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Strongly exceptional Legendrian connected
sum of two Hopf links

Youlin Li and Sinem Onaran

Abstract. In this paper, we give a complete coarse classification of strongly exceptional Legendrian
realizations of the connected sum of two Hopf links in contact 3-spheres. This is the first classification
result about exceptional Legendrian representatives for connected sums of link families.

1 Introduction

A Legendrian link in an overtwisted contact 3-manifold is exceptional (a.k.a. non-
loose) if its complement is tight. There have been several classifications for exceptional
Legendrian knots and links in overtwisted contact 3-spheres, including unknots [6],
[5], torus knots [12], [16], [9], and Hopf links [11]. The connected bindings of open
book decompositions in certain overtwisted contact 3-manifolds have been partially
classified in [7]. While there has been very little progress in the classification of
Legendrian links with two or more components in either tight or overtwisted contact
3-spheres, a few papers, [1], [2], [3], [11], have tackled the problem.

In this paper, we study the classification of Legendrian realizations of the connected
sum of two Hopf links up to coarse equivalence in any contact 3-sphere. This is
one of the first families of the connected sum of links for which a classification is
known. Two Legendrian realizations Ko U Kj U K; and K{j U K{ U K}, of the connected
sum of two Hopf links in some contact 3-sphere S* are coarsely equivalent if there
is a contactomorphism of S* sending Ky U K; UK, to K U K] UK} as an ordered,
oriented link.

Let A3 = Ky UK; UK, c S be the oriented connected sum of two Hopf links,
where Kj is the central component. It is shown in Figure 1. The orientations of the
components are also indicated. We think of Kj and K, as two oriented meridians of
Ko.

Ky
CO_?
K, Koy

Figure I: Thelink A3 = Ko U Kj UK; in §°.
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2 Y. Li and S. Onaran

We consider the Legendrian realizations of Az in all contact 3-spheres. For
i=0,1,2, denote the Thurston-Bennequin invariant of K; by ¢;, and the rotation
number of K; by r;.

Let (M, &) be a contact 3-manifold and [ T'] an isotopy class of embedded tori in M.
The Giroux torsion of (M, &) is the supremum of n € Ny for which there is a contact
embedding of

(T? x [0,1], ker(sin(nnz)dx + cos(nnz)dy))

into (M, &), with T* x {z} being in the class [T].

An exceptional Legendrian link in an overtwisted contact 3-manifold is called
strongly exceptional if its complement has zero Giroux torsion. This paper focuses
on the classification of strongly exceptional Legendrian realizations of the A; link
in contact 3-spheres up to coarse equivalence. We use the notation &;; to refer to
the standard tight contact structure on S°. The countably many overtwisted contact
structures on S* are determined by their ds-invariants in Z + % [11, Section 2]. If the
ds-invariant of an overtwisted contact 3-sphere is d, then we denote this contact 3-
sphere by (S°, &;). Note that the d3-invariant of & is —%.

We enumerate all the strongly exceptional Legendrian A; links up to coarse
equivalence.

Theorem 1.1 Suppose t; <0 and t, < 0. Then, the number of strongly exceptional
Legendrian Aj links is

2ty — 2 — 24,42, ifte > 2,
ity — 2t — 2t + 2, lftozl,
=2t —2t, + 2, l'ft() =0,
—totits, iftg < -1.

Moreover, if ty < -1, then the —totit, Legendrian Aj links are in the standard tight
contact 3-sphere (S°, &;).

Theorem 1.2 Suppose t; = t, = 1. Then, the number of strongly exceptional Legendrian
Aj links is

ifto > 6,
ifto =5,
lfto :4,
—to, iftg <3.

[l S )

Theorem 1.3 Suppose t; >1 and t, = 1. Then, the number of strongly exceptional
Legendrian A links is
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12, ifto>5and t; =2,
10, lft() =4 and fh = 2,
8, lft() =3 and t1:2,
16, lft() >5 and t 2 3,
14, ifto=4and t; >3,
12, lfto =3 and f > 4,
11, ifto=1 =3,
6-2tg, ifty<2.

Theorem 1.4 Suppose t; >1 and t, > 1. Then, the number of strongly exceptional
Legendrian Aj; links is

18, ifto>4and ty =t, =2,
14, lft():3€ll’ld = t2=2,
10, ift():Zand h=10 =2,
24, 1ft024, t 23and t2=2,
20, ifto=3,t1>23andt; =2,
16, iftO:Z, t123and t2:2,
32, l.ft()24, t1>3andty >3,
28, lft()=3, t1 >3 andt, >3,
24, iftO:Z,tlz.’)and tz 23,
8—4tg, ifty<l

Theorem 1.5 Suppose t; <0 and t, =1. Then, the number of strongly exceptional
Legendrian As links is

4 - 4t, iftg > 4,
4—3t], lJCtO :3)
4 -2t, iftg =2,

toti —2t, ifto <L

Theorem 1.6 Suppose t; <0 and t, > 1. Then, the number of strongly exceptional
Legendrian Aj; links is

6 - 6t1, ifty>3,t, =2,
6-41’1, iftO:Z,t2:2,
6-21’1, l:ft()zl, ty :2,
8- 8ty, ifty >3, > 3,
8 -6t ifty=2,t, >3,
8 —4ty, ifto=1,t; > 4,
8- 3ty, ifto=1,t, =3,
2tot; —2t, ifty <O.

Theorem 1.7  Suppose t; = 0. Then, the number of strongly exceptional Legendrian As

links is
2-21, l'ftz <0,
4) l:ftZ = 1)
6, l_ftZ = 2:
8, lftz > 3.
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By exchange of the roles of K; and K, as necessary, we have covered all cases.
Therefore, we have completely classified strongly exceptional Legendrian Aj links. The
reader can look up the explicit rotation numbers and corresponding ds-invariants in
Lemmas 4.3-4.6, 4.8-4.28, 4.30-4.40, 4.43-4.46 of Section 4. In particular, we have
the following:

Theorem 1.8  The strongly exceptional Legendrian As links are determined up to coarse
equivalence by their Thurston-Bennequin invariants and rotation numbers.

Remark 1.9 Strongly exceptional Legendrian A; links exist only in overtwisted

contact 3-spheres with ds = -2,-1,1,3, 2,

Remark 1.10 Suppose 1,1, # 0. If £y + [—%l] + [—i] > 2, then any strongly excep-
tional Legendrian As link can be destabilized at the component K to another strongly
exceptional one. If to + [—%}] + [—%] < 1, then any strongly exceptional Legendrian A;
link can be destabilized at the component K to a strongly exceptional Legendrian link
with o + [—%l] + [—i] = 1. In the cases either #; = 0 or ¢, = 0, any strongly exceptional
Legendrian Aj link can be destabilized at the component K, to another strongly
exceptional one. Furthermore, if #; = 0, then any strongly exceptional Legendrian A;
link can be destabilized at the component K, to another strongly exceptional one
unless ¢, = 0. However, a positive (or negative) stabilization at the component K
(and K in the case f; = 0) of a strongly exceptional Legendrian Aj link is strongly
exceptional if and only if the resulted rotation numbers are indeed the rotation
numbers of a strongly exceptional Legendrian A; link. Therefore, one can read out the
mountain ranges of K, (and K; in the case #; = 0) through the Thurston-Bennequin
invariants, rotation numbers, and d;-invariants shown in Section 4. Section 5 explains
how strongly exceptional Legendrian representatives relate to each other. Detailed
analysis of the (de)stabilizations, as well as detailed analysis of the mountain range

of K, for the links in Theorem 1.7, will be presented in Section 5.

The following is the structure of this paper. Section 2 presents upper bounds for
appropriate tight contact structures on £ x S'. In Section 3, we discuss various meth-
ods to realize the strongly exceptional Legendrian As links. Section 4 focuses on the
realization of the strongly exceptional Legendrian A3 links, including the calculation
of their rotation numbers and the d;-invariants of their ambient contact S>. In Section
5, we explore the stabilizations among the strongly exceptional Legendrian Aj links.
Finally, the last section provides a detailed computation as a sample, showcasing the
calculation of rotation numbers and ds-invariants.

2 Tight contact structures on X x S!

Fori=0,1,2,let N(K;) be the standard neighborhood of K; in a contact 3-sphere. The
Seifert longitude and meridian of K; are denoted by A; and p;, respectively. The exte-
rior of the link A3 = Ko U K3 UK, S3\(N(Ky) U N(K;) U N(K3)), is diffeomorphic
to = x S!, where X is a pair of pants. Suppose 0% = ¢y U ¢; U ¢, as shown in Figure 2. Let
h denote the S' factor — namely, the vertical circle. Then, Ay = co, Ay = Ay = h, po = h,
1 = —c1, pa = —c3. Suppose d(Z x S') = Ty U Ty U Ty, where T; = ¢; x S'. Then, the
dividing set of T, has slope t, (i.e., has the homology [co] + o[ #]), and the dividing
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Figure 2: A pair of pants X.

set of T; has slope —%{ (i.e., has the homology —t;[c;] + [h], for i = 1,2). Furthermore,
each boundary torus of the exterior of a Legendrian A; link is minimal convex.
Namely, its dividing set consists of exactly two parallel simple closed curves.

Following [18], we say that a tight contact structure £ on % x S' with minimal
convex boundary is appropriate if there is no contact embedding of

(T? x [0,1], ker(sin(nz)dx + cos(nz)dy))

into (M, &), where T? x {0} is isotopic to a boundary component of ¥ x S'. A
Legendrian representation of the A3 link in an overtwisted contact 3-sphere is strongly
exceptional if and only if its exterior is an appropriate tight contact ¥ x S'.

In this section, we study the appropriate tight contact structures on  x S* with
1

minimal convex boundary. The boundary slopes are so = s(To) = to, s1 = s(T1) = — ¢,

ands; =s(Ty) = —712, where fo, t1, t, are integers.

Lemma 2.1[13] Let T? be a convex surface in a contact 3-manifold with #T'12 = 2 and
slope s. If a bypass D is attached to T? from the front (the back, resp.) along a Legendrian
ruling curve of slope r # s, then the resulting convex surface T* will have #T, = 2 and
the slope s’ which is obtained as follows: Take the arc [r,s] c OH? obtained by starting
from r and moving counterclockwise (clockwise, resp.) until we hit s, where H? is the
Poincare disk shown in Figure 3. On this arc, let s’ be the point that is closest to r and has
an edge from s’ to s.

Every vertical circle in a contact £ x S! has a canonical framing that arises from
the product structure. Let y be a Legendrian circle that lies in the vertical direction.
The twisting number #(y) of y measures the amount by which the contact framing of
y deviates from the canonical framing. If #(y) = 0, then we say that y is a 0-twisting
vertical Legendrian circle.

Lemma 2.2 Suppose & is an appropriate tight contact structure on T x S' with bound-
ary slopes so = to, s; = —+ fori =1,2.If ti, t, # O and to + [—%1] + [—712] > 2, then & has
a 0-twisting vertical Legendrian circle.

Proof We assume the Legendrian rulings on T; and T, to have infinite slopes.
Consider a convex vertical annulus A such that the boundary consists of a Legendrian
ruling on T; and a Legendrian ruling on T,. The dividing set of A intersects Tj,
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Figure 3: Farey graph on the Poincare disk H?.

i =1,2, in exactly 2|t;| points. If every dividing curve of A is boundary parallel, then
there exists a 0-twisting vertical Legendrian circle in A. So we assume that there exist
dividing arcs on A, which connect the two boundary components of A. If there is a
boundary parallel dividing curve on A, then we perform a bypass attachment (attached
from the back of T;) to eliminate it.

(1) Suppose t; < 0 and t, < 0. By Lemma 2.1, we can obtain a submanifold  x S
of = x §! whose boundary is Ty U T, U Ty, where both Ty and T, have slopes —i for

some integer 3 € [max{t, t,}, ~1]. Moreover, each dividing curve on A = An (;‘, x
S}) connects the two boundary components. Let N be a neighborhood of Ty u T, U
A, and ON = T; u T, u T. Then, by edge-rounding, T has slope i + % + _its = i (as
seen form Tj). Therefore, the thickened torus ¥ x S'\N has boundary slopes t, and

%. Since tp > 0 > i, there must exist a 0-twisting vertical Legendrian circle in this
thickened torus, and hence in % x S.

(2) Suppose t; =1and ¢, = 1. It follows from [14, Lemma 5.1].

(3) Suppose t; > 1 and t, = 1. By Lemma 2.1, we can obtain a submanifold 3 xSt
of X x §' whose boundary is Ty U T, u Ty, where T, has slope 0. Moreover, each
dividing curve on A = An (2 x S') connects the two boundary components. Let N
be a neighborhood of Ty U T, U A, and N = Ty U T, U T. Then, by edge-rounding,
T has slope 0 +1+1 = 2 (as seen form Tp). Therefore, the thickened torus £ x S'\N
has boundary slopes #, and 2. Since ty > 3 > 2, there must exist a 0-twisting vertical
Legendrian circle in this thickened torus, and hence in  x S.

(4) Suppose t; > 1and t, > 1. We divide this case into two subcases:

(i) There exist boundary parallel dividing curves on A. By Lemma 2.1, we can obtain
a submanifold £ x S' of 2 x S! whose boundary is To U T; U T5, where both T; and T,
have slopes 0. Moreover, each dividing curve on A = An (£ x S') connects the two
boundary components. Let N be a neighborhood of TWuT,uA ,and N = Ty U T, U
T. Then, by edge-rounding, T has slope 0+ 0 +1=1 (as seen form Tp). Therefore,
the thickened torus ¥ x S'\N has boundary slopes t, and 1. Since t, > 2 > 1, there
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must exist a 0-twisting vertical Legendrian circle in this thickened torus, and hence
in T x S%.

(ii) There exists no boundary parallel dividing curve on A. Then #; = ¢, and all
dividing curves on A connect the two boundary components of A. Let N be a
neighborhood of T1 UT,UA,and ON = T; U T, U T. Then, by edge- rounding, T has
slope + + + t1 + t1 = (as seen form Tp). Therefore, the thickened torus = x S'\N has
boundary slopes tg and i Since o 22> + t1 there must exist a 0-twisting vertical
Legendrian circle in this thickened torus, and hence in = x S'.

(5) Suppose t; < 0 and ¢, = 1. There are boundary parallel dividing curves on A. By
Lemma 2.1, we can obtain a submanifold £ x S' of £ x S' whose boundaryis Ty U T,u
T, where both T have slopes 1. Moreover, each dividing curve on A = An (£ x S! )
connects the two boundary components. Let N be a neighborhood of T; U T, U A,
and ON = T; U T, U T. Then, by edge-rounding, T has slope 1+ (1) +1 =1 (as seen
form Tp). Therefore, the thickened torus = x S'\N has boundary slopes t, and 1. Since
to > 2 > 1, there must exist a 0-twisting vertical Legendrian circle in this thickened
torus, and hence in £ x S'.

(6) Suppose t; < 0 and t, > 1. We divide this case into two subcases.

(i) If there exist boundary parallel dividing curves on A whose boundary points
belongto A N Ty, we can use Lemma 2.1 to obtain a submanifold £ x S' of 2 x ! whose
boundary is Tp U T, u Ty, where T; has slope 1 and T, has slope 0. Furthermore, each
dividing curveon A = A n (2 x S') connects the two boundary components. Let N be
aneighborhood of Ty U T, U A,and N = T, u T, U T. By performing edge-rounding,
T will have slope -1+ 0+1=0 (as seen form Tp). Therefore, the thickened torus
3 x SY\N has boundary slopes ¢, and 1. Since ¢ > 1 > 0, there must exist a 0-twisting
vertical Legendrian circle in this thickened torus, and hence in ¥ x S'.

(i) If there are no boundary parallel dividing curves on A whose boundary points
belong to A N T, we can use Lemma 2.1 to obtarn asubmanifold £ x S' of £ x S! whose
boundary is Ty U T, U Ty, where T has slope --. Furthermore, each dividing curve on

A=An(ZxS") connects the two boundary components. Let N be a neighborhood
of T{u Tz U A and ON = Ty u T, U T. By performing edge-rounding, T will have
slope —— + - S E = 1 (as seen form Tj). Therefore, the thickened torus ¥ x S! \N
has boundary slopes to and 1. Since £y > 1> E there must exist a 0-twisting vertical

Legendrian circle in this thickened torus, and hence in = x S'. [ ]

Lemma 2.3 If £ is a tight contact structure on X x S' with boundary slopes sy = to,
si = —+ for i = 1,2, has a 0-twisting vertical Legendrian circle, where t,, t, # 0. Then, it
admits a factorization £ x §' = Lj U L] U L5 U2/ x S', where L, are disjoint thickened
tori with minimal twisting and minimal convex boundary oL} = T; — T}, and all the
components of 92" x S' = Ty u T/ U T, have boundary slopes oo.

Proof The proof is similar to that of [14, Lemma 5.1, Part 1]. [ ]

Let & be a contact structure on ¥ x §' with boundary slopes so = fo, s; = —+
for i =1,2, where t;, t, # 0. Assume it admits a factorization ¥ x §' = L u L u L, U
%' x 8!, where L/ are disjoint thickened tori with minimal twisting and mrnrmal

convex boundary 0L} = T; - T/, and all the components of 9%’ x S' = Tyu T/ U T}
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have boundary slopes co. Then, in the thickened torus L}, i = 1,2, there exists a basic
slice B} with one boundary component T/ and another boundary slope [—f] This is
because [ - f] is counterclockwise of -+ and clockwise of oo in the Farey graph shown
in Figure 3. Let C}, i € {1,2}, be the contlnued fraction block in L} that contains Bi.

The basic slices in C; can be shuffled. Namely, any basic slice in C! can be shuffled to
be B..

