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Poitou—Tate duality for arithmetic schemes

Thomas H. Geisser and Alexander Schmidt

ABSTRACT

We give a generalization of Poitou—Tate duality to schemes of finite type over rings of
integers of global fields.

The classical Poitou—Tate theorem considers the cohomology of Galois groups with restricted
ramification of global fields. It states a perfect duality between Shafarevich-Tate groups, and a
9-term exact sequence relating global and local cohomology groups, cf. [NSW08, (8.6.7), (8.6.10)].
We prove the following generalization to higher dimensional schemes (see § 1 for the notation).

Let S be a non-empty set of places of a global field k£, and assume that S contains the set
Seo Of archimedean places if k£ is a number field. Let Og be the ring of S-integers in k£ and
7 = Spec Og. Let & — . be a regular, flat, and separated scheme of finite type of relative
dimension 7, m > 1 an integer invertible on . and .% a locally constant, constructible sheaf of
Z./mZ-modules on Z". We consider the Shafarevich—Tate groups defined by

mi(2,.s,%) = ker(Hét(%, F) = [[ B2 @04 ko, g?))
vES

w(2,.7, ) = ker<Hg(%,y) = [[ A2 @05 kv, 9)).
veES

THEOREM A (Poitou-Tate duality). Under the assumptions above, the Shafarevich—Tate groups
are finite and there are perfect pairings for i =0,...,2r + 2:

(2,7, F) x W3-y, 7 7V +1)) — Q/Z. (0.1)
Recall that a homomorphism ¢ : A — B between topological groups is strict if it is continuous

and the isomorphism A /ker(p) = im(p) C B is a homeomorphism. It is called proper if preimages
of compact sets are compact.

THEOREM B (Poitou-Tate exact sequence). For 2", . and # as above, we have an exact 6r+9-
term sequence of abelian topological groups and strict homomorphisms

0——=H)(Z,F) PNZY, F)——H>" (2, FV(r+1))

Ai

o HY (2, F) PU%, F)——HZ (2, V(e + ) —  (02)

o HIY( Y PP Y F)——=HU X, TV (r + 1))V 0.
Here ' N
P2, 7)== ]] HiZ ®0s kv, F) (0.3)

vES
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PoOITOU-TATE DUALITY FOR ARITHMETIC SCHEMES

is the restricted product with respect to the subgroups H. (2 ®og kv, F) (see Definition 6.6).
The localization map \; is proper and has finite kernel for all i, and for i > 2r 4 3,

Nt Hy(2,.7) = PU2,.F)= || HiZ ®0s kv, F) (0.4)

VESso

is an isomorphism. The groups in the left column of (0.2) are discrete, those in the middle column
locally compact, and those in the right column compact.

If 2 is a smooth variety over k (i.e., S = all places), Theorem B was proven by Saito [Sai89)].
His proof combines classical Poitou-Tate duality with the fact that Rf'(Z/mZ) = u292d] for
any smooth, geometrically connected morphism f : X — Y of schemes with m invertible on Y
[SGA4, XVIII Theorem (3.2.5)]. With mild effort, Saito’s argument can be extended to the case
that 2~ — & is smooth. The essential new achievement of this paper is that the assumption
on Z can be weakened from smooth to regular. We overcome the technical difficulty with Rf'
by making a detour to algebraic cycle complexes, which have good base change properties by
[Geil0]. Furthermore, we prove a compactly supported version of Theorem B and a version that
applies to singular schemes and non-invertible coefficients as well.

In our context it is technically more convenient to work with henselizations rather than
completions. Therefore we will first prove our results in their henselian versions and will pass to
completions in the final § 10.

1. Notation and conventions

In this paper we use the following notation:

k a global field, p = char(k);
— ky (respectively k() the completion (respectively henselization) of k at a place v;

— O, (respectively O,) the ring of integers of k, (respectively of k() (if v is non-
archimedean);

— Soo the set of archimedean places if k is a number field (S = @ otherwise);

— SR C S the set of real places;

— S a set of places of k containing S.;

— Og the ring of S-integers in k (if S # ©);

— ¥ = SpecOg, if p > 0 and S = &, then % is the unique regular, complete curve with
function field k;

- 2 — . a separated scheme of finite type over .7;

— Xy = 2 ®pg ky for a place v of k, analogous: X(,) = 2" ®og k(y);

- 2y =2 @04 O, for a non-archimedean place v of k; Z(,) = 2" ®0g Oy);

— AV the Pontryagin dual of a locally compact abelian group;

— ILicr(As, Bi) the restricted product of a family (A;)ic; of abelian Hausdorff topological
groups with respect to open subgroups B; C A; given for almost all i € I (the B; are
omitted when clear from the context);

— m a natural number invertible on .
— . an étale sheaf of Z/mZ-modules on Zg;
— ZV(r) the rth Tate twist of the dual sheaf Hom (.7, Z/mZ.);
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— X¢ the small étale site of a scheme X;

— H% (X, —) the étale cohomology X;

— H}(X,—) the étale cohomology with compact support of a scheme X, separated and of
finite type over some base scheme B.

If v is non-archimedean and the fibre of 2 over v is empty, then X, — 2, is a scheme
isomorphism. However, H}(X,, —) and H}(Z,,—) differ because the base scheme is different.

The modification of a cohomology theory H* with respect to the real places is denoted by
H*, see §2.

For a scheme X, we denote by Sh(X¢:) the category of sheaves of abelian groups on the
small étale site on X. We call a complex .#* of sheaves in Sh(X¢) bounded if almost all of
its cohomology sheaves are zero. We call .%*® locally constant, torsion, constructible, etc., if all
cohomology sheaves have this property.

2. Modified cohomology

In this section we extend the definition of the modified (or ‘compactly supported’) étale
cohomology of an étale sheaf on a number ring defined by Zink [Zin78] to bounded complexes
of sheaves. Our construction involves a cone. As a cone is only well defined for an actual
morphism of complexes (and not for a morphism in the derived category), we work with
Godement resolutions to obtain a functorial model for hypercohomology.

Let G be a finite group and let A be a G-module. We let A" be the trivial G-module with
underlying abelian group A and A; := coker(v: A — Indg} A where Ind{Gl} A'Y is the induced
module @, -AY (on which G acts by interchanging the summands) and t(a) = (0a),. We set
Ao = A and recursively 4,41 := (A,)1 for n > 0 to obtain a functorial resolution

A—> C*(4), C"(A)=Tnd5} A% (2.1)

of A by induced, hence cohomologically trivial G-modules. Hence the hypercohomology H(G, A)
is naturally isomorphic to C*(A4)%.

If G = Gal(C|R), we can interpret G-modules as sheaves on (SpecR)¢ and (2.1) is nothing
but the Godement resolution

F —s C*(F), (2.2)

which is defined by C"(.F) = i,i*.%, with i : SpecC — SpecR the canonical morphism and
Fo=F, Fpy1 = coker(F, — i,i*F,), cf. [Mil80, 111, 1.20].

Returning to the case of a general finite group G, let A_; = ker(e : Indg} AT — A) with
e(ay) = Y. 07 a,. We put Ag = A and recursively A, 1 := (A,)_1 for n < 0 to obtain a left
resolution

D*(A) > A, D"(A) =Ind5? AT, (2.3)
We splice these resolutions together to obtain a functorial complete acyclic resolution C"(A)

of A
C"(A), n >0,

C"(4) = {DnH(A), n <0, 24

which calculates Tate cohomology: H™(G, A) = H*(C*(A)%), n € Z.
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DEFINITION 2.1. Let G be a finite group and let A® be a bounded complex of G-modules. We
put
H(G, A®) = Tot(C"(A'))G7 H"(G,A*) = H"(H(G, A®)), n € Z.

