPANSION AT INFINITY). Let C C E be a cone. Let F: C — C be a
u. s. c. multivalued map with convex values such that F(0) = 0, F is a k-set contraction
and differentiable at the infinity. Let S be a differential of F at infinity such that

(1.11.1) S(h) is convex for all h,

(1.11.2) d(0,5(NA0))) >(S), 7 >0,

(1.11.3) the eigenvalues of S are strictly greater than 1.
Then ind(N,(0), F, C) = 0 if r is big enough.

PROOF. The proof is the same as in (1.8) but we must substitute Spp by S and use
Lemma 1.7 and Proposition 1.3.

THEOREM 1.12 (COMPRESSION AT INFINITY). Let C C E be a cone. Let F: C — C be
a u.s.c. multivalued map with convex values such that F(0) = O, F is a k-set contraction
and differentiable at the infinity. Let S be a differential of F at infinity such that
(1.12.1) S(h) is convex for all h,
(1.12.2) the eigenvalues of S belong to the interval [0, 1).

Then ind(N,(O), F, C) = 1 if r is big enough.

PROOF.  Similar to the proof of (1.9).

If we combined the results of the previous theorems, we obtain the following theo-
rems.

THEOREM 1.13 (EXPANSION AT THE ORIGIN AND COMPRESSION AT INFINITY). Let
C C E be a cone and let F: C — C be a u.s.c. multivalued map with convex values
such that F(0) = O, F is a k-set contraction and differentiable at the origin 0 and infinity.
Assume furthermore that conditions (1.8.1) to (1.8.3) are satisfied for Ry > 0 and con-
ditions (1.12.1)—(1.12.2) are satisfied for R, > 0. Let U = {x € C | R, < ||x|| < Ry}
Then ind(U, F, C) = 1 and thus F has a non-trivial fixed point in U.

PROOE. By the additivity property, ind(Ng,(0),F,C) = ind(Ng,(0),F,C) +
ind(U, F, C). It follows that ind(U, F,C) = 1 —0 = 1 by (1.8) and (1.12).

THEOREM 1.14 (COMPRESSION AT THE ORIGIN AND EXPANSION AT INFINITY). Let
C C E be a cone and let F: C — C be a u.s.c. multivalued map with convex values
such that F(0) = 0, F is a k-set contraction and differentiable at the origin 0 and infinity.
Assume furthermore that conditions (1.9.1)—(1.9.2) are satisfied for Ry > 0 and condi-
tions (1.11.1) to (1.11.3) are satisfied for R > 0. Let U = {x € C | Ry < ||x|| < R2}.
Then ind(U, F, C) = —1; and thus F has a non-trivial fixed point in U.

PROOF.  Similar to the proof of (1.13).

https://doi.org/10.4153/CJM-1992-054-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-054-0

896 D. VIOLETTE AND G. FOURNIER

REFERENCES

1. G. Fournier, Fixed point principles for cones of a linear normed space, Canad. J. Math. (6) XXXII(1980),
1372-1381.

2. G. Fournier and H.-O. Peitgen, On some fixed point principles for cones in linear normed spaces, Math.
Ann. 225(1977),205-218.

3. G. Fournier and D. Violette, A fixed point index for composition of acyclic multivalued maps in Banach
spaces, the Mathematical Sciences Research Institute (MSRI)—Korea Publications 1, Operator Equations
and Fixed Point Theorems, (1986), 139-158.

4. A fixed point theorem for a class of multivalued continuously differentiable maps, Annales Polonici
Matematici 47(1987), 381-402.
S. La formule de Leray-Schauder pour I’indice d’une fonction multivoque continiiment différentiable,

Annales des sciences mathématiques du Québec (15) 1(1991), 35-53.

6. M. A. Krasnosel’skil, Fixed points of cone-compressing or cone-extending operators, Soviet Math. Dolk.
(1960), 1285-1288.

7. , Positive solutions of operator equations, Groningen, Noordhoff, 1964.

8. M. Martelli, Positive eigenvectors of wedge maps, Annali di Matematica Pura e Applicata (4) 145(1986),
1-32.

9.R. D. Nussbaum, Periodic solutions of some non-linear autonomous functional differential equations I1, J.
Diff. Eq. 14(1973), 360-394.

10.H. W. Siegberg and G. Skordev, Fixed point index and chain approximations,Pac. J. of Math. (2) 102(1982),

455-486.

Department de mathematiques
Université de Moncton
Monton, New Brunswick

https://doi.org/10.4153/CJM-1992-054-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-054-0

