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ON A PROBLEM OF P. TURÂN 

BY 
* P. O. H. VERTESI (Budapest) 

1. Introduction. Let us consider the well-known Hermite-Fejér interpolating 
process on the interval [—1,1] i.e. let 

(1.1) — 1 < xnn < xn_1>n 

(sometimes we omit the second indices), 
n 

(1.2) con(x) = co(x) = c J ! (x-xin) 
3=1 

then for a function/(x) defined on [—1, 1], the Hermite-Fejér interpolating poly­
nomials of degree <2n— 1 are defined by 

n n 

(1.3) Hn(f; x) = J,f(xkn)hkn(x) + I>*rAnOO where 

(1.4) 4„W = fax) = °*x) (k = 1,2, . . . , n), 
co (x^)(x—x&) 

(1.5) Ato(x) = />*(*) = [ l - ^ ^ (x-xjl42(x) (fc = 1, 2,..., „), 

(1.6) 4nW = 4W = (*-*X(*) ' (fc = l,2,...,n) 
and j ^ f c are prescribed real numbers. 

It is well known that 

(1.7) HJJ\ xk) = f(xJ, H'n(f; xk) = y'k (k = 1, 2 , . . . , »). 

For the Chebysheff nodes œn(x) = cos «0 = Tn(x) (x = cos 0), 

2k—1 
(1.8) xfcn = cos 0fcn = cos —— 7T, (fc = 1, 2 , . . . , n), 

In 
according to a classical result of Fejér [1], Hn(f; x) converges uniformly to/(x) 
whenever f(x) is continuous and \yk>n\<M (fc=l, 2 , . . . , n; « = 1 , 2 , . . . ) . 
Moreover, if ykn=0, then we have (Vértesi [3]) 

(1.9) l /W-H„( / ;x) | = 0 ( l ) [ | i c o ( / ; i ^ ^ ) + | i c o ( / ; Q ] , 

where co(/; 0 is the modulus of continuity for/(x). 
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On the other hand the famous Faber theorem [4] states that for all nodes-systems 

(1.1) there is a continuous function f(x) on [—1, 1] such that if Ln(f;x)= 

2 L i / ï * * J 4 n ( * ) a n d 11/11 = m a x - i < x < i l/(*)l» t hen 

(1.10) l imsup| |L n ( / i ;x) | | = <X) 
W-+00 

The problem then arises : why do the polynomials Hn(f; x) behave better regarding 
convergence than the Lagrange interpolation polynomials Ln(f; x)1 Following the 
ideas of E. Feldheim and P. Turân it may be conjectured that the prescribing of 
the derivatives at the nodes regulates the behavior of the Hn process. We could 
then expect that if we fail to prescribe the derivative values at "few" points, we 
do not spoil the good convergence property of the Hn process. The facts do not 
prove our expectations. 

In his paper [2] P. Turân proved among others the following. If we investigate 
the behavior of the polynomials H*{n)>n(f; x) of degree <2n—2 coinciding with 
f{x) for x=xl9 x2,... , xn and 

(i.n) (dH^f^\ _yi% for !£ ,£„, j9*r(n). 
\ uX /x=xj 

then 

THEOREM 1.1 (P. Turân). Choosing for each n the "exceptional" fundamental 
point in (1.8) suitably near tocos 7TJ5say, the corresponding polynomials H*{n)n(f; x) 
with 

(1.12) y'in = 0 j * r(n) 

are uniformly bounded if only f{pi) is bounded in [•— 1, 1] but for a suitable continuous 
function f^x^Mm^^ H^^if; x)x=eoejrj5 does not exist. 

In this connection Professor Turân raised the following problem: When does 
the situation take a turn for the worse, i.e., how many derivatives have to be omitted 
"to ensure" that for a suitable x* and for a continuous f2(x) we shall have 
l i m s u p ^ ^ l ^ r ^ ^ ^ N ^ ? 

2. Results. Here we shall provide an answer for the above mentioned problem. 
We shall denote the "exceptional" points (where we do not prescribe the derivative 
values) by rj^rjun) and r]2=7]2{n) and by Ht*(f; x)z=H**(Vun)l V^lfl *) 
the Hermite-Fejér interpolating polynomials of degree <2n—3 on the nodes 
(1.8) satisfying 

(2.1) HTU; xkn) = f(xkn) (k = 1, 2,. . ., n), 

(2.2) n ') = 0 (xkn # VlM, VaM). 