For a bounded complex A® the spectral sequence of the double complex Ce (A')G
Es' = H*(G,H'(A%)) = H**(G, A®)

converges. Hence for an exact bounded complex A® also the complex ]I:I(A') is exact. Moreover,
the assignment A® — ]H(G,A') commutes with the operation of taking the cone of a complex
homomorphism. We therefore obtain a functor ‘Tate cohomology’ on 2°(G-Mod), the derived
category of bounded complexes of G-modules. For a single G-module A considered as a complex
concentrated in degree zero this gives back the usual Tate cohomology. Note that the natural
map C*(A) — C*(A) induces a map H(G, A*) — H(G, A*).

If G = Gal(C|R), we can translate this definition into the language of sheaves and obtain the
modified (hyper) cohomology

He (SpecR, . Z*), HZ%(SpecR,.#*) = H"(Hg(SpecR,.Z*)) (2.5)

for any bounded complex %#* of sheaves on (SpecR)¢. We have the hypercohomology spectral
sequence
E3' = HE,(SpecR, H'(7*)) = HZ ™ (SpecR, F°*). (2.6)

DEFINITION 2.2. Let f : X — SpecR be a separated scheme of finite type and let .#*® be a
bounded complex of sheaves on Xg;. We define the modified étale hypercohomology by

~

Hét(Xa j.) = ]ﬁét(speCIR'v Rf*g.)a

and put
HL(X,#°) = H"(Ha(X,.Z#°®)) = H;(Spec R, Rf.Z#*), n€Z.
If .#* is torsion, we define the modified étale hypercohomology with compact support by

H.(X,.7*) = Hy(Spec R, Ri.Z*),

and put
H})(X,7*) = H"'"(H.(X,%*)) = H}(SpecR, Ri.F*), ncZ.

Note that this makes sense since Rf,.7*, Rfi.F* € 2°(Shg(SpecR)).
We will also modify the Ext-groups. Let f : X — SpecR be a separated scheme of finite
type and .#°®, 4° complexes of sheaves on X¢. Recall that

RHomx (#°*,9°) = Hy (X, RHom(F*,9°)). (2.7)
DEFINITION 2.3. If R Hom(#°®,%°) is bounded, we define
RHomx (Z*,9°*) = He (X, R Hom(F*,9°))
and put . R
Exty(#*,9°) = H"(RHomx (%°,4°%)), ne€Z.
2023
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Remark 2.4. Assume that f : X — SpecR factors through SpecC, i.e., f = ig with g : X —
Spec C and 7 : Spec C — Spec R the canonical morphism. Then Rf, = i,0 Rgs = Indé?l(cua) oRg.
and hence

HY(X,.7%) = HY(Gal(C|R), Rf..Z*) = HL ({1}, Rg.Z*) = 0.

The same argument works for cohomology with compact support and for Ext-groups.

Notational convention. For a scheme X over C, we put
HL(X,.7*) = 0. (2.8)
For a scheme X over a non-archimedean local field, we put
HY(X, 7°) = H}(X, F°), (2.9)
i.e., the ~ is redundant. The same convention applies to cohomology with compact support and
to Ext-groups.
Next we consider the scheme Spec Z. The set {Z — C, (Z — Fp)p prime } Of geometric points
is conservative and we consider the associated Godement resolution of a sheaf .# on (SpecZ)¢:
F — C*(¥). (2.10)
We consider the composite

¢ : T(Spec Z, C*(F)) — T'(Spec R, C*(F |specr)) = T'(Spec R, C*(F|specR))- (2.11)

DEFINITION 2.5. We define

He(Spec Z, F) = cone(p)[—1].

For a bounded complex #°* of sheaves on (SpecZ)s, we obtain the double complex
]I:Iét(Spec Z,.7°), which we also consider as a single complex via the total complex functor
and set

H%(SpecZ, F*) = H"(Hg (Spec Z, F°*)).

For a bounded complex .#°® of sheaves the spectral sequence of the double complex
]I:Iét(Spec Z,7°) converges. Hence for an exact bounded complex Z#°® the complex
IFIét(Spec Z,%°) is still exact. Moreover, the assignment .#* — ﬂét(Spec Z,.7°) commutes
(up to a canonical isomorphism of complexes) with the operation of taking the cone. Therefore
H?.(SpecZ,—) is a functor on 2°(She;(SpecZ)) and the following definition makes sense.

DEFINITION 2.6. Let f: 2" — SpecZ be a separated scheme of finite type and .#*® a bounded
complex of sheaves on Xg;. We define the modified étale cohomology by

HYL(Z,F*) = H(Spec Z, Rf..F*), ncZ.

If dim 2" =1 or #* is torsion (i.e., if we have a well-defined functor Rf)), we define the modified
étale cohomology with compact support by

HY(Z ,#°%) = HY(Spec Z, Rf.7*), n e Z.
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For a single sheaf .# and n < 0, the groups ﬁ;(%,ﬁ) = ﬁgtfl(X]R, F) are 2-torsion groups.
In general, we have a long exact sequence

o= HY (2,78 HY(2, 7°) - HL(XR, Z*) - HYWH D, 7% — - (2.12)

The maps (,, are isomorphisms for all n € Z if 2" — Spec Z factors through SpecIF,, for a prime
number p, or over Spec Oy, for a totally imaginary number field &k (cf. Remark 2.4). The compact
support variant of (2.12) is the long exact sequence

o> HY(Z, F°%) - HY(Z , F*) - H'(XR, ZF*) > H""Y(2, F*) —> - - (2.13)

If 2" = Spec Og for a number field k and a finite set S D S of places of k, and if .Z is a single
sheaf on 2, then our groups H WX, F) coincide with the modified étale cohomology groups
defined in [Zin78].

Now let k be a global field. For a place v of k, we denote by k. the henselization of k at v.
For a set S of places of k we set .¥ = SpecOg. If p = char(k) > 0 we make the following
conventions.

- Seo =92.
— ‘Spec Oy’ is the unique smooth, proper curve with function field k.

— Cohomology with compact support is defined with respect to the structure morphism to
SpecF),.
— The modification symbol " is redundant.
For sets of places S D T D Sy and J = Spec Or, we put
L} (S, 7% =P H" (k). 7)o @ HT(T, 7). (2.14)
veT veS\T
The following lemma compares the modified compact support cohomology with ordinary

cohomology. It is interesting even for S =1T.

LEMMA 2.7. Let S D T D S4 be sets of places with T finite and %#°® a bounded complex of
sheaves on J. Then we have a long exact sequence

o> HY T, 7% — HL(S, Z°*| ) - LS, F*) » H'TY (T, Z°) — - -

Proof. We can assume that S is finite since the general case follows by passing to the direct limit
over all finite 8" with S D S8’ D T. Put £ = Spec Oy and let j : 7 — £ be the open immersion.
Consider the following commutative diagram.

