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Abstract. We study the multifractal properties of the uniform approximation exponent and
asymptotic approximation exponent in continued fractions. As a corollary, we calculate the
Hausdorff dimension of the uniform Diophantine set

UD) ={x €[0,1): forall N > 1, there exists n € [1, N],
such that |T" (x) — y| < [In(»)|"}
for a class of quadratic irrational numbers y € [0, 1). These results contribute to the study

of the uniform Diophantine approximation, and apply to investigating the multifractal
properties of run-length function in continued fractions.
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1. Introduction

1.1.  Uniform Diophantine approximation. The classical metric Diophantine approxima-
tion is concerned with the question of how well a real number can be approximated by
rationals. A qualitative answer is provided by the fact that the set of rationals is dense in
the reals. Dirichlet pioneered the quantitative study by showing that, for any x € R and
Q > 1, there exists (p, g) € Z x N such that

1
lgx — pl < ) and ¢ < Q. (L1)

The result serves as a start point of the metric theory in Diophantine approximation. An
easy application yields the following corollary: for any x € R, there exists infinitely many
(p, q) € Z x N such that

1
lgx — pl = ~.
q

This corollary claims that |gx — p| is small compared with g, while Dirichlet’s original
theorem in equation (1.1) provides a uniform estimate of |gx — p| in terms of Q. These
two kinds of approximations are referred to as uniform approximation and asymptotic,
respectively. See [28] for more of an account on the related subject.

In this article, we are interested in the numbers which are approached in a uniform or
asymptotic way by an orbit (in a dynamical system) with a prescribed speed. Let (X, T', u)
be a measure-preserving dynamical system, where (X, d) is a metric space, T: X — X is
a Borel transformation, and u is a T-invariant Borel probability measure on X. As is well
known, Birkhoff’s ergodic theorem [29] implies that, in an ergodic dynamical system, for
almost all y € X, the set

{x € X: liminfd(T"(x), y) = 0}
n— oo

is of full w-measure. The result, which gives a qualitative characterization of the
distributions of the T-orbits in X, can be regarded as a counterpart of the density property of
rational numbers in the reals. It leads naturally to the quantitative study of the distributions
of the T-orbits.
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The shrinking target problem in dynamical system (X, 7) aims at a quantitative study
of Birkhoff’s ergodic theorem, which investigates the set

Wy(T,y)={xeX: d(T"(x), y) < ¥(n) for infinitely many n € N},

where ¥ : N — R is a positive function such that ¥r(n) — 0 asn — oo and y € X. Hill
and Velani [13] studied the Hausdorff dimension of the set

{x € X:d(T"(x),y) < e ™ for infinitely many n € N}

in the system (X, 7)) with T an expanding rational map of degree greater than or equal to
2 and X the corresponding Julia set, where T > 0. See [26] for more information.

Representations of real numbers are often induced by dynamical systems or algorithms,
and thus the related Diophantine approximation problems are in the nature of dynamical
system, fractal geometry, and number theory. An active topic of research lies in studying
the approximation of real numbers in dynamical systems by the orbits of the points.
Recently, many researchers have studied the Hausdorff dimension of the set Wy (T, v)
in the corresponding dynamical system under different expansions, and obtained many
significant results [19, 24, 25, 27]. Marked by the famous mass transfer principle
established by Beresnevich and Velani [2], studies on the asymptotic approximation
properties of orbits in dynamical systems are relatively mature. However, there are few
results on the uniform approximation properties of orbits.

Let (X, T) be an exponentially mixing system with respect to the probability measure p,
and let ¢ : N — R be a positive function satisfying that r(n) — 0 asn — oo. Kleinbock,
Konstantous, and Richter [17] studied the Lebesgue measure of the set of real numbers
x € X with the property that, for every sufficiently large integer N, there is an integer n
with 1 < n < N such that the distance between 7" (x) and a fixed y is at most v» (N ), that is,

U) ={x €[0,1): forall N > 1, thereexistsn € [1, N],
such that |T"(x) — y| < ¥ (N)}.

They gave the sufficient conditions for /() to be of zero or full measure. Although the
Khintchine type 0-1 law of the set I/ () has not been established, the work has aroused
the interest of researchers (see [9, 16, 18] for the related studies). Bugeaud and Liao [5]
investigated the size of the set

{x €[0,1): forall N > 1, there exists n € [1, N], such that Tg(x) < |1N(O)|‘A’}

in B-dynamical systems from the perspective of Hausdorff dimension, where Tg is
the B-transformation on [0, 1) defined by Tg(x) = Bx mod 1, Iy (0) denotes the basic
interval of order N which contains the point 0, and ¥ is a non-negative real number. For
more information related to the uniform approximation properties, see [15, 33] and the
references therein.

In this paper, we shall investigate the uniform approximation properties of the orbits
under the Gauss transformation.

The Gauss transformation 7' : [0, 1) — [0, 1) is defined as

TO)=0, Tx)= l(mod 1) forx e (0,1).
X
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Additionally, each irrational number x € [0, 1) can be uniquely expanded into the
following form:

1 1
X = = , (1.2)
ar(x) + : @)+

. .
a(N)+ "+ a3(x)+'-'

with a,(x) = |1/ (T”_l(x))J, called the nth partial quotient of x (here |-| denotes the
greatest integer less than or equal to a real number and T denotes the identity map). For
simplicity of notation, we write equation (1.2) as

x =[a1(x), a2(x), ..., a,(x) + T"(x)] = [a1(x), az(x), a3(x), . . .]. (1.3)

As was shown by Philipp [21], the system ([0, 1), T') is exponentially mixing with respect
to the Gauss measure p given by diu = dx /(1 + x) log 2. Thus, the above result of [17]
applies for the Gauss measure of the set U () in the system of continued fractions. In
consequence, we shall focus on the size of /() in dimension.

The dimension of sets ¢/ () depend on the choice of the given point y. In this paper,
we will consider a class of quadratic irrational numbers y = (+/i Z4r4-02=1,i,...]
with i € N, and calculate the Hausdorff dimension of the set

UD) ={x €10, 1): forall N> 1, there exists n € [1, N1,
such that 7" (x) — y| < |Iv()I}.

For 8 € [0, 1], let s(B, g(y)) denote the solution of

P<T, —s( log |T'| + 1 _ﬂﬂ log g(y)>> =0,

where P (T, ¢) is the pressure function with potential ¢ in the continued fraction system
([0, 1), T), T’ is the derivative of T, and log g(y) is the limit lim, log g, (y)/n which
equals log((i + ~/i% + 4)/2) by Lemma 2.1(3).

THEOREM 1.1. Given a non-negative real number v, we have

49 i+i24+4 70 <b <1
. N )
dimg UD) =1\ dT ¥ )2 2 ye=v=_
0 otherwise.

Throughout the paper, dimpy denotes the Hausdorff dimension of a set.

