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ON A PROBLEM OF P. TURAN

BY
P. O. H. VERTESI (Budapest)*

1. Introduction. Let us consider the well-known Hermite-Fejér interpolating
process on the interval [—1, 1] i.e. let

(11) -1 S Xnn < Xn—-1,n < < X1n S 1
(sometimes we omit the second indices),
(1.2) wn(X) = o(x) = C]___I_;(x'-x;in)

j=

then for a function f{(x) defined on [—1, 1], the Hermite-Fejér interpolating poly-
nomials of degree <2n—1 are defined by

(13) H(f;x) = gf(xk,.)hk,,(x) +é:1y;mék,,(x) where
_ _ o ex) _
(14) /kn(x) - /k(x) - CDI(X"I)(X—-X,C) (k - 1’ 2, s n)a
(%)

(1.5) hkn(x>=hk(x)=[ P xk)]ﬂ(x) hk=12...,n),
k

(1.6) Fn(%) = £i(%) = (x—x)0(x) (k=1,2,...,n)
and y/; are prescribed real numbers.
It is well known that

1.7 H(fix) =fxo), Hi(fixp) =y (k=12,...,n).
For the Chebysheff nodes w,(x) = cosnf = T,(x) (x = cos 6),
(1.8) X = €08 0, = cos Zk—1 m, (k=1,2,...,n),

according to a classical result of Fejér [1], H,(f; x) converges uniformly to f(x)
whenever f(x) is continuous and |y .|<M (k=1,2,...,n; n=1,2,...)
Moreover, if y;,=0, then we have (Vértesi [3])

49 1 -Hfi91 = ow[ Sk o(s 1= x2)1/2)+é1:~2w(f; 51

where w(f; t) is the modulus of continuity for f(x).

Received by the editors January 7, 1974.
* The author was supported by NRC Grant A3094.

283

https://doi.org/10.4153/CMB-1975-053-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1975-053-2

284 P. 0. H. VERTESI [June

On the other hand the famous Faber theorem [4] states that for all nodes-systems
(1.1) there is a continuous function f;(x) on [—1, 1] such that if L,(f; x)=

21 S lin(x) and | fll=max _, ..., | f(x)], then
(1.10) lim sup [|L,(f;; )| = ©

The problem then arises: why do the polynomials H,(f; x) behave better regarding
convergence than the Lagrange interpolation polynomials L, (f; x)? Following the
ideas of E. Feldheim and P. Turan it may be conjectured that the prescribing of
the derivatives at the nodes regulates the behavior of the H,, process. We could
then expect that if we fail to prescribe the derivative values at “few’ points, we
do not spoil the good convergence property of the H, process. The facts do not
prove our expectations.

In his paper [2] P. Turdn proved among others the following. If we investigate
the behavior of the polynomials H,, ,(f; x) of degree <2n—2 coinciding with
S(x) for x=x,, x5, ..., x, and

%
H .
aw (Tl e gi<n S
X r=x;

then

THEOREM 1.1 (P. Turdn). Choosing for each n the “exceptional” fundamental
point in (1.8) suitably near to cos |5 say, the corresponding polynomials H}; ,, ,(f; x)
with

(1.12) YVin =0 j#r(n)
are uniformly bounded if only f(x) is bounded in [—1, 1] but for a suitable continuous
Sunction f1(x),imy,_, o, H}t ), n(f15 X)z_cosas does not exist.

In this connection Professor Turan raised the following problem: When does
the situation take a turn for the worse, i.e., how many derivatives have to be omitted
“to ensure’” that for a suitable x* and for a continuous f;(x) we shall have
lim sup,_o |Hp*(fo; x*)|=00?

2. Results. Here we shall provide an answer for the above mentioned problem.
We shall denote the “‘exceptional’” points (where we do not prescribe the derivative
values) by 71=11(, and 7=y, and by H.*(f; )=Hu* (N1 Netms [3 %)
the Hermite-Fejér interpolating polynomials of degree <2n—3 on the nodes
(1.8) satisfying

@1 BT %) = () (k=1,2,...,m),
dH** ;
@2) (EELD) =0 G )

We shall prove the following:
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THEOREM 2.1. For any given x* € [—1, 1] there exist a continuous function h(x)
and two “‘exceptional” point sequences {1y} and {ny} such that for suitable
ny, Ny, . . . we have

2.3) H¥(h; x*)—h(x*)>n (n=ny,ny,...).
Moreover, if x*=41, we have
2.4) H¥*(h; £1)—h(£1) > n® (n=ny,n,...).

On the other hand the following holds:

THEOREM 2.2. There exist “exceptional” point sequences {1y(,} and {ns(,}
such that for any given continuous function f(x) and any given subinterval
[a, b]= (—1, 1), we have

.9 20 ~16) = o 3 o ( 1)

uniformly in [a, b].

For the case when w,(x)=1II,(x), where

2.6) e = o) dt = (=) —a0) (=)

and P,_,(x) is the Legendre-polynomial of degree n—1 with P,_;(1)=1, we have
the following results:

THEOREM 2.3. For any x* € (—1, 1) there exist a continuous function h(x) and
two “‘exceptional” point sequences {1} and {Ny} such that for suitable 0<n; <
n,<-* -+ we have

2.7 HM¥*h; x)—h(x*) >n  (n=ny,n,,...),
where Hy* is defined by (2.1) and (2.2) for the nodes &;,<* * +<&pp of (2.6).

THEOREM 2.4. There exist “exceptional” point sequences such that for any con-
tinuous function f(x) and any fixed [a, b]< (—1, 1), we have

[HZ¥(f; ¥)—f(x)| = o(1)
uniformly in [a, b].