We shall prove the following : 
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THEOREM 2.1. For any given x* e [—1,1] there exist a continuous function h(x) 
and two "exceptional" point sequences {rji(n)} and {r)2(n)} such that for suitable 
nl9 n2,... we have 

(2.3) Hf(f t ; x*)-ft(x*) > * (n = «i, " 2 , . . .)• 

Moreover, z/x* = ± l , we Aûwe 

(2.4) fl;*(fc; ± l ) - f t ( ± l ) > n3 (n = n1? n2 , . . . ) . 

On the other hand the following holds : 

THEOREM 2.2. There exist "exceptional" point sequences {^KW)} and {rj2(n)} 
such that for any given continuous function f(x) and any given subinterval 
[a, 6 ] c (—1, 1), we have 

(2.5) \H*n*(fl x)-/(x)| = 0(1) î W / ; *-) 
*=i 1 \ ni 

uniformly in [a,b]. 

For the case when a>n(x)=Un(x), where 

n»(x) = J\-l< (2.6) nn(x) = J_Pn-l(0 * = (x-hn)(x-hn) ' ' ' i^Ln) 

and Pn-i(x) is the Legendre-polynomial of degree n—\ with P n _ 1 ( l )= l , we have 
the following results: 

THEOREM 2.3. For any x* e (— 1, 1) there exist a continuous function h{x) and 
two "exceptional" point sequences {rjun)} and {^2(n)l su°h that for suitable 0 < « x < 
«2<* ' ' we have 

(2.7) flJt*(fe; **)-/*(**) > n (n = n1? n a , . . . ) , 

where #** ft defined by (2.1) awrf (2.2)/or the nodes | l n < - • - < | n n 0/(2.6). 

THEOREM 2.4. TTzere exw/ "exceptional" point sequences such that for any con­
tinuous function f(x) and any fixed [a, &]<= (—15 1)5 we have 

\H*n*(f;x)-f(x)\ = o(l) 
uniformly in [a, b]. 

3. Proof of Theorem 2.1. Following the idea of the Turân's paper (2) we con­
sider the polynomial (1.3) with (2.1) and (2.2) i.e. 

co2(x) 

û > ' ( ^ * ) a ( ^ - ^ ) 2 

+ 2 ' f x - * Ï ^ + z Y x - t i Ï c ° 2 ( x ) 

Û> Oh) ( * -VÙ «> ( W (x-17a) 
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We wish to determine the z[=z'lin) and z'z=z'2(n) at rji and JJ2
 SO that the coeffi­

cients of x2"'1 and x2n~2 in H** should be equal to zero. We get the following 
linear system of equations for z[ and z'% 

(3.1) 

(3.2) 

2/(*,) ^ ^ ^ l + 2 / ( x , ) ^ 2 ^ 
'(x;) co'O,) J œXxjYiïi 

ZlrJl 2z[ _ _ ^2^2 _ 2z2 Y v — 0 
„ M 2̂ Z * ' ~ ' / ~ \2 _ / / „ \2 ^ *< ~~ U# 

Using that 

(3.3) 

we get 

(3.4) 

2>, n = 0 (n = l ,2 , . . . ) , 

eo"Oy) , ^ 1 , ^ 2 

*=1 «'(*>) a/fol) Û>'(̂ 2) 

(3-5) j ^ f - i - - ^ , 1 + ^ + - ^ = 0. 
*=i I_Û> (*,) co'(x,,)3 J a)'C?i) fi>(»?2) 

We also have the following well-known equalities for the nodes (1.8): 

(3.6) 

(3.7) 

1-x2 m"(x,) 

<u'(x,)2 n2 ©'(**) 1-** 
( ; = 1, 2 , . . . fi), 

( - ! ) ' - » ( ! - x ^ T U x ) , . . . , 
W = ; ; 0 = i> 2 , . . . , «). n(x—x )̂ 