We now turn to the discussion of two approximation exponents which are relevant to
asymptotic/uniform Diophantine approximation. For x € [0, 1), we define the asymptotic
approximation exponent of x by

v(x) = sup{v > 0: |[T"(x) — y| < |I,(y)|" for infinitely many n € N}
and the uniform approximation exponent by
V(x) = sup{d > 0: forall N > 1,
there exists n € [1, N1, such that |T"(x) — y| < [Iy()|°},
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where Iy (y) denotes the basic interval of order N which contains y. The exponents
v(x) and D(x) are analogous to the exponents introduced in [1], see also [4, 5]. By the
definitions of v(x) and D(x), it is readily checked that D(x) < v(x) for all x € [0, 1).
Actually, applying Philipp’s result [21], we deduce that v(x) = 0 for Lebesgue almost
all x € [0, 1) (see Lemma 3.1). Li et al [19] studied the multifractal properties of the
asymptotic exponent v(x) and showed that for 0 < v < +o0,

v i++i244
14+’ 2 ’

dimg{x € [0, 1): v(x) > v} = s< (1.4)

We will denote by E (D) the level set of the uniform approximation exponent:
E®)={x€[0,1): D(x) = D}.
THEOREM 1.2. Given a non-negative real number v, we have
dimg E(®) =dimg{x € [0, 1): D(x) > D} = dimg UD).

Actually, Theorems 1.1 and 1.2 follow from the following more general result which
gives the Hausdorff dimension of the set

E®,v) ={x €0, 1): d(x) = D, v(x) = v}.

THEOREM 1.3. Given two non-negative real numbers v and v with b < v, we have

1 if v=0,
2 : /2
dimg E(D,v) = {5 i A,l+ T +4 ifo<?d< Y < v < 00,
1+v)(v—1) 2 1+4+v
0 otherwise.

Here, we take v /((1 + v)(v — D)) = 1 when v = cc.

Let us make the following remarks regarding Theorems 1.1-1.3.

e Following the same line as the proofs of Theorems 1.1-1.3, these results remain valid
for any quadratic irrational number y, see Remark 4.7 for more information.

e The fractal sets U (D), E(D), and E (D, v) are not the so-called limsup sets, and thus
we cannot obtain a natural covering to estimate the upper bound of the Hausdorff
dimensions of the sets U/ (D) and E (D, v). To overcome this difficulty, we need a better
understanding on the fractal structure of these sets; the previous work of Bugeaud and
Liao [5] helps.

Combining equation (1.4) and Theorem 1.3, we obtain the dimension of the level set

related to the asymptotic exponent v(x).

COROLLARY 1.4. Given a non-negative real number v, we have

v i+Vﬂ+4>

1+v’ 2

dimg{x € [0, 1): v(x) = v} = s(
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1.2. Run-length function. Applying the main ideas of the proofs of Theorems 1.1
and 1.3, we characterize the multifractal properties of run-length function in continued
fractions.

The run-length function was initially introduced in a mathematical experiment of coin
tossing, which counts the consecutive occurrences of ‘heads’ in n times trials. This function
has been extensively studied for a long time. For x € [0, 1], let r,(x) be the dyadic
run-length function of x, namely, the longest run of Os in the first n digits of the dyadic
expansion of x. Erdos and Rényi [7] did a pioneer work on the asymptotic behavior of
rp(x): for Lebesgue almost all x € [0, 1],

fim 2%

n— 00 ]0g2 n

Likewise, we define the run-length function in the continued fraction expansion: for
n > 1, the nth maximal run-length function of x is defined as

R,(x) =max{l > 1: agjy1(x) = - =aj4;(x) forsome 0 <i <n —1[}.

Wang and Wu [30] considered the metric properties of R, (x) and proved that
. R, (x) 1
lim — = =
oo logisinpn 2

for almost all x € [0, 1). They also studied the following exceptional sets

 Ra()
Flpm),) = {x cl0.1): lim _ 1}
n—o00 (p(n)

0 { . Ry (x) }
G{em)},2;) =1x €10, 1): lim sup =1y,
n—oo (0(71)

where ¢: N — R™ is a non-decreasing function. They showed that:
(1) iflim, o (@p(n + @(n))/@n)) = 1, then dimyg F({p(®)}° ) =1,

n=1
(2) if lim inf, oo (9(n)/n) = B € [0, 1], then dimy G{p(M)}2,)) = s(B, (/5 + 1)/2).
In the study of Case (2), Wang and Wu studied essentially the Hausdorff dimension of the

following set:

R
G(B) = {x 10, 1): lim sup 22 _ ﬂ}. (1.5)
n—00 n
Replacing the limsup of the quantity R, (x)/n in equation (1.5) with liminf, we study the
set
. Ry(x)
F(a) =4x €[0,1): liminf =ay,
n— 00 n

and determine the Hausdorff dimension of the intersections of F(x) N G(B). As a
corollary, we obtain the Hausdorff dimension of F(«).
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THEOREM 1.5. Fora, B € [0, 1] witha < B, we have

l l:f ,B = Os

. B2l —a) V5+1 . B
dimy (F(e) NG = , 0<oa<—— <1,
H(F(@) N G(B) { =0 2 rosas o<
0 otherwise.
THEOREM 1.6. For o € [0, 1], we have
V541 , 1
dimy F(a) = s(4a(1 —a), 5 ) f0<a< >
0 otherwise.

Throughout the paper, we use the following notation:
y=Wit+4—-i)/2=1i,i,...]withi € N;
(i) = +Vi2+4)/2,00) = (i —Vi2+4)/2;
£=1v2/(14+v)(v—D) with0 < D < v.

2. Preliminaries

2.1. Properties of continued fractions. This section is devoted to recalling some ele-
mentary properties in continued fractions. For more information on the continued fraction
expansion, the readers are referred to [12, 14, 22]. We also introduce some basic techniques
for estimating the Hausdorff dimension of a fractal set (see [8, 23]).

For any irrational number x € [0, 1) with continued fraction expansion in equation
(1.3), we write p,(x)/qn(x) = [a1(x),...,a,(x)] and call it the nth convergent of x.
With the conventions p_j(x) = 1, g—1(x) =0, po(x) =0, and go(x) = 1, we know that
pn(x) and g, (x) satisfy the recursive relations [14]:

D1 (X) = app1(X) pr(x) + pu_1(x),

2.1)
Gn+1(x) = anp1(x)gn(x) + qp-1(x), n=0.

Clearly, g, (x) is determined by a1 (x), . . ., a,(x), so we also write g, (a1 (x), . . ., a,(x))
instead of g, (x). We write a, and g, in place of a,(x) and g, (x) for simplicity when no
confusion can arise.