1.7, 7% = H(7, F*)

(PR, 7*) — H(BR, F*) ——

The first and third row, as well as the second and third column are distinguished triangles by
definition. Also the second row is distinguished: it is the excision triangle for . C % and the
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complex 71.%°*. We conclude that the first column is distinguished. The lower left vertical arrow
is zero since it factors through H(.%,.#°*). Hence

cone(1p) = Hg (B, j1.7°)[1] @ H(%r, 7°). (2.15)
Finally note that
Hy(%,j7°) 2 @ H (2, jiF*) (2.16)
VESN S
and that
H,(%,517°) = Uk, F°)[—1] (2.17)
forve T\ Sx. O

3. The dualizing complex

In this section let B be an integral, noetherian and regular scheme of Krull-dimension < 1.

DEFINITION 3.1. For f : X — B integral, separated and of finite type, we put Y = f(X) C B
and define the (absolute) dimension of X by

dim X = tr.deg(k(X)/k(Y)) — codimp(Y') + dimg,un B.

The dimension of X coincides with its Krull-dimension if X — B is proper or if dim B =0
or if dim B = 1 and B has infinitely many closed points. It differs, for example, for X = Spec Q,,
considered as a scheme over B = Spec Z,,.

For a scheme X, separated and of finite type over B and an integer n, let Z5 (n) be Bloch’s
cycle complex of relative dimension n considered in [Geil0]. It is the bounded above complex of
sheaves on the small étale site of X such that for any étale W — X we have

75 (n) (W) = 2,(W, —i — 2n). (3.1)
Here z,(W, p) is the free abelian group generated by integral (p + ¢)-dimensional subschemes of
Al that intersect all faces properly. We list some properties of Z¢ (n).

LEMMA 3.2. If dim B = 0, there are natural quasi-isomorphisms
Z3(0) =7, Zp(—1) = Gpl-1].
If dim B = 1, there is a natural quasi-isomorphism Z%(0) = G, [1].

Proof. If B is a field, then Z%(0) = Z follows directly from the definition and Z%(—1) = G, [—1]
follows from [Blo86, Corollary 6.4]. If B is a regular curve over a field, then Z%(0) = G,,[1] follows
again from [Blo86, Corollary 6.4]. For the general one-dimensional case see [Lev99, Lemma 11.2]
or [Sch07, Corollary 3.9]. O

The definition of Z (n) naturally extends to schemes which are filtered inverse limits of étale
X-schemes (e.g., the strict henselization of X at a geometric point). We will call such schemes
étale essentially of finite type. The dimension of W = LE] W; is defined as the common dimension
of the W;. We have

Zq(l(iilWi,p) = h_I)an(Wi7Q)? (32)
If dimB =1, K = k(B) and X — B factors through Spec K, then our definition of dimension
implies
S/8(n) = 2 re(n = 1)[2]. (3.3)
2026
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Convention 3.3. In the following, we assume that § is a natural number such that k(b) is
imperfect at most for points b € B with char k(b) | 5.

If B is the spectrum of the ring of integers of a number field or a p-adic field, we can put
g = 1. If char(k(B)) = p > 0, we can put § = p.

THEOREM 3.4 (Localization). Let n < 0 and i : Z — X a closed embedding with open
complement j : U — X. Then there is a natural isomorphism

Ri'ZS (n) ® Z[§] = Z(n) @ Z[3)
in the derived category of sheaves on Zg . In particular, we have a distinguished triangle

(1]

ixZ%(n) ® Z[5] — Lk (n) ® Z[§] — Rj.Z{(n) @ Z]5] -

1
3]
in the derived category of sheaves on Xg;.

Proof. [Geil0, Corollary 7.2a)] applies with the same proof after tensoring with Z[%] O

THEOREM 3.5 (Duality). Let f : X — B be separated and of finite type and let %°® be a bounded
torsion complex of sheaves on Xg;. Then, for n < 0, we have a natural isomorphism in the derived
category of abelian groups

RHomy (F°, Z(n) @ Z[3]) = RHomp(Rf.F*, Z5(n) @ Z[3)).

1
B
Proof. [Geil0, Corollary 4.7b), Theorem 7.3] shows that

RHomy (%#,Z5%(n)) 2 RHomp(Rfi.F,Z%(n)) (3.4)

for a single torsion sheaf .%, if B is the spectrum of a perfect field or of a Dedekind domain of
characteristic zero with perfect residue fields. Without the perfectness assumption, the same proof
shows the isomorphism for general B after inverting 5. Finally, this extends in a straightforward
manner to the case of a bounded complex .Z°. O

COROLLARY 3.6 (Modified duality). Assume that B = Spec R in Theorem 3.5. Then, for n < 0,
we have a natural isomorphism in the derived category of abelian groups

RHomy (F*,25(n)) = RHomgpec R(RAF®, Zpecr(R))-
Proof. Let X¢ = X xg C. The isomorphism
RHomx (7 °|x¢, L, (n)) = RHomspec ¢ (RAF | xc, Lpee c(12)) (3.5)
of Theorem 3.5 for n < 0 is Gal(C|R)-invariant (cf. the proof of [GeilO, Theorem 4.1)]). By
[Geil0, Lemma 4.8] the complexes in (3.5) are bounded. Hence we can apply H(Gal(C|R), —) to
obtain the result. O
Working with sheaves of Z/mZ-modules, we obtain a dimension shift by one by the following
lemma.
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LEMMA 3.7. Let .#* be a bounded complex of sheaves of Zi/mZ-modules on X¢. Then we have
a natural isomorphism in the derived category of abelian groups

RHomy z/mz(:F*, L (n)/m)[—1] = RHomx (F*, Z (n)).

Proof. This is standard homological algebra and has nothing to do with algebraic cycle complexes
in particular. The proof of [Geil0, Lemma 2.4] applies without change. a

Let X be a regular scheme which is étale essentially of finite type over B and equidimensional
of dimension d. Let m be a natural number invertible on B. Then, for dim B = 0, the étale cycle
class map cx is defined in [GLO1]. It is a natural homomorphism

cx : Z5 (n)/m — p29"[2d] (3.6)

m

of complexes of sheaves on X¢. We recall the following.

THEOREM 3.8 [GLO1, Theorem 1.5]. If dimB = 0 and X is regular, then cx is a quasi-
isomorphism for n < d.

The construction of cy extends to the case dim B = 1 as explained in [Lev99, §12.3]. If
X — B factors through Spec K, K = k(B), then the cycle class maps over B and over K are
compatible, i.e., the diagram

LS p(n) fm ——E s S
l: l: (3.7)
Z5 3o (n — 1) /m [2] 2B yedoniag

commutes (note that X has dimension d — 1 as a scheme over K).

THEOREM 3.9. Assume dim B = 1 and that X is étale essentially of finite type over B, regular
connected and of dimension d. Let m be a natural number invertible on X. Then the cycle class
map

cx 2 Z5 (n)/m — p2i"[2d]

m

is a quasi-isomorphism for n < 0.
Remark 3.10. One expects that cy is a quasi-isomorphism for n < d.

Proof of Theorem 3.9. The proof follows [Lev99, Theorem 12.5]. We can assume that B is local
and strictly henselian. Let Y be essentially of finite type over B, i : Z — Y be a regular closed
subscheme and j : W — Y its open complement. We have the following map of distinguished
triangles of complexes of sheaves on Yg;.