Lemma 2.4 (1) Suppose to + [~ |+ [~ 1 = 3. If the signs of Ly, B}, and B are the
same, then the restriction of & to Ly U Bj U B, U X/ x S! remains unchanged if we change
the three signs simultaneously.

(2) Suppose to + [—%1] + [—712] < 2. If the signs of Ly, B}, and BY, are the same, then &
is overtwisted.

Proof The restriction of £ on Ly U Bj U B, U Y’ x S has boundary slopes to, [ i]
and [—f] So the lemma follows by applying [14, Lemma 5.1] to Ly U Bj U B, U X' x
st ]

Lemma 2.5 [9] There is a unique appropriate tight contact structure on X x S* whose
three boundary slopes are all oo up to isotopy (not fixing the boundary point-wise, but
preserving it set-wise).

Lemma 2.6 Let & be a contact structure on T x S'. Assume that each T; is minimal
convex with dividing curves of finite slope t, —%1 and —712. If & has 0-twisting vertical

Legendrian circles and to + [—711] + [—i] <1, then & is not appropriate tight.

Proof As there is a 0-twisting vertical Legendrian circle, there exists a minimal con-

vex torus T}, parallel to T;, with slope [— %], i = 1,2. Consider a convex annulus A with

a boundary consisting of a Legendrian ruling on T and a Legendrian ruling on T;.

Let N be a neighborhood of T/ U T} U A, and ON = T/ u Tj U T Then, through edge-
1

rounding, T has slope -[-41- [—i] +1 (as seen form Ty). We obtain a thickened

torus with boundary slopes f and —[ - 711] -[- 712] +1, and a boundary parallel convex

torus with slope oco. Thus, from fg < —[—711] - [—i] +1, it follows that the Giroux

torsion of this thickened torus is at least 1. Hence, the Lemma holds. ]
Lemma 2.7 Let & be an appropriate tight contact structure on X x S'. Assume that
each T; is minimal convex with dividing curves of finite slope t, _zli and —i. Suppose
& has no 0-twisting vertical Legendrian circle. Then, there exist collar neighborhoods LY
of T; for i =1,2 satisfying that = x S' = 2" x S' U L}’ U LY}, and the boundary slopes of
3" x St are ty, [~ t11 ], and [—72].

Proof We modify the Legendrian rulings on Ty and T; to have infinite slopes.
Consider a convex vertical annulus A whose boundary consists of Legendrian rulings
on Ty and T;. The dividing set of A intersects T, in exactly 2 points. The dividing
set of A intersects T;, i = 1,2, in exactly 2|t;| points. As & has no 0-twisting vertical
Legendrian circle, there exist dividing arcs on A that connect the two boundary
components of A. If there is a boundary parallel dividing curve on A, then its endpoints
must belong to A n T; for some i = 1, 2. We perform a bypass (attached from the back
of T;) to eliminate it. Applying Lemma 2.1, we obtain a thickened torus LY for i =1,2
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that satisfies = x $' = £ x S' U L) U L), and the boundary slopes of =" x S! are t,,
[-1],and [-1]. [

Now we present upper bounds for appropriate tight contact structures on ¥ x S*.
21 £, <0 and t, < 0.

Lemma 2.8 Suppose t; < 0 and t, < 0. Then, there are at most

2ty — 2 — 24,42, ifte > 2,
ity — 2t — 2t + 2, lft() =1,
=2t —2t, + 2, lft() =0,
—totits, iftg < -1

appropriate tight contact structures on = x S' with the given boundary slopes.

Proof By Lemma 2.2, if £ > 0, then the tight contact structures on ¥ x S' always
exist 0-twisting vertical Legendrian circles.

If an appropriate contact structure £ on = x S! has a 0-twisting vertical Legendrian
circle, then Lemma 2.3 tells us that = x S' can be factored into Lj U L] U L, U 2 x S,
where the boundary slopes of =’ x S! are all co, the boundary slopes of L{ are co and
to, and the boundary slopes of L} are co and _tl,» for i = 1,2. Moreover, There are 2
minimally twisting tight contact structures on Ly,

Ift; < 0,i=1,2, we have

B e (e

The thickened torus L; is a continued fraction block with —¢; basic slices and therefore
admits —¢; + 1 minimally twisting tight contact structures.

By applying Lemma 2.5, we can conclude that there are at most 2t; £, — 2t; — 2t, + 2
appropriate tight contact structures on ¥ x S if to > 2. If £y = 1 and there are basic
slices in L} which have the same signs as that of Ly for i = 1,2, then after shuffling,
we can assume that L{, Bj and B} have the same signs. According to Lemma 2.4, a
tight contact structure that has positive basic slices in L! for i = 0,1, 2 are isotopic to
a tight contact structure which is obtained by changing a positive basic slice in L/
for i = 0,1, 2 to a negative basic slice. Therefore, there are at most t;£, — 2t; — 2¢, + 2
appropriate tight contact structures on ¥ x S! if ¢y = 1. If ¢, = 0, then by Lemma 2.4,
a contact structure which has positive basic slices in L} for i = 0,1,2 is overtwisted.
Thus, there are at most —2¢; — 2, + 2 appropriate tight contact structures on = x S* if
to = 0.

Suppose ty < —1. By Lemma 2.6, there are no appropriate tight contact structures
having a 0-twisting vertical Legendrian circle. We consider the appropriate tight
contact structures without a 0-twisting vertical Legendrian circle. By Lemma 2.7, we
can factorize ¥ x §' = £ x S' U L}’ u L}, where the boundary slopes of =" x S! are
to, 1 and 1, and the boundary slopes of L are 1 and _%,- for i =1,2. Since ¢, < 0, by

(14, Lemma 5.1], there are exactly —#, tight contact structures on 2" x S! without any
0-twisting vertical Legendrian circle. By [13, Theorem 2.2], there are —t; minimally
twisting tight contact structures on L’ for i = 1, 2. Therefore, there are at most —tt £,
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Figure 4: A pair of pants X, where tg = 0, t; = t = -2.

tight contact structures on = x S' without any 0-twisting vertical Legendrian curve
and with boundary slopes s¢ = to, s; = —% fori=1,2. ]

To denote the 2tt, — 2t — 2t, + 2 contact structures on X x S' with 0-twisting
vertical Legendrian circle, we use the decorations (+)(+---+)(+---+). See Figure
4 for an example. The sign in the first bracket corresponds to the sign of the basic
slice Ly, while the signs in the second and the third brackets correspond to the
signs of the basic slices in L] and L}, respectively. We order the basic slices in L]
and L) from the innermost boundary to the outmost boundary. As both L] and L/
are continued fraction blocks, the signs in the second and the third brackets can be
shuffled. For example, the decorations (+)(+ - -)(--) and (+)(— — +)(--) denote
the same contact structures.

2.2 t>0andt, > 0.

Lemma 2.9 Suppose t; = t, = 1. Then, there are exactly

, ifty > 6,
) ifto =5,
, if to =4,
—ty, ifty<3

= N N oo

appropriate tight contact structures on £ x S' with the given boundary slopes.

Proof The boundary slopes of = x S' are t,, -1 and —1. If ¢, < 3, according to [14,
Lemma 5.1], there are exactly 4 — t, appropriate tight contact structures on ¥ x S
without a 0-twisting vertical Legendrian circle. By Lemma 2.6, there are no appropriate
tight contact structures on X x S with a 0-twisting vertical Legendrian circle. If
to > 4, then any tight contact structure on = x S' has a 0-twisting vertical Legendrian
circle. By applying [14, Lemma 5.1] again, we can conclude that when t, = 4, there
are exactly 6 appropriate tight contact structures on % x S'. When ¢, = 5, there are
exactly 7 appropriate tight contact structures on £ x S'. When t; > 6, there are exactly
8 appropriate tight contact structures on ¥ x S. |
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We use the decorations (+)(+)(+) to denote the 8 contact structures on X x S!
with a 0-twisting vertical Legendrian circle.

Lemma 2.10 Suppose t; > 1 and t, = 1. Then, there are at most

12, ifto>5and t; =2,
10, ifto=4and t; =2,
8, ifto=3and t; =2,
16, lft() > 5 and f > 3,
14, ifto=4andt; >3,
12, ifto=3andt; > 4,
11, lft():tlz?),
6-2tyg, iftg <2

appropriate tight contact structures on X x S* with the given boundary slopes.

Proof The boundary slopes of T x S! are sq = to, s, = —711, and s, = -1 If ¢y > 3,
then the tight contact structures on £ x S' always exist 0-twisting vertical Legendrian
circles.

If t; > 1, we have

| KR | R

If f; = 2, then L1 is a continued fraction block with two basic slices with slopes — %, 0,
and oo, and thus admits exactly 3 tight contact structures. If ; > 3, then L] consists of
two continued fraction blocks, each of which has one basic slice. The slopes are —711,
0, and oo. Therefore, it admits exactly 4 tight contact structures.

If tp > 5 and t; = 2, then there are at most 2 x 3 x 2 = 12 tight contact structures.
The number of such contact structures depends on the signs of the basic slices in L}
for i =0,1,2. If ty =4 and #; = 2, then there are at most 10 tight contact structures
by deleting 2 duplications. If t, < 3 and #; = 2, then there are at most 8 tight contact
structures by deleting 4 overtwisted cases.

If tp > 5 and #; > 3, then there are at most 2 x 4 x 2 = 16 tight contact structures.
The number of such contact structures depends depend on the signs of the basic slices
inLfori=0,1,2.1ftp = 4and f; > 3, then there are at most 14 tight contact structures
by deleting 2 duplications. If £y < 3 and #; > 3, then there are at most 12 tight contact
structures by deleting 4 overtwisted cases.

Suppose ty < 2. By Lemma 2.6, there are no appropriate tight contact structures
with a 0-twisting vertical Legendrian circle. We consider the appropriate tight contact
structures without a 0-twisting vertical Legendrian circle. By Lemma 2.7, we can
factorize = x S' = 3" x §' U L}, where the boundary slopes of = x S" are t(, 0 and -1,
and the boundary slopes of L{" are 0 and —%1. Since ty < 3, according to [14, Lemma

5.1], there are exactly 3 — t, tight contact structures on X" x S' without a 0-twisting
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vertical Legendrian circle. There are 2 minimally twisting tight contact structures on
L}’ Therefore, there are at most 6 — 2t, appropriate tight contact structures on £ x S
without a 0-twisting vertical Legendrian circle and with boundary slopes sy = to,
s; = —%i fori=1,2.

If ; = 2, then we denote the 12 contact structures on X x S' with a 0-twisting
vertical Legendrian circle using the decorations (+)(++)(+). For t; > 3, we use the
decorations (+)((+)(+))(z) to denote the 16 contact structures on X x S! with a 0-
twisting vertical Legendrian circle. In the latter case, ((+)(+£)) refers to the two signed
basic slices in L] that do not form a continued fraction block.

If to=t;=3 and t, =1, we claim the two decorations (+)((-)(+))(+) and
(=)((+)(=)) (=) denote the same contact structure on ¥ x S'. As before, there is a
convex vertical annulus A such that dA consists of a Legendrian ruling on Ty and a
Legendrian ruling on T, and the dividing set on A run from one boundary component
to the other. If we cut Ly u L] U L, U S’ x S! along A, we will obtain a thickened torus
admitting a factorization into two basic slices with slopes — %, 0and 0, -1, and opposite
signs. Here, the slope -1 is obtained by —sg — s, + 1= =3 — (-1) + L. The three slopes
can be transformed into %, %, and 1 as follows:

e[S el | I el |

So these two basic slices form a continued fraction block and can be interchanged.
Similar to the argument in [14, Page 135], this leads to an exchange between
(+)((-)(+))(+) and (=) ((+)(-))(-) while preserving the isotopy classes of contact
structures. u

Lemma 2.11 Suppose t; > 1 and t, > 1. Then, there are at most

18, ifto>4andty =t =2,
14, l'ft():?)ai’ld t1:t2:2,
10, zftO:Zand = t2:2,
24, lft()2401’ld 151 >3, t =2,
20, ift0=3and tl 23,1'2:2,
16, ift0:2cmd t123, f2:2,
32, ift024and f123, ty 23,
28, zftoz3and t123,t223,
24, ifto=2andt; 23,1, >3,
8—4ty, ifty<1

appropriate tight contact structures on ¥ x S' with the given boundary slopes.

Proof If ty > 2, then the tight contact structures on ¥ x S' always exist a 0-twisting
vertical Legendrian circles.

Ifty >4and t; = t, = 2, thenthereareat most 2 x 3 x 3 = 18 tight contact structures.
If to > 4, t; > 3, and t, = 2, then there are at most 2 x 4 x 3 = 24 tight contact struc-
tures. If tg > 4, t; > 3, and t, > 3, then there are at most 2 x 4 x 4 = 32 tight contact
structures. The number of such contact structures depends on the signs of the basic
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Figure 5: A pair of pants X, where tg = 0, t; = £ = 3.

slices in L} for i = 0,1, 2. For the other cases, the upper bound can be obtained by
deleting the duplications or the overtwisted contact structures.

Suppose ty < 1. By Lemma 2.6, there are no appropriate tight contact structures
with a 0-twisting vertical Legendrian circle. We consider the appropriate tight contact
structures without a O-twisting vertical Legendrian circle. By Lemma 2.7, we can
factorize = x §' = 2" x S'U L} U LY, where the boundary slopes of =" x S! are t,
0 and 0, and the boundary slopes of L} are 0 and —tii. Since ty <1, according to
[14, Lemma 5.1], there are exactly 2 — f, tight contact structures on =" x S! without
a 0-twisting vertical Legendrian circle. There are 2 minimally twisting tight contact
structures on L. Therefore, there are at most 8 — 4ty appropriate tight contact
structures on X x S' without a 0-twisting vertical Legendrian circle and with boundary
slopes so = tg, $; = —%i fori=1,2. [ ]

If t; = t, = 2, then the 18 contact structures on X x S' with a 0-twisting vertical
Legendrian circle are denoted using the decorations (+)(++)(++). For f; > 3and t, =
2, we use the decorations (+)((2)(2))(£=) to represent the 24 contact structures on
> x S! with a 0-twisting vertical Legendrian circle. When t; > 3 and ¢, > 3, we use the
decorations (+)((£)(£))((£)(=£)) to signify the 32 contact structures on £ x S' with
a 0-twisting vertical Legendrian circle. See Figure 5 for an example.

2.3 ti<0andt,>0.

Lemma 2.12  Suppose t; < 0 and t, = 1. Then, there are at most

4—4t,  ifto >4
4-31’1, 1ft0 :3>
4—2t1, lfto :2;
tot1—2t1, ifto <1

appropriate tight contact structures on X x S* with the given boundary slopes.

Proof The boundary slopes of £ x S are sg = t¢, 5; = —%l >0,and s, = 1.

If t) > 2, then the tight contact structures on X x S! always contain a 0-twisting
vertical Legendrian circle.
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If tg > 4, f; <0, and t, = 1, then there are at most 2 x (1-#;) x 2 =4(1- ;) tight
contact structures. They depend on the signs of the basic slices in L for i = 0,1, 2. For
the other cases, the upper bound can be obtained by deleting the duplication or the
overtwisted contact structures.

Suppose ty <1. By Lemma 2.6, there are no appropriate tight contact structures
with a 0-twisting vertical Legendrian circle. We consider the appropriate tight contact
structures without a 0-twisting vertical Legendrian circle. By Lemma 2.7, we can
factorize X x S' = 3 x S' U L}’, where the boundary slopes of = x S' are t;, 0 and
1, and the boundary slopes of L] are 0 and —til. Since t <1, according to [14, Lemma
5.1], there are exactly 2 — t, tight contact structures on 2" x S' without a 0-twisting
vertical Legendrian circle. There are —t; minimally twisting tight contact structures on
L}'. Therefore, there are at most —2#; + tot; tight contact structures on = x S without
a 0-twisting vertical Legendrian circle and with boundary slopes so = tg, s; = —ti,_ for
i=12. n

We use the decorations (+)(+- - +)(+) to denote the 4 — 4¢; contact structures on
—

-t
T x S with a 0-twisting vertical Legendrian circle.

Lemma 2.13 Suppose t; < 0 and t, > 1. Then, there are at most

6 - 61, ifto 23,1, =2,
6—4t1, tho = 2, t2 = 2,
6—2t1, lfto = 1, tz = 2,
8 -8t ifto>3,1, >3,
8 - 61, iftg=2,1, >3,
8 — 4t ifto=11 >4,
8 - 3t, ifto=11t,=3,
2toty — 24, iftg<0,6,23

appropriate tight contact structures on  x S' with the given boundary slopes.

Proof Theboundary slopesof T x S' are s = to, 5 = —til >0,ands; = —i € (-1,0).

If £y > 1, then the tight contact structures on ¥ x S' always contain a 0-twisting
vertical Legendrian circle.

If tg > 3, t; < 0,and ¢, = 2, then there are at most 2 x (1— ;) x 3 = 6(1 — t;) appro-
priate tight contact structures. If to >3, #; <0, and ¢, > 3, then there are at most
2x(1-1)x4=28(1-t) appropriate tight contact structures. The number of such
contact structures depends on the signs of the basic slices in L} for i = 0,1,2. For
the other cases, the upper bound can be obtained by deleting the duplication or the
overtwisted contact structures.