LEMMA 2.1. [14] Forn > 1l and (ay, ..., a,) € N", we have:

(1) gn =202 and [Ti_; ax < qn < [Tiei(ax + D;
2) foranyk > 1,

| < Gn+k(@ly - - o5 Qns Aty - - - Antk) <2
- Qn(als AR ) an)CIk(an+l, AR ) an+k) -
B far=a=---=a,=Ii,then
(z@)" N ({0 e (1) -
3 Sl i) = e S 20
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Proof. For the convenience of readers, we give the proof.
(1) By the recursive relations in equation (2.1), we readily check that

n

[Tax < an < J]@+D.

k=1 k=1
Since a, > 1forn > 1, we have
l=go<q1<q2<:  Gn-1 <qn
By induction, g, > 20=D/2 for alln > 1; similarly p, > 20=1)/2,
(2) Induction on k: assuming that

1 < qn—i-k(al’---,an’an+19---’an+k) 52
qnlay, ..., an)‘]k(an—&-l’ ey an+k)
holds for all k € {1, ..., m}, we prove that the above inequality holds for k = m + 1.
Indeed, this is the case because

Gnim+1(@t, ..., an, g1, - - ., Qugm+1)

= Anim+1qn+m @1, - - o, Any Angls -« - 5 Angm)

+ Gnim—1at, ..., ap, Apyt, - oo Anpm—1)
> anym+19n(@is - - - s ) qman1s - - - Anym)

+anlai, ..., an)gm—1(an+1, - - -, Antm—1)
=qnai, ..., an)qm+1(@n+1, - - - ntm+1),

and

Gnim+1(@t, .- o G,y ity - - o5 Apgmtl)
= an+m+151n+m(al7 BN N 27 PRI an-‘,—m)

+Qn+m—l(al7 ce s p, ptls - v vy an+m—1)

=< 2an+m+1Qn(a1s e ) Gm(Qngts - oo s ugm)
+2qn(ai, - . - s an)gm—1(ant1, - - -5 Anpm—1)
=2qu(ai, - . ., ap)qm+1@ns1s - - -5 Augms1)-

(3) By the recursive relations in equation (2.1), we deduce that
(Pn+l P:«) _ (Pn Pn—1> <an+1 1)
dn+1  qn dn  4n-1 1 0
po p-1)(ar 1\  fany1 1
q0 g-1 1 0 1 0
(0 1\ [a 1 ap+1 1
“\1 0 1 0 1 0)°
Taking a; = - - - = a, = a,41 =i yields that

puet pa) _ (0 1\ (i 1\ (i 1
f]n+1qn_1010 1 0/°
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The symmetric matrix A = ( ’1 (1) ) is diagonalizable:

plap= (W O)
(0 ¢(@)

with P = (70 €0,
A direct calculation yields that

R 10 il (10 i
HOE{O N

Also,

(@) = @y - 2(z ()"

T T N

and, if n is even,

@)™ — @yt @@yt @)
@ -¢G) T o22w@ 2]
if nis odd (since ¢ (i) - (i) = —1),
@)™ — oyt @@t -1 @)
(@) = ¢ () @@+~ 2

This completes the proof.

Forn > 1and (ay, ..., a,) € N, we write

In(als e ,an) = {-x € [09 1) ak(x) = ak9 1 S k S n}9

and call it a basic interval of order n. The basic interval of order n which contains x will be

denoted by I,,(x), thatis, I,,(x) = I,(a;(x), . . ., an(x)).

LEMMA 2.2.[14] Forn > 1l and (ay, . . ., a,) € N", we have
1 1

<Ihat,...,ap)| = ——— < —.
" " 4n(qn + qn+1) 61,%

2q7 ~

Here and hereaffter, | - | denotes the length of an interval.

The next lemma describes the distribution of basic intervals I,,11 of order n 4 1 inside

an nth basic interval 7.

LEMMA 2.3. [14] Let I,(ay, ..., a,) be a basic interval of order n, which is parti-
tioned into sub-intervals I,+1(ay, . . ., an, ap+1) with a,+1 € N. When n is odd, these

sub-intervals are positioned from left to right, as a,y| increases; when n is even, they

are positioned from right to left.

The following lemma displays the relationship between the ball B(x, |I,,(x)|) and the

basic interval I, (x).
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LEMMA 2.4.[3] Letx = [ay, aa, . . .]. We have:

(1) ifan # 1, then B(x, L)) € U=y In(ar, . .., an + j);
@) ifay=1land ay_1 # 1, then B(x, |I,(x))) € Uj=_| 1(ar, . . ., an—1 + )
(3) ifay=1landay— = 1,then B(x, |I,(x)|) C I—2(ai, ..., an-2).

2.2. Hausdorff dimension. The following two properties, namely, Holder property and
the mass distribution principle, are often used to estimate the Hausdorff dimension of a
fractal set.

LEMMA 2.5.[8] If f: X — Y is an a-Holder mapping between metric spaces, that is,
there exists ¢ > 0 such that for all x1, x € X,

d(f(x1), f(x2)) < cd(x1, x2)",
then dimy f(X) < (1/a) dimyg X.

LEMMA 2.6. [8] Let E C [0, 1] be a Borel set and . be a measure with w(E) > 0. If for
everyx € E,

lim inf w Z Ky
r—0 log r

s

then dimyg E > s.

We conclude this subsection by quoting a dimensional result related to continued
fractions, which will be used in the proof of Theorem 1.3.

Let K = {kn}flil be a subsequence of N which is not cofinite. Let x = [ay, a2, . . .] be
an irrational number in [0, 1). Eliminating all the terms ay, from the sequence ay, as, . . .,
we obtain an infinite subsequence cy, ¢z, . . ., and put ¢k (x) = y with y = [c1, ¢z, .. .]. In
this way, we define a mapping ¢k : [0, 1) N Q¢ — [0, 1) N Q°.

Let {M,},>1 be a sequence with M,, € N, n > 1. Set

SUM,)) ={x€[0,)NQ°: 1 <a,(x) <M,foralln > 1}.

LEMMA 2.7. [6] Suppose that {M,},2 | is a bounded sequence. If the sequence
K = {k;}72 | is of density zero in N, then

dimy S({Mp,}) = dimpy ¢rS({M,}).

2.3. Pressure function and pre-dimensional number. ~We now introduce the notions of
the pressure function and pre-dimensional number in the continued fraction dynamical
system. For more details, we refer the reader to [11].

For A a finite or infinite subset of N, we set

XAa={x€[0,1): ay(x) € Aforalln > 1}.

The pressure function restricted to the subsystem (X 4, 7) with potential ¢: [0, 1) — R
is defined as
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log Y sup expSudlar.. ...y +x])
. ooy ) EAN X
PAT,¢) = lim s it . @3

where S,¢(x) = ¢(x) + - - - + ¢(T" " (x)) denotes the ergodic sum of ¢. When A = N,
we write P(T, ¢) for Pn(T, ¢).
The nth variation Var, (¢) of ¢ is defined as
Var, (¢) = sup{|¢(x) —d(W): L(x) = L(y)}.
The following lemma shows the existence of the limit in equation (2.3).
LEMMA 2.8. [29] The limit defining PA(T, ¢) in equation (2.3) exists. Moreover,
if ¢:[0,1) — R satisfies Var|(¢) < oo and Var,(¢p) - 0 as n — oo, the value

of PA(T, ¢) remains the same even without taking the supremum over x € X 4 in
equation (2.3).