.25 (n) fm ——> Z(n) Jm —— Rj.Zy (n) /m

|- & Jo .

i [2d); — 4 (2d] —> RjopS " (2]

m
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Indeed, the upper row is distinguished by Theorem 3.4, the lower row by purity of étale
cohomology [Fuj00], and the commutativity of the diagram follows from the definition of the
cycle class map, see [Lev99, §12.3].

We see that if the result holds for two of W, Z,Y, then it holds for the third. The special
fibre of Y has a finite stratification by closed subsets T; such that T; — T;41 is regular. Thus the
result follows by induction on ¢ from Theorem 3.8. O

The following lemma will be used in §8.

LEMMA 3.11. Let .# be a locally constant, constructible sheaf of Z./mZ-modules on X, where
m is invertible on X. Then, for n > 0, we have natural isomorphisms in the derived category of
abelian groups

RHomX,Z/mZ(ga :U'%n) = RF(Xv HomX,Z/mZ(ﬁvugn))'

Proof. We consider the local-to-global spectral sequence
. , . w
By = Hy(X, &ty gz (T ")) = Exty 70 (F ).

By [Mil80, III, Example 1.39(b)], we have for any = € X the isomorphisms of stalks

&Ct]X’Z/mZ(ﬁ, N?ibn)m = EXtJZ/mZ(yzv (Mg?zn)z)

Since (u&™), = 7Z,/mZ. is an injective Z/mZ-module, we obtain
&Ctjsz/mz(yaﬂgn) =0, j=1

Hence the spectral sequence degenerates showing the statement of the lemma. O

4. Arithmetic duality for complexes

Using the results of §3, we generalize local and global duality theorems for single sheaves to
bounded complexes and higher dimensions. For technical reasons, we also have to work with
henselian local fields in the following sense.

DEFINITION 4.1. In this paper a henselian local field is one of the following:

(non-archimedean): the quotient field of an excellent, henselian, discrete valuation ring with
finite residue field;

(complex): an algebraically closed subfield of C;

(real): a relatively algebraically closed subfield of R.

Remark 4.2. Complete discrete valuation rings are excellent by [EGA4, 7.8.3(iii)]. The local rings
of global fields and their henselizations are excellent by [EGA4, 7.8.3 (ii)] and [EGA4, 18.7.6].

The henselian local fields of Definition 4.1 come with a natural valuation and their
completions are the local fields in the usual sense. For a henselian local field K with completion
K , the natural homomorphism of absolute Galois groups Galpz — Galg is an isomorphism
by [SGA4, X, 2.2.1]. Hence the known statements about the Galois cohomology of local fields
immediately extend to henselian local fields in the sense of Definition 4.1. Also the statement of
Corollary 3.6 holds for arbitrary real henselian local fields.
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THEOREM 4.3 (Duality over henselian local fields). Let K be a henselian local field and let f :
X — Spec K be separated and of finite type. Let #°® be a bounded, constructible complex of
sheaves on X¢ . If char(K) = p > 0 assume that #°* is p-torsion free. Then Tate’s local duality
induces perfect pairings of finite abelian groups

A —3—
HI(X,7*%) x Exty (F*,Z%(-1)) — Q/Z
for allr € Z.

Proof. We start with the case X = Spec K and a single sheaf .%. By Tate’s local duality theorem
[NSWO08, (7.2.6), (7.2.17)], the cup product followed by the invariant map of local class field
theory induce a perfect pairing of finite abelian groups

H™ (K, F) x H> (K, Hom(F,C)) —> HA(K,Gn) =5 Q/Z, (4.1)
for all r € Z. Since Hom (—, Gy,) is exact on prime-to-p torsion sheaves, we have &tt (F, G,)
= 0 for ¢ > 0 and the local to global spectral sequence implies that

H> 7 (K, Hom(F, Gp)) = Exte ' (F, Cr). (4.2)

~

By Lemma 3.2, we have Z% (—1) = G,[—1]. This shows the perfect pairing of the theorem for a
single sheaf and the result for a bounded complex .#* follows from the map of hypercohomology
spectral sequences as shown here.

HE, (K, H'Y(F*)) HGH(K, F°)

i i

Extye (HU(F*), 25 (—1))Y == Bxty -~ (F*, Z5 (1))

In the general case, we have

H(X,7%) = H.(K,Rf1.7*) (4.3)
by definition. Furthermore,
3 — 3
Exty (Z°,7Z%(-1)) 2 Exty (RAZF®, Z5%(—1)) (4.4)

by Theorem 3.5 and Corollary 3.6. Hence we obtain the asserted natural perfect pairing from
the following diagram.

H(X, 7*) x Exty (7*Z5(-1))
! ll
H7(K, Rf.F*) x  Bxty (RAF®.Z5(-1)) —Y> H2(K,Gp)] "™~ Q/Z O

THEOREM 4.4 (Henselian local duality). Let K be a non-archimedean henselian local field, B =
Spec Ok, b € B the closed point and f : 2 — B separated and of finite type. Let #*® be
a bounded, constructible complex of sheaves on Zg. If char(K) = p > 0 assume that Z° is
p-torsion free. Then the local duality on B induces perfect pairings of finite abelian groups

Hpy (B, RAF®) x Ext%"(F°,25(0)) — Q/Z
for all r € Z.
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Remark 4.5. The group Hfb}(B, Rfi.#*) is the cohomology of £~ with compact support in the
closed fibre.

Proof of Theorem 4.4. We start with the case 2" = B and a single sheaf .#. Then the local
duality theorem [Mil86, IT, Theorem 1.8(b)] states that

H}y (B, F) x Bxty (7, Gp) — H}y(B,Gr) —> Q/Z (4.5)

is a perfect pairing of finite abelian groups for all r € Z. By Lemma 3.2, we have Z% = G, [1].
This shows the perfect pairing of the theorem for a single sheaf and the result for a bounded
complex .#* follows from the hypercohomology spectral sequence.

In the general case, we obtain the asserted perfect pairing from the following diagram.

Hp, (B, Rfi.F*) X Ext% " (F*,72(0))
- |
Hy, (B, RAF®) X Exth " (RAF®, L5(0)) — Q/Z 0

Next we recall the construction of the trace isomorphism (cf. [Zin78, 2.5.9], [Maz73, §2] or
[Mil86, II, 2.6]). For .# = G,, and S = (all places), Lemma 2.7 and the fact that H**(.7, G,,,)
= H"(k(), Gy) for n > 1 yield an exact sequence

0 — Br(k) > P Br(k)) — HX(T,Gp) - H?(k,Gp) = 0. (4.6)
all v

Therefore the classical Hasse principle for the Brauer group [NSWO08, (8.1.17)] implies the
existence of a natural trace isomorphism

tr: H3(7,Gp) — Q/Z. (4.7)

THEOREM 4.6 (Generalized Artin—Verdier duality). Let k be a global field and % = Spec Og.
Let f: 2" — % be a separated scheme of finite type and .%°® a bounded, constructible complex
of sheaves on Z¢. If char(k) = p > 0 assume that .#* is p-torsion free. Then Artin—Verdier
duality induces perfect pairings of finite abelian groups

HI(%,7°) x Ext%"(F°,25%(0)) — Q/Z
for allr € Z.

Proof. It " = %, we have Z%(0) = G,,[1] by Lemma 3.2. In this case, the result follows by
the hypercohomology spectral sequence from the classical Artin—Verdier duality for a single
constructible sheaf .#, see [Zin78, Theorem 3.2.1], [Maz73] and [Mil86, II, Theorem 3.1],
respectively [Mil86, I, Theorem 6.2] if char(k) = p > 0.

