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Abstract

We prove that the Hodge—Tate spectral sequence of a proper smooth rigid analytic variety
can be reconstructed from its infinitesimal IB%IR—cohomology through the Bialynicki—Birula
map. We also give a new proof of the torsion-freeness of the infinitesimal IB%IR—cohomology
independent of Conrad—Gabber spreading theorem, and a conceptual explanation that the
degeneration of Hodge-Tate spectral sequences is equivalent to that of Hodge—de Rham
spectral sequences.

2020 Mathematics Subject Classification: 14G45 (Primary); 14F40, 14G45,
14G22 (Secondary)

1. Introduction

Let X be a proper smooth rigid analytic variety over a complete algebraically closed non-
archimedean field C of mixed characteristic p. It is well known that there is a Hodge—Tate
spectral sequence

EY = HP(X, Q))(—q) = H (X, Q,) ®g, C

from Hodge cohomology groups converging to the p-adic étale cohomology. The Hodge—
Tate spectral sequences play an important role in some of the recent breakthroughs in
arithmetic geometry, namely it is used to define Hodge—Tate period maps as in [Sch15],
[CS17] and [CS19], which is applied to prove the modularity theorem, and many other
important results in [ACC*18].

The spectral sequence is constructed from the truncated filtration T<,Rv, @x on Rv, @x,
where

v :Xproét > Xet

is the structure map from the proétale site to the étale site of X, and Ox is the p-adic
completion of the structure sheaf U*Oxé[. In other words, it is the Grothendieck spec-
tral sequence associated to the composite derived functor RI'(Xg, —) o Rv, evaluated on
Ox. The crucial ingredients in the construction are that we have canonical isomorphisms
H(X, oroéts (’)X) =~ H'(X¢, Qp) ®qg, C, and qu*OX = Qq ( q), see [Sch12, section 3-3].
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On the other hand, we know from [BMS18, section 13] (see also [Guo21a] for a site
theoretic construction of it) that there is a B:R—cohomology theory

(X/Bh

crys

associated to X, where BIR is the &-adic completion of W(Oe»)[1/p], with C" the tilt of C
and & a generator of the kernel of the canonical morphism W(Ogs) — Oc. They are finite
free IB%:{R—modules equipped with canonical morphisms

cryg(X/]B ) — Hlt(X Qp) ®Qp dR

which induces identifications
(;rys()(/IB ) ®]B+ IBdR ét(X’ Qp) ®Q]; ]BdR7

where Br: =B, [1/£].
We view the above identification as providing a B+ -lattice H! (X /B r) in the

crys

Bgr-vector space Hét(X, Qp) ®q, Bg4r. Note that there is another natural ]B%(}LR—Iattlce
Hét(X, Qp) ®q, IB%:{R inside it, and the relative position of the two lattices is measured by

(Hiny (X/Blp) N E"(HL (X, Qp) ®q, Bip))/(Hiyy (X/Blip) N €™ (HL (X, Q) ®g, Bip)

viewed as subspaces Fil,, of

E"(HL (X, Qp) @, Bip) /€™ (HL(X, Q) ®q, Bip) = Hy (X, Q) ®q, Clm),

The main result of this paper confirms that this is the same filtration induced by Hodge-Tate
spectral sequence on H. « X, Q) ®g, C

THEOREM 1-1. The filtration Fil,,(—m) is the same as the filtration induced by Hodge—
Tate spectral sequence on H(’gt(X ,Qp) ®q, C. More precisely, Fil,,(—m) is equal to the image

of
H'(Xz0, T=nRv,Ox) —> H' (X1, Rv.Ox) = H' (X, 01, Ox) = H (X, Q) ®q, C

where Ty, is the canonical truncation up to cohomological degree m, and we have a
canonical identification

Filyy(—m)/Filyy 1 (—1 — m) = H/(X, Q)(—m).

The result is well known among experts. For example, the interpretation in terms of the
Bialynicki-Birula map and the theory in [Sch13] (to be explained in the following remarks)
is used in one of the constructions of Hodge—Tate period maps as in [CS17] and [Han16].
However to the best of the author’s knowledge, the formulation as in the theorem in terms of
X/ B r) is not explicit in the literature. It gives a new construction of the Hodge-Tate

(X/Bgg)-'

crys

+
filtration in terms of the B j -cohomology H

' The B}, -cohomology is new only for rigid analytic varieties defined over C. If the space is defined over a
discretely valued field, it essentially reduced to the theory in [Sch13].
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The proof is to study a refinement of the decalage functor Ly introduced in [BMS18]. It
is a functor