Suppose ty < 0. By Lemma 2.6, there are no appropriate tight contact structures
with a 0-twisting vertical Legendrian circle. We consider the appropriate tight contact
structures without a 0-twisting vertical Legendrian circle. By Lemma 2.7, we can
factorize = x S' = 2" x S' U L}’ U L), where the boundary slopes of 2" x S! are to, 1
and 0, the boundary slopes of L{" are 1 and —%l, and the boundary slopes of L} are

0 and —i. Since t; < 0, according to [14, Lemma 5.1], there are exactly 1 - ¢, tight
contact structures on = x §' without a 0-twisting vertical Legendrian circle. There are
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—t; minimally twisting tight contact structures on L{'. There are 2 minimally twisting
tight contact structures on L}. Therefore, there are at most —2#; + 2tpt; appropriate
tight contact structures on T x S! without a 0-twisting vertical Legendrian circle and
with boundary slopes so = to, s; = _ti,» fori=1,2.
When t, = 2, the 6 — 6¢; contact structures on ¥ x S! with a 0-twisting vertical
Legendrian circle are denoted using the decorations (+)(+---+)(x). For t, > 3, we
4

use the decorations (+)(+---+)((x)(%)) to represent the 8 — 8¢, contact structures
—
-t

on X x S' with a 0-twisting vertical Legendrian circle.
Ifto =1, 1 <0, and t, = 3, we claim the two decorations
()t =) () () and () (== (D))
—— —— ——

——
1 k k+1 I-1

where I > 1,k > 0,k + I = —t;, denote the same contact structure on ¥ x S'. We con-
sider Lj UBj UL, U3 x S in  x S! with the first decoration, where Bj is the inner
most basic slice in L] with two boundary slopes oo and 1. We can assume the sign of
Bj is positive since L is a continued fraction block containing at least one positive
basic slice. As before, there is a convex vertical annulus A such that dA consists of a
Legendrian ruling on T and a Legendrian ruling on the boundary component of Bj
with slope 1, and the dividing set on A run from one boundary component to the other.
If we cut Lj U Bj u L, UY’ x S along A, we will obtain a thickened torus admitting
a factorization into two basic slices with slopes —2, 0 and 0, -1, and opposite signs.
Here, the slope -1 is obtained by —1 —1 + 1. Using the same reasoning as in the proof
of Lemma 2.10, we have an exchange from the first decoration to the second without
altering the isotopy classes of contact structures. [ ]

2.4 tl =0.

Lemma 2.14 Suppose t; = 0. Then, there are at most

8, ift, >3,
6, lftz =2,
4, ifty =1,
2-2t,, ift,<0

appropriate tight contact structures on = x S' with the given boundary slopes. All of them
have 0-twisting vertical Legendrian circles.

Proof Sinces, = oo, the appropriate tight contact structures on £ x S' always contain
0-twisting vertical Legendrian circles.

The boundary slopes of £ x S' are t;, co and —i. We can factorize £ x S' = Lj U
L, U X' x §', where the boundary slopes of 2’ x S! are all oo, the boundary slopes of
Ly are oo and ty, and the boundary slopes of L), are co and —é. There are exactly 2
minimally twisting tight contact structures on L. If t; < 0, = 1, = 2, or > 3, then there
are 1 - t5, 2, 3, or 4 minimally twisting tight contact structures on L}, respectively.
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Therefore, if £, <0, =1, = 2, or > 3, then there are 2 - 2t, 4, 6, or 8 appropriate tight
contact structures on X x S', respectively. [

If t, >3, the 8 contact structures on X x S! are denoted using the decorations
(£)((£)(=£)). For t, = 2, we use the decorations (+)(++) to represent the 6 contact
structures on T x S'. When #, = 1, we use the decorations (+)(+) to denote the 4
contact structures on X x S*. If #, < 0, we use the decorations (+)(+---+) to denote

—
—t
the 2 — 2, contact structures on  x S'.

2.5 Some tight contact structures

We use the notation (T2 x [0,1], 59, 51) to represent a basic slice with boundary slopes
soand s; on T2 x {i}, where i = 0, L. There is a geodesic in the Farey graph connecting
so and s;. Moreover, any boundary parallel convex torus of this slice has a dividing
slope within the range of [sy, s, ] corresponding to the clockwise arc on the boundary
of the Poincare disk shown in Figure 3.

Lemma 2.15 There are 6 tight contact structures on £ x S* with boundary slopes to,
—til, and —712, where t1, t, # 0, and satisfying that

o 2 x S! can be decomposed as Ly U Ly U Ly U S’ x S, where X' x S' have boundary
slopes oo,

o Ly is a basic slice,

o L', i=1,2, is a thickened torus, all of whose basic slices have the same signs,

o thesignsof Ly, L, and Ly are + ¥ F, + Ftor £ + F.

Proof Suppose they have 0-twisting vertical Legendrian circles. By Lemma 2.3, each
of them can be decomposed as Ly U L] U L5 U X x S!, where the boundary slopes of
¥’ x S' are all oo, Ly is a basic slice (T? x [0,1]; 00, t ), and the innermost basic slice
Bl ofL:is (T* x [0,1]; 00, [—%]) for i = 1,2. Using Part 2 of [14, Lemma 5.1], we know
that there are 6 universally tight contact structures on Ly U By U B, U 2’ x S which are
determined by the signs of L{, By, and Bj. Note that the three signs are not the same.
Each of them can be extended to a universally tight £ x S' whose boundary slopes are
all co. The contact structure on Ly U L} U L, U3 x S' can be embedded into ¥ x S.
Hence, the given contact T x S' is tight. [ ]

Lemma 2.16 There are 4 tight contact structures on = x S* with boundary slopes to,
o0, and —712, where t, # 0, and satisfying that

o 2 x S! can be decomposed as Ly u L5 UZ x S!, where 2/ x S! have boundary slopes
Oo)

o Ly is a basic slice,

o L is a thickened torus, all of whose basic slices have the same signs,

o the signs of Ly and L), are £+ or +¥.

Proof Using [14, Lemma 5.2], the proof is similar to that of Lemma 2.15. ]
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3 Methods of construction of strongly exceptional Legendrian A;
links

In practice, contact surgery diagrams are a common tool for representing strongly
exceptional Legendrian links. Several works, such as [10], [11], [12], [16], and [9],
employ this technique. In this paper, we utilize contact surgery diagrams to construct
strongly exceptional Legendrian Aj links. It is worth noting that if an exceptional
Legendrian Aj; link can be constructed by this technique, then it must be strongly
exceptional. This is because conducting contact surgery along such a Legendrian A;
link results in a tight contact 3-manifold, whereas a Giroux torsion domain in £ x S!
gives rise to an overtwisted disk after the surgery. Given a contact surgery diagram for
an exceptional Legendrian Aj; link, the Thurston-Bennequin invariants and rotation
numbers can be calculated using [15, Lemma 6.6]. Furthermore, the d;-invariant of
the ambient contact 3-sphere can be obtained according to [4].

Additionally, we introduce three other methods. The first method involves per-
forming Legendrian connected sums of two Legendrian knots. The concept of Legen-
drian connected sums of Legendrian knots was defined in [8, Section 3].

Lemma 3.1 Let Ky UK be a strongly exceptional Legendrian Hopf link in a contact
(8% §1) with (t5,r0) = (fi,11) = (1,0) or (tg,75) = (0,£1), 11 > 2,1y = £(f — 1). Let
K{ UK, be a strongly exceptional Legendrian Hopf link in a contact S°. Then, the
Legendrian connected sum (Ky#K{') U Ky U K is a strongly exceptional Legendrian A
link in a contact S°.

Proof Suppose t5 = 0, t; > L Let 7 be the Thurston-Bennequin invariant of Ky'. If
the pair (#{, t) is not (2,1) or (1, 2), then any strongly exceptional Legendrian Hopf
link K{' U K; has a contact surgery diagram [11]. As a result, (K{#K{') U K; U K, has
a contact surgery diagram as shown in the middle and right of Figure 6. We then
perform contact (—1)-surgery along K; and cancel the contact (+1)-surgery along
the Legendrian unknots. By ignoring the Legendrian unknots with contact (-1)-
surgeries, we obtain a contact surgery diagram for the Legendrian link K{' U K;. As
per [11], some contact surgeries along Ky U K, will result in closed tight contact 3-
manifolds. Since contact (-1)-surgery on closed contact 3-manifold preserves tight-
ness [17], some contact surgery along (K{#K{) U K; U K, will yield a tight contact
3-manifold. Therefore, (Ky#K{') U K; U K is strongly exceptional.

In the case where (t;, t2) is either (2,1) or (1,2), [11] tells us that its exterior is a
universally tight thickened torus and can therefore be contact embedded into a tight
contact T°. The contact (—1)-surgery along links in a tight contact T° results in a tight
3-manifold. As such, the contact (-1)-surgery along links in the exterior of Ki' U K;
will also yield a tight 3-manifold. Therefore, the contact (—1)-surgery along K; will
result in a tight contact 3-manifold. This means that (Ky#Ky') U K; U K is strongly
exceptional.

Assuming tg = f; = 1. If the pair (#{, t;) is not (2,1) or (1,2), then (K{#K{') U K; U
K, will have a contact surgery diagram as shown in the left of Figure 6. We then
perform contact (-3 )-surgery along K; and cancel the contact (+1)-surgery along
the two Legendrian unknots. By doing so, we obtain a contact surgery diagram for
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Figure 6: In the middle and right picture, for t; even, K{ and Kj bear the same orientation, and
for t; odd, the opposite one.

the strongly exceptional Legendrian link K’ U K. This means that the exterior of
(Ky#Ky') u Kj U K, is appropriate tight.

If the pair (#;, t;) is either (2,1) or (1,2), we can apply the same argument as in
the previous case. ]

We recall that the dj-invariant of the contact connected sum of two con-
tact 3-spheres (%, ¢) and (S°,&') is given by d3(&) +d3(&') + 1. Suppose K
has Thurston-Bennequin invariant ¢; and rotation number r{. Then, K{#K{' has
Thurston-Bennequin invariant t; + ¢y + 1 and rotation number r{, + r¢ .

The second method involves adding local Legendrian meridians. In a contact
3-sphere, consider a Legendrian knot intersecting a Darboux ball in a simple arc.
A Legendrian unknot within the Darboux ball, which serves as a meridian of the
given Legendrian knot, is called a local Legendrian meridian. The following lemma
is straightforward.

Lemma 3.2 Suppose Ko U K, is a strongly exceptional Legendrian Hopf link. Let K;
be a local Legendrian meridian of Ko. Then, Ko U Ky UK, is a strongly exceptional
Legendrian As link witht; <Oandry e {f; + 1,1 +3, -+, -t - 1}.

The third method involves extending an (appropriate) tight contact £ x S! admit-
ting a 0-twisting vertical Legendrian circle to an overtwisted contact S°.

Suppose an (appropriate) tight contact structure £ on X x S' has a 0-twisting
vertical Legendrian circle y. We attach three contact solid tori D? x S, i =0,1,2,
to (= x 8%, &) such that 9D} is identified to h, 9D is identified to c¢;, and 9D3 is
identified to c,. Then, the resulting manifold ¥ x $' U D3 x S' U D? x S'u D2 x S' is
diffeomorphic to S°.

If the contact structure on D? x S! has a minimal convex boundary with slope
given by a longitude (i.e., the dividing set of the convex boundary intersects the
meridional circle in exactly two points), then it admits a unique tight contact structure.
Additionally, the core of such a contact solid torus is Legendrian.

Since the dividing set of T; intersects the meridional disk of D? x S! in exactly two
points, the contact structure £ on ¥ x S! uniquely extends to a contact structure on
S°. However, since 0D} is identified to h, the Legendrian vertical circle y bounds an
overtwisted disk in S°. Therefore, the resulting contact structure on S is overtwisted.
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Lemma 3.3 Let & be an (appropriate) tight contact structure on £ x S' that admits a 0-
twisting vertical Legendrian circle. Extending & to a contact 3-sphere as above by adding
three tight contact solid tori. Let K;, i = 0,1, 2, be the core of three attached contact solid
tori. Then, Ko U Ky U K is a (strongly) exceptional Legendrian As link in an overtwisted
contact 3-sphere.

Moreover, we have the following observations.

Lemma 3.4 Let & and &, be two tight contact structures on X x St with 0-twisting
vertical Legendrian circles. Suppose they both have minimal convex boundaries with
slopes to, —til, and —712. Suppose their factorizations L) U Ly U L5 U = x S' (or Ly U L U
> x S' when t; = 0) differ only in the signs of basic slices in Ly u L] UL}, (or Ly U L},
when t; = 0). If & is appropriate tight, then so is &,.

Proof This is because the computation of Giroux torsion of an embedded torus T in
a contact 3-manifold only depends on the slopes of the convex tori parallelto T. m

Lemma 3.5 Suppose L is an exceptional Legendrian As link whose exterior contains a
0-twisting Legendrian vertical circle. Then, the components Ko and K; with t; # 0, where
i=1,2, of £ can always be destabilized.

Proof There is a basic slice L), in the exterior of £ which is (T? x [0,1], o0, ty).
We can find a basic slice (7% x [0,1], o + 1, t9) in Lj. So the component K, can be

destabilized. For i =1,2, since there is a basic slice (T? x [0,1],~ %5, ~+) in the

thickened torus L/, the component K; can be destabilized. [ ]

4 Realizations of strongly exceptional Legendrian A; links

In this section, we construct strongly exceptional Legendrian A3 links.

Throughout this paper, in the contact surgery diagrams representing a Legendrian
Ajs link, if a component is a Legendrian push-off of some Kj, i = 0, 1, 2, then its contact
surgery coefficient is +1; otherwise, its contact surgery coeflicient is —1.

4.1 t,<0andt, <0.

The boundary slopes of £ x S are sq = t¢, 5; = —%1 €(0,1],and s, = —712 € (0,1].

Lemma4.1 Foranyty € Z, there are 6 exceptional Legendrian A5 links whose exteriors
have 0-twisting vertical Legendrian circles and have decorations +(+)(—---=)(=----),
N—— Y~

-t —t,

£(+)(==)(+---+) and £(+)(++--+)(=-- - —). Their rotation numbers are
—_—— Y= —— Y=
-t -t -t -t

to = :t(to - 1), r = :l:(l - tl),rz = :I:(l - tz);
to = i(to - 1), 1= :l:(l - tl)ar2 = :l:(tz + 1),

to = :l:(to —1),7’1 = :l:(tl + 1),1‘2 = :I:(l— tz).

The corresponding ds-invariants are independent of to if t and t, are fixed.
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Proof The first statement follows from Lemma 2.15 and Lemma 3.3. The rotation
number of a Legendrian knot in a contact 3-sphere is the evaluation of the relative
Euler class on a Seifert surface of the knot. We compute the rotation numbers in a
similar way as that in [9, Section 2.5]. The Seifert surface of K, can be obtained by
capping the pair of pants X by two disks along the boundary components ¢; and ¢;.
The Seifert surface of K;, i = 1,2, is a union of a meridian disk of Ky and an annulus.
For instance, if the signs of L{, L{, and L} are + — — (see Figure 4 for an example),
then the rotation numbers can be computed using relative Euler class as follows. We
denote 7 © 5 to be =7, and 7 e < to be ad — bc [9, Section 2.5]. The denominators
are assumed to be nonnegative. The rotation number of K is

(—1 -1 ) 0 ( -1 -1 ) 0 (—1 —1) 0

ro=—|—© o — — [S) e —— - - —|—6 —)]e—

-t -#-1/ 1 \-x-1" --2) 1 0/ 1
1

(—1 -1 ) 0 ( -1 -1 ) 0 (—1 —) 0
- —© o — — (S] o — — —|— 98 —]e—
—-t, -t -1 1 -t -1 -t -2 1 0 1
(1 to) 0
+e2)e-=1-1,.
0 1 1
The rotation number of K is
(—to —l) 1 (1 1) 1 (l 1) 1 ( 1 1) 1
n=l—oe—]e-—-|-6-]Je——-[-06-]e——... - e —|e—
1 0 0 0 1 0 1 2 0 -t1—-1 -t 0
=t -1
The rotation number of K; is
(—to —1) 1 (1 1) 1 (1 1) 1 ( 1 1) 1
r=—o—]e——-|-©S-|]e-——-|-©O-|]e—-— .- — e — e —
1 0 0 0 1 0 1 2 0 -1 -t 0

:tz—l.

In the computation above, when calculating ry, it is necessary to reverse the signs of
the dividing slopes in the thickened tori L] and L. Similarly, when calculating r; and
r2, the signs of the dividing slopes in the thickened torus L{ should be reversed.

The last statement follows directly from Lemma 3.5. ]

In a similar way, we can use relative Euler classes and the given decorations to
compute the rotation numbers of any other Legendrian Aj links whose exteriors
contain a 0-twisting vertical Legendrian circle.

Proof of Theorem 1.1  Recall that the numbers of strongly exceptional Legendrian Aj;
links have upper bounds listed in Lemma 2.8. We will show that these upper bounds

can be attained.

Lemma 4.2 The oriented link Ky U Ky U K, in the surgery diagram in Figure 7 is a
topological Aj link in S°.

Proof The proof is similar to that of [11, Lemma 5.1, part (i)]. ]
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Figure 7: For n even, Ko and Kj, i = 1, 2, bear the same orientation, and for n odd, the opposite
one.
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Figure 8: to>2,1 <0, t, <0.Fori=1,2,k; +1; = —t;. For to even, Ko and Kj, i = 1,2, bear
the same orientation, and for ¢y odd, the opposite one.

(1) Suppose to > 2.
Lemma 4.3 If to>2,t <0,t, <0, there exist 2t1t, — 2t; — 2t + 2 strongly excep-
tional Legendrian As links in (S°, f%) whose rotation numbers are
ro=x(to-1),riex{t;+1L,t; +3, -+, —-t; +1},i=1,2.

Proof There are 2t1t, — 2t; — 2t, + 2 strongly exceptional Legendrian A; links as

illustrated in Figure 8. According to Lemma 4.2, Ko U K3 U K, forms a topological

Aj link. By performing the same calculations as in the proof of Theorem 1.2 (bl) in

[11], we can determine that their rotation numbers are as listed. The corresponding

ds-invariant is % The strong exceptionality property arises from carrying out contact

(—1)-surgery along K, which cancels the contact (+1)-surgery. ]
(2) Suppose to = 1.