The general case then follows from

H(2,7°%) = H (B, R{.F*) (4.8)
by definition, from
Ext’, " (F°, 2% (0)) = Ext’, " (RAF*, Z5(0)) (4.9)

by Theorem 3.5, and from the fact that Rfi.%*® is a bounded, constructible complex [SGA4%]. O
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5. A base change property

PROPOSITION 5.1. Let B be an integral, noetherian and regular scheme of Krull-dimension < 1,
and let B be a natural number as in Convention 3.3. Let (B;);cr be a filtered inverse system of
étale B-schemes and By = l(ngz Let f : 2 — B be separated and of finite type and let F*
be a bounded, constructible complex of sheaves on 2. Consider the following fibre product
diagram.

ggfoo‘i)%

)

B, ———B
Then, for n < 0, the natural map
V' Rf RHom gy (F°*, 2% (n) ® Z[%]) —> Rfocos RHom g (Vo F°, 2% (n) ® Z[%])
is an isomorphism in the derived category of sheaves on (Bxo)¢t-

Proof. The natural map of the proposition is the composition of the following three maps: the
first is the base change map of the fibre product diagram

URfsRHom g (F°*, 2% (n) ® Z[%D — Rfoost’y RHomg (F°*, 2% (n) ® Z[%])
The second is the map
Rfsoity RHom g (F°, 2% (n) @ Z[%])
— RfsoxRHom g (Vo F*, 09 L% (n) @ Z[%])
induced by ¢% RHom g (—, —) = RHom g (19 —, 1% —), and the third is the map
RfsoxRHom g (V9 F°, 09 L% (n) ® Z[%])
— Rfsox RHom g (L% F°, 25 (n) @ Z[%])

induced by the natural map ¢%)-Z%-(n) — Z%. _(n). By Theorem 3.5, it suffices to show that the
map

"RHomp(Rf{F®, Z5(n) @ Z[%]) —> RHomp (Rfocity F*, L3 _(n)® Z[%])

is an isomorphism. By [SGA4, XVII, 5.2.6], Rfi commutes with base change and sends bounded,
constructible complexes to bounded, constructible complexes by [SGA4, XVII, 5.3.6]. Hence we
have Rfooit% 7 * = *Rfi.Z* and it suffices to show that the map

*RHomp(F*,Z%(n) ® Z[%]) — RHomp, (V"F°, 2% (n) @ Z[%]) (5.1)

is an isomorphism for every bounded, constructible complex .%°® on B. By the hypercohomology
spectral sequence, we can assume that .%°® is a single sheaf 7.

A geometric point T — Bo, induces a compatible system of geometric points £ — B; — B.
Assume for the moment that .% is locally constant. Then by [Mil80, III, Exercise 1.31b)] and ?7?,
the map induced by (5.1) on the stalks at Z is the identity of

RHomg(Fz, Z5(n)z ® Z[5)).
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This shows that (5.1) is an isomorphism if .# is locally constant. For a general constructible .7,
there is a non-empty open j : U — B such that .# |y is locally constant. Let ¢ : Z — B be the
closed complement. Then Z has dimension zero, hence i*.% is locally constant. Using the short
exact sequence 0 — j1j*F — F — i,i*.% — 0, the results for j*.% and i*.%#, the adjunctions
ix 41i', jy 4 j*, and Theorem 3.4 imply the result for .%. a

Remark 5.2. We will apply Proposition 5.1 in the following situations:

— By, = SpecOg, S an infinite set of primes;
— Boo = Spec O(y), the henselization.

6. Some restricted products

We recall the notion of a restricted product of topological groups. Assume we are given a family
(A;)icr of Hausdorff abelian groups and let an open subgroup B; C A; be given for almost all i.
For consistency of notation, we put B; = A; for the remaining indices. The restricted product
[1;c;(Ai, B;) is the subgroup of [[A; consisting of all (x;);e; such that z; € B; for almost all i.
It becomes a topological group by defining the products [[;c;U; x [[;c;. s Bi, where J runs
through the finite subsets of I and U; runs through a basis of neighbourhoods of the identity of
A; for i € J as a basis of neighbourhoods of the identity. Note that

[](4:B:) = 1im (HAi < [ BZ->,

i€l JCI NeJ ieINJ
finite

both in the algebraic and the topological sense, i.e., the direct limit topology on the right-hand
side is a group topology and coincides with the given topology on the left-hand side. Also note
that the transition maps in the direct system are injective and open. In particular, for finite
J C I, the groups [[;c; Ai X [l;c;; Bi are open subgroups of the restricted product.

Let k be a global field, X/k separated and of finite type, m > 1 an integer prime to p = char(k)
and #* a bounded, constructible complex of sheaves of Z/mZ-modules on X¢. We choose a
separated scheme of finite type f : 2" — % = Spec Oy extending X, i.e., X = 2" X zk. Choosing
Z small enough, we can assume that .#* is the restriction of a bounded, constructible complex of
sheaves of Z/mZ-modules on 2 to X¢. By abuse of notation, we will denote this complex also
by #°. For non-archimedean v, we define the unramified part

EthX@),?’LT‘(‘gZ.’ S{(v) (_]‘>) - EXtT)L((v) (9.7 S{(v) (_1)) (61)
as the image of the restriction map
—2 .
EXth(v) (F* ?%) (0))

Eq. (3.3)

— EthXZUQ) (F°, _‘§(<v>/%,v(0)) = Ext}(v)(ﬁ', S((U)(—l)). (6.2)
DEFINITION 6.1. For a set of primes S we let
° e [ ]

veES

be the restricted product with respect to the unramified parts (defined for non-archimedean v).
—n

We equip the factors ExtX(v)(ﬂ', Zg((v)(—l)) with the discrete topology and Q%(X,.#*) with

the restricted product topology.
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LEMMA 6.2.

(i) Q¥(X,.#*) is independent of the choice of Z.
(i) Q%(X,.#*) is a locally compact topological group.

Proof. (i) If 27 and %25 are separated schemes of finite type over % with generic fibre X,
then there exists a non-empty open subscheme % C % and an isomorphism 27|y —> Lo
extending the identity of X. Shrinking % once more, we may assume that this isomorphism
identifies the chosen extensions of the constructible complex .#°®. Hence the subgroups Ext}(v)mr
(F°, Z_‘i((m(—l)) defined with respect to 27 and %5 coincide for all v € %, i.e., for almost all v,

and the restricted p@@}lcts are the same.
(ii) The factors ExtX(U)(ﬁ', Zg((v) (—1)) are finite by Theorem 4.4, hence compact with the

discrete topology. Therefore the restricted product is locally compact by [NSWO08, (1.1.13)]. O

We recall the following lemma due to Saito.

LEMMA 6.3. Let O be a henselian, discrete valuation ring with quotient field K, m > 1 an
integer prime to the residue characteristic of O and #°* a bounded, locally constant, constructible
complex of étale sheaves of Z./mZ.-modules on Spec O. Then the natural map

HY,(Spec O,.7*) — HY,(Spec K, #°®)
is injective for all n.