Lnz,e:D(O1) — FD(Or)

from the derived category of a ringed topos T to its filtered derived category. Its graded
pieces can be identified, so does its reduction mod Z. As for the functor Ln in [BMS18],
Lnz,e 18 also a special case of the functors considered in [BO78, definition 8-6] with p
replaced by Z.%

As a byproduct of our treatment of the Hodge—Tate filtration, we give a new proof of the
torsion-freeness of Hérys(X / IB% r) thatis independent of Conrad—Gabber. It is complementary
to the proofs found in the llterature (see [BMS18, 13-19] and [Guo21a, theorem 7-3-5]),
which to the best of the author’s knowledge all make use of Conrad—Gabber.

Moreover, we provide a conceptual explanation of the equivalence between degeneration
of Hodge—de Rham and Hodge-Tate spectral sequence, which is implicit in the proof of
[BMS18, theorem 13-3].

Remark 1-2. The statement of the theorem includes that the Hodge—Tate spectral sequence
degenerates at E,. This is actually used as an input in the proof. More precisely, we use
the degeneration of both Hodge—de Rham and Hodge-Tate spectral sequences’, which
is proved in [BMS18, theorem 13-3], see also [Guo2la, theorem 7-3-5], and [Guo22,
theorem 1-1-3]. Both approaches depend on Conrad—Gabber spreading theorem. It would
be interesting if we can find a direct proof of the degeneration.

Remark 1-3. The IB%;{R—Iattlces in H’ (X, Qp) ®q, Bar are parameterised by the C-points of

IB%;{R—afﬁne Grassmannian Gr R as defined in [CS17, definition 3-4-1], see [SW20, lecture
19] as well, where n is the d1mens10n of Hét(X, Qp). The subspaces Fil,,(—m) are param-
eterised by the (C-points of) flag variety with respect to the vector space H (X, Q) ®q,
C, and Fil,,(—m) associated to the lattice H. Cr (X /IBS r) is exactly its 1mage under the
Bialynicki-Birula map as defined in [CS17, proposition 3 4-3] from the affine Grassmannian
to the flag variety.*

Remark 1-4. When X is defined over a discretely valued field, we know from the results in
[BMS18, section 13] that H Crys(qu /B R) can be computed as the de Rham cohomology of
X base changed to BdR. Then the theorem follows from [Sch13, theorem 8-4].

Moreover, using the spreading theorem of Conrad—Gabber (see [BMS18, corollary
13-16]), we can deduce the theorem from [Sch13, theorem 8-8, and proposition 7-9]. Note
that the condition of theorem 8-8. in loc.cit. is proved in [SW20, theorem 10-5-1] and the
paragraph following it. We believe that it is more natural to prove the theorem directly from
the very construction of H. Crys(X / ]B r)» thereby avoiding the use of theory of OB} qr-modules

? The author would like to thank the anonymous referee for pointing this out.
* Indeed, we provide two proofs, one of which only uses the degeneration of Hodge—Tate spectral sequences.

*To be fully precise, the Bialynicki-Birula map is only defined on an open Schubert cell of the affine
Grassmannian, so we need to first fix the type of the relative position between lattices (which also specifies
the flag variety) to actually have the Bialynicki—Birula map, but this creates no problem.
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in [Sch13]. However, we still cannot avoid Conrad—Gabber in our treatment, see Remark
1-2.

2. Recollections
Let us first recall the construction of H . (X / IB r)- The original construction in [BMS18]

Ccrys
is to construct an explicit complex for eacyh small affinoid X, and then glue. In [Guo21a],
Guo defined an infinitesimal site and reconstruct Hérys(X /B r) as the cohomology of the
structure sheaf on this site. Further, the B 4r-Prismatic site is introduced in [Guo21b], which
unifies the previous constructions. We will use the formulation of IEB r-prismatic site for
convenience, but the original construction of [BMS18] can also be 1nvoked here.