Lemma 4.4 Ifty=1,14<0,t, <0, then there exist t,t, — 2t; — 2t, + 2 strongly excep-
tional Legendrian Aj links in (S, §1) whose rotation numbers are

rg=0,71; € {ti+l,ti+3, "',—ti+1},i=l,2;

To :0,1’1 = t1—1,7’2 € {tz—l,tz-i—l, "',—tz—l};

ro=0,r] € {t1+1,t1+3, -~-,—t1—1},r2 =t -1

Proof There are t;t, — 2t; — 2t, + 2 strongly exceptional Legendrian Aj; links as
shown in Figure 9. The linking number of the components K; and K, in Figure 9
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Figure 9: to =1, 1 <0, t2 <0.For i =1,2, k; + [; = —t; + L. In the left diagram, I, [, > 1, while
in the right diagram, ki, k> > 1.

is —2. Using similar Kirby diagrams as in [11, Lemma 5.1, part (iii), Figure 3], we can
show that it is a topological Aj link. By performing the same calculations as in the
proof of Theorem 1.2 (b2) in [11], we can determine that their rotation numbers are as
listed. In the left diagram of Figure 9,

ro=0,r;e{t; +1,t;+3,---,—t; +1} fori=1,2,
while in the right diagram,
to :0,1’,' € {ti—l,ti+1, "',—ti—l} fori:1,2.

There are exactly t;t, Legendrian Aj links represented by both the left and the right
diagrams. Moreover, the corresponding ds-invariant is 3. [ ]

(3) Suppose ty = 0.

Lemma4.5 Ifty=0,t <0,t, <0, then there exist —2t; — 2t, + 2 strongly exceptional
Legendrian As links in (S°, 5%) whose rotation numbers are

ro==l,r = :I:(tl—l),i’z € {tz +1,t, + 3, "',—tz—l};
ro=xlLne{ti+L,6H+3, -, -1 -1}, ry =£(t, - 1);
ro=xLr=x(t1 -1),r, = x(t, - 1).
Proof By [11, Theorem 1.2], there are two strongly exceptional Legendrian Hopflinks
KoUKy in (S?, §1) with (0, 70) = (0, 1), ; <0and r; = x(#; - 1). Let K; be alocal
Legendrian meridian of K. Then by Lemma 3.2, there are —2t, strongly exceptional
Legendrian A3 links in (3, & 1) whose rotation numbers are

Tozzl:l,rlzzl:(tl—l),rzE{t2+1,t2+3, "',—tz—l}.

Similarly, there are —2f; strongly exceptional Legendrian A; linksin (87, & 1) whose
rotation numbers are

ro:il,rle{t1+l,t1+3,~~,—t1—1},r2=i(t2—1).

Moreover, by Lemma 4.1 and Lemma 3.4, there are 2 strongly exceptional Leg-
endrian Aj links in (82, f%) whose rotation numbers (rq, 71,72) are (1, £(# — 1),

+(t, - 1)). [
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Figure 10: A Legendrian As link in (S3, &;).

(4) Suppose ty < 0.

Lemma 4.6 Ift; <0 fori=0,1,2, then there exist —tot1t, strongly exceptional Legen-
drian Aj links in (S°, &) whose rotation numbers are

rie{ti+L,t;+3,---,-t; =1}, fori=0,1,2.

Proof By stabilizations of the Legendrian A; link shown in Figure 10, we obtain
—tott, strongly exceptional Legendrian Aj links in (S, &;). Their rotation numbers
are as listed. [ ]

So there are exactly —tot;t, Legendrian A; links in contact 3-spheres whose
complements are appropriate tight if ; < 0 for i = 0,1, 2.
The proof of Theorem 1.1 is completed.

t1>0andt2>0.

The boundary slopes of £ x S are sq = to, 51 = —til €[-1,0),and s; = —712 € [-1,0).

Lemma4.7 Foranyt, € Z, there are 6 exceptional Legendrian As links whose exteriors
have 0-twisting vertical Legendrian circles, and the signs of basic slices in Ly, Ly, L, are
£(+ - =), £(+ + -), and £(+ — +), respectively. Their rotation numbers are

ro = i(to + 3),1‘1 = :l:(tl + 1), ry = i(tz + 1),

ro = :l:(t() — 1),7’1 = i(l - tl),l"z = :i:(tz + 1);

To = :I:(t() - 1),7’1 = :I:(tl + 1),}’2 = :i:(l - l’z).

The corresponding ds-invariants are independent of ty if t; and t, are fixed.

Proof The first statement can be inferred from Lemma 2.15 and Lemma 3.3. For
example, when the signs of Ly, L], and L} are + — —, the rotation numbers can be
computed using the relative Euler class as follows. See Figure 5 for the decoration. The
rotation number of K|, is

(1 0) 0 (0 —1) 0 (1 0) 0 (0 —1) 0
rn=—|—6-])e--|-o—)e-—-|—o-)e--|-0—)e-
1) 1 \1 0o/ 1 \, 1/ 1 \1 0/ 1

(1 to) 0
+l-©—|e—-=-t-3.
0 1 1

The rotation number of Kj is

~ty -1\ 1 (1 0y 1 (0 -1\ 1
n=(—o—J]e--|-0- .,_(,@7 o—=-t -1
1 20/ 0o \o 1/ 0 \1 4/ o0
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The rotation number of K, is

421 =t =1

Proof of Theorem 1.2 The upper bound of strongly exceptional Legendrian A3 links
is given by Lemma 2.9. We will show that these upper bounds can be attained.
(1) Suppose ty > 6.

Lemma 4.8 Ifty > 6,4 =t =1, then there exist 8 strongly exceptional Legendrian As
links whose rotation numbers and corresponding ds invariants (rg, 11,123 d3 ) are

3 1 1

(:l:(to +3), %2, iz;—i) , (:!:(to -1),+2,0; E) , (:t(to -1),0,+2; 5),
5

(:t(to ~5),0,0; 5).

Proof There exist 8 strongly exceptional Legendrian Aj links shown in Figure 11.
Using the trick of Lemma 4.2, the upper branch in each of the surgery diagrams can
be topologically reduced to a single unknot, and the lower two branches in each of the
surgery diagrams can be split. Furthermore, using the trick in the proof of [11, Lemma
5.1, part (ii), Figure 5], we can show that Ko u K; U Kj is a topological A; link. Their
rotation numbers are

To = :i:(to +3),1’1 =+2,1p =219 = :I:(t() - 1),7’1 =+2,r, =0;

to = :l:(t() —1),1’1 =0,1r, =+2;19 = :t(to —5),7’1 =r,=0.

w

The corresponding ds-invariants are -3, 1,1, 2. These ds-invariants are calculated

using the algorithm described in [4]. [ ]

8]

X : K. K.
1 X 2 2 2
1 X
+
Figure1I: to > 6, f = t, = 1. For tg even, Ko and Kj, i = 1,2, bear the same orientation, and for

to odd, the opposite one.
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(2) Suppose ty = 5.

Lemma 4.9 Ifty =5,t = t, =1, then there exist 7 strongly exceptional Legendrian As
links whose rotation numbers and corresponding ds invariants (ro, 11, r2; ds) are

1 5 1 3
(i4, 0, +2; 7) R (0,0,0; 7) S (:t4, +2,0; 7) s (:t8,:t2, iz;—f).
2 2 2 2

Proof By [l1, Theorem 1.2, (cl), (c2)], there is a Legendrian Hopf link Kju Kj
in (8%, f%) with (#),7) = (t1,11) = (1,0), two Legendrian Hopf links K{ UK, in
(83, § ) with (t5,rg) = (3, £4), (t2,12) = (1, £2), and a Legendrian Hopflinks K U
K in (S?, §:) with (5, rg) = (3,0), (2,2) = (1,0). Connected summing Kj and
K{/, by Lemma 3.1, we obtain 3 strongly exceptional Legendrian Aj; links with ¢y =
5,1 = t, = L. Their rotation numbers and corresponding ds-invariants (rg, 71, 72; d3)
are (+4,0,+2;7) and (0,0,0;2).

By exchanging the roles of K; and K, we obtain 2 strongly exceptional Legendrian
Aj links in (S?, §1) whose rotation numbers (o, r1,72) are (4, £2,0).

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian A; links
in (S°, 5_% ) whose rotation numbers (7, 71, ;) are (£8, £2, +2). Their exteriors have
decorations +(+)(-)(-). ]

(3) Suppose ty = 4.

Lemma 4.10 If to = 4,1 = t, = 1, then there exist 6 strongly exceptional Legendrian
Aj links whose rotation numbers and corresponding ds invariants (ro, r1,12;ds) are

1 1 3
(:t3,0, +2; 7) N (:t3, +2,0; 7) , (17, +2, iz;——).
2 2 2

Proof Suppose ty = 4. By [11, Theorem 1.2], there is a Legendrian Hopf link K§ U K;
in (8%, §1) with (5,75) = (t1,11) = (1,0), and two Legendrian Hopflinks Ky’ U K in
(8%, §_1) with (15, 75) = (2,£3), (t2,12) = (1, £2). Connected summing Kj and K,
by Lemma 3.1, we obtain 2 strongly exceptional Legendrian Aj link with t5 = 4,1 =
t, =1in (8%, &1). Their rotation numbers (7o, 11, 2) are (3,0, £2).

By exchangizng the roles of K; and K, we obtain 2 strongly exceptional Legendrian
Aj links in (S3, 3 ) whose rotation numbers (7¢, r1,72) are (£3, £2,0).

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian A3 links
in (S, §_3) whose rotation numbers (ro, r1,72) are (7, 2, +2). Their exteriors have
decorations +(+)(-)(-). ]

(4) Suppose t < 3.

Lemma 4.11 If to <3,t =t =1, then there exist 4 — to strongly exceptional Legen-
drian As links in (S°, E%) whose rotation numbers are

7"06{1’0-3,1’0—1,"',3—1'0},1’1:7’2:0.

Proof Suppose to < 3. By [11, Theorem 1.2, (cl), (b2)], there is a Legendrian Hopf
link K U K; in (S°, §1) with (5, 7g) = (f1,11) = (1,0), and a Legendrian Hopf link
K{ UK, in (S §1) with #f <Lrg e{tg —Ltg +1, -+, —tg +1}, (t2,72) = (1,0).
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By Lemma 3.1, we can construct 4 — t, strongly exceptional Legendrian A3 links in
(83,¢ 3 ) with ¢y < 3, #; = t, = L. Their rotation numbers are as listed. [

These 4 — t, strongly exceptional Legendrian Aj; links are obtained by stabilizations
along K of the Legendrian Az linkwith tg =3, = t, = 1.
The proof of Theorem 1.2 is completed.

4.2.2 h2>2 and t, =1
The boundary slopes of £ x S! are sq = t¢, 5; = —%l, and s, = -1.

Proof of Theorem 1.3  The upper bound of strongly exceptional Legendrian A3 links
is given by Lemma 2.10. We will show that these upper bounds can be attained.
(1) Suppose to > 5and # = 2.

Lemma4.12 Ifty > 5, t) = 2, and t, = 1, then there exist 12 strongly exceptional Legen-
drian Aj; links whose rotation numbers and corresponding ds invariants (ro, 11, 723 d3)
are

5 5 1
(i(to -5),¥1,0; 7) , (:t(to -3),+1,0; 7) , (:I:(to -1),+3,0; 7),
2 2 2
1 1 3
(:I:(to -1),F1,+2 E) , (:t(to +1), 1, £2; 5) , (:I:(to + 3),:|:3,:|:2;—5) .

Proof There exist 12 strongly exceptional Legendrian Aj links shown in Figure 12.
Using the trick of Lemma 4.2 and the proof of [11, Theorem 1.2, (c3)], we can show
that Ko U Kj U K is a topological Aj link. Their rotation numbers and corresponding
dz-invariants are as listed. [ ]

(2) Suppose ty =4 and t; = 2.

Lemma4.13 Ifty =4, t; = 2, and t, = 1, then there exist 10 strongly exceptional Legen-
drian Aj links whose rotation numbers and corresponding d-invariants (rq, 11, 72; d3)
are

1 1 5 1 3
(i5, +1, £2; 7) , (13, F1, +2; 7) s (il, +1, 0; 7) R (13, +3,0; 7) , (17, +3, +£2; —7) .
2 2 2 2 2

Proof By [11, Theorem 1.2, (c2), (d)], there are two Legendrian Hopflinks Kj U Kj in
(8% &1) with (£5,75) = (0, £1), (1, 71) = (2, £1), two Legendrian Hopf links K’ u K,
in (S, §_1) with (15, 70) = (3,%4), (f2,72) = (1, £2), and a Legendrian Hopf link
K{ UK, in (S3,€%) with (#,r5) =(3,0), (t2,72) = (1,0). By Lemma 3.1, we can
obtain 6 strongly exceptional Legendrian Aj links whose rotation numbers and d3-
invariants (rg, 11, 725 d3 ) are (£5, £1, £2; %), (%3, FL £2; %), and (1, £1, 0; %)

By [11, Theorem 1.2, (cl), (c2)], there is a Legendrian Hopf link K UK, in
(% §1) with (£9,rg) = (t2,72) = (1,0), and four Legendrian Hopf links Kg' u K; with
(ty,rg) = (ti,r1) = (2,+3) in (83, 5_%) or (2,+1) in (83, f%). By Lemma 3.1, we can
obtain 2 more strongly exceptional Legendrian A3 links whose rotation numbers and
d3-invariants (ro, 71,723 d3) are (£3, £3,0; 7).
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Figure 12: to > 5, t = 2, t = 1. For t 0dd, Ko and K3 bear the same orientation, while Ko and
K bear the opposite orientation. For ty even, Ko and K; bear the same orientation, while Ky
and K; bear the opposite orientation.

By Lemma 4.7 and Lemma 3.4, there exist 2 strongly exceptional Legendrian A3
links in (S°, f,% ) whose rotation numbers (rg, 71, 2 ) are (7, £3, £2). Their exteriors
have decorations £(+)(—=)(-). ]

So there exist 10 strongly exceptional Legendrian A; links with #g = 4, = 2,1, = 1.
As a corollary, the 10 contact structures on X x S' with boundary slopes so = 4, s; =
—%, s = —1listed in Lemma 2.10 are all appropriate tight.

(3) Suppose top =3 and t; = 2.

Lemma 4.14 Ifty =3, t; =2, and t, = 1, then there exist 8 strongly exceptional Legen-
drian Aj links whose rotation numbers and corresponding ds invariants (rq, 11, 72;d3)
are

1 1 1 3
(ﬂ:Z, +3,0; f) s (iz, F1, +2; 7) N (:|:4, +1, +2; 7) S (:t6, +3, +£2; —f) .
2 2 2 2

Proof By [11, Theorem 1.2, (c2), (c1)], there are two Legendrian Hopf links K U Kj
in (83, f_%) with (#),75) = (1, £2), (t1,r1) = (2, £3), and one Legendrian Hopf link
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K{ UK, in (8%, 5%) with (#;,ry) = (t2,r2) = (1,0). By Lemma 3.1, we can obtain 2
strongly exceptional Legendrian Aj links whose rotation numbers and d;-invariants
(ro, 1, r23d3) are (£2,+3,0; ).

By [11, Theorem 1.2, (d), (c2)], there are two Legendrian Hopf links Kju K;
in (S°, E%) with (#5,75) = (0,%1), (#1,71) = (2, £1), and two Legendrian Hopf links
K{ UK, in (S, §_1) with (tg, ry') = (2,%3), (f2,72) = (1, £2). By Lemma 3.1, we can
obtain 4 strongly exceptional Legendrian Aj links whose rotation numbers and ds-
invariants (ro, 71, r2;ds) are (£2, 71, +2; 1) and (4, £1,2; 1).

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian Aj links
in (8%, §_s) whose rotation numbers (ro, r1,72) are (6, +3, +2). Their exteriors have
decorations +(+)(—=)(-). |

So there are 8 strongly exceptional Legendrian A; links with ¢ty =3,4 =2,¢, = 1.
As a corollary, the 8 contact structures on 2 x S' with boundary slopes so = 3,s; =
~3,52 = —1listed in Lemma 2.10 are all appropriate tight.

(4) Suppose tp > 5and t; > 3.

Lemma 4.15 Ifty >5,t >3, and t, =1, then there exist 16 strongly exceptional Legen-
drian Aj; links whose rotation numbers and corresponding ds invariants (ro, 11, 723 d3)
are

(t(to +1), (- 1), +2; %) , (i(to +3),+(t + 1),&2;_2),
(i(to -1),£(1- 1), %2 %) , (i(to +1),2(3-1), 2 %)
(#(t0-3)2(0-0.0:3). (2000 - D20+ 1.0:3).
(200 -9)20-00.0:2) (20 -3, 26 -00.0.3)

Proof There exist 16 strongly exceptional Legendrian A; links shown in Figure 13.
Using the trick of Lemma 4.2 and the proof of [11, Theorem 1.2, (¢3), (c4)], we can show
that Ko U Kj U K is a topological A; link. Their rotation numbers and corresponding
dz-invariants are as listed. [ |

(5) Suppose ty =4 and #; > 3.

Lemma4.16 Ifty =4, t; >3, and t, =1, then there exist 14 strongly exceptional Legen-
drian Aj links whose rotation numbers and corresponding ds invariants (rq, 1,723 d3)
are

1 5 5
(:l:3, +(f +1),0; 7) , (:Fl,:l:(l -1),0; f) , (:I:l,:l:(3 -1),0; f),
2 2 2
1 1
(:ES, (- 1), £2; E) , (:t3, +(1-1),+2; 5) ,

3 1
(:t7,:|:(t1 + 1),i2;—5) , (ﬂ:S,:I:(3 —t),£2; E) .