Proof. See [Sai89, Lemma 1.3]. O

LEMMA 6.4. For almost all non-archimedean places v, the restriction maps

HE( X0y, F°) > HE(X (), F°), (6.4)
H (2w, 7°) = H (X(v), Z7°), (6.5)
Ext'y > (7%, 2%, (0)) > Bxtk (7%, 2%, (-1)) (6.6)

are injective.

Proof. By [SGA4%, Theorem 1.1], there is a non-empty open subscheme # C % such that m
is invertible on # and the restriction of Rf,.#°® to # is locally constant, constructible. Let
ty : Spec O(,) — # be the natural morphism. Then the assumptions of Lemma 6.3 are satisfied
for 1y Rf..#* showing that

HE(Owy, RfF ) = Hii(kw), Rf-F*) (6.7)

is injective for all v € #'. Consider the following fibre product diagram.
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Since étale cohomology commutes with inverse limits of quasi-compact, quasi-separated schemes
and affine transition maps [SGA4, VII, 5.8], we obtain an isomorphism

VRFT® X Ryl F°. (6.8)

Hence the injectivity of (6.7) implies the injectivity of (6.4) for v € #.

The injectivity of (6.5) follows by choosing a compactification j : Z(,) — % and applying
(6.4) to j1.Z*°.

To show the injectivity of (6.6), we first show that Rf,RHom g (F*, 2% (0)) is bounded and
constructible on a non-empty open subscheme # C %. Using Theorem 3.5, Lemma 3.7 and 3.2,
we obtain

Rf R Hom g (F°, 2% (0)) = RHomyu(RH.F*,Z%(0))

= RHomg, 7/mz(RNHTF*, Lz (0)/m[-1])

= RHomg, z/mz(RHF®, tim).
By [SGA4, XVII, Theorem 5.3.6], Rf;.#* is bounded and constructible on %. By [SGA4%,
Corollary 1.6], it follows that RHomg 7/mz(RfAF®, pim) is bounded and constructible on
HA1/m]. We conclude that Rf.RHom o (F*, 2% (0)) is locally constant, constructible on a
non-empty open subscheme % C %[1/m]. Applying Lemma 6.3 to tj Rf. R Hom o (F*, 2% (0)),
we see that

H%*(Spec Oy o Rf«RHom 9~ (F*,Z5(0)))
— H272(Spec k., iy RfR Hom o (F°,25(0))) (6.9)

is injective for all v € #'. By Proposition 5.1, we obtain an isomorphism
tyRfxRHom g (F°*, 2% (0)) = RfpR Hom 9., (o F°, iog//'(v) (0)). (6.10)
Hence for v € #, (6.9) can be written as the injection
Ext’;g(i(ﬂ‘, %y (0) = Ext};i (7°.2%,,,(-1)) = Extk  (F°,Z%, (-1)). (6.11)
This finishes the proof. O

For a set of places S and a finite subset T" C S we set

. ——n ° — °
ME(X, 8, 7°%) = ][ Bxtx,, (2%, (1)) x ]I Ext%(f)(ﬁ \Z,,,(0)). (6.12)
veT veESNT

COROLLARY 6.5. If we endow M} (X, S, #*) with the (compact) product topology, then there
is a natural topological isomorphism

QUX,.7*) = lim MHX,S, 7). (6.13)

TCS
T finite

Proof. This follows directly from Lemma 6.4 and the definition of the topology of the restricted
product. O
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DEFINITION 6.6. For non-archimedean v we define the unramified part
HZT(X(v)ay.) C H;(X(U)7ﬂ.) (614)
as the image of the restriction map HJ(2(,), #°*) = HZ (X (), #*) and define

Py(X,.7°) = || HA(X ), Z°) (6.15)
veS

as the restricted product with respect to the unramified subgroup (defined for non-archimedean v).
We define Pg (X, #°®) in exactly the same way but using modified cohomology with compact
support everywhere.

Again Pg(X,.7°) and Pg (X, .7°) only depend on X and not of the choice of 2. They are
locally compact abelian groups and Lemma 6.4 shows the following.

COROLLARY 6.7. There are natural topological isomorphisms

Pg(X,7°) = lim HHZ(X(vyy')X H HE(Z (), 7°), (6.16)
TCS  veT vESNT
T finite

Py.(X, 7% = lim  [[ HX (X, Z°) x [ HAZw, 7). (6.17)
TYEiC%e veT veESNT

Finally, we observe
PROPOSITION 6.8. The groups P§ (X, 7°) and Q?{"(X, F*) are Pontryagin dual to each other.

Proof. By Theorem 4.3, we have for all v € S a perfect pairing of finite groups

Q/Z. (6.18)

It therefore suffices to show that for almost all v € S the respective unramified subgroups are
their exact annihilators in (6.18). First of all, they annihilate each other because the pairing
(6.18) restricted to the subgroups H(Z(y),#*) and Extz;(ﬁ',Zi@(v)(O)) factors through
Br(O(,) = 0.

On the other hand, Rf;.%#°® is bounded and constructible on %A by [SGA4, XVII,
Theorem 5.3.6]. Hence for almost all v € S the assumptions of Lemma 6.3 are satisfied and
the long exact sequence with support for Spec k() C Spec O,y and Rfi.#* splits into short exact
sequences

inv

rn ° =3 ° c
H] (X(U),ﬁ ) X EXtX(U)(ﬂ\ s X(U)(_l)) — Br(k(v)) —

0 — H%/(O), RAF®) — HE(k(), RAF®) — Hg“(o(v),Rf!y') - 0.

Now we observe that
(Zw): F°) = Hi (O, RAF®),
(X(v)7ﬁ.) Hgt(k(v Rf' )

and that H}™ (O, RAF*) = Extlg/z(ﬁ' 7%, (0))¥ by Theorem 4.4. We obtain

He
He
#H(X(), F°) = #H(20), F°) - # Exty" (70,25, (0)),
and this equality of orders shows that the groups are their exact annihilators. O
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7. The main results

THEOREM 7.1. Let S D So be a (not necessarily finite) set of places of the global field k and
let o — & = Spec Og be a separated scheme of finite type. Let m > 1 be an integer prime
to p = chark and let .#*® be a bounded complex of constructible sheaves of Z./mZ.-modules on
(Z)e-

Then there is a natural long exact sequence of topological groups and strict homomorphisms

o ExtBEN(F 2, (0) 2 QR Xk, F0) — HIN( 2y, FU)Y - -
The groups Ext’}g;(ﬁ', Zf%p(O)) are discrete, the groups Qg+3(Xk, F*) are locally compact,
and the groups H. " (%', %°*)V are compact for all n € Z.. Furthermore, the maps \,, are proper
and have finite kernel for all n € Z.

Proof. We choose a separated scheme of finite type f : 2" — % = Spec Oy extending Z¢, i.e.,
such that 2y = 2" x .. Choosing 2" small enough, we can assume that .%#* is the restriction
of a bounded constructible complex of sheaves of Z/mZ-modules on Zg to (Zy)e. We will
denote this complex also by .#°. We denote the common generic fibre of 2" and 2~ by Xj.

In the following, the letter T" will always denote a finite subset 7" C S containing all
archimedean places and all places v for which the assertion of Lemma 6.4 fails. By j : 9 — £
we denote the open immersion.