For our purpose, we only need to know that H. Crys(X /]BdR) can be computed as the

cohomology of a sheaf of complexes
Lng Ay pt

on the étale site X of X, where Lyng is the decalage functor with respect to & as defined in
[BMSI18, section 6], and Ay /B is the sheaf of complexes® of ]B%CTR—modules on Xg which

sends every affinoid to its derived IB%;FR—prismatic cohomology (with respect to the structure
sheaf) as defined in [Guo21b, section 2]. In other words, we have

(X/B ) = RT (Xe L Ay ), (1)

crys

which is [Guo21b, theorem 6-0-1].
It is proved in [Guo21b, theorem 5-1-1] and the discussion before it that we have a
canonical quasi-isomorphism

Lig Ay g %IR Bl /& = H (A /it /) = 9, @)

where the first isomorphism is [BMS18, proposition 6-12], and % is the de Rham complex
of X.
Moreover, there is a natural quasi-isomorphism

RT (Xet, Ayt ) = RT Xprogr Bip) = R (Xet, Qp) ®0, B, 3)

where B dr 18, by abuse of notation, the IB% r-period sheaf on X4 as defined in [Schl13,
definition 6-1]. The first isomorphism is [Gu021b theorem 7-2-1], the second is in the proof
of [Sch13, theorem 8-4]. The canonical comparison morphism

crys(X/]B ) — Hlt(X Qp) ®Q}J dR
is induced from the canonical map
t:Lng AX/JB%;R — AX/BIR

together with the identification. Note that ¢ exists because Ay /B, € D~¢ and HO(AX /Bﬁﬁz) is
&-torsion-free.

* In the oco-catogorical sense.
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Lastly, it follows from the proof of [Guo21b, theorem 7-2-1] that we have a natural quasi-
isomorphism

N R L + ~ A
Bxmj = Daya Oy, Bin/ = R0 Ox @
where v: X8 — X¢ and @X are as in the introduction.

3. A refinement of Ln-functor

In this section, we construct a refinement of the decalage functor Ln introduced in
[BMS18], which is a special case of the construction in [BO78, definition 8-6] with p
replaced by Z. We work in the same setting as [BMS18].

Let (T, Or) be a ringed topos, and D(Or) the derived category of Op-modules. Let Z C
Or be an invertible ideal sheaf.

Recall that a complex K*® of Or-modules is said to be Z-torsion-free if the canonical map
T ® K' — K is injective for every i, and we can define a complex (77K)® with terms

(nzK) = {x e K'|dx e IK™™"} ® 0, T,

where K*® is a Z-torsion-free complex, and there is a natural differential map making n7K*®
a complex. By [BMS18, lemma 6-4], we have

H'(nzK*) = (H'(K*)/H'(K*)[I]) ®0, I,
so we can derive the construction to obtain a functor

Lnz:D(O7) — D(Or).

Definition 3-1. Let m € Z, and K* an Z-torsion-free complex of Or-modules. Define a
new complex (nz,,K)*® with terms

(nzK)’ i>m

Ky=1{"
(nz.mK) K R0, zom i —m

The differential is inherited from that of nzK (resp. K® (®Idzen)) fori > m (resp.i <m — 1).
For i = m — 1, the differential

dK" ' ®0, T®" — (nzK)" = {x € K"|dx € IK"'} @ 0, T®™
is defined to be d ® Idzem.

We first compute the cohomology of nz ,,K*.

LEMMA 3-2. Let K® be an L-torsion-free complex, then we have a natural isomorphism

Hi(nzK*®) i>m

H (K=
UKD =\ ik 90, T8 i< m,

Proof. This is obvious except fori = m, m — 1. For i = m — 1, we simply note that (nzK)"
is a subspace of K" @, Z®™ so the kernel of d at m — 1 is the same as Z" 1 (K*®) R0y zem,
the cocycles of K* twisted by Z®™.
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For i = m, we observe that the cocycle space is Z"(K*®) ® 0, Z®™, and the coboundary is
exactly B"(K®) ® o, Z®™.

We can now dervie the 5z ,,-construction to obtain a functor
Lz m:D(Or) — D(Or).

The most important property of Lnz ,, is that it forms a filtration. In other words, for every
Z-torsion-free complex K*, we have a canonical filtration

"’CnI,m—HK.CUI,mK.C"' .

The inclusion nz ,+1K® C nz,,K*® at degrees i > m+ 1 (resp. i <m — 1) is the identity of
(nzK®)! (resp. idgig, 0rI8m ® (Z < Or)). For degree m, it is given by the canonical inclusion

(K" ®T) ®0, T®" — (nzK)" = {x € K"|dx € IK" "} @ 0, T®™

induced by (Z — Or) ® idzem. We can summarise the information as in the diagram

nrK)™ — (K)™"!