For0 <o < 1andi € N, we define

1 20
Si(A, a, t(i)) =inf {p > 0: , <1}
(A, o, 7(i)) =in {,0> ZEA((T(l))”“/(l_“)qn(al,...,an)) < }

A 5eeey Aan

Following [31], we call 5, (A, «, 7(i)) the nth pre-dimensional number with respect to A
and «. The properties of pre-dimensional numbers are presented in the following lemmas;
the original ideas for the proofs date back to Good [10] (see also [20]).

LEMMA 2.9. [31] Let A be a finite or infinite subset of N. For 0 <« < 1 and i € N, the
limit lim,,_, o 5, (A, a, T(i)) exists, denoted by s(A, a, T(i)).

By equation (2.2) and the definition of 5, (A, a, T(i)), we know 0 <75, (A, o, T(i)) < 1.
Furthermore, Lemma 2.9 implies that 0 < s(A, o, 7(i)) < 1.

LEMMA 2.10. [31] For any BeN, put Ag={1,..., B}. The limit limp_, o s(Ap,
o, T(i)) exists, and is equal to s(N, «, T(i)).

Similarly to pre-dimensional numbers {5, (A, o, T(i))}, we define

2p
oty =it fpzo ¥ (o),

e un—lnals s+ .-
Al 5eees An—|na | eA ’ Lnal>

Remark 2.11. We remark that

<1

1 25n (AT (@)
%GA ((f(i))”“/“‘“)qn(al, - ,an)>

1 25, (A,a,7(i))
- <1,
Z (qn(al,. )

e,y Iyo..,1)
T an—[naJGA s “n UZO[J’ i >

and

with equalities holding when A is finite.
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By Lemmas 2.9 and 2.10, we have the following result.
LEMMA 2.12. Let A be a finite or infinite subset of N. For 0 < a < 1 andi € N, we have
lim s,(A, o, 7)) =s(A, o, 7()).
n—odo
In particular, if A = N, then

nll)ngo s (N, o, 7(0)) =s(N, a, 7(7)).

Proof. For ¢ > 0 and n large enough, we have

2n—lnad/de - g4 2.4)
3 log 4

A—awma—D Tna—1°-° @)

5, (A @, 7(0) — s(A, a, T())| < ; 2.6)

On the one hand, by Remark 2.11, we deduce that

1 2sn (Aa,7(i))
1> - -
Z A(Qn(al’---,an—Lnaj,ly---sl)>

alseeslpn—|na) €

1 2sn (Aa,T(i))
- —)
25]n—|_naj (ag, ..., an—LnaJ)QLnaJ @...,1)

[ An—|ne) eA

1 28 (A, (i)
>
B Z A(“'Qn[notj (ag, ..., anLnaJ)(T(i))(a/(l_a))(n_tnaj))

Al seesln—|na) €

i

1 25, (Aa,t(i)+e
- T e )
Gn—naj(@, . . ., anfl_notj)(f(l))(a/( —a)(n—lnel)

(45 PR An—|ne) eA

where the second inequality holds by Lemma 2.1(2); the third inequality is right by
Lemma 2.1(3) and the fact that (¢/(1 —«))(n — |na]) > |na] for n € N; the last
inequality is true by Lemma 2.1(1) and equation (2.4). This means that

su( A, e, T(D)) + g > Sy nar) (A, @, T(0)).

On the other hand, we have

1 zg\nfl.naj (Aa,T(@)
2 ) ( : (a/(l—a))(n—tnaJ))
1ot €A Gn—|na)(@i, . . ., ap_|na)) (T (@)

1 ZT\H*[VLO{J (.A,Cl,‘[ (i)
>
- Z A(Qn[nozj (ag, ..., anLnaJ)(T(i))l'naJ—'—l/(l_a))

Qayseeslpn—|na) €

1 ﬁl*[naj(A»a,f(i))“‘g
= ) ,
qﬂ(al9'

7 S Iyoouyd
T an—LnotjeA s “Yn Lna]a ) £ )
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where the second inequality is obtained by (¢/(1 — @))(n — [no]) < |na] +1/(1 — @)
for n € N; the last inequality holds by Lemma 2.1(3) and equation (2.5). This implies that

(A 0 T(0) = 5y (A 7)) + 5.
Thus, by equation (2.6), we obtain that
Isn (A, o, T(@)) — s(A, o, T(D))| < ¢
for n large enough. This completes the proof. O
For simplicity, write s, (¢, (7)) for s, (N, «, t(i)), s(e, 7(i)) for s(N, o, 7(i)).

LEMMA 2.13.[31] For0 <a < landi € N, we have:

(1) s, @) > 35
)  s(a, t(@)) is non-increasing and continuous with respect to o;
3) limg_gs(x, (@) =1 andlimy_ | s(a, T(i)) = %

From a point of view of a dynamical system, s(«, (7)) can be regarded as the solution
to the pressure function [32]

P(T, —s(log T+ < Y log t(i))) —0.
—

Furthermore, by Lemma 2.13, we may extend s(«, 7(Z)) to [0, 1] as follows:

1, a=0,
s(a, t(0)) = 3 s(a, (i), O<a<l, 2.7
%, oa=1.

3. Proof of Theorem 1.3: upper bound
Recall that y = [i, i, . . .] with i € N. In this section, we devote to estimating the upper
bound of E (D, v).

We first consider the case v = 0.

LEMMA 3.1. v(x) = 0 for Lebesgue almost all x € [0, 1).

Proof. Since Z;’il |1, (y)|1/m < 00, we obtain by [21, Theorem 2B] that the set
{x €0, 1): |T"(x) — y| < |I,(y)|"/™ for infinitely many n € N}

is of measure zero. Now,

(x€[0,1):v(x) >0} C U {x €0, 1): v(x) > l}
m=1 m

m

0

c U{x € [0, 1): |T"(x) — y| < |I,(y)|"/™ for infinitely many n € N}.
=1
[0,

Hence, {x € 1): v(x) > 0} is a null set. This completes the proof. O

We now aim to determine the upper bound of dimy E (D, v) for0 < v < 4o0.
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LEMMA 3.2. Let x € E(V, v), where v > 0. If the continued fraction expansion of x is not
periodic, there exist two ascending sequences {ni}7> | and {my}}2, depending on x such
that:

() np <mp <ngy1 < mpyq fork > 1;

@) ap1(x) =+ =ap(x) =ifork =1;

() liminfy oo ((mg — i) /nes1) = 0, lim supy_, o (Mg — i) /ni) = v.