From (3.4), (3.5), and (3.6) we obtain 

1 
(3.8) (1-tfK = 

»?2-»?l 
%i/(*x+i/(*,xi-2^)l 
. 3 = 1 3 = 1 J 

(3.9) (W2)4 = - 1 - ki/(*,)x,+ i/(x,Xl-2x2)] • 
»?1—%L 3=1 3=1 J 

By (1.3)-(1.6), (1.11) and (3.7)-(3.9) we get 

(3.10) 

HTifl *)-/(*) = lf{xjn)hjn{x)-f{x) 
3 = 1 

Tt{x) 

+ • 

« (x-%)(»?2->?i) 

T2(x) 

»?2I/(x,)x,+ 2/(x,)(l-2x2) 
3=1 3=1 

« (x-»?2)(»?i-»?2) 
%2/(*3K'+2/(*3-)(l-2x2) 
. 3=1 3=1 
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For any x* e [—1,1] we can choose a subsequence nl9 n2,... such that 

(3.11) |Tw(x*)| > c > 0 (n = nl9 n29...) 

(see e.g. (3.7) in [5]). Furthermore if x* e (— 1, 1) we can choose rj1{n) and r)2{n) 

so that 

/ ^ i r > %(«) < X* < ^ l ( n ) ^ l ( n ) - ^ 2 ( n ) ^ - 5 | ^ * - ^ ( n ) l ^ ; " 

(i = 1,2), n = nl5 n2 , . . . , 

(/» ~ Sn if /n = 0(gw) and gn = 0(/n)). 

Hence with h1(x)=l-2x2 we get on using (3.10), (3.11), (3.12), (1.9) and the 
fact that 2 L i (1 -2x')2= £ L i (cos 20,.)2~w, 

K\h\ **)-fci(**) > -* n 2 2 ( l - 2 ^ a ± c 1 ^ > c2n (n = nl9 n2,. ..) 
n j=i n 

Setting h—h1jc2 we get (2.3). 
If x* = l, we choose rj1 and 772 so that 

(3.13) Vz<Vi<hVi-m 2,1-1?<~— 0* = 1>2) (n = nl5 n2 , . . . ) . 

Using that 

(3.14) 1 
:+: 

1 
l(l--*?l)0?2-*?l) (1-^2X^1-^2)1 

we can deduce (2.4). A similar argument holds if x*= — 1. 

Proof of Theorem 2.2. Set ^1=^, rj2=xn. Then for any x G [a, b] we have 

Tn
2(x) 

n%x-yi)(V 
! Jfliïf(x*yxi+ î/(^i)(l-2x2.)* ^ C ^ C 2 

Using (3.10) and (1.9) we get (2.5). 

Proof of Theorems 2.3 and 2.4. In this case we have 

(3.15) n;(i) = i,n;(-i) = (-iy-\n;(i r) = pn^r) (r=2,3,. . . ,n-i) 

(3.16) n"(1) = n~^T ' n" (_1) = (_1)" ̂ ï^ ' n"(lr) = ° 
(r = 2 , 3 , . . . , n - l ) 

and if x e [a, b]<= (—1,1), 

(3.17) nn(cos 6) = £(sin e)1/2n~3/2 cos((n-£)0+—)+o(-^) (see [2]). 
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Using (3.3), (3.4) (3.15) and (3.16) we get 

z{ z'2 n(n —1) 
„ [ / ( D - / ( - l ) ] , 

n'(%)2 nXvzT 2 
vizi , %zi -"^[ / (D+zi-Di- i /w+i- i r 'A- i ) ] - ! - ^ n'(%)2 n'(%)2 2 ^i.„ w\Xj) 

Solving for z'x, say 

^ = ^ J / ( l ) + / ( - l ) ] - f ^ 
n (*?!)' 2(j?1-»?2) 2 ( ^ - ^ 2 ) 

—— [/(îw-ir-yc-i)]—— I ~^\-

If x* e [a, b]<= ( - 1 , 1 ) then by (3.12), (3.17) we get (2.7) for h{x) denned by this 
figure 

h{x) 

—I a x* 

(we used (3.15) and i V ^ ) — « ~ 1 / 2 if fr e [ f l , i ] c= ( - l , 1) ([6], (7.32.6).) We 
omit the details. 

For the convergence theorem we let ^ 1=l :2, ^—fn- i - We can obtain (2.8), 
using that # n ( / ; x)-*f(x) uniformly on [—1, 1]. 
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