K™ @0, T8 < (g7 K)"

A A

Km—l ®OT _Z'®m+1 c ; Km—l ®OT I®m

A A

~

We can compute the graded pieces of the filtration.
LEMMA 3-3. Let K® be an I-torsion-free complex, we have a canonical isomorphism
LK * /1Z1+1K* = T=m(K® ®0,; Or/D) @0, T°".
Proof. This is obvious except for degree m. We compute that

{x € K"|dx € ZK"*1}

TR Ror Tem

(1K) /(K™ @0, &™) =

={xeK"®p, Or/T |dx=0e K" ®0, Or/T} @0, T®™",

but this is exactly the degree m part of t<,,(K* ®0, O1/1) @0, Z®™M by definition of T<,.
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A good way to package the information of 1z ,-construction is to view {Lnz u}mez as a
functor

Lnz,e:D(Or) — FD(Or)

from the derived category D(O7) to the filtered derived category of Or. Moreover, the
graded quotient functor can be identified as

G (Liz.e(—) = t<m(— ®(, Or/T) @0, T

The next result we want to establish is the behaviour of Lyz . under the quotient by Z.
Recall as in [BMS18, proposition 6-12] we have a canonical quasi-isomorphism

(LnzK) ®(, Or/T = H*(K/D),

where H*(K/T) is the complex whose degree i th term is H/(K ®é)r Or/1) ®o, Z® and
the differential is given by the Bockstein map with respect to

0 — I/T* — O7/I* — Or/T — 0.

We will prove a slight refinement of the result for Lnz ,.
Let K*® be a Z-torsion-free complex, we first observe that there is a canonical filtration

nI,mK. ®or IcC 77I,m+1K. C nI,mK.,

which in particular explains why nz,,K®/nz.m+1K® is an Or/Z-complex. We have identified
the second graded piece, and the first graded piece can also be computed as follows.

PROPOSITION 3-4. Let K® be an Z-torsion-free complex, then we have a canonical quasi-
isomorphism

nI,m+1K./nI,mK. ®OT = Fm-i—lH.(K/I)a
where Fpy1 is the stupid filtration of complexes, i.e.

C' i>m+1

0 i<m.

(Fnp1C*) = {

Proof. We see immediately from the definition that the degree > m + 1 (resp. <m — 1)
part of the left-hand side is (5zK*®)’ ®o; Or/Z (resp. 0). It remains to identify the degree
m-part of the LHS.

By definition

Km
{x € K™|dx e TK™t1}

(nI,m-HK./ﬂZ,mK' Ror I)m = R0, I®m+l i

which is identified through the differential with
B"Y(K* ®0, Or/T) @0, T%"*,

where B"*1(K® ® 0, Or/T) is the image of (K* ®0, Or/Z)™ inside (K* ®p, Or/I)"*!.
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We first prove that the m th cohomology of the LHS is trivial. This is equivalent to the
differential map
Km
o ®
{x € K"|dx € ZK™t1}

0; I8 — (02K ®0, Or/T

being injective. But this is clear, if x € K™ is mapped to Z{y € K"!|dy € TZK"*?}, namely
dx € I{y € K"™*'|dy e TK"*?} c ZK™+!, proving that X is zero in the left-hand side.

We can now proceed exactly as in the proof of [BMS18, proposition 6-12]. We have
canonical maps

(nzK*Y ®0; Or/T — Z'(K* ®0, Or/T) ®0, T
which induces the quasi-isomorphism
nzK* ®o, Or/Z=H*(K/1).

We have a commutative diagram

~

(7 K)"*3 ®0, Or/I ———— H™(K* ®0, Or/I) ®0, 1"+

AN AN

nrK)"? ®¢, Or/I ——— H™2(K*®¢, Or/I)®0, I ®m*?

A AN

mrK)" ' ®0, Or/T ——— Z"*\(K* ®0, Or/T) ®0, I *™*!

AN AN

m d .
{xeKm|¢Ii<erKm+1} ®0T I®m+1 —4 Bm+1(K ®OT OT/I) ®OT I®m+1

S A

0 > 0

where the differential on the right-hand side is induced from the Bockstein map, except the
second to the lowest one, which is the canonical inclusion.

It induces a quasi-isomorphism in degrees > m + 2 by [BMS18, proposition 6-12], and
we have seen that the degree m cohomology of both sides are trivial. Thus it remains to show
that it induces a quasi-isomorphism in degree m + 1, this is the same as the proof of loc.cit..

We first prove that the map on m + 1 th cohomology is surjective. Let X € Z"(K* ®¢,
Or/T) be a cocycle under Bockstein map, then by definition there exists a lift x € K"*!
of X together with y € ZK"*! such that dx = dy mod Z2K”*2. This implies that x € {x €
K" dx e TK™+2}. Moreover, it tells us that dx € Z{x € K"?|dx € ZK"+3}, which means
x defines a cocycle on the LHS that maps to Xx.