Proof. For x = [a(x),a(x),...] € E(D,v), we define two sequences {n;}r>1 and
{m }x=1 as follows:

my =0, ny =minf{n > m)_,: ap41(x) =i},

my, = max{n > nj: y 41 (x) = - = an(x) =i},

The fact that v(x) > 0 guarantees the existence of n}(, and thus m}( is well defined since
the continued fraction expansion of x is not periodic. Further, for all £ > 1, we have that

/ / /
n <myp <np and

T () = ¥1 < Uy O] 3.1)
By Lemmas 2.1-2.3, we have
/ 1
T () = ¥| > [y g 42 - i i+ D] =
¢ 2 2/ ’ '3 LR .7 ] l
my—ng+1 qu_nk+2(l Lit )
1
> > 1. . 3.2
3G +204%, G - B+ 2p o) G2
k k

We also have lim supkﬁoo(m;( — n}() = 400 since v(x) > 0. We then choose a subse-
quence of {(n}, m})}x=1 as follows: put (n1, m1) = (n}, m}); having chosen (ny, my) =
! ,m/jk), we set jri1 = min{j > ji: m/j —n'. > myg —ny} and put (ngyq, meyy) =

j
(”.//'k“ , m’ijrl ). We claim that

mp — ng k

lim inf =D(x), limsup Mk — Mk _ v(x).

k=00 Nj41 k—o00 ng

To prove the first assertion, we write lim inf,,_, oo ((my — ng)/nx+1) = a. For ¢ > 0, there
is a subsequence {k j}?o | such that

mi; —ng; < (a+ &)ng+1.

Putting N = N, — 1, we have for all n € [1, N] that

1
IT"(x) — y| = m'lmkj—nkj W > |Ink_,.+l()’)|a+28 > [Iy(n)]*T3,

where the second inequality holds by the following fact: by Lemmas 2.2 and 2.1(3), we
deduce

. —log |1, (y)| . log gn(y)
hm _— = hm _—
n

n— 00 2n n— 00

= log 7(i).

We get that D(x) < a + 3¢ by the definition of D (x).
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However, when k£ > 1, we have
mg —ng > (a — &)ngy.
Forny < N < ng41,

1T () = ¥ < img—ny D] < Mgy DI < NI

From here, we deduce that v(x) > a — €.
Letting ¢ — 0, we complete the proof of the first assertion; the second one can be
proved in a similar way. O

LEMMA 33. If O0<v/(14+v)<bD<oo, E(,v) is at most countable and
dimy E(D,v) =0.

Proof. If x € E(D,v) and its continued fraction expansion is not periodic, then by
Lemma 3.2(2), there exist two sequences {n;}7>; and {m}7>, depending on x such that
my — ng

lim inf ——— = b, lim sup = .
k=00  Rgy1 k— 00 my 14+v

mj — ng V

O

This yields b < v/(1 + v); the lemma follows.

We start with constructing of a covering of E(D,v) in the case where 0 <D <
v/(14+v) <oocand 0 < v < oo. Since E(0, v) is a subset of {x € [0, 1): v(x) = v}, by
Corollary 1.4, we have dimg E(0, v) < s(v/(1 4+ v), t(i)), which is the desired upper
bound estimate. Hence, we only need to deal with the case 0 < D < v/(1 +v) < v < o0.
Whence, given any x in the set E (D, v) with non-periodic continued fraction expansion,
we associate x with two sequences {ny}, {my} as in Lemma 3.2. The following properties
hold.

(1) The sequence {my} grows exponentially, more precisely, there exists C > 0, inde-
pendent of x, such that when k is large enough,

k < C log my. (3.3)

Indeed, we have that my — ny > (V/2)ng4 for all large k, and thus,

v )
mg = <1 + E)f’lk = (1 + §>mk—l~

(2) Write & = vz/((l 4+ v)(v — D)). For any ¢ > 0, there exist infinitely many k such
that

k
D mi —ni) = mp(E —e). (34)
i=1
To prove this, we apply a general form of the Stolz—Cesaro theorem which states that: if
b, tends to infinity monotonically,

.. o n —ap—1 ... oan . (2] . ap — dp—1
lim inf < lim inf . < lim sup — < lim sup

n by — by_1 n n n n n by — by_1
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We deduce from Lemma 3.2 that

limsupﬂ=1+v

k—oo Nk
and
L my _Lamp—ng my D(1 +v)
lim inf > lim inf ——— - lim inf = .
k—oo Nj41 k— 00 N1 k—oo myp — ng v
Hence,
L Zle(mi —nj) _ . . . mp—ng
lim inf =/———— > liminf ——
k M1 ko mjg —my
L Mg — g 1
> lim inf - — —
k g+ lim supy (mpy1/ng41) — lim infy (my /ng41)
v
> 3.5)
wv=0)1+v)
and thus

k

Z(mi —n;) > (fj—v - E>mk + (my — ng)
wv=—v)1+v) 2

i=1

holds for k large enough. However, there exist infinitely many k& such that

- v &
my — ng > T ka'

We then readily check that equation (3.4) holds for such k.
We now construct a covering of E(D, v). To this end, we collect all sequences
({ng}, {mx}) associated with some x € E(¥, v) as in Lemma 3.2 to form a set

Q = {({nx}, {my}) : conditions (1) and (3) in Lemma 3.2 are fulfilled}.
For ({ng}, {my}) € R, write

H({ng}, {my}) = {x € [0, 1): condition (2) in Lemma 3.2 is fulfilled},

Ny ={(n1,my5 .o, mpg—1308) 1 1y <myp < - - <M1 < ng < my,
equation (3.4) holds},
Dﬂl’man;nk’mk = {(017 ey Umk) € Nmk: an+l == Umj =i

forall1 < j <k}.
Based on the previous analysis, we obtain a covering of E (¥, v), that is,

Ed,wec  |J  H{uh i)

(i} {mih e

C U U U U Ly (ay, ..., am).

K=1 k=K Mkzek/c (ny,my,..., mk*l’nk)EAk,mk (at,..., amk)EDnl,ml;.“;nk,mk
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For ¢ > 0, putting t = s(§ — ¢, t(i)) + (¢/2), we have that r > s(¢, 7(i)) and t > % by
Lemma 2.13(2) and equation (2.7). We are now in a position to estimate HIHED(E®, v)),
the (¢ + (¢/2))-dimensional Hausdorff measure of E (D, v).

LEMMA 3.4. Fore > 0, we have H!TCE/D(E(D, v)) < +o00.

Proof. By Lemma 2.12, there exists K € N such that for all k > K,

SMk(é — &, T(i)) S t’
(421Fep)2Clogk _ H((k=1)/4)e

Writing ¥ (my) = my — Z{'C:l (m; — n;) when m; > K, we have that

> (@1, . ., @) T2

(@1,e-s@my ) €Dy mysinge my,

1 2t+¢
<
- Z (qn‘lk(ala""aMk)>

(al ~~~~~ amk)EDnl,ml;...;nk,mk

Z 2k(2t+8)

A1 seeo5Q (my) eN

IA

1

(3.6)
(3.7)

X .
(%(mk)(al, e Ay ) gmy—n, (@

IA

i) kafnk(i, cee

Z 4k(2t+s) ( 1

al,...,av,(mk)eN

2t+e
gm @, ..., aymp, - i))

1

IA

Z 4k(2t+8) (

Alseeeslmy —|my (E—¢)] eN

< gherve (1
- 2

s

)((Mkl)/2)8

Gmat, -« o, my—|myE—e))> b - - -

2 1)

2t+-¢

) 2smk (E—e,t(i))+e

where the first two inequalities hold by Lemmas 2.2 and 2.1; the penultimate one follows
by equations (3.4) and (3.6); and the last one follows by Remark 2.11 and Lemma 2.1(1).