Proof By [11, Theorem 1.2, (c3), (c1)], there are two Legendrian Hopf links K{, U
K in (S3, §_1) with (£5,70) = (2,%3), 11 >3, = %(#; +1), two Legendrian Hopf
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Figure 13: to > 5, t1 > 3, t2 = 1. For to + t1 even, Ko and Kj bear the same orientation, and for
to + t; odd, the opposite one. For ty odd, Ko and K, bear the same orientation, and for ¢, even,
the opposite one.

links K U K; in (S3, §3) with (15, 7G) = (2, £1), f > 3,11 = £(#; - 1), two Legendrian
Hopf links Kjy U K; in (S°, §3) with (#g,rg) = (2,¥1), t1 > 3,7 = £(#; - 3), and one
Legendrian Hopflink K U K, in (S%, &1 ) with (t5,ry) = (t2,72) = (1,0). By Lemma
3.1, we can obtain 6 strongly exceptionalzLegendrian A3 links whose rotation numbers
and corresponding ds-invariants (ro,r,72;d3) are (£3,%(t; +1),0; 1), (¥, (1 -
t),0;2),and (£1,£(3 - 1),0;3).

By [11, Theorem 1.2, (d), (c2)], there are two Legendrian Hopf links Kj U K; in
(83, f%) with (#),74) = (0,£1),# > 3,7 = £(#; — 1), and two Legendrian Hopf links
K{ UK, in (S%, & 1) with (¢, 7)) = (3,+4), (t2,12) = (1, £2). By Lemma 3.1, we can
obtain 4 more strorzlgly exceptional Legendrian Aj; links whose rotation numbers and
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corresponding ds-invariants (ro,r,72;d3) are (5, +(t; —1),+2;1) and (+3,+(1-
h),+2; % ).

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian Aj links
in (S3, 5_%) whose rotation numbers are (+7, +(#; + 1), +2). The decorations of their
exteriors are £(+)((=)(=))(-).

There are 2 strongly exceptional Legendrian Aj links in (S°, §1) whose rotation
numbers (rg,71,72) are (£5,+(3 - #;),+2). The decorations of their exteriors are
£(+)((=)(+))(-). These exteriors can be embedded into an appropriate tight contact
% x §' with boundary slopes 4, -3, -1 and decorations =(+)(—+)(~). This can be

achieved by adding basic slices (T* x [0,1], —%1, —ﬁ s oo (T2 x[0,1],-3,-3) to
the boundary Tj, as per the Gluing Theorem [14, Theorem 1.3]. So these exteriors are
appropriate tight. ]

(6) Suppose to =3 and t; > 3.

Lemma4.17 Ifty =3, >3, and t, =1, then there exist 12 (11 if t; = 3) strongly excep-
tional Legendrian As links whose rotation numbers and corresponding ds-invariants
(ro, 11, 725d3) are

1 5 1
(iZ,ﬂ:(tl +1),0; 5) , (O,i(3 -1),0; E) , (:|:4, (- 1), £2; E) ,

1 3 1
(:EZ,:I:(I - 1), £2; 5) , (:I:6,:t(t1 +1), iz;—i) , (14, +(3-1),+2; 5) .

Proof By [11, Theorem 1.2, (c3), (c2), (c1)], there are two Legendrian Hopf links
Ky UKy in (8°,&_1) with (tg,70) = (1, £2), 1 23,11 = £(t +1), two (one if t; = 3)
Legendrian Hopf links K{ U K; in (S°, §:) with (£5,79) = (1,0), ty > 3,11 = £(# - 3),
and one Legendrian Hopf link K|/ U K; in (S%,&1) with (¢,7]) = (t2,72) = (1,0).
By Lemma 3.1, we can obtain 4 (3 if #; = 3) strzongly exceptional Legendrian Aj
links whose rotation numbers and corresponding dj-invariants (g, 1, 72;d3) are
(£2,%(f +1),0;3) and (0, (3 - 1), 0; 3).

By [11, Theorem 1.2, (d), (c2)], there are two Legendrian Hopf links Kj U K; in
(% §1) with (£5,r9) = (0,£1), 1y > 3,71 = £(#; - 1), and two Legendrian Hopf links
Ky UK, in (83, & 1) with (ty, 7)) = (2,+3), (t2,r2) = (1, £2). By Lemma 3.1, we can
obtain strongly exczeptional Legendrian Aj links with ¢y = 3, # > 3, ¢, = 1. So there are
4 strongly exceptional Legendrian Aj links whose rotation numbers and correspond-
ing ds-invariants (ro, 1,72 d3) are (24, +(t; — 1), £2; 1) and (£2, +(1- ;) +2; 7).

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian Aj
links in (83,5_%) whose rotation numbers (rg,1,7,) are (£6,+(t +1),+2). The
decorations of their exteriors are +(+)((-)(-))(-).

There are 2 strongly exceptional Legendrian Aj links in (S°, §1) whose rotation
numbers (rg,71,7;) are (+4,+(3—t;),+2). The decorations of their exteriors are
£(+)((=)(+))(-). These exteriors are appropriate tight since they can be embed-
ded into an appropriate tight contact ¥ x §' with boundary slopes 3, -3, -1 and
decorations +(+)(-+)(~) by adding basic slices (T* x [0,1], —til, —ﬁ y ooy (T x
[0,1], -3, —3) to the boundary T;. [
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So there are exactly 12 (resp. 11) strongly exceptional Legendrian Az links with
to=3, 1 24 (resp. 1 =3), t, =1 If ty=# =3 and t, =1, then the decorations
(H)((=)(+))(+) and (-)((+)(=))(~) correspond to the same Legendrian Aj links
with rotation numbers ry = r; = r, = 0.

(7) Suppose tg < 2.

Lemma 4.18 Ifty <2, t; > 1, and t, =1, then there exist 6 — 2ty strongly exceptional
Legendrian As links in (S°, §1) whose rotation numbers are

Toezl:{to—l,to-i-l, --~,—t0+1,—to+3},r1:i(tl—l),r2:0.

Proof By [l1, Theorem 1.2, (bl), (cl)], there is a Legendrian Hopf link Kju Kj
in (8% &) withtg <Lrgex{tg+115+3, -, ~tg =L ~ty +1}, h 22,1 = x(H - 1),
and a Legendrian Hopf link K{ U K, in (S%, &1) with (¢, 7)) = (t,72) = (1,0). By
Lemma 3.1, we can construct 6 — 2ty strongly2 exceptional Legendrian A; links in
(8%, & %) with ty < 2, t; > 1, t, = 1. Their rotation numbers are as listed. ]

These 6 — 2t strongly exceptional Legendrian A; links are stabilizations of the
Legendrian Aj; links with £5 = 2,1, > 1, ¢, = 1.
The proof of Theorem 1.3 is completed.

4.23 t;>2and t, > 2.

Proof of Theorem 1.4  The upper bound of strongly exceptional Legendrian Aj; links
is given by Lemma 2.11. We will show that these upper bounds can be attained.
(1) Suppose tg >4 and t; = t, = 2.

Lemma 4.19 Ifty >4 and t; = t, = 2, then there exist 18 strongly exceptional Legen-
drian Aj links whose rotation numbers and corresponding dy-invariants (rq, 11, 725 d3)
are

1 1 3
(:b(to -1), 43, FL; E) , (:I:(to +1), 43, £1; E) , (:I:(to + 3),i3,i3;—£),

5 5 1
(:b(to -3), 41, FL; E) , (:l:(l‘o —-1), 1, £ E) , (ﬂ:(to +1), 1, £3; 5) ,

5 5 1
(:l:(to -5), ¥, Fl; E) , (:I:(to -3),¥1, £l 5) , (:I:(to -1),FL, £3; E) .

Proof If ty >4 and t; = t, = 2, then there exist 18 strongly exceptional Legendrian
Aj links shown in Figure 14. Using the trick of Lemma 4.2 and the proof of [11,
Theorem 1.2, (c3)], we can show that Ko u K; U K} is a topological A5 link. Their
rotation numbers and corresponding ds-invariants are as listed. [ ]

(2) Suppose to =3 and t; = t; = 2.

Lemma 4.20 If ty =3 and t; = t, = 2, then there exist 14 strongly exceptional Legen-
drian Aj; links whose rotation numbers and corresponding dz-invariants (rq, 11, 72; d3)
are
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Figure 14: to > 4, t; = t, = 2. For to odd, Ko and K; are given the same orientation, and for o
even, the opposite one, where i =1, 2.

1 1 1 1
(:t4, +3, +1; —) N (:I:4, +1, +3; —) N (iz, +3, F1; 7) S (iz, ¥1, +3; 7) N
2 2 2 2

(¢2, ¥1, F1; §) N (0, ¥1, +1; §) N (:t6, +3, +£3; —i) .
2 2 2

Proof By [11, Theorem 1.2, (c2), (d)], there are two Legendrian Hopf links K U K;
in (8%, §_1) with (1, ro) = (f1,71) = (2, £3), two Legendrian Hopf links K U K; in
(83, §s) with (5,79) = (t1,7) = (2, £1), and two Legendrian Hopf links Ky’ u K,
in (8% &) with (¢, ry) = (0, 1), (t,72) = (2, £1). By Lemma 3.1, we can obtain
strongly é:xceptional Legendrian Aj links with #y = 3,# = t, = 2. So by exchanging
the roles of K; and Kj, there are 12 strongly exceptional Legendrian A; links whose
rotation numbers and corresponding ds-invariants (ro, 1, r2;d3) are (+4,+3,+1;1),
(#4,£1,£3;1), (22, %3, 71 1), (£2,71, £3; 1), (¥2, 7L, ¥1;2), and (0, 71, £1; 2).

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian A links
in (S°, f_%) whose rotation numbers (rg, 71, ;) are (£6, £3, £3). The decorations of
their exteriors are +(+)(——)(--). |
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So there are exactly 14 strongly exceptional Legendrian A3 links with t, = 3, ¢ =
2,t, = 2. As a corollary, the 14 contact structures on £ x S' with boundary slopes s =
3,5 = —%,52 = —1 listed in Lemma 2.11 are all appropriate tight.

(3) Suppose tg = t; = t, = 2.

Lemma 4.21 Ifty =t = t = 2, then there exist 10 strongly exceptional Legendrian A3
links whose rotation numbers and corresponding ds-invariants (rq, 11, r2; d3 ) are

1 1 1 1 3
(13, +3, +1; 7) s (:l:3, +1, +£3; 7) s (:l:l, +3, F1; 7) R (il, ¥1, £3; 7) s (15, +3,+3; —7) .
2 2 2 2 2

Proof By [11, Theorem 1.2, (c2), (d)], there are two Legendrian Hopf links K u
K; in (S?, §_1) with (t5,75) = (1, £2), (t1,71) = (2,£3), and two Legendrian Hopf
links K UK, in (S%, ¢ 1) with (tg, 7)) = (0,%1), (t2,72) = (2, £1). By Lemma 31,
we can obtain strongly except1onal Legendrian Aj; links with ty = ; = t, = 2. So by
exchanging the roles of K and K, there are 8 strongly exceptional Legendrian Aj;
links whose rotation numbers and corresponding d-invariants (ro, 71, r2; d3 ) are are
(£3,+3,1; 1), (23, £1, £3; 3), (21, £3,71; 1), and (21, 71, £3; 7).

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian A; links
in (83, §_3) whose rotation numbers (ro, 71, 72) are (&5, +3, +3). The decorations of
their exteriors are £(+)(--)(--). ]

So there are exactly 10 strongly exceptional Legendrian A; links with t5 =2, =
2,t; = 2. As a corollary, the 10 contact structures on £ x S! with boundary slopes sg =
2,51 = —%, Sy = —% listed in Lemma 2.11 are all appropriate tight.

(4) Suppose tg >4, >3,and t, =2

Lemma4.22 Ifty >4, t >3, andt, = 2, then there exist 24 strongly exceptional Legen-
drian Aj links whose rotation numbers and corresponding ds invariants (rq, 11,725 d3)
are

+(to—3),£(3-1),FL; =

:|:(t0 + 1) :t(3 - tl) +3;

,(i(to 1), +(3 -
>(

A x(to—1),£(1- 1), +3

£(tg+1),£(f - 1), £3;

>

)s53).
i(ty—-5),+(1- 1), 7 2)
3)
)

5
£(tg—1),£(f - 1), £1; 5

mN\'—‘ N\UT NM—'N Ln

\_/\_/vv\_/

+(tg—3),2(t; - 1), FL; = 5

(

(

(j:(to— L£(1— 1), 15 (

( (

( ,(i(to+3) ity 1), 43 z)
( (

1
+(tg+1),£(f +1), £ ) £(tg - 1), £(t; +1), FL; )
Proof 1If ty >4, t; >3, and t; = 2, then there are exactly 24 strongly exceptional
Legendrian Aj; links shown in Figure 15. Using the trick of Lemma 4.2 and the proof

of [11, Theorem 1.2, (c3), (c4)], we can show that K U K; U Kj is a topological A; link.
Their rotation numbers and corresponding d;-invariants are as listed. [ ]
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Figure 15: to > 4, ty > 3, t = 2. If to + t; is odd, then Ko and K; bear the same orientation. If
to + t1 is even, then the opposite one. If ¢, is 0dd, then Ko and K bear the same orientation. If
to is even, then the opposite one.

(5) Suppose ty =3,t > 3,and t, = 2.

Lemma 4.23 If to=3,t 23,1, =2, then there exist 20 strongly exceptional Legen-
drian Aj; links whose rotation numbers and corresponding dz-invariants (ro, 11,725 d3)
are

1 1 5
(:I:4,:I:(t1 -1),£3; 5) , (ﬂ:Z,ﬂ:(l - 1), +3; 5) , (¢2,i(1 - 1), ¥ E) ,

5 1 1
(O,ﬂ:(l - 1), £} E) , (:t4, +(f +1), ] E) , (iz, +(fH +1), 7 5)’
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5 5
(O,j:(.’a - 1), ¥ 5) , (iz,i(3 -11), ] 5) ,
3 1
(:i:6,i(t1 + 1),:!:3;—5) , (:{:4, +(3-1),£3; 5) .

Proof By [11, Theorem 1.2, (d), (c2)], there are two Legendrian Hopflinks K U K] in
(8% §1) with (tg,75) = (0, 1), t1 > 3,11 = +(#; - 1), two Legendrian Hopf links Kg' U
K, in (8%, §_1) with (g, ry) = (2.72) = (2,£3), and two Legendrian Hopf links
K{ UK, in (S?, f%) with (ty,7g) = (t1,72) = (2, £1). By Lemma 3.1, we can obtain 8
strongly exceptional Legendrian Aj; links whose rotation numbers and d3-invariants
(ro,r1,r25ds) are (24, (1 —1),%3; 1), (22, 2(1- 1), £3;3), (F2,£(1- 1), 7L 3),
and (0,+(1- 1), +1;2).

By [11, Theorem 1.2, (c3), (d)], there are two Legendrian Hopf links Kju Kj
in (S?, §_1) with (£5,70) = (2,+3), 11 2 3,11 = £(#; +1), two Legendrian Hopf links
K{ UK in (S3, §:) with (5,75) = (2,¥1), 1 > 3,1 = +(#; - 3), and two Legendrian
Hopf links K{ UK, in (S3, &1) with (¢, 7)) = (0, £1), (t2,r2) = (2, +1). By Lemma
3.1, we can obtain strongly exzceptional Legendrian Aj; links with t5 = 3,4 > 3,¢, = 2.
Then, there are 8 strongly exceptional Legendrian A3 links whose rotation numbers
and ds-invariants are (4, +(t; + 1), £1; 1), (22, £(t; +1), 71 1), (0, (3 - 1), 7L 3),
and (£2,£(3 - 1), £1;3).

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian Aj
links in (S3, 5_%) whose rotation numbers (rg, 11, 7,) are (£6, +(t; +1),+3). The
decorations of their exteriors are +(+)((-)(-))(—-).

There are 2 strongly exceptional Legendrian Aj links in (S°, & 1) whose rotation
numbers (rg,71,72) are (+4,+(3 - t;),£3). The decorations of their exteriors are
£(+)((=)(+))(=-). These exteriors are appropriate tight since they can be embedded
into an appropriate tight contact ¥ x ' with boundary slopes 3,-1,-2 and dec-

2
orations +(+)(—+)(——) by adding basic slices (T x [0, 1],—%1,—%1), o (T? %

t
[0,1], -3, —3) to the boundary T;. ]

So there are exactly 20 strongly exceptional Legendrian A links with ty =3, #; >
3,1, = 2. As a corollary, the 20 contact structures on X x St with boundary slopes s¢ =
3,5 = —til, s = —3 listed in Lemma 2.11 are all appropriate tight.

(6) Suppose to =2, > 3,and t, = 2.

Lemma4.24 Ifty =2, t; >3, and t, = 2, then there exist 16 strongly exceptional Legen-

drian As links whose rotation numbers and corresponding ds-invariants (rg, 11,123 d3)
are

1 1 5
(:{:3,:{:(1‘1 +1), L 5) , (:tl, +(h +1), 75 5) , (?1, +(3-1),FL 5),

5 1
(:!:l,:l:(3 - 1), ] 5) , (:!:1, £(1-t), £3; 5),

1 3 1
(d:3,d:(f1 -1),+3; 5) , (:I:5,:I:(t1 + l),i3;—£) , (:!:3,:!:(3 - 1), +3; 5) .
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Proof By [11, Theorem 1.2, (c2), (c3), (d)], there are two Legendrian Hopf links
Ky u Ky in (83, §_1) with (5,75) = (1, £2), 1 > 3,11 = x(t; + 1), two (one if #; = 3)
Legendrian Hopf links K{ U K; in (S?, §s) with (£, 75) = (1,0), ty > 3,11 = £(t; - 3)
and two Legendrian Hopf links K U K2 in (S3, 3 ) with (£, 75) = (0, 1), (£, 72) =
(2, £1). By Lemma 3.1, we can obtain strongly exceptlonal Legendrian Aj links with
to = 2,t; > 3, t, = 2. Then, there are 8 strongly exceptional Legendrian A3 links whose
rotation numbers and corresponding ds-invariants (ro,71,72;d3) are (3, +(f +
1),£53), (L, (1 +1),FL 1), (FL £(3 - 1), F1;2), and (21, (3 - 1), +1; 3).