Now we show that the map on cohomology is injective. Let x € {x € K" !|dx € TK"+?}
whose reduction in {x € K"t |dx € ZK"™+?}/T{x € K" !|dx € TK™*?} is a cocycle on the
LHS. Moreover, we assume that its reduction X € K”*1/T lies in B"T1(K* ®o; Or/1).
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By the isomorphism of the lower horizontal map, there exists y € K™ such that dy=
x mod ZK™*!. The cocycle condition implies that dx € Z?{x € K"+2|dx € ZK™*3}, but this
implies that dy =x mod Z{x € K"*!|dx € TK™*?}, i.e. x defines a trivial cohomological
class on the LHS.
COROLLARY 3-5. Let K® be a I-torsion-free complex, then

HI(H*(K/T)) i>ml

H'(nzmK* ®0; Or/1) = { Z"(H*(K /1)) i=m
H(K* ®0, Or/T)®0, I°" i<m—1.

Moreover, the connecting morphism
NzmK* INZm1K® —> Nz m1K*/(nzmK* @0, D[]

of the distinguished triangle

nI,m—HK./(nI,mK. K07 I) — nI,mK./(nI,mK. K07 I) — UI,mK./nI,m—HK. — [1]

factorises as

Nr.mK*Mrm1 K ——> N1,ma1K*/(11,mK* @0, 1))[1]

| I

H* (K/T)"[-m] —L——5 2"\ (H*(K/T))[-m]

where g is the differential of the complex H*(K/Z), namely the Bockstein map.
Lastly, the long exact sequence associated to the distinguished triangle gives

0— Hm(nI,mK. Ko7 OT/I) — Hm(nI,mK./nI,m-HK.)

— H" ' 121K/ iz.mK® @0, 1)) —> H™ T (n2,,K* ® 0, Or/I) —> 0,

which is identified with

0 — Z"(H*(K/T)) —> H*(K/T)" > 7\ (H* (K ) T)) — H"*'(H*(K/T)) —> 0.

Proof. The statement follows immediately from the long exact sequence associated to the
distinguished triangle together with Proposition 3-4 and Lemma 3-3, once we have identified
the connecting morphism.

The factorisation of the connecting morphism follows from an easy t-structure argument,
by noting that the source (resp. target) lies in D<,,(Or) (resp. D>,,(Or)). We now prove

https://doi.org/10.1017/S0305004124000069 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004124000069

634 ZHIYOU WU

that the factorisation 8 is the Bockstein differential map. This follows easily from a diagram
chasing. We write down the diagram of the distinguished triangle

[
> .

;

~

> — O

(n1K)"*? ®0, Or/I === (1:K)"*"*®0, Or/1 >
1K) ®0, Or/T =———= (1:K)""' ®0, Or/1 > 0

7

—

Teraeer ®or 18 ——— (17K)" ®0, Or /I ——— Z™(K*/TK*) ®0o, 1°"

: .

S (Km—l/]Km—l) ®OT Jem (Km—l/Z'Km—l) ®0T Jem.

c—

Given x € Z"(K*®/ZK®) representing an element of H*(K/Z)™, we choose a lift x € {x €
K™|dx € ZK™* 1} of it. Then B(X) is represented by dx viewed as an element of ZK"*! /T{x €
K™ *1|dx € TK™*?}, but this clearly also represents the Bockstein map of X.

We have another natural inclusion
NZm+1K* @0r L CnzmK® ®0r T Cnzme1K*
giving rise to the distinguished triangle
zmK® IMZm1K*)D) —> N1 K/ NZm1K* @07 T) —> nzm+1K* /(nzmK* ®0; T)
with connecting morphism

Fm—i—lH.(K/I) = nZ,m—HK./(nI,mK. ®OT I) — (nI,mK./nI,m—HK.)(l)[l]

= 7 (K*/T)m + D11,

which has to be zero since the source and target sit in different cohomological degrees. Thus
we have a splitting

NZm+1K* /(NZm1K* @07 ) = zmK® /7m1 K*)(D) © nZm41K* /(nzmK* @07 D).
Then Proposition 3-4 and Lemma 3-3 identify the direct summand.
COROLLARY 3-6. Let K® be a I-torsion-free complex, we have an identification
NZm+1K* /1K @0, I) = (t<mK® @0, Or/I)(m + 1) @ Fup1 HY(K* /1),
which splits the distinguished triangle

(t<mK® @0, Or/D)(m~+ 1) —> Nz m41K° /(1 m+1K* @0p I) —> Frp 1 HY(K* /1) —> [1].
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Moreover, the distinguished triangle