Therefore,

HTED(E®D, v)

oo o0
<lminf ) )~ 2.

k=K mp=ek/C (ny,my,...mg_1,0k) €A my,

% Z |Imk(a], e, amk)|[+(8/2)

(ay,..., amk)EDnl S5

o ke +e) ((mg—1)/2)e
Sty Y Y Y Y Y ()

k=K my=ek/C ng=1 my_1=1 mi=1n;=1

K—o0
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> > - el 1\ (me=D/2)e
< 1i inf 4 t+e ogmg ( _
<tmir S 3 @ moen(5)

k=K my=ek/C

o 2 (m—1/4)e 1 0 =D/
< lim inf — < —
<Hmif), D <2> = T1-()2R kz <2€> < e,

k=K my=ek/C =1

where the third and fourth inequalities follow from equations (3.3) and (3.7),
respectively. O

By Lemma 3.4, we obtain the desired inequality dimg E (D, v) < s(&, t(i)) by letting
g — 0.

Remark 3.5. In fact, the covering U({nk},{mk})EQ H({{n}, {m}) of E(D,v) is also a
covering of

E.(V,v) ={x €[0,1]: v(x) > D, v(x) = v},

because lim infy((my — ng)/nxg+1) >0 for  ({ng}, {mi}) € Q. It follows that
dimy E.(D, v) < s(&, t(Q)).

4. Proof of Theorem 1.3: lower bound

In this section, we establish the lower bound of dimyg E (D, v). Since E(0, 0) is of full
Lebesgue measure and dimgy E(D, v) =0 for b > v/(1 + v), we need only consider the
casesO <D <v/(14+v)<v<ooorv=oo.

Let us start by treating the case 0 <V < v/(l +v) < v < co. We claim that there
exist two sequences of natural numbers {n;}2, and {m}2, satisfying the following
conditions:
(D) ng <myp < ngqq and (mg — ng) < (Mpy1 — ngyy) fork > 1,
() limy— oo ((mg — ng) /ng41) = Vs
() limg—oo((my — ng)/ng) = v.

Indeed, when b > 0, we may take

ny =2, ng41 = L%(nk + %)J +2,mp = +v)ng] +1;
when 7 = 0, we may take
= LA+ 027 ] 42, my = [(1+v)me + 1.
From now on, we fix two such sequences {ny}, {my}; forany B > i + 1, we define
EMB)={xe[0,1):1<a,(x) <B,ap+1(x) =+ =ap(x)=i,n>1and k > 1}.

The lower bound estimate of dimy E (D, v) will be established in the following way: we
provide a lower bound of dimy E (B); build an injective mapping f from E(B) to E(V, v)
and prove that f is dimension-preserving.
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4.1. Lower bound of dimy E(B). Before proceeding, we cite an analogous definition of
the pre-dimensional numbers. Let Iy = my — my_1 for k > 1 (mo = 0 by convention). Let

- 1 2s
Ji(s, T(@)) = ( . - ) .
Z any <B 1 Omy_ 415 -+ > s By o5 1)

Recall &€ = v2/((1 +v)(v — D)). We define S, (Ap, &, (i) to be the solution of the
equation fi (s, t(i)) = 1.

LEMMA 4.1. The limit limy_, o 51, (Ag, &, T(i)) exists, and is equal to s(Ag, &, T(i)).

Proof. By Lemma 2.12 and the fact [y — 0o as k — oo (cf. condition (1)), we deduce
that, for any ¢ > 0, when k > 1,

Isi, (A, & +e,7() —s(Ap, & +¢, ()| < ; 4.1)
Further, from conditions (2) and (3), we have that
lim M~ % . ((my — ng)/my) - (my/ng)
im ——— = lim =§,
k—=oo I k—=oo (my/ng) — ((Mg—1 — ng—1)/ng) - Mg—1)/(Mg—1 — ng—1)

and thus for k > 1,
Uk —&)] <mp —n < [k (§ +¢e)]. 4.2)

Hence, by equations (4.1) and (4.2), we obtain that

1 2(s(Ap.E+e,1(i))—e)
Z (qlk(al" J ’l)>

e, Ap,— 1, ...
> “n mp—1- 4>
1<ay,..., ankfmkflfB k k=1

1 25 (A& +e.t(i))—e
Z (CHk(al’~ j ’l))

e, Ay — l,...
1<ay,..., a"k*mkflfB s Unp—my_1> bs

1 251, (Ap.E+e,7(0)—¢
Z (qlk(al»~ ,l))

R TRY Y
12a1 el — 1 (600 <B k—Lk(E+e)]

—&
> (;> > (B > 1,
qi (B, ..., B)

where 7(B) = (B + +/ B2 + 4)/2. Moreover, we get that

1 2(s(Ap,E—e,T(i))+€)
Z (611k(a1,- ' ,i)>

e, Ap— l,...
s “n Mg—1° "%
1<ap,..., ank—mk_lfB k k=1

1 25y, (Ap.E—e.T(i)+e
Z (qlk(al,- ,l))

<ot ey <B o Al [l =) b - -

1 £
< (—) < 1.
q,(,..., 1D

v

v

IA
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By the monotonicity of ﬁ(s, 7(i)) with respect to s, we have
s(Ap, & +&,1(i) —e <5, (Ap, &, 7(i)) < s(Ap, & —&,7()) +e,

which completes the proof. O

4.1.1. Supporting measure. We define a probability measure u on E(B) by distributing
mass among the basic intervals. We introduce the symbolic space to code these basic
intervals: write Ag = {1, ..., B}; forn > 1, set

B, ={(o1,...,0n) € Ag: 0j =i forn; < j < my with some k > 1}.

Step I: For (ay, . . ., am,) € By, we define

1 251, (Ap.§,7 (@)
I’L(Iml(al’~~-7am1)): ( )
CIZl(ala -~aam1)
and for 1 <n < my, set
pin(ar, . .a) = Y @Um (@, .. Gy Gngs - - amy)),
An+15-+58m
where the summation is taken over all (@,+1, . . ., am,) With (a1, . . ., am,) € Bp,-

Step II: Assuming that p (I, (a1, . . ., am,)) is defined for some k > 1, we define

M(Ikarl (ala L] amk+l))

1 2%, (Ap£.7()
ZM(Imk(a]""5QMk))'( )
qli1 (amk-&-l’ cees amk+1)
and for my < n < my41, set
pla@r .o sa)) = Y g @1 s Gt Ggy))-

An-1se-8my 4

Likewise, the last summation is taken under the restriction that (ay, . . . , @m;,,) € By, -
Step III: We have distributed the measure among basic intervals. By the definition of
51, (Ap, &, T(i)), we readily check the consistency: forn > 1 and (ay, . . ., a,) € By,

py(ar, .. a)) =y p(pgi(@n, . - . Gn, any1)).