By [11, Theorem 1.2, (d), (c2)], there are two Legendrian Hopf links Kj U K; in
(8%, 3 ) with (#5,75) = (0,%1),t; > 3, = +(#; — 1), and two Legendrian Hopf links
K"UKZ in (8,&_4 1) with (5,75) = (1,£2), (2, 12) = (2,3). By Lemma 3.1, we
can obtain strongly exceptlonal Legendrian Aj links with ¢y = 2, ; > 3, t, = 2. Then,
there are 4 strongly exceptional Legendrian Aj links whose rotation numbers and
corresponding ds-invariants (ro, r1,72;d3) are (21, £(1-t;),+3;3) and (£3,+(f -
1), +3; %)

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian Aj
links in (S?, §_3) whose rotation numbers (ro,r1,72) are (&5, £(f +1),+3). The
decorations of their exteriors are +(+)((=)(=))(—-).

There are 2 strongly exceptional Legendrian Aj links in (S°, §1) whose rotation
numbers (rg,71,72) are (£3,+(3 - #),+3). The decorations of their exteriors are
£(+)((-)(+))(—-). These exteriors are appropriate tight since they can be embedded
into an appropriate tight contact £ x $' with boundary slopes 2, -3, —% and dec-
orations +(+)(-+)(--) by adding basic slices (T?* x [0,1], - tl %) - (T?
[0,1],-3,-1) to the boundary T;.

X

So there are exactly 16 strongly exceptional Legendrian A; links with ty = 2,4
3,t; = 2. As a corollary, the 16 contact structures on T x S! with boundary slopes so
3,5 = —%1, S2 = —% listed in Lemma 2.11 are all appropriate tight.

(7) Suppose tg >4, t; > 3,and t, > 3.

v

Lemma4.25 Iftg>4,t >3, andt, > 3, then there exist 32 strongly exceptional Legen-
drian Aj links whose rotation numbers and corresponding dz-invariants (o, 11, r2; d3)
are

£(t +1), £~ 1), £(t + 1); ) (« (to—l)’i(l—tl)’i(tz+1)§%)’

(0 + 3.+ D40+ D53 ). (0 + 0,23 - 1), (2 4105 3).

(
(
(st - Dost =126 £):3) (010 - 3,20 1) 26 - 253,
(st + st 4,26 2)i3) (000 - 1,26 - )26 - 1253,
(

ety 1), +(ty — 1), %( 2—l);%),(i(to—3),i(l—t1),i(t2—1);g),
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Figure 16: to >4, ty >3, t, > 3. If to + t; is odd, then Ko and K; bear the same orientation,
i =1,2.If ty + ¢; is even, then the opposite one.

(i(to 1), +(t+1), 4(tr —1); %) , (i(to “1),£(3 - 1), £(t, — 1); %)
(i(to _3), et -1),+(1- ) %) , (i(to —5),£(1- 1), +(1- t); %)
(:t(to C1),x(t+1),£(1— 12); %) : (i(to _3),+(3-1),+(1-b); g) .

Proof 1If ty >4, t; >3, and f, > 3, then there are exactly 32 strongly exceptional
Legendrian A; links shown in Figure 16. Using the trick of Lemma 4.2 and the proof
of [11, Theorem 1.2, (c4)], we can show that Ky U K; U K; is a topological As link. Their
rotation numbers and corresponding d;-invariants are as listed. [ ]

(8) Suppose to =3, t; > 3,and t, > 3.

Lemma4.26 Ift, =3, t; >3, andt, > 3, then there exist 28 strongly exceptional Legen-
drian Aj links whose rotation numbers and corresponding dz-invariants (ro, 11, 72; d3)

are

(:l:4, +(t +1),£(t, - 1); %) , (i4,i(t1 =1),x(t, +1); %)

(:t2,:|:(t1 1), (- 6); %) , (iz, s(1- 1), 2(r +1); %)
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5 5
#2,+(1- 1), +(1 - tz);i),(O,i(tl—l),i(l—tz);i),

0,£(3-1t),+(1- tz);g) , (0,:!:(1— t),+(3- tz);%)»

6, +(f1 +1), £(t +1); 3),(:t2,:&:(3—tl),:t(3—t2);%),

(
(
(2256 st -10:2) (52,200 - 0.2 - 12 )
(
(

cdy 2 (b +1), 2B b); ),(i4,:&:(3—tl),i(tz-t-l);%).

Proof By [11, Theorem 1.2, (c3), (d)], there are two Legendrian Hopf links Kj U K;
in (S?, §_1) with (£5,79) = (2,+3), 11 > 3,11 = £(#; + 1), two Legendrian Hopf links
K{ UK in (S?, §3) with (ty-1o) = (2,£1), 1 > 3,11 = £(#; — 1), two Legendrian Hopf
links K U Kj in (S3,E%) with (t5,r5) = (2,F1), 11 > 3,1 = +(#; — 3), and two Leg-
endrian Hopf links Ky’ U K; in (8%, §1) with (t7,15) = (0,£1), t2 > 3,1, = £(t, — 1).

By Lemma 3.1, we can obtain strongly exceptional Legendrian Az links with ty =
3,1 > 3, t; > 3. Then, after exchanging the roles of K; and K5, there are 20 strongly
exceptional Legendrian Aj; links whose rotation numbers and corresponding ds-
invariants (rg, 1, 72; d3 ) are

+4,+(t;+1), £(t, - 1); ;),(i4,i(t1—1),i(tz+l);%)>

(
(:tZ c(t+1),+(1- tz);%),(iZ,:&:(l—tl),i(t2+1);%),
(¢2 L(1-1),+(1- tz);g),(o,i(tl—l),i(l—tz);g),
(

5 5
0,+(3-1t),=(1- tz);E) , (O,ﬂ:(l— f),+(3- tz);z),

(iz,i(s — )+t —1); g) , (j:Z,i(tl “1),+(3- t); g) .

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian A;
links in (S°, E_%) whose rotation numbers (rg, 71, 12) are (£6, £(t; +1), £(t, +1)).
The decorations of their exteriors are £(+)((=)(=))((-)(-)).

There are other 6 more strongly exceptional Legendrian A3 links whose rotation
numbers and corresponding ds-invariants (rg,r1,72;d3) are (£2,+(3—-#),+(3 -
t2);3), (24, +(t1+1),2(3-12);3), and (+4,+(3-11),+(f +1); 7). The decora-
tions of their exteriors are

=(+H) () EN) (), 2(H () (((=)(+)), and = (+)((=) () (=) (=)
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respectively. These exteriors are tight since they can be embedded into a tight contact
¥ x S with boundary slopes 3, —%l, 2 and decorations

£(+)((2)(+)) (=), =(+) (=) (=) (=+) and = (+)((=)(+))(--)
by adding basic slices (T2 x[0,1],-+ , (T*x[0,1],-3,-3) to the

£’ -1/ 2
boundary T3, respectively. [ ]

(9) Suppose tg =2, t; > 3,and t, > 3.

Lemma4.27 Ifty =2t >3,andt, > 3, then there exist 24 strongly exceptional Legen-
drian Aj; links whose rotation numbers and corresponding dz-invariants (ro, 11, 725 d3)
are

(is,i(tl 1), +(tr —1); %) , (i3,i(tl 1), +(t +1); %) ,

£, +(H +1),x(1-t); £, +(1-#),+(tr +1);

L 2(h-1),2(3 -1,

( ah )
(:Fl,:l:(3—t1) +(1- ),(JFl,i 1-t),£(3-t); )
(ﬂ:l,:&:(3—t1) (tr —1); ) ( )
(i5,i tl+1),i(t2+1);—§),(il,i(3—tl),:!:(?:—tz);g),

(:I:3,:|:(t1 +1),£(3-1); %) , (13, +(3-1),£(t, +1); %) .

Proof By [11, Theorem 1.2, (c2), (c3), (d)], there are two Legendrian Hopf links
Ky UKy in (8%,€.1) with (£5,75) = (1,£2), 1, 2 3, = £(t; +1), two (one if t; = 3)
Legendrian Hopf links K{ U K; in (S°, §3) with (£g,75) = (1,0), fy > 3,11 = (1 - 3),
and two Legendrian Hopf links Ky’ UK, in (8% &1) with (t5,r5) = (0,21), 1, >
3,13 = (f, —1). By Lemma 3.1, we can obtain strongly exceptional Legendrian Aj;
links with ty = 2, ; > 3, t; > 3. So, after exchanging the roles of K; and K3, there are 16
strongly exceptional Legendrian Aj links whose rotation numbers and corresponding
ds-invariants (r¢, 1, 25 d3 ) are

1

l\)\v—‘

(:l:3 (1 +1),£(t - 1) |, [ £3, (51 - 1), (£, + 1);

£Lx(h+1),2(1-t);= ), | L, (1 - f1), £(t2 +1);

N\ml\)\»—-
N\U‘IN‘H

£, (3 - 1), x(t, - 1); £, (- 1), (3 - t2);

N\U‘l

3l
( i
(:Fl,:l: G-t),+(1-b); ),(;1 L(1-1),£(3-t);
( )

)
)

https://doi.org/10.4153/50008414X24000610 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000610

40 Y. Li and S. Onaran

By Lemma 4.7 and Lemma 3.4, there are 2 strongly exceptional Legendrian As
links in (S°, §_3) whose rotation numbers (ro, r1,72) are (&5, £(f1 +1), £(£2 +1)).
The decorations of their exteriors are +(+)((-)(-))(--).

There are 6 strongly exceptional Legendrian A; links whose rotation num-
bers and corresponding d;-invariants (ro, 1, 72;d3) are (£1, (3 - 11), (3 - 1);2),
(£3, (11 +1), (3 - 12); 3),and (£3, (3 — f1), £(t2 + 1); 3 ). The decorations of their
exteriors are

=(+H) () EN() (), 2(H () (((=)(+)), and = (+)((=)(+))((=)(=))s

respectively. These exteriors are appropriate tight since they can be embedded into an
appropriate tight contact = x S! with boundary slopes 2, —til, —% and decorations

=(+H) (D)) (), 2(H)((H) (=) (=+), and = (+)((=)(+))(—)

by adding basic slices (T2 x [0,1],—é>—,21,1)’ -, (T*x[0,1],-1,-1) to the

boundary T, respectively. ]
(10) Suppose ty < 1.

Lemma 4.28 Ifty <1, t; > 2, and t, > 2, then there exist 8 — 4t strongly exceptional
Legendrian As links in (S°, f%) whose rotation numbers are

TOEi{t0+l,t0+3,"',—t0+1,—t0+3},7’1:ﬂ:(tl—l),rzzi(tz—l);

rOEi{to—l,t0+l,~--,—t0—1,—t0+1},r1=i(1—t1),r2=i(t2—l).

Proof By [11, Theorem 1.2, (d)], there are two Legendrian Hopf links K, U K; in
(8%, §1) with (#g,75) = (0,+1), 1 > 3,71 = =(#; - 1). By [11, Theorem 1.2. (b1)], there
are 2(1 - ty) Legendrian Hopf links Ko U K, in (S?, §1) with 1§ <0, ry € £{tg +
Lty +3,-,—t) =1, -ty +1}, t > 2, r, = +(t, —1). Using Lemma 3.1, we construct
8 — 4ty Legendrian Aj links in (S°,&;/,) with to <1,#; > 2,1, > 2. Their rotation
numbers are as listed. u

These 8 — 4ty strongly exceptional Legendrian A; links are stabilizations of the
Legendrian A; links with to =1, > 2, ¢, > 2.
The proof of Theorem 1.4 is completed.

4.3 t;<0andt, >0.

Lemma 4.29 For any t, € Z, there are 6 exceptional Legendrian As links whose
exteriors have 0-twisting vertical Legendrian circles, and the signs of basic slices in
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Ly, L1, L are £(+ — =), £(+ + —), and +(+ — +), respectively. Their rotation numbers
are

to = i(to + 1),1’1 = i(l - tl),rz = :l:(tz + 1),
ro = :E(t() + 1),7’1 = i(tl + 1),7’2 = i(tz + 1),
ro = :I:(t() - 3),7’1 = :I:(l - tl),f’z = :t(l - tz).

The corresponding ds-invariants are independent of to if t; and t, are fixed.

Proof The first statement follows from Lemma 2.15 and Lemma 3.3. The calculation
of rotation numbers is analogous to that in the proof of Lemma 4.7. [ ]

4.3.1 t1 <0 and =1
The boundary slopes of £ x S are sq = t¢, 5; = —til, and s, = —1.

Proof of Theorem 1.5 The upper bound of strongly exceptional Legendrian Aj; links
is given by Lemma 2.12. We will show that these upper bounds can be attained.
(1) Suppose ty > 4.

Lemma 4.30 Ifty>4, t; <0, and t, = 1, then there exist 2 — 2t, strongly exceptional
Legendrian As links in (S°, §_1) with rotation numbers

ro=x(to+1),neF{ti-Lt1+1, -, -t -1}, rp = +2
and 2 — 2t strongly exceptional Legendrian Aj links in (S°, f%) with rotation numbers

7‘0::l:(to—?)),]’le:':{tl—l,tl"’l,"‘,_tl_l}:r2:0'

Proof There exist 4 — 4f; strongly exceptional Legendrian representatives shown in
Figure 17. Using the trick of Lemma 4.2 and the proof of [11, Theorem 1.2, (bl), (c3)],
we can show that Ky u K; U Kj is a topological As link. Their rotation numbers and
corresponding ds-invariants are

1
ro:i(t0+1),r16¥{t1—1,t1+1,"',—tl—l}ﬂ’z:iz;da:—?

3
ro = :l:(t()—3),7'1 € :F{tl—l,t1+1, -~-,—t1—1},r2 :0;d3 = 5
(2) Suppose ty = 3.

Lemma 4.31 Ifty=3, t; <0, and t, = 1, then there exist 2 — 2t; strongly exceptional
Legendrian As links in (S°, 5_%) with rotation numbers

To ::l:4,7’1 Eq:{tl—l,tl"’l; "',_tl_l}rrZ =42
and 2 — t, strongly exceptional Legendrian Aj links in (S?, & 3 ) with rotation numbers

ro:O,rle¢{tl—1,t1+1,-~-,—t1—1},r2:0.
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to — 4
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=
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Ky

Figurel7: to > 4,4t <0,t; =1. ki + | = —t1. If to is even, then Ko and Kj, i = 1, 2, bear the same
orientations. If ¢ is odd, then the opposite orientation.

Proof By [11, Theorem 1.2], there are two Legendrian Hopf links Ko U K, with
(to,r0) = (3,+4) and (t5,72) = (1, £2) in (S°, §_1),and a Legendrian Hopf link with
(to,70) = (3,0) and (t2,7,) = (1,0) in (S3, §3). Let Ky be alocal Legendrian meridian
of Kj; then, there are —3#; strongly exceptional Legendrian A; links. Their rotation
numbers and corresponding ds-invariants are

1
1’0::|:4,r16{t1+1,t1+3,~--,—t1—1},r2::|:2;d3:—5,

3
T'(]:O,TlE{t1+1,t1+3,"',—tl—l},f’zzo;d::,:E.

By Lemma 4.29 and Lemma 3.4, there are 4 strongly exceptional Legendrian A;
links whose rotation numbers and corresponding dj-invariants (rg,71,72;d3) are
(4, £(1- 11),+2—3) and (0,+(f; - 1),0; 3). [

(3) Suppose ty = 2.

Lemma 4.32 Ifty =2, t; <0, and t, =1, then there exist 2 — 2t; strongly exceptional
Legendrian As links in (S°, §_1) with rotation numbers

to = +3,1 € :F{fl -Lu+1, -1 —1},1’2 =42
and 2 strongly exceptional Legendrian As links in (S°, & 3 ) with rotation numbers
ro==l,r = :I:(tl - 1),1’2 =0.

Proof 1If ty =2, then by [11, Theorem 1.2. (c2)], there exist two Legendrian Hopf
links Ko U K; in (S?, §_1) with (t0,70) = (2,%3) and (f2,72) = (1,%2). Let K; be a
local Legendrian meridian of Kj; then, by Lemma 3.2, we can realize —2t; strongly
exceptional Legendrian A3 links in (2, §_1) whose rotation numbers are

r0:i3,}’1€{t1+1,t1+3,"',—tl—l},f‘z:iz.
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By Lemma 4.29 and Lemma 3.4, there are 4 strongly exceptional Legendrian Aj
links whose rotation numbers and corresponding dj-invariants (o, 1, 72;d3) are
(£3,£(1- 11),+2-3) and (£1, £(t; - 1),053). (]

(4) Suppose t5 < 1.

Lemma4.33 Ifty <1, t <0, and t, = 1, then there exist tot; — 2t; strongly exceptional
Legendrian As links in (S°, E%) with rotation numbers

roe{to—l,t0+1,~--,1—t0},r16{t1+1,t1+3,~--,—t1—1},r2:0.

Proof By [ll, Theorem1.2. (b2), (e)], there are 2 — ¢, strongly exceptional Legendrian
Hopf links Ky U K in (3, &/2) with

7'0E{to—l,to+1,'~',1—t0},t2=1,1’2=O.