We apply Lemma 2.7 to the complex Rf.#*| 7 = j*Rfi.#*® on I and obtain a long exact
sequence

o> HNT RAF|7) > HY (S RAF®|9) > LE(S,RAF®|7) = - . (T.1)
We consider the terms in (7.1). We have
H(T,RAF|7) = H (27, F*) = Ext}N(F*, 2, (0))" (7.2)

by Theorem 4.6. We have

Ly(S. 5" RAZ®) = P H" (k). RAF) & P HI (T, RAF®) (7.3)
veT veSNT
=3—n e rzc —n e ryc
veT veESNT
= M3 "(Xy, S, 7)Y (7.4)

by Theorems 4.3 and 4.4. Finally, by [SGA4, XVII, 5.2.6] we have
Hy (S, RATF®|y) = HN (X9, F*), (7.5)

where the cohomology group on the right-hand side is étale cohomology with compact support
of Z» as a scheme of finite type over .. Hence we can write the dual sequence to (7.1) in the
form

— Extyt (7,25, (0) > MPT3(8, X3, %) — H. (X, F*)Y — - (7.6)

(we changed the index n — —n in order to have a cohomological complex). This is a long exact
sequence of compact abelian groups with continuous maps and the Ext-groups are finite. Passing
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to the direct limit over all finite T" C S, we obtain using Proposition 5.1 and Corollary 6.5 the
long exact sequence

e ExtBEN (T TG (0) 2 QEPH(Xe, F) — HIN( Xy, T (7.7)

The groups Extf;g;(ﬂ *ZYy, (0)) are discrete, the groups Q7§+3(Xk,9 *) are locally compact,

and the groups H."(Z», #*)" are compact. Since all homomorphism in (7.6) are continuous,
the same is true for the homomorphisms in (7.7).

Next we prove that all morphisms are strict. For this we have to show that for any two
consecutive maps ¢, 9 in the long exact sequence, the continuous bijection im(¢) = ker(v))
is a homeomorphism. Here im(¢) is equipped with the quotient topology and ker(¢)) with the
subspace topology. The obvious case is

H "N (2, 7)Y 5 Ext (52, 25-(0) 5 Q5 (X, 7).

Indeed, the group ker(¢) is discrete, hence im(¢) = ker(¢)) must be homeomorphic. Since
H;""YZy,F*)V is compact, we also obtain the assertion that ker(v)) = ker(),,) is finite for all
n. Next we consider

QU (Xi, F°) S H (2, 7)Y 5 Extht(F°, 25 (0)).
The image of ¢ is the union of the images of the maps
o1 MPT (X, S, F°) > H (X0, F°)".

By (7.6) and the finiteness of Exty;(ﬁ‘,Z@(())), each im(¢7) has finite index in H_ ™
(X5, F°)V. Hence the images stabilize, i.e., im(¢7) = im(¢p) for T large enough. This shows
that im(¢) is compact and thus homeomorphic to ker(¢)). Finally, we consider

Extt (F°,25(0)) % Q5 (X, %) 5 H, (2, 7).

Here we have to show that the subgroup ker(v)) is discrete. For this it suffices to show that there
is an open subgroup of Q§+3 (Xk, #*) having finite intersection with ker(¢). For sufficiently large
finite T C S, Mr(Xy, S, Z*) is a subgroup of Q%" (X}, .#*). Since EXtZ;gl (F°,7Z%(0)) is finite,
any such Mp(Xg, S,.%#°*) has the required property.

Finally, the properness of A, follows formally from what we already know: since ker(\,) is
finite, it suffices to show that every compact subset of Qg+3 (Xk, #°) has finite intersection with
im()\,,). But this is obvious since im()\,) is a discrete subgroup of Q™ (X}, .#*) by the strictness
of \p,. O

Dualizing Theorem 7.1, we obtain the following result.

THEOREM 7.2. Let S D So be a (not necessarily finite) set of places of the global field k and
let Z» — % = Spec Og be a separated scheme of finite type. Let m > 1 be an integer prime to
p = char(k) > 0 and let .#* be a bounded complex of constructible sheaves of Z /mZ-modules
on (% y)ét.

Then there is a natural long exact sequence of topological groups and strict homomorphisms

A"'LC
= H (L9, F*) 3" P (X, F°) = Exty, (2, 25(0) — -
The groups H'(Z.y,F°) are discrete, the groups Pg (X, #*®) are locally compact, and the

groups Ext}gg;(f', 75-(0))" are compact for all n € Z. Furthermore, the maps Ay . are proper
and have finite kernel for all n € Z.
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8. Proofs of Theorems A and B

Proof of Theorem B. Now we assume that Z» is regular and that % is a locally constant,
constructible sheaf of Z/mZ-modules where m is invertible on .. We will deduce Theorem B
from Theorem 7.1. The scheme 2  in Theorem B is £ of Theorem 7.1 and the relative
dimension r occurring in Theorem B is d — 1, where d = dim £’ according to Definition 3.1. As
before, we extend the situation to a scheme 2 of finite type over & = Spec Og.
Step 1. We have
Exty' ! (F,25-(0)) = Hi (2, 7Y (d)),

and for any non-archimedean v,
Extlyt! (.25, (0) = HEH (20, 7" (d)).

Proof of Step 1. We have

Ext’y! (7,25 (0)) = Bxt’y, z/mz(F,Z5(0)/m) (Lemma 3.7)
= Exti?;lz /mz(ﬁ pSd) (Theorem 3.9)

=~ {252y, FV(d)) (Lemma 3.11).
The proof of the second statement is similar.
Step 2. For v € S we have

Exty? (F%, 2, (1) 2 B (X, 7(@).

(v)
Proof of Step 2. We have

Ext}f’) (7, 2%, (-1)) = Ext}f)z ymz (T L, (=1)/m)  (Lemma 3.7)
= Exti>, (T (Theorem 3.8)
~ HIHM(X (), FV(d)) (Lemma 3.11).

From Steps 1 and 2, we immediately obtain
Q5 (Xy, F) = PET" (X, 7V (d)).

Applying Theorem 7.1 to #V(d), we obtain the exact sequence of Theorem B except at the

boundaries.
Step 3.
No: HY( 2y, F) — PY(Xy, F)
is injective and

PE(Xy, F) — H( Xy, 7" (d))"
is surjective.
Proof of Step 3. The injectivity of Ag follows from our assumption that S contains at least
one non-archimedean prime. The second map is dual to the injective map
N H( 2y, 7V (d) — PE(Xy, 7)" = Q4(Xy,, 7V(d)" = P§(Xg, F(d)),

hence surjective. This shows Theorem B (in the variant with henselizations instead of
completions). For further use, we mention that for ¢ < 0, our long exact sequence consists

of isomorphisms 4 4
Pi(Xi, ) > HEHH( 2, 5V (r + 1)), (8.1)
Od
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Dualizing, one obtains a version with compact supports as follows.

THEOREM C (Poitou-Tate exact sequence with compact support). For 2, . and .# as in
Theorem A, we have an exact 6r + 9-term sequence of abelian topological groups and strict

homomorphisms
0~ HY(Z, F) P2, 7) H2 (2, FV(r + 1))
; )\z c . .
o HUX | F)——P( X, F)——HI TN X, FV(r + 1)) —— (8.2)

B .*)HCQr—&-Q(%,La])*)PCZT—FZ(%, 9)—>Hgt('%’ ﬁ\/(r + 1))\/ 0.
Here ) .
Pi(2, %)= [[ H(Z ©0s ko, F) (8.3)

vES

is the restricted product with respect to the subgroups H!, (2 ®0g4 kv, %). The localization

c,nr
maps A; are proper and have finite kernel for all i, and for i > 2r + 3,

Nie : H(Z,.F) = PUZ, F) = || HAZ @04 kv, F) (8.4)
UESOO

is an isomorphism. The groups in the left column of (8.2) are discrete, those in the middle column
locally compact, and those in the right column compact.