NZm+1K*/(nzmK® @07 L) —> nz.mK®/(1z.mK® ®0; L) —> 1zmK® /N m1K* —> [1]

is compatible with the splitting in the sense that we have a commutative diagram

(T<m-1K* ®0, Or/T)(m)
b

~

Fn HY(K*/T) —— n1,mK*/(1,mK* ®0; 1) — (7<mK* ®0, Or /1) (m)

— ] |

FuH*(K*/T) ——— H™(K* ®0, Or/I)(m)[-m]

~

(1]

where the the arrows a and b are the canonical map corresponding to the Hodge filtra-
tion and standard truncated filtration respectively, while ¢ and d are graded quotient maps
corresponding to them.

4. Proof

We now start the proof of the theorem. We first observe that the Bialynicki—Birula type
construction of Fil,, is fundamentally on cohomology groups, whereas the Hodge-Tate fil-
tration, in the classical construction, originates from a filtration on complexes. Thus a natural
way to proceed is to upgrade Fil,, to a filtration on complexes and then compare the two fil-
tration on the derived category level. This is achieved by the Ln; ,-operation introduced in
the previous section. In some sense, we need to have a suitably derived Bialynicki—Birula
construction.

Let m € Z>o, and we consider

LngmBx s,
which is naturally a subcomplex of Lng Ay /B By Lemma 3-3, we have
Gr" AX/B;’R: = Lngm AX/B:R /Lng m+1 AX/B:Rﬁ = TSmZX/BIR (m) = 1<, RV Ox(m),
which implies that under the canonical map
m _
LngmBypt, — & Ax/pi, — Bx/ms, (),
the image of H'(X, Lng AX/]BIR) inside
H'(X, Ay s m) = Hy (X, Q) ®g, Cm)
is exactly (m th Tate twist of) the m th Hodge—Tate filtration.

¢ The notation is most naturally interpreted as the cokernel in the stable infinity category enrichment of the
derived category. Alternatively, we can interpret it as the m th graded quotient of Ly, , Ay« in the filtered
derived category.
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We observe that there is a natural map
HZ(X, L’?S,mAX/Bf{R) —_— HI(X, Lns AX/BIR) N %‘mHl(X, AX/BIR)’
and we want to prove that it induces an identification of H(X, Lne mAy /BIR) with

H'(X, Lng Ay ) N E"H'(X, Ay g ) = Hiry (X/Bp) N E" (Hg (X, Qp) ®g, Bip)),
which completes the proof.
PROPOSITION 4-1. Hi(X, L’?é‘,mAX/]B;R) is &-torsion-free for all i, m € Z>o.
First proof. We prove that H'(X, Lng mAy /BIR) is £-torsion-free by descending induction

on m. The base case is when m is big enough so we have Lﬂg,mAX/BI = AX/BI (m), in
R R
which case the torsion-freeness follows from the primitive comparison theorem

H'(X, Lng mAy /) = H'(X, Ay /B () = H. (X, Qp) ®q, Bir(m).

Now assume that H'(X, Lne mi1 Ay /BIR) is £-torsion-free, we want to prove that the same
is true for H(X, Lng mAy /BIR)' Using the long exact sequence associated to
£
Lns,mAx/BgR — L’?S,mAX/]B;rR — L’?E,mAX/B;R/SLUE,mAX/B;rR — [1],
it is enough to prove that the natural map
H'(X, Lné,mAX/Bd*R) — H'(X, L’?E,mAX/B;rR/SLUE,mAX/B;rR)
is surjective.

We have the commutative diagram

. h .
H' (X, Lng,me1bx ) —> H' (X, Ljgme1bx mr, [ELNgmb x /B3

: I

. f .
H' (X, Lng,mbx jmr,) ——> H' (X, Ljgmbxms [ELnembx B )

I s

Hi(X,Grmﬁx/BgR) Hi(X,GVmA)(/B:‘-R)
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Lngmabxmy [ELnembx iy, —> Lnembx s [ELnembx s, —> Gr'™Ax p,

T 1

Lngmbx sy, > Lngmbx g, ——> Gr'bx/p; .

We note that the map a is surjective by our induction hypothesis. Namely, the connecting

map
i i+1
H(X, GrmAX/B;R) — HT(X, L”S,m'i'lAX/BdJrR)

is 0 since the right-hand side is torsion free by induction hypothesis.