An+1

We then extend the measure to all Borel sets by Kolmogorov extension theorem. The
extension measure is also denoted by .
From the construction, we know that p is supported on E(B) and

¢ | 2, (Ap b2 (0)
Wl Gat, .. vam)) = [ ] ( ) :

qu(amj*,H»]’ ... 7amj)

J=1

Y uhan) =1.

a|€B1
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4.1.2. Holder exponent of . We shall start with the study of a basic interval.
For 0 <& < s(Ap, &, t(i))/4, by Lemmas 2.12, 4.1, and the fact that mj; grows
exponentially, we can find K € N such that for any &, j > K,

51, (Ag, &, T(i)) — s(Ap, &, (D)) <&, (4.3)
Fiu (A, &, 7)) — 5 (Ag, &, 7(0))] < —— B2 _ ¢ (4.4)
N B,6,TU S B,6,TU <210g(B+1) =&, .
and
K ~k 1 &
max{(B + 1)",2°} < Z(qu (ar,...,am))". “4.5)
LEMMA 4.2. Letn > mg. For (ay, . . ., a,) € B, we have

w(ly(ar, . .. an) < Co- (@, . . ., a)|*Ass=3¢

where Co = (B + 1)2(it+Hk-1),

Proof. To shorten notation, we will write s, sx and s instead of &, (Ag, &, T(i)),
sk(Ap, &, T(0)) and s(Ap, &, t(i)), respectively. Fixing (a1, . .., a,) € B,, we also write
I, for I,(ay, . . ., ay), q, for gu(ay, . .., a,), and qi; for q; (amj71+1, - ,amj) when no
confusion can arise. The proof falls naturally into three parts according to the range of n.

Case 1: n = my for k > K. By Lemmas 2.2 and 2.3, equations (4.3), (4.5), and the fact
q; < (B + 1)lf, we obtain

k % K % k % K k
_25. =257, —2s]; —2(s—¢) —2(s—¢)
M(Imk)zl_[qu lelqu . H q, ’Scollqu : || 4,
j=1 7=l

j=1 j=K+1 j=K+1

_ ey Co Y o
S C022(k 1)(qu) 2(S €) E T(qu) 2(S 28) SCO|ImkP 28.

Case 2: my < n < ngy1 for k > K. In this case, we have

k+1

w(ly) = Z M(Imk+l) = Z 1—[(‘]1]')_2’51‘/

(£ PR Ay Ap415e-s Amp 4 j=1

e 25
=[T@) ™™ > () .

j=1 an+lw~7amk+l

We have already seen in Case 1 that ]_[I;.:l(qu)*ﬁ’.i < Co22k=D (g, ) 2678,
Additionally,

_0% 9 (s—
Z (CIlk_H) et < (qn—mk(amk-i-h .5 ap)) 2(s=¢)

Ant-15e-50my 4 |

Z (qu+17n(an+1a AR ] ank+l’ i’ L] l))i e .
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‘We then obtain that

M(In) E C022k(qn)—2(s—8) : Z (ka+17n(an+l7 L] ank+17 ia L] l))i S]k+] .

Now we need an upper estimate of the last sum. By the definition of 5, |, we have that

/ / . .\ —257
E (q1k+1(amk+1,...,an,anH,...,ankH,t o, 0) T =1

!
1<y, g poeestlysne sl <B

This yields that

—25
> Grem @y yys - oo ap)) e

’ /
akarl""’uﬂ

. =25
X Z Gmpsr—n@nits -y uyqs 1y o0, 0)) Sl < 4.,

An15e-0ny 4

We will bound the first sum from below to reach the desired upper estimate of the second
sum. We consider two cases.
(HIfn—m; < K,

> G @y @) = (G (B, B) 2= (B + 17K,

! /
amk+l""’an

And thus, by equation (4.5), we reach that
. C Y o
Hl) < C2* PB4 D (gn) 07 < 22 () 0T < Collal* ™.
(2) If n — my > K, then, by equations (4.4), (4.5), and Remark 2.11, we have

-2 s g/
Z (Gn—my (al/’ﬂkJrl’ e a;l)) Tt > Z (Gn—my (ar/nk+1’ e a;)) n—my

I N\ —28n—m; — /
> Z (Qn—mk(a;nk_i_l’ ey ar/z—l_(n—mk)sj’ i,...,1)) Sn—my —¢

! !
D10 | (= )& |

> (Gnomy (B, ..., B) ™ > (B+ 1)~ > (B 4 1) > p7ne/2,
Therefore,
) = CHP22 ) 20720 < E0g,) 20739 < o1,

Case 3: npy1 <n <myyy for k> K. In this case, since (ap+1,-..,am,,) =
(i,...,i), we have

/'L(In(al’ AR an)) = :u“(Imk+1(a17 LR amk+1))7
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then
() < Collmy, '™ < Col L'~
These conclude the verification of the lemma. O
Now we study the Holder exponent for the measure of a general ball B(x, r).
LEMMA 4.3. For x € E(B) andr > 0 small enough, we have
W(B(x,r) < Co - r*ABETOI4,

Proof. Let x = [a1, a>, . . .] be its continued fraction expansion. Let n > K + 2 be the
integer such that

[lpr1@a, ..., ane )| <1r < |[Ip(ay, ..., ay)l.

Therefore, it follows from Lemmas 2.4 and 4.2 that

w(B(x, 1)) < plly—2(ai, . .., an-2)) < Co- [ln_a(ai, . .., an_p)["ABETO=3¢
< Co(B+1)®-|Lis1(ar, ..., ans) | AsEHTE—3
< Co-psi(ar, . . ., apyp) AT < p L ps(Ap e —de O

Applying mass distribution principle (see Lemma 2.6), letting ¢ — 0, we conclude that

dimy E(B) > s(Ap, &, T(0)).

4.2. Lower bound of dimy E(D,v). We build a mapping f from E(B) to E(V, v) and
prove that f is dimension-preserving.
Fix an integer d > B. For x = [aj, az, .. .] in E(B), we remark that the continued

fraction of x is the concatenation of By = [ay, . . ., a,] and the blocks
B =i, ..ol @mpstseoonany,] k=1,2,...).
——
mg—ng

In the block By, from the beginning, we insert a digit d after each my — ny, digits to obtain
a new block B;, that is,

/ . .
B, =1[d,i,....i,d,Gm+1s - -+ s Qg (mg—n)» ds -+ 5 Ay 1.