3. Proof of Theorem 2.1. Following the idea of the Tur&n’s paper (2) we con-
sider the polynomial (1.3) with (2.1) and (2.2) i.e.

HE(3 ) = 31150 (1|2

() ' () (% —x)"

®*(x) o
s L L)

Cat)

+z1(x—n,) m .
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We wish to determine the z;=z;,, and z;=z;(, at 7, and 7, so that the coeffi-
cients of x2*1 and x2"-2 in H,* should be equal to zero. We get the following
linear system of equations for z; and z;

w”(x,) Z Z3
31
G glf( ’)w( a)s W) @)

St S8+ 5 3 %)

i= o'(x;) (%)%
G2 _Em 2 e E 2o,
_ o'(n)” ') z#Fn @' ()" @' () °=Fn
Using that
(3.3) Sxa=0 (1=12..),
we get
"(x) Z z3
34 - )
34 Zf( /) o'(x,;)° w(m)2 @'(n; )2
"(x,) 121 7223
3.5 7 37 + ’ 2+ ’ 2
¢ X )[ G o )x} o) @' (ne)

We also have the following well-known equalities for the nodes (1.8):

1 1=x} o"(x) x .
(3'6) w,(xj)z - n2 ’ co’(xj) - I—X? (.’ - 19 2’ LI n)s
1V 22
(3.7) )= CTA=X) L)y,
n(x—x;)

From (3.4), (3.5), and (3.6) we obtain

(3.8 (st = ——|m 3o+ S e -25D |
(39) A=zt = ——[n S et Ssepa-249)

By (1.3)-(1.6), (1.11) and (3.7)-(3.9) we get
H¥(f; x)—f(x) = gf(x,-,.)h,-,xx) —f(x)

:(x) 2
3.10 R [\ Z R ) N(1=2
(10 * n*(x—n)(ns— m)[’7 Zf(x ;s +Zf(x M=% )}

_ T .
n*(x—7,)(1—75) |:771 Sf(x)x;+ Ef(x,)( x ):| .
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For any x* € [—1, 1] we can choose a subsequence ny, n,, . . . such that

(3.11) IT.xH>e>0 (n=nyn,...)
(see e.g. (3.7) in [5]). Furthermore if x* € (—1, 1) we can choose 7;(,) and 7,,,
so that

1 1
(3.12) Natmy < X* < N1(n)s Natmy=N2in) ~ ,—1 s |X* =740 N;

(i=1,2,n=ny,n,,...,

(fa~gn if f,=0(g,) and g, =0(f.).

Hence with A;(x)=1—2x? we get on using (3.10), (3.11), (3.12), (1.9) and the
fact that 37, (1—2x3)2= 37, (cos 26,)*~n,

logn

2 n
HX*(hy; x*)—hy(x*) > '—ié n2.21(1—2x§)2:i:c1 > cpn (n=mny,n,...)
s

Setting h=h,/c, we get (2.3).
If x*=1, we choose 7, and 7, so that

1 1 .
(3.13) Na < m < 1, 771_772"\";5 N 1—7]1’\’”—2 (l = 1, 2) (n = N1, Ng, . . .).

Using that

~n4

| 1 1
3.14 +
@19 l(1=7) (=m0 (L=n2)(m—772)

we can deduce (2.4). A similar argument holds if x*=~—1.

Proof of Theorem 2.2. Set ,=x,, 5,=Xx,. Then for any x € [a, b] we have

2

C C
<5 an< .
n n

TS, S (1258
nz(x —n)(171—72) [nzglf (x,)X,-I-glf 26;)( x,)]

Using (3.10) and (1.9) we get (2.5).

Proof of Theorems 2.3 and 2.4. In this case we have
(3.15) (1) = L, (=) = (=D)L (&) = P,4(§) (r=2,3,...,n—1)
n(n—1)
n

i) = "=, - = (-2 2= ey =0

(3.16)

(r=2,3,...,n—1)
and if x € [a, b]= (=1, 1),

(3.17) TI,(cos 6) = B(sin 6)"/?n~%2 cos{(n—%)0+%}+0(#) (see [2]).
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Using (3.3), (3.4) (3.15) and (3.16) we get

V4 Zy =n(n—l)
IT'(my)? I ()? 2

Mzt zb _m(=d) e o S
Tt = VO D=+ (=Dl= 3 s

Solving for z;, say

FO—f(=D],

le n(n—l) "72"("—1)
T 20m—n2) F(D+f(—1)] A1) [f(D)—=f(—=D]

L=y L)
Mh—"n2 M1 i #LnI1%(x;)
If x* € [a, b]<= (—1, 1) then by (3.12), (3.17) we get (2.7) for i(x) defined by this
figure
h(x)

-1 a x* b 1

(we used (3.15) and P, (§)~n"2 if & € [a, bl=(—1,1) ([6], (7.32.6).) We
omit the details.

For the convergence theorem we let 7,=§,, 1,=§&,_;. We can obtain (2.8),
using that H,(f; x)—f(x) uniformly on [—1, 1].
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