We have that % is surjective as well. This is again because of our inductive hypothesis that

Hi+1(X, Lng my1Ay /B:ﬁz) is torsion-free, so the natural map

PH' (X, Lg it At ) —> H'(X, Lijg 1 Dy gt /ELNgm1 Ayt )

is surjective, but Corollary 3-6 implies that

H'(X, Lg 1 /ELNg i1 Ay ) = H'(X, Gr" Ay s Y1) @ H'(X, Litg 1 /ELngn Ay )

composing the projection to second factor with p implies that % is surjective.

Now we prove that f is surjective, which completes the proof. Given xe€
HI(X,Lng mAy /B, /ELNEm Ay g ). we can find y € HI(X,Lne mAy /2,) such that d((y)) =
a(y) =d(x) by surjectivity of a. Thus x — f(y) € Ker(d) = Im(b), so there exists w e
H(X, L”E,mﬂAX/B}R/ELWSMAX/B}R) such that b(w) = x — f(y), the surjectivity of & tells

us that w = h(z) for z € H(X, Lne mi1 AX/B(TR), which implies that

x=f() +b(h(2) =f(y + &),

proving the surjectivity of f.

Second proof. We prove that H'(X, Lng mAy /BIR) is £-torsion-free by ascending induction

on m. The base case m = 0 is [BMS18, theorem 13-19] since
Lng oAyt =Lns Ayt -

which follows from Ay /B € D>¢ and &-torsion-freeness of HOA X /]B;R).

Now assume that Hi(X , Lng m Ay e+ ) is E-torsion-free, we want to prove that the same is
EmBy /Bl p

true for H'(X, Lng m+1 Ay /BIR)' It is enough to prove that the natural map
H'(X, Lng 1 Ayt ) —> H'(X, Lijen Dyt )
is injective. Using the long exact sequence associated to the distinguished triangle
Ln&,m-HAX/]BIR — LnfsmAX/B;rR — GrmAX/B;R — [1],
it is enough to show that

H VX G Ay e ) —> HC L1 Dy )

is 0. Note that the i = 0 case is trivial, as the left-hand side cohomology group is 0.
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We have the commutative diagram

- ﬂ .
HT (X, G by s ) —— HU (X, Lng et [ELngm (b 33,)

| d

. f . g .
H'™ (X, Gr" by ) ——— H'(X,Lngme1bxps) ———> H'(X,Lngmbx s:,)

aT /

Hi(X,é:Lnf,mAX/IB%gR)

where the middle row and column are exact, being part of the long exact sequence associated
to distinguished triangles. The first row is the connecting morphism as specified in Corollary
3.5, and the square is commutative since it is induced by the morphism of distinguished
triangles

Lngmabxmy [ELnembx . —> Lnembx sy /[ELNembx pr, —> Gr™bx ;.

T 1 T

Lngmabx pz, > Lngmbx g, ——— Gr'bxp:,

The arrow b is injective by our inductive hypothesis, so a is injective as well.
We know from (2) and Corollary 3-5 that 8 factorises as

. B .
H™ (X, Gr"bx g ) ——> H' (X, Lijgmnbxme [ELNgmbx s

I I

H™ (X, tembx sy ) (m) s HU(X.Fpn )
H'(X,Qp[-m]) ———2—— H7V(X, 2 Q3 [-m))

where 211 Q% is the sheaf of closed m + 1-forms, and d is the usual differential of de Rham
complexes. By the degeneration of Hodge—de Rham spectral sequence proved in [BMS18,
theorem 13-3], we know that

H\x,om -5 mi-(x, @t
is 0, and we claim that this implies that the composition
HZ (X, QpL—m]) > BN (X, 2 Qg —m]) — H(X, Fua1 Q) = BN (X, Fypy 1 Q411)

is 0, so B is 0 as well.
Indeed, filtering both Q¥[ — m] and F,,11Q5[1] by the Hodge filtration, we see that the

map on the first graded piece is H=(X, QY[ —m]) i> H~(X, Q?'H[ — m]) which we
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have seen to be 0. The map on other graded pieces are also 0, since Q%[ — m] has only one
non-zero graded piece, proving the claim.
Now let x € H1(X, Gr™ AX/B;R)’ then f(x) € Ker(h) since 8 =0, so we have f(x) = a(y)

for some y € HiX,& LnemAy /Bfﬁz)' Then b(y) = g(a(y)) = g(f(x)) =0, which implies that
y =0 by injectivity of b, so f(x) = a(y) = 0. Hence we have f = 0, finishing the induction.

Remark 4-2. The first proof has the advantage that it is independent of the Conrad—Gabber
spreading theorem. In particular, we give a Conrad—Gabber independent proof the &-torsion-
freeness of H'. (X, IBIR). See [BMS18, 13-19], and [Guo21a, theorem 7-3-5] for proofs that

crys
involves the spreading theorem.