Let K; be a local Legendrian meridian of Ky. Then, by Lemma 3.2, there are (2 -
to)(—t1) = toty — 2#; strongly exceptional Legendrian As links in (8, &;/,) with rota-
tion numbers are as listed. [ ]

These tot; — 2t; strongly exceptional Legendrian Aj; links are stabilizations of the
Legendrian Aj; links with o =1, 1, = -1, ¢, = 1.
The proof of Theorem 1.5 is completed.

4.3.2 t;<0and t; > 2.

The boundary slopes of = x S! are sg = to, 5; = —tll, and s, = —i.

Proof of Theorem 1.6  The upper bound of strongly exceptional Legendrian Aj; links
is given by Lemma 2.13. We will show that the upper bounds can be attained except in
the cases that ty = 1, t; < 0, and ¢, = 3.

(1) Suppose ty >3 and ¢, = 2.

Lemma 4.34 Ifty >3, t; <0, and t, = 2, then there exist 6 — 61, strongly exceptional
Legendrian A; links whose rotation numbers and corresponding ds-invariants are

1

ro=x(tg+1),nex{ti+1, -, -1 =L -t + 1}, 7, = £3;d; =2
3
1o :i(fo—l),rlei{t1+l, -~,—t1—1,—t1+1},r2:il;ds = 5)
3

To ::I:(t()—3),1’1€:|:{t1+1, "',—tl—l,—tl‘i‘l},rz::Fl;d3 = 5

Proof Thereare 6 — 6t; strongly exceptional Legendrian A3 links shown in Figure 18.
Using the trick of Lemma 4.2 and the proof of [11, Theorem 1.2, (bl), (¢3)], we can show
that Ko U K; U K3 is a topological Aj link. Their rotation numbers and corresponding
dz-invariants are as listed. [ ]
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¢

Figure 18: t9 >3, t1 <0, t2 =2. ki + 1 = —t1. If ¢y is even, then Ko and K; bear the same
orientation. If ¢ is odd, then the opposite one. If #y is odd, then Ky and K; bear the same
orientation. If ¢y is even, then the opposite one.

(2) Suppose ty = t; = 2.

Lemma 4.35 If to=t, =2 and t; <0, then there exist 6 — 4t; strongly exceptional
Legendrian As links whose rotation numbers and corresponding ds-invariants are

1
ro::|:3,r1€:|:{t1+1,~-~,—t1—1,—t1+1},7’2=:l:3;d3=—5>

3
ro = +1,r = :E(l— f]),rz = :l:l;d3 = 5,

3
T'()::Fl,T’IE:I:{t1+1,"',—tl—l,—t1+1},1’2::Fl;d3:E.

Proof Ift; = t; = 2,thenby[11, Theorem 1.2, (c2)], there are two strongly exceptional
Legendrian Hopf links Ko UK, in (S°, §_1) with (to,70) = (2,+3) and (t2,12) =
(2, £3), and two strongly exceptional Legendrian Hopf links Ky U K; in (S?, & ;) with
(to-10) = (2, £1) and (¢, 12) = (2, £1). Let K; be a local Legendrian meridian of Kj.
Then by Lemma 3.2, there are —4t; strongly exceptional Legendrian Aj links. Their
rotation numbers and corresponding ds-invariants are

ro=+3,rne{ti+1,6+3, -~-,—t1—1},r2:i3;d3:—5,

3
rozil,rle{t1+1,t1+3,-~-,—t1—1},r2:11;d3:§.

By Lemma 4.29 and Lemma 3.4, there are 4 strongly exceptional Legendrian A;
links whose rotation numbers and corresponding dj-invariants (g, 1, 72;d3) are
(£3,+(1- 1), %3;-3) and (¥1, =(1 - f1), ¥1; 2 ). The decorations of their exteriors are

£(+)(=r o) (=) and & (+) (=) (+4),

-t -t

respectively.
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By [11, Theorem 1.2, (b2), (d)], there are two Legendrian Hopf links in (S°, & 1 )
with (t,74) = (1,0),t; < 0,7, = F(#; — 1), and two Legendrian Hopf links in (S°, E%)
with (#§,r5) = (0,+1), (t2,72) = (2, £1). By Lemma 3.1, we can construct 2 strongly
exceptional Legendrian A; in (83, & 3 ) links with ty = t, = 2, f; < 0. Their rotation
numbers (rg, 71, 13 ) are (£1, £(1 - #;), £1). The decorations of their exteriors are

L) () ().

-t

So there are 6—4t; strongly exceptional Legendrian A; links with ¢ =2,
t; < 0,t; = 2. As a corollary, the 6 — 4t; contact structures on ¥ x S! with boundary
slopes sg = 2,5, = —%1, Sy = —% listed in Lemma 2.13 are all appropriate tight.

(3) Suppose top =1and t, = 2.

Lemma 4.36 If to=1, t; <0, and t, =2, there exist 6 —2t; strongly exceptional
Legendrian A; links whose rotation numbers and corresponding ds-invariants are

1

to :i2,r1€i{t1+1, -~-,—t1—1,—t1+1},r2:i3;d3 :—5,
3
ro = ¥2, r = :t(l— tl),rz = :Fl;d3 = E,

3
To =0,r1 = :l:(l— tl),TZ = :l:l;d3 = 5

Proof 1If ty =1and t, = 2, then by [11, Theorem 1.2], there are two strongly excep-
tional Legendrian Hopf links Ko U K, with (#9,79) = (1, £2) and (3, 72) = (2, £3)
in (S°, E,% ). Let K; be a local Legendrian meridian of K. Then by Lemma 3.2, we

can realize —2t; strongly exceptional Legendrian A3 links in (S, &_ 1 ) whose rotation
numbers are

r0=:t2,r1€{t1+1,t1+3,~--,—t1—1},r2=i3.

By Lemma 4.29 and Lemma 3.4, there are 4 strongly exceptional Legendrian A3
links whose rotation numbers and corresponding dj-invariants (o, 1y, 72;d3) are
(£2,+(1-11),+3;-1) and (¥2, (1 - 1), ¥1; 3 ). The decorations of their exteriors are

£(#)(=r o) (=) and & (+)(= ) (++),

3t -t

respectively.
By [11, Theorem 1.2, (d)], there are two Legendrian Hopf links in (S?, 5%) with

(to»ro) = (0,¥1),t; < 0,1, = F(t; — 1), and two Legendrian Hopf links in (S°, f%)
with (#),7) = (0, £1), (t2,r2) = (2, £1). By Lemma 3.1, we can construct 2 strongly
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exceptional Legendrian A3 links in (S?, E%) with to =1, <0, t, = 2. Their rotation

numbers (rg, 71, 72) are (0, £(1 - t1), +1). The decorations of their exteriors are

L(5) (=) ().
——
-t

]
So there are 6 — 2t; strongly exceptional Legendrian Aj links with t5=1,1 <0,
t, = 2. As a corollary, the 6 — 2t; contact structures on X x S' with boundary slopes

so=158= —%l, Sy = —% listed in Lemma 2.13 are all appropriate tight.
(4) Suppose ty > 3 and ¢, > 3.

Lemma 4.37 If ty >3, t; <0, and t, > 3, then there are 8 — 8, strongly exceptional
Legendrian Aj links whose rotation numbers and corresponding ds-invariants are

ro=x(to+1),met{ti+L,t1+3, - -, -t1+1},rp, = £(t, +1);ds =—%,
ro=x(to-1),nex{ti+1L,t1+3, -, -1 +1},ra = £(t - 1);d3 = %’
ro=x(tg-3),nex{ti+LH+3, -, -1 +1},rp=x(1-tp);d; = g
ro=x(to—1),mex{h+1L,t+3,---,-t1+1},r, =+(3-1t5);d3 = %

Proof Ifty >3 andt; > 3, then there are 8 — 81; strongly exceptional Legendrian Aj;
links shown in Figure 19. Using the trick of Lemma 4.2 and the proof of [11, Theorem
1.2, (b1), (c4)], we can show that Ky U K;j U K3 is a topological A link. Their rotation
numbers are as listed. ]

(5) Suppose ty =2 and t, > 3.

Lemma 4.38 Ifty =2, t; <0, and t, > 3, then there exist 8 — 61, strongly exceptional
Legendrian A links whose rotation numbers and corresponding dz-invariants are

1
ro=23,nex{th+LH+3, -, —h+1},r=x(h+1);d; ==
3
ro=tlnex{th+Lt+3, -, ~t+1}, = +(ty —1);d3 = 2
3
ro=Fl,n==x(1-t),r = i(l— fz);d3 = 5,

ro=xl,nex{ti+L,H+3, -, -t +1},ra=2(3-1);d; = %
Proof Ifty =2 and t; > 3, then by [11, Theorem 1.2, (c3)], there are two Legendrian
Hopflinks K{ U K, in (3, § 1) with (£5,70) = (2,£3), 2 > 3,12 = £(# + 1), two Leg-
endrian Hopf links K U K, in (3, E%) with (#),75) = (2,£1),t, 23,7, = £(t, - 1),
and two Legendrian Hopf links K{ U K, in (S?, &) with (£5,79) = (2,%1),£2 23,1, =
£(t — 3). Let K; be a local Legendrian meridian of Ky; then by Lemma 3.2, we can

https://doi.org/10.4153/50008414X24000610 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000610

Strongly exceptional Legendrian connected sum of two Hopf links

v
v

NS

g
8

to—3

H.
(=}
|

o

%)
i

k {&l 1 k {%l

—_
=
=

i
N

to—3

ﬁ
S

I
w

54
0)- 8

b
T
Ay
I

~
N

47

Figure 19: to >3, h <0, t2 >3. k1 + 11 = —t1. For to + t2 even, Ko and K, bear the same
orientation, and for to + t, odd, the opposite one. For ty odd, Ko and K; bear the same

orientation, and for ¢y even, the opposite one.

realize —6t; strongly exceptional Legendrian representatives. There are —2¢; of them

belonging to (S°, §_1) with rotation numbers
ro=23,ne{thh+L,Hn+3, -, -1 -1}, rp = £(f, +1).

There are —4t; of them belonging to (S°, & 3 ) with rotation numbers
ro=tl,ne{t+L,t1+3, -, -t1 -1}, ry = +(t, - 1);

7’0:¢1,T1€{t1+1,t1+3,"',—tl—l},fZZ:l:(tz—3).

By Lemma 4.29 and Lemma 3.4, there are 4 strongly exceptional Legendrian A3
links whose rotation numbers and corresponding dj-invariants (o, 1y, 72;d3) are
(£3,+(1- 1), £(t2 +1); -2 ) and (F1, (1 - 1;), =(1 - £2); 3 ). The decorations of their

exteriors are
£(+)(=- =) (()(=)) and £ (+)(=--=)((+)(+)),

respectively.

There are 4 strongly exceptional Legendrian A; links whose rotation numbers
and corresponding ds-invariants (ro,r1,72;d3) are (£1,(1- 1), =(t, —1);3) and

(£, +(1- 1), %(3 - £2); 3). The decorations of their exteriors are

=(+) (D)) (#) and £ (+) (= -)((+) (=),

-t -4
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respectively. These exteriors are appropriate tight since they can be embedded into
an appropriate tight contact ¥ x S' with boundary slopes 2, —%,—% and decora-

tions =(+)(~---—)(—+) by adding basic slices (T% x [0,1], -+, -725), -+, (T* x
— 2

t-1

h
[0,1], -3, —3) to the boundary T, respectively. ]
(6) Suppose ty =1and t, > 3.

Lemma4.39 Ifto =11 <0,andt, > 4 (resp. t, = 3), then there exist 8 — 4t (resp. 8 —
3t1) strongly exceptional Legendrian As links whose rotation numbers and corresponding
ds-invariants are

1
ro==+2,1 € {t1+1,t1+3, "',—tl—l}U{:l:(l—tl)},T’z ::lz(t2+1);d3 :—E,

3
rO:O,rle{t1+1,t1+3,~--,—t1—1}u{i(t1—1)},r2:i(t2—3);d3:5,

3
rog = F2,1r = :l:(l - tl), ry = i(l - tz);dg = E,

Fo=Oyry = (1= 1), 12 = (t2 — 1);ds = %
Proof If ty =1 and t, = 3, then by [11, Theorem 1.2, (c2)], there are two strongly
exceptional Legendrian Hopf links Ko U K in (S, §_1) with (fo,r0) = (1,+2) and
(t2,72) = (3,+4), and one strongly exceptional Legendrian Hopf link Ky U K, in
(83, &) with (to,70) = (1,0) and (5, 72) = (3,0). Let K; be alocal Legendrian merid-
ian of K. Then by Lemma 3.2, we can realize —31; strongly exceptional Legendrian A;
links whose rotation numbers and corresponding ds-invariants are

1
ro:i2,r1€{t1+1,l‘1+3,"',—f1—1}>7’2=i4;d3:—5a

3
ro:0,r16{t1+1,t1+3,--~,—t1—1},r2:0;d3:5.

Ifto = land t; > 4, then by [11, Theorem 1.2, (¢3)], there are two strongly exceptional
Legendrian Hopf links Ko U K; in (S?, §_1) with (to,70) = (1,£2), 2 >4, and 1, =
+(t, +1), and two strongly exceptional Legendrian Hopf links Ko U K, in (S, & :)
with (tg,79) = (1,0), t, > 4and r, = (¢, — 3). Let K| be a local Legendrian meridian
of Ky. Then by Lemma 3.2, we can realize —4t; strongly exceptional Legendrian A;
links whose rotation numbers and corresponding ds-invariants are

1
ro=i2,716{t1+1,t1+3,"',—tl—l},rzzzl:(t2+1);d32—5,

3
ro =0,1’1 € {t1+1,t1+3, "',—tl—l},fz = :I:(tz —3);d3 = E
For any ¢, >3, by Lemma 4.29 and Lemma 3.4, there are 4 strongly excep-

tional Legendrian A3 links whose rotation numbers and corresponding d3-invariants
(ro,r1,125d3) are (£2,+(1— 1), £(t2 +1); —%) and (F2,2(1-t),+(1-t); %) The
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decorations of their exteriors are

=(+) (- )((H)(=)) and = (+) (=) ((+)(+)),

O
—f -t
respectively.
For any t, > 3, there are 4 strongly exceptional Legendrian A; links whose rota-
tion numbers and corresponding ds-invariants (ro, 71, r2;d3) are (0, (1 - t;), (¢ —
1);3) and (0, £(t; — 1), +(f2 — 3); 3 ). The decorations of their exteriors are

£(+) () () and £ (+) (=) () (+)),

—
-t -t

respectively. These exteriors are appropriate tight since they can be embedded into

an appropriate tight contact ¥ x S§' with boundary slopes 1,—%1, -1 and decora-
tions +(+)(~---—)(+-) by adding basic slices (T2 x [0,1], -+, - 75), -+, (T* x
N~—— 2 2
-t
[0,1], -3, —3) to the boundary T3, respectively. ]

So, there are exactly 8 — 41; (resp. exactly 8 — 3t;) strongly exceptional Legendrian
Aj links with tg =1, <0,¢;, >4 (resp. £, =3). If ty =1, t; <0, and t, = 3, then the
decorations

()t =) () and (B) (== 4D (H)()
I k k+1 I-1

correspond to the same Legendrian A; links with rotation numbers rg = r, = 0,7; =
I-k-1,wherek>0,l>1,k+1=-t.
(7) Suppose ty < 0.

Lemma 4.40 Ifto <0, t; <0, and t, > 1, then there exist 2tot; — 21, strongly excep-
tional Legendrian As links in (S°, f%) whose rotation numbers are

ro€+{to+1,tg+3, -+, —tg—1,—to +1},
rle{t1+1,t1+3,--~,—t1—1},r2:i(t2—1).

Proof By [11, Theorem 1.2. (bl)], there are 2(1 — ¢7) Legendrian Hopf links Ko U K,
in (§?, &;/,) whose rotation numbers are

VoE:E{t0+1,t0+3,"',—to—l,—t0+1},t2Zz,rzzzl:(tz—l).

Let K; be a local Legendrian meridian of Ky. Then by Lemma 3.2, there are 2(1 -
to)(—t1) = 2tot; — 2#; isotopy classes. Their rotation numbers are as listed. ]

These 2ty t; — 2t; strongly exceptional Legendrian Aj links are stabilizations of the
Legendrian Aj; links with £ = 0,1, = -1,1, > L.
The proof of Theorem 1.6 is completed.

44 t=0.

The boundary slopes of £ x S! are sy = t9, 5; = 00, and s, = —i. The appropriate tight
contact structures on  x S' can be decomposed as Ly U L, U X’ x S'.
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Lemma 4.41 For any to € Z, there are 4 exceptional Legendrian Aj links whose signs
of basic slices in Ly, L, are +(+-) and =(++), respectively. Their rotation numbers are

to = i(to + 1), rn==+xlr,= ﬂ:(tz + 1);7‘0 = ﬂ:(to - 3), r==+lr,= :E(l - tz).
The corresponding ds-invariants are independent of ty if t; is fixed.

Proof The first statement follows from Lemma 2.16 and Lemma 3.3. Suppose the
signs of the basic slices in L and L) are + and —, respectively. Then,

1 0\ O 0 -1\ 0 1t 0

to=—|—6-]e--|-0—]e-+|-0—]e—-=—(t+1),
b 1/ 1 \1 0/ 1 \o 1/ 1

(—to —1) 1

n=(—oe—]e=-=-1,

1 0 0

1

(—to —1) (1 0) 0
rn=(—o—]|e o-|e-
1 0 0 0 1 1

_(gej).%:—(t2+1).

1 1

The computation of other cases are similar. [ ]

Lemma 4.42  Suppose to <2, t; = 0, and t, > 2. Then, there are 4 strongly exceptional
Legendrian As links in (S°, & 3) whose rotation numbers are

to = :t(to —1),1’1 =zl,r, = :i:(tz —1);1’0 = :l:(t() —3),7’1 =zl,r, = :l:(l— tz).