Proof of Theorems A and C. Applying Pontryagin duality to Theorem B, we obtain the sequence
of Theorem C in view of

P, F) 2 QU (X, FY(r+ 1)V 2 PXTENL, TV (r + 1))

by Proposition 6.8. It remains to show the statement about A; .. The isomorphism for i > 2r + 3
follows by dualizing from the last observation (8.1) in the proof of Theorem B. Furthermore, the
topological exactness of the sequence shows

ker()\m(ﬂ)) = ker()\Qr+37i(yv(T + 1)))\/. (8.5)

Hence the finiteness of ker()\;) for all ¢ shows the finiteness of ker(\;.) for all 7. Furthermore,
(8.5) shows Theorem A since

I(F) = ker(\i(F)), W3 HFY(r+1)) = ker(Aarr3—io(FV(r +1))). -

9. Euler—Poincaré characteristic

To complete the picture, we calculate the Euler—Poincaré characteristic. We assume that the base
field k has no real embeddings so that 2" has finite cohomological dimension. We also assume
that S is finite, hence the cohomology with values in constructible coefficients is finite. Let .#
be a constructible sheaf on 2. Then we call

(2. 7) = [[#HL(2. 7)) (9.1)

)
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the Euler—Poincaré characteristic of .%. Let k® be a separable closure of k. Then we call

XEL T ) = (K, ) = [ [ #HE Xk, F1x,0) T (9-2)

%

the geometric Euler—Poincaré characteristic of .%#. We let r9 be the number of complex places of
k, hence by our assumptions

TQZ{[k:Q]/Q, chark = 0, 9.3)

0, char k > 0.

THEOREM 9.1. Under the above assumptions assume that m > 1 is an integer invertible on .
and .Z a locally constant, constructible sheaf of Z./mZ-modules on Z . Then we have

X(Z,F) = x5(Z, 7)™
In particular, x(2°, %) =1 if chark > 0.

Proof. For a sheaf ¢4 of Z/mZ-modules on ., we have by [Mil86, II, Theorem 2.13]
X(&,9) = (#4(k)) . (9.4)
For a bounded, constructible complex ¢4° of Z/mZ-modules on ., we put

X(7,9°%) = [[ #HL(,9%) V. (9.5)

Counting orders in the hypercohomology spectral sequence Ej' = H$ (Y, H'(9*)) =
ngt(Y,g'), we obtain

X(9*) H#HS“ (7,9 = [TEH D (9.6)
s,t

Any differential of the spectral sequence goes from a group with s + ¢ = i to a group with
s+t =1+ 1. We therefore can replace the Ex-terms in (9.6) by the Es-terms and obtain

(—1)!
XA 9°) = H<#E§¢><—”S*‘=H<H<#E;’t><‘”s>

s,t t s

T, m2 @) S TR @) () D

7

Applying this to ¥* = Rf,.Z, we obtain the result in view of H'(Rf..7)(k®) = H'(Xgs, F|x,.)-
O

10. Henselization versus completion

The results of this section allow us to replace henselization by completion in Theorems 7.1
and 7.2. In particular, this shows Theorems A, B and C in the way they are formulated.
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ProposiTIiON 10.1. Let K be a henselian local field, f : X — K separated and of finite type
and #* a bounded, constructible complex of sheaves on Xg. If char(K) = p > 0 assume that
F* is p-torsion free.

Let K be the completion of K and wx the base change mx : Xp=XXxg K — X. Then the
natural morphisms

RHomx (#°,725%(n)) — RHome{(wﬁ(ﬁ',Z%R(n)), n <0,
RI(X,.Z*) — RU(Xp, 5. 7*)
RU(X,#°®) — RI.(Xp,m%.F°)

are isomorphisms in the derived category of abelian groups.

Proof. We start by proving the statements on RI" and I'.. By [SGA4, X, 2.2.1], K — K induces
an isomorphism on absolute Galois groups. Hence we may replace K and K by their separable
closures and then the statement on RI" is a well known consequence of the smooth base change
theorem, cf. [Mil80, VI, 4.3]. Similarly, the statement on RI'. follows since Rf; commutes with
base change by [SGA4, XVII, 5.2.6].

Next we prove the assertion on R Hom. Using the hyperext spectral sequence, we can assume
that .#*® is a single constructible sheaf #. If i : Z — X is a closed embedding with open
complement j : U C X, then we see by comparing the localization triangles associated with the
short exact sequence jj*.% — F — i,i*.F,

RHomy (i*%,7Z%(n)) - RHomx (#,Z%(n)) - RHomy (j*.Z, Z{;(n))

that the statements for two of Z,U and X imply it for the third.

By induction on d = dim X, we may therefore assume that X is regular and connected, and
Z is locally constant, constructible. Let m > 1 be an integer invertible in K such that .7 is a
sheaf of Z/mZ-modules. Then we have

RHomy (F,Z%(n)) = RHomy 7,z (7, Z% (n) /m)[—1]
=~ RHom /7 (7, i )[2d — 1]
= RF(X7 HomX,Z/mZ(ga 'u%)ld—n))pd - 1]

by Lemma 3.7, Theorem 3.8, and Lemma 3.11. The same holds for X and 7% .%. Hence, by the
first part of the proof, it suffices to show that

d— d—
TXHOM x 72/mz(F s b ) —> Homx . z/mz(Tx T s b ") (10.1)
is an isomorphism, which is clear since .# is locally constant. O

ProposiTIiON 10.2. Let K be a non-archimedean henselian local field, B = Spec Ok and f :
X — B separated and of finite type. Let .#° be a bounded, constructible complex of sheaves on
X If char(K) = p > 0 assume that .#* is p-torsion free.

Let K be the completion of K, B = Spec Oz, 7 : B — B the projection and wx the base

change Ty : Xg=XXp B — X. Then the natural morphisms

RHomx (#°,75%(n)) — RHomXE(Wﬁfﬁ',Zg(B(n)), n <0,
RT(X, Z*) —> RT.(Xg, 74 7*)

are isomorphisms in the derived category of abelian groups.
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Assume in addition that .#* is p/-torsion free, where p’ is the residue characteristic of Ok .
Then also
RIN(X,Z7*) — RI'(Xg,mx.7°)

is an isomorphism in the derived category of abelian groups.

Proof. As in the proof of Proposition 10.1, the statement for cohomology with compact support
follows since Rf) commutes with base change by [SGA4, XVII, 5.2.6]. Since Of is excellent by
assumption, the ring homomorphism O — Oy is regular. Hence, by Popescu’s theorem [Stal7,
Tag 07GBJ, O, is the limit of smooth Ok-algebras. Therefore the statement on cohomology
follows from the smooth base change theorem.

Finally, we consider R Hom. Considering U C X open and Z = X \ U, we see as in the proof
of Proposition 10.1 that the statements for two of Z,U and X imply it for the third. As the
closed fibres of X and Xz coincide, it suffices to prove the statement for the generic fibre. Since
Z%/B(n)b(K = ng/K(n —1)[2], this follows from Proposition 10.1. O
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