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Erratum to ‘Quantum Limits of Eisenstein
Series and Scattering States’
Yiannis N. Petridis, Nicole Raulf, and Morten S. Risager

Abstract. This paper provides an erratum to Y. N. Petridis, N. Raulf, and M. S. Risager, “Quantum
Limits of Eisenstein Series and Scattering States.” Canad. Math. Bull. 56(2013), 814–826 (this issue).
http://dx.doi.org/10.4153/CMB-2011-200-2

In [1] there is a typo in Section 2.4 (iii) where the residue of B(s) at s = 2 − 2σt

is computed. Instead of ξ(1 − 4σt ) it should read ξ(3 − 4σt ). As a consequence
Theorem 1.3 is not correctly stated, while Theorems 1.1 and 1.4, and Corollary 1.5
need no modification. To correct Theorem 1.3 we need an extra condition on the
rate with which we approach the critical line. Here is the corrected statement.

Theorem 1.3 Assume that σ∞ = 1/2 and (σt − 1/2) log t → 0. Let A, B be compact
Jordan measurable subsets of X. Then

µs(t)(A)

µs(t)(B)
→ µ(A)

µ(B)

as t →∞. In fact we have

µs(t)(A) ∼ µ(A)
6

π
log t.

Consequently, the range of validity in the complex plane of the Quantum Unique
Ergodicity Theorem needs to be modified from

=(λ) = o
(√
<(λ)

)
to =(λ) = o

(√
<(λ)/ log<(λ)

)
in the region <(λ) ≥ 0. This is only slightly smaller.

The correct statement of Lemma 2.2 in the case σ∞ = 1/2 is as follows.

Lemma 2.2 Let Fh be an incomplete Eisenstein series. If (σt − 1/2) log t → 0, then∫
Γ\H2

Fh(z) |E(z, σt + it)|2 dµ(z) ∼
∫

Γ\H2

Fh(z)dµ(z)6π−1 log t, t →∞.
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The combined contributions of (iii) and (iv) from Section 2.4 in [1] can be dealt
with using the estimate

(1.1)
1− |φ(s(t))|2

4ξ(2)(σt − 1/2)
∼ 6

π
log t.

This estimate is seen as follows. By using the mean value theorem twice on the func-
tion σ 7→ φ(σ + it)φ(σ − it) we find that

1− |φ(σ + it)|2

1/2− σ
=
(

1− (1/2− σ ′) |φ(σ ′ ′ + it)|2 φ
′

φ
(σ ′ ′ ± it)

) φ ′
φ

(σ ′ ± it)

for some 1/2 ≤ σ ′ ′ ≤ σ ′ ≤ σ, where φ ′

φ (σ± it) means φ ′

φ (σ + it) + φ ′

φ (σ− it). The
claim now follows from (σt − 1/2) log t → 0 and the well-known fact that

(1.2)
φ ′

φ
(σ ± it) ∼ −4 log t

as t → ∞ for σ ≥ 1/2 and that |φ(σ + it)| is bounded for <(s) ≥ 1/2 and t > 1.
The estimate (1.2) follows from the bounds on the zeta function [2, Theorem 5.17],
combined with the Stirling asymptotics on the Gamma function.

While we can also deal with other ranges for the rate of approach of the critical
line, e.g., in the case that (σt − 1/2) log |t| → ∞, the conclusion of [1, Theorem 1.3]
needs no modification, the “intermediate” region seems difficult to deal with, since
it is hard to get clean asymptotics for the left-hand side of (1.1).
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