The proposition tells us that long exact sequence assoicated to the distinguished triangle
(5) splits into short exact sequences

0— Hi(X, Lng my1 AX/BIR) — Hl'(X, Lﬁé,mAX/B;R) — Hi(X, TSmZX/B:fR)(m) — 0,

indeed, H(X, TmeX /BIR)(m) is £-torsion which admits no non-zero connecting morphism

to the &£-torsion-free module Hi+1(X, Lng mi1 Ay /BIR)' In particular,
H' (X, Lng Ay g ) —> H'X, Lng oAy e ) = H'(X, Lng Ay e ),
so the canonical map
H'(X, L”S,MAX/]B(J;R) — H'(X, Lng AX/BIR) NEMH' (X, AX/BIR)
is injective. We now prove that it is also surjective.
We proceed by induction on m. The base case m=0 is clear, as both sides are

H(X, Lng Ay /Bfﬁa)' Assume that the map is surjective for m, we prove it is also surjective
for m + 1. We consider the commutative diagram

0 0

~N ~

H' (X, Lingm by jme ) —> H' (X, Lngbx =) 0 E" T HY (X, Dy ps )

~ 3

H' (X, Lngmbx g ) —— H' (X, Lngbx ) NEMH (X, bx : )

H (X, T<mbx g: ) (m) © > H' (X, by /z: ) (m)
0

where the two vertical sequences are exact, the middle horizontal arrow is an isomorphism
by our inductive hypothesis, and the bottom horizontal arrow is injective by the degeneration
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of Hodge—Tate spectral sequence ([BMS18, theorem 13-3]). Now an easy diagram chasing
proves that the first horizontal arrow is surjective, finishing the induction.

5. Miscellany

We document an interesting byproduct in our treatment of Hodge—Tate filtration, namely
we can give a conceptual explanation why the degeneration of Hodge—Tate spectral
sequences is equivalent to that of Hodge—de Rham spectral sequences. The claim is clear
in the proof of [BMS18, theorem 13-3], which is by dimension counting. Note that the

torsion-freeness of Hérys(X /Bgz) is used in loc.cit. as a bridge between the dimension of the

de Rham cohomology and étale cohomology.

PROPOSITION 5-1. Let X be a proper smooth rigid analytic variety over a complete alge-
braically closed non-archimedean field C of mixed characteristic p, the degeneration of the
Hodge—Tate spectral sequence

s +
B} = HP(X, Q)(—q) = HL, (X, Q) ®q, C
is equivalent to the degeneration of Hodge—de Rham spectral sequence
EP? = HY(X, Q%) = H'T(X, Q%)
More precisely, in the natural diagram

H (X, Temo1bx ps, ) (m) —2= H (X, temb a3 ) (m) ——> H (X, Q[~m])

H' (X, Fp1Qy) ———— H (X, F,Q%) ——— H'(X,Q[~m])

where f and g are the canonical maps corresponding to the truncation filtration and Hodge
filtration respectively, we have that

Coker(f) = Coker(g) C H'(X, QY[ —m])

as subspaces of H'(X, QY[ —m]).

Proof. We know that the Hodge-Tate spectral sequence is induced from the filtration
H'(X, t<mAy /B;R) corresponding to standard truncation, and the Hodge—de Rham spec-

tral sequence is induced from the Hodge filtration H(X, F,, Q%). It is then clear that the
equivalence of degeneration is implied by the claim on f and g.
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We now prove the claim. We have a commutative diagram

H'(X, Lngmbx sy, )

[¢

H'(X,Lng, m1bx g ) — H' (X, Lng, mbx s ) ——» Hi(XvTSmZX/IB%gR)(m)

L

H' (X, Lijg,m/éLng,mbx /)

where the vertical and horizontal sequences are both short exact sequences, which follows
from Proposition 4-1. The factorisation % is induced by the canonical map

Lng m AX/BLTR /ELng m AX/BLTR — Lngm AX/IB;'R /Lng my1 AX/IB;'R =T<m AX/IB:R (m),

and £ is surjective because it is a factorisation of a surjective map.
Now Corollary 3-6 gives us a commutative diagram

H' (X, Fn1Q%)

[

HY (X, Tem-1Bx /55, )m) > HI (X, Lz /€L mbx/53,) — H' (X, Q)

b |

H' (X, Tambx 5: )(m) ——— H' (X, Q¢ [-m]),

and the claim in the proposition follows immediately.
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