Proof By [11, Theorem 1.2, (d)], there are two Legendrian Hopf links K U K; in
(83, §1) with tg < 1,75 = £(£5 - 1), (f1,r1) = (0, 1), and two Legendrian Hopf links
K{ UK, in (8 &) with (¢, 75) = (0,£1), £, > 2,75 = +(t, — 1). By Lemma 3.1, we
can obtain stronglgf exceptional Legendrian As links with ¢y < 2, #; = 0, t; > 2. So there
are 4 strongly exceptional Legendrian A; linksin (S°, & ;) whose rotation numbers are
as listed. [ ]

Proof of Theorem 1.7  The upper bound of strongly exceptional Legendrian A3 links
is given by Lemma 2.14. We will show that these upper bounds can be attained.
(1) Suppose t, < 0.

Lemma 4.43 Ift; = 0 and t, <0, then there exist 2 — 2t strongly exceptional Legen-
drian As links in (S°, §1) whose rotation numbers are

ro=+(to—1),rn=xl,rpet{tr +1,t,+3, -+, ~tp +1}.

Proof 1If t, <0 and ty <0, there exist 2(1 - t,) strongly exceptional Legendrian As
links shown in Figure 20. Similar to the proof of [11, Lemma 5.1, part (iii), Figure 6],
we can show that the link K, u K; u K in Figure 20 is indeed a topological A; link.
By performing the same calculations as in the proof of Theorem 1.2 (d) in [11], we
can determine that their rotation numbers are as listed. Moreover, the corresponding
dz-invariant is %

If £, <0 and #; =1 (resp. ty > 2), then there exist 2(1 - t,) strongly exceptional
Legendrian Aj; links shown in Figure 9 (resp. Figure 8) with k; = [; = 0. Their rotation
numbers and the corresponding d-invariants are as listed. [ ]
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Figure 20: t0<0,t1=0,12<0,ky +1p = —t5.

(2) Suppose t; = 1.

Lemma4.44 Ift; = 0 and t, = 1, then there exist 4 strongly exceptional Legendrian A
links whose rotation numbers and corresponding ds-invariants (rq, 11, r2;d3) are

3 1
(£(tp —3),£L,05 5)’ (£(to +1), %1, iz;—g).

Proof Ift, =1andt, > 4, then there exist 4 strongly exceptional Legendrian A3 links
shown in Figure 17 with k; = I; = 0. Their rotation numbers and corresponding ds-
invariants are as listed.

Suppose t; =1and ty < 3. By [11, Theorem 1.2, (d), (c1)], there are two Legendrian
Hopf links Kj U K; in (S?, §1) with £5 <1,r5 = £(t5 — 1), (1,71) = (0, £1), and one
Legendrian Hopflink K U K, in (S%, &1 ) with (t§,ry) = (t2,72) = (1,0). By Lemma
3.1, we can obtain strongly exceptional iegendrian Aj links with t5 < 3,4, =0,t, = 1.
So there are 2 strongly exceptional Legendrian Aj links in (S, & %) whose rotation
numbers (rg, 11, 72) are (£(to — 3),£1,0).

Moreover, by Lemma 4.41 and Lemma 3.4, there are other 2 Legendrian Aj links
in (S, §_1) whose rotation numbers (ro, r1,72) are (£(fo +1), £1,%2). ]

(3) Suppose t; = 2.

Lemma4.45 Ift; = 0and t, = 2, then there exist 6 strongly exceptional Legendrian As
links whose rotation numbers and corresponding dz-invariants (o, 11, r2;d3) are

1 3 3
(:l:(to +1),+], :t3;—5) , (:I:(to —-1), %1, £l i) , (:t(to -3), ], FL; E) .

Proof Ift, =2andty > 3, then there exist 6 strongly exceptional Legendrian As links
shown in Figure 18 with k; = [; = 0. Their rotation numbers and corresponding ds-
invariants are as listed.

If t, =2 and ty <2, then by Lemma 4.41 and Lemma 3.4, there exist 2 strongly
exceptional Legendrian A3 links in (S, §_1) whose rotation numbers (ro,r1,12) are
(£(to +1), L, £3).

Moreover, by Lemma 4.42, there exist 4 strongly exceptional Legendrian A; links
in (S°, §3) whose rotation numbers (ro, 1, 12) are (£(fo —1), 1, £1) and ((fo -
3), +1, F1). =
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(4) Suppose t, > 3.

Lemma 4.46 If t; = 0 and t, > 3, then there exist 8 strongly exceptional Legendrian
Aj links whose rotation numbers and corresponding ds-invariants (rg, r1,12;d3) are

(i(to +1), 21, +(t, + 1);—%) , (:i:(l‘o -1),£1, (¢, - 1); %),

(:l:(to -1),+1,+2(3-£); g) , (:I:(to -3),+1,+(1-t); %)

Proof Ift, >3 and t, > 3, then there are exactly 8 strongly exceptional Legendrian
Aj links shown in Figure 19 with k; = I; = 0. Their rotation numbers and correspond-
ing ds-invariants are as listed.

Suppose t, > 3 and ty < 2. By Lemma 4.41 and Lemma 3.4, there exist 2 strongly
exceptional Legendrian Aj links in (83, &_ 1 ) whose rotation numbers (rg, 11, 1) are
(£(to +1), 2L, (22 +1)).

By Lemma 4.42, there exist 4 strongly exceptional Legendrian Aj; links in
(8%, € ) whose rotation numbers (ro, 11, 72) are (x(fo — 1), x1, =(#, — 1)) and (x(fo —
3), £, (1-£)).

Moreover, there are 2 strongly exceptional Legendrian Aj links in (S3, & 3 ) whose
rotation numbers (rg, 71, 72) are (£(to — 1), +1, (3 — £;)). The decorations of their
exteriors are £(+)((—)(+)). These exteriors are appropriate tight since they can be

embedded into an appropriate tight contact X x ' with boundary slopes to, o0, -3

and decoration +(+)(~+) by adding basic slices (7% x [0,1], -+, =), -+, (T? x

ThT -1

[0,1],-3,-1) to the boundary T5. |

The proof of Theorem 1.7 is completed.

Proof of Theorem 1.8 It follows from the proof of Theorems 1.1, 1.2, 1.3, 1.4, 1.5, 1.6,
L7. u

5 Stabilizations
The aim of this section is to elucidate Remark 1.10.
5.1 Stabilizations of the component K.

For the strongly exceptional Legendrian Aj; links with #;,£, # 0 and # + [—%1] +

[- 712] > 2, their exteriors have 0-twisting vertical Legendrian circles. So by Lemma 3.5,
the component K, can always be destabilized. For the strongly exceptional Legendrian
As links with #; = 0, their exteriors obviously have 0-twisting vertical Legendrian
circles. By the same reason, the component K can be destabilized.

As examples, we list the mountain ranges of the component Ky in some Legendrian
A3 links with fixed t1, 7.

(1) Strongly exceptional Legendrian Aj links in (S°, &s) with g = (¢ - 5), 1 =
r, = 0, where ty > 5,1 = t, = 1. See Lemmas 4.8 and 4.9. Their exteriors have decora-
tions +(+)(+)(+). The mountain range is depicted in the upper left of Figure 21. It is
infinite on the upper side.
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(1) (3) °\. ./'
. . N @/
N, ,/ SN,
t, 75\./ t, :3./ \Q
. N v
R Y
1073\@)/ \©/
(2) (4) o/ \o

Figure 21: 'The mountain ranges of some strongly exceptional Legendrian A3 links with fixed #;
and t,. Each dot represents a Legendrian A3 link. A dot with a circle represents two Legendrian
Aj3 links. Each arrow represents a stabilization.

(2) Strongly exceptional Legendrian Aj links in (S, & s) with ro = £(ty-3),n =
+(t; —1),ry = (1 - t,), where to, t1, t, > 3. See Lemmas 4.25 and 4.26. Their exteriors
have decorations +(+)((+)(=))((+)(+)). The mountain range is depicted in the
lower left of Figure 21. It is infinite on the upper side.

(3) Strongly exceptional Legendrian Aj links in (S°, & s) with ro = £(to —5), 11 =
+(1-t),ry = +(1— t,), where to, t1, £, > 3. See Lemmas 4.25 and 4.26. Their exteriors
have decorations +(+)((+)(+))((+)(+)). The mountain range is depicted in the
upper right of Figure 21. It is infinite on the upper side.

(4) Exceptional Legendrian Aj; links in (S°, E%) with rg =£(tg—1),1 =
£(1-t),ry = +(t,+1), where #,f >3. Their exteriors have decorations
£(H)((H)(H))((-)(-)). See Lemmas 4.7, 4.25, 4.26, and 4.27. The mountain
range of such links is depicted in the lower right of Figure 21. It is infinite on
both the upper and lower sides. The exteriors of such Aj; links have decorations
£(+)((+)(+))((-)(=)). If to =2, then they are strongly exceptional. If #, <2,
then, based on Lemma 4.7 and Lemma 2.6, they are exceptional but not strongly
exceptional.

In a more general setting, with a fixed decoration and nonzero integers t; and ¢,,
if Ly and the innermost basic slices of L] and L, have the same signs (possibly after
shuffling), then the components Kj of the strongly exceptional Legendrian Aj links
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exhibit mountain ranges with shapes resembling a “V” or an “X” truncated from the
lower side, as shown in the first three subfigures in Figure 21.

For the strongly exceptional Legendrian Aj links with fixed #,¢, # 0 and fo +
[- 711] +[- 712] <1, the mountain ranges of the component Ky can be observed through
Lemma 4.6, Lemma 4.11, Lemma 4.18, Lemma 4.28, Lemma 4.33, and Lemma 4.40.

5.2 Stabilizations of the component K, when ¢; = 0.

The strongly exceptional Legendrian Aj links with #; = 0 are classified in Theorem
1.7. The exteriors of such Legendrian Aj; links contain 0-twisting vertical Legendrian
circles. By Lemma 3.5, the component K, is always destabilizable unless t, = 0.

We list the mountain range of the component K, of the strongly exceptional
Legendrian A; links with fixed o and #; = 0. The exteriors of such Legendrian A;
links can be decomposed into Ly U L, U S’ x S'. Recall that if £, > 3, then L) consists
of 2 basic slices and is not a continued fraction block. If t, = 2, then L} is a continued
fraction block consisting of 2 basic slices. If £, = 1, then L) is a basic slice. If , = 0,
then L is an empty set. If £, < —1, then L} is a continued fraction block consisting of
—t, basic slices.

(1) Strongly exceptional Legendrian Aj links in (S°, & 3) with ro = £(to - 3), 11 =
£1,7, = £(1 - t;), where t; = 0, f, > 1. See Lemmas 4.44, 4.45, and 4.46. The signs of
the basic slices in Ly and L) are all the same. The mountain range is depicted in the
upper left of Figure 22.

(2) Strongly exceptional Legendrian Aj; links in (S, E_%) with rg = £(tg +1), 1, =
£1,7, = £(t, +1), where t; = 0, ¢, > 1. See Lemmas 4.44, 4.45, and 4.46. The sign of L;,
and the sign of each of the basic slices in L), are opposite. The mountain range can be
depicted in the upper left of Figure 22.

(3) Strongly exceptional Legendrian Aj links in (S°, & %) with rg = (¢ — 1), 71 =
1, ry =+(t, - 1) (orry = £(3 - 1)), where t; = 0, ¢, > 2. See Lemmas 4.45 and 4.46.
Their exteriors have decorations +(+)((+)(-)) (or £(+)((-)(+))) if £, >3, and
+(+)(+-) if t, = 2. Note that when t, = 2, L}, is a continued fraction block, and hence,

Figure 22: The mountain ranges of the strongly exceptional Legendrian A3 links with fixed to
and t; = 0.
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the two decorations (+)(+-) and (+)(-+) (or (-)(—+) and (-)(+-)) stand for the
same Legendrian Aj link. So the mountain range can be depicted in the upper right

of Figure 22.
(4) Strongly exceptional Legendrian Aj; links in (S°, & 1 ) with rg = £(tg - 1), 11 =
tl,rpex{t + 1, +3, -+, —t, + 1}, where t; = 0, ¢, < 0. See Lemma 4.43. It is easy

to know that the mountain range can be depicted in the lower part of Figure 22.

In conclusion, the whole mountain range of the strongly exceptional Legendrian
Aj links with fixed o and #; = 0 consists of two copies of the upper left subfigure, the
upper right subfigure, and the lower subfigure of Figure 22.

6 Some Computations

Here, we summarize how to compute the classical invariants of Legendrian realiza-
tions A; = Ky U K; U K of the connected sum of two Hopf links, and the d;-invariant
of the contact 3-sphere S* containing the realizations. We compute the invariants
of the first surgery diagram on the top left of Figure 14. Similar arguments apply to
all remaining examples. For the example in Figure 14, the linking matrix M is the
(to —1) x (to — 1)-matrix, which we form by ordering the surgery curves from bottom
to top where all are oriented clockwise:

[-2 -1 -1 ]

-1 -2 -1

-1 -1 -2 -1

-1 -2 -1
M= -1 -2 -1
-1
-1 -2 -1

-1 -1

The determinant of M is det M = (1)1,
6.1 The ds-invariant.

Let (Y, &) = 0X be a contact 3-manifold given by contact (+1)-surgeries on a Leg-
endrian link L € (83, &), all of which have the nonvanishing Thurston-Bennequin
invariant. We compute the ds-invariant of (Y, &) with ¢;(£) torsion by following the
formula from [4, Corollary 3.6]:

A (8) = (¢ =30(X) - 24(X) + 4.

where g is the number of (+1)-surgery components in L and ¢ € H*(X) is the
cohomology class determined by ¢(Z;) for each L; € L, where X; is the Seifert surface
of L; glued with the core disk of the corresponding handle. We read ¢ and y from
the surgery diagram in Figure 14. The signature ¢ is the signature of the linking
matrix M. The surgery diagram is topologically equivalent to (#y —1) unlinked -1-
framed unknots, so the signature is o(X) = —(#o —1). The Euler characteristic is

https://doi.org/10.4153/50008414X24000610 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000610

56 Y. Li and S. Onaran

x(X) = to —1+1= tgsince each surgery knot corresponds to attaching a 2-handle. We
compute c? by following the algorithm in [4], ¢* = xMx =< x, rot >, where rot =
(rot(Ly),...,rot(Ly)) is the vector rotation number of the Legendrian surgery knots
L; c L and x is the solution vector of Mx = rot. For the surgery diagram on top left
of Figure 14, the vector rotation number is

rot = (2,-2,0,...,0,1)".
The solution vector x is
x = (=13, %,...,%—(tg —1))" for ty even,
and
x=(-3,1%,...,% —(to — 1))" for £, odd.
This gives ¢ =<x,rot >=—6-2+0+ --- +0— (t, — 1) = =7 — t;. Observing that

q = 3 in this example, we compute

ds - i(—7— fo—3(~(to~1)) - 2to) + 3 = %

6.2 The Thurston-Bennequin invariant and the rotation number.

We use the formulae in [15, Lemma 6.6] to compute the Thurston-Bennequin invariant
and the rotation number of a Legendrian knot L in a contact (+1)-surgery diagram of
surgery link IL with the linking matrix M. The Thurston-Bennequin invariant is

det M, 0

det M’
where tb(Ly ) is the Thurston-Bennequin invariant of L asa knot in (S, ;) before the
contact surgeries, and M) is the extended linking matrix which is the linking matrix of

Ly U L with the convention that Ik(Lg, Lo) = 0. The rotation number of L after surgery
is

tb(L) = tb(Ly) +

rot(L) = rot(Lg)~ < rot, M1k >,

where rot(Lg ) is the rotation number of L before surgeries, rot is the vector rotation
number of the Legendrian surgery knots L; c L, and 1k = (Ik(L, L,),...,1k(L,L,))
is the vector of the linking numbers.

For the surgery diagram on the top left of Figure 14, we assume that Ky, K;, and
K are oriented clockwise. So the extended linking matrices for Ky, K and, K; are,

respectively,
0 0 0 1 0 -1 -3 -1 0~ 0
-1
0 -3
: M
MO_ )Mlz -1 M 5
0 0
-1 .
-2 -0 |
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[0 -3 -1 -1 0--- 0]
-3
-1
M, =|-1 M
0
-0 B

The determinants are det Mg = (-1)""!(ty+2) and det M;=det M, =
5(-1)""!. We compute the Thurston-Bennequin invariants as follows:

P o Y ) B _ GV
tb(Ko) = -2 EE = tg, and tb(K;) = tb(K;) = -3 (DT

Recall that for fy odd, Ky and K; are given the same orientation, and for ¢, even,
the opposite one, where i = 1,2. If t; is 0dd, then Kj is oriented clockwise. If ¢, is even,
then K; is oriented counterclockwise. We compute the rotation numbers as follows:

2 0 27 [(~1)k!
-2 0 2| [(=1)P!
0 a1l 0 *
o=1=(| . M7 o D=1=(f L ) L]
0 -1 0 *
1 -2 1 to
=1-(2-2+40+ - +0+1t))=—(to - 1),
2 (-1)' 2 0
-2 3(-1)f =2 J2(-1)%!

ro=2(-1)% — ( 0 M (_é)to )= 2(-1)b — { 0 ,
: 0
1 0 1

=2(=1) = (0+4(-1)" + 0+ - +0+1):{ 1_3 Igz ii:fjn

2 3(-1)* 27 [2(-nk!
-2 (-1)% -2 0

=21 (| O |, m (_é)t" )2 2(-1)ht - ( 0

— % X% X

: 0
1 0 1

~ _ -3 ifty is odd
_ _1\fo—1 _ _1)fo-1 . = 0 i
=2(-1) (4(=D*" +0+ +0+1) { 1 if ¢y is even.
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