Concatenating the blocks By, B}, B), . . ., we get [Bo, B}, B), . . .], which is a continued
fraction expansion of some x. We then define f(x) =x. Let K= {k,} C N be the
collection of the occurrences of the digit d in the continued expansion of x. It is trivially
seen that K is independent of the choice of x € E(B), and, in the notation of Lemma 2.7,
¢k (x) = x for x € E(B).

Let /1 be the length of the block B} . Noting that the number of the inserted digit d is
at most (ngy1 — my)/(my — ng) + 1 = o(hy) in the block B/, we readily check that K is
a subset of N of density zero. Hence, by Lemma 2.7, we have

dimy f(E(B)) = dimy E(B).

It remains to prove that f(E(B)) is a Cantor subset of E (D, v).
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LEMMA 44. f(E(B)) C E(®,v).

Proof. Fixx € f(E(B)).
For ¢ > 0 and n large enough, there exists some k such that (ZI;;(I) hj)<n<
(Z’;zo h j). From the construction, we deduce that if n = (le‘;(l) hj)+ 1, then

17" (%) = ¥ < Hng—ng D = 1L DI"F,

where the last inequality holds by the fact limi (Y520 /2 /ni) = 15 if (X5Z( hj) <n <
(35— hj). then
)~y = s
2(d +2)?
We then prove that v(x) = v by the arbitrariness of ¢.
However, for (Z];;(l) hj) <N < (lezo hj) with k large enough, we pick
n= (Y520 hj) + 1 to obtain that

L, O] = 1L (0.

7" = 31 < U D) < e OIF8 < TP
When N = (Y-4_y k). for all n & [1, N1, we have that

= 1 DVte
IT" (%) — y| = mUmk—nk()’ﬂ > [InO)I".
We prove that D(x) = V.
Hence, x € E(D, v), as desired. O

Consequently, for 0 <D <v/(14+v) <v < oo, we have dimyg ED,v) > s(Ap,
&, t(@)).

Letting B — oo yields dimy E(D, v) > s(&, t(i)), where & = v2/((1 + v)(v — D)).

We conclude this section by determining the lower bound of dimy E (¥, +00). We first
study the case 0 < » < 1. Let

n =2, ngp=nk4+2ng, mo=0, my=|0nk]4+nk, Br= mylogmy].

Thus,

Define
E={x€[0,1): a,(x) < By if my < n < ng4 for some k; a,(x) = i otherwise}.

As before, for any x = [ay, a2, . . .] in E, we construct an element x := f(x): insert a
digit By + 1 after positions ny and my + i (my — ng), 0 < i < t in the continued fraction
expansion of x, where 1y = max{r € N: my + t(my — nr) < ng+1}; the resulting sequence
is the continued fraction of x.

The method establishing the lower bound of dimy E(B) applies to show that
dimy E > 1/2. Moreover, f(E) is a subset of E (D, 400). It remains to prove that the
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Hausdorff dimension of f(FE) coincides with the one of E. To this end, we shall show
that £~ is a (I — &)-Holder mapping for any ¢ > 0. We remark that Lemma 2.7 may not
apply directly here since { Bx} is an unbounded sequence.

LEMMA 4.5. Fore > 0, f~Visa (1 — &)-Holder mapping.

Proof. We write

k—1

k—1
mp=mi+ Y (142, np=m+y (1+2),
=1 =1

and define the marked set
K={m,+i(mi —np)+1:0<i <tr,k>1}U{n: k> 1}.

Let A, =#{i <n:i € K}, where # denotes the cardinality of a finite set. Let k € N
such that mj < n < m;<+1' We have

Anlog B _ (4= (1 +2) + (n = mj)/(mi —m) + 1) log By
n - n
k—1
y+2)+1)log B log B log B
5(2121(1+ )/+ )log By log Br  log B
my my — ng mg

So there exists K € N, such that fork > K and n > m/K,
(Bp + 2)%2n 14 < 20— De (4.6)

For x1 = f(x1) and X3 = f(x2) in f(E), we assume without loss of generality that

1 .
2(Bk +2)%q2, (71)’
K

X1 —X2| <

otherwise, | f~1(x1) — f~'(%3)| < C|x1 — x2|'~¢ for some C, as desired. Let
n=min{j > 1:a;j11(x1) # aj+1(x2)}.

By Lemma 2.2, we have m) < n < m}(_H forsomek > K andn +1 < n;(_H. Assume that
X1 > X2 and n is even (the same conclusion can be drawn for the remaining cases). There
exist 1 < 7,41(X1) < 0p41(x2) < By +1 such that X1 € Iyq1(ay, ..., an, Tap1(X1)),
x3 € Iy11(ay, - . ., ap, op+1(x2)). Combining Lemma 2.3 and the construction yields that
X1 — X7 is greater than the length of basic interval 1,,12(ay, . . ., ay, op+1(x2), Bx + 1).
This implies that

X —x2 > |1 ai, ..., aqy, O xX),Br+1)| > ————.

1= X2 = [Iny2(a1 n> Ont1(X2), B + 1| 2B + 20
Furthermore, noting that f~'(x7), f~'(x2) € Ii—a,(c1, ..., Cn_n,), Where (ci,...,
cn—a,) 18 obtained by eliminating all the terms a; with i € K from (ay, ..., a,), we

conclude that
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lF'an - @)l

IA

[p—n, (@1, ..., ap—p,)l

1
< B+ — <2 - x|
qn—An 4n

IA

where the penultimate inequality follows by equation (4.6). This completes the proof. [

Now we deduce that dimy E(D, 00) > (1 — &)/2 by Lemma 2.5. Letting ¢ — 0, we
establish that dimy E (D, 00) > % when 0 < D < 1. A slight change in the proof actually
shows that the estimate dimy E (D, 00) > % also works for v = O or 1. Indeed, when v = 0,
we may take

when U = 1, we may take

mp=(k+D!, n=1 ng=m+ By = [2V"™ ).

Remark 4.6. Combining Remark 3.5 and the fact
E@®,v) € Ex(D,v) = {x € [0, 1]: D(x) = D, v(x) = v},
we have dimy E. (D, v) = s(&, t(i)).

Remark 4.7. By Lagrange’s theorem, any quadratic irrational number y; is represented by
a periodic continued fraction expansion, that is,

yi = lai1(y), a2(y1), - . .5 aky(Y1), Argr1(V1)5 -+« 5 Akgrn (Y1)]

for some positive integers ko and . By Lemma 2.1(2), we readily check that the
limit lim, ((log g, (y1))/n) exists, denoted by log g(y1). However, unlike in the special
y =1[i,i,...], we cannot obtain a closed-form expression for log g(y1).

In Theorem 1.3, we replace y = [i, i, . . .] by a general quadratic irrational number y;
and consider the Hausdorff dimension of the corresponding set E (D, v). We obtain that

1 if v=0,
2
dimy E(D, v) = S< - ,g(y1)> if 0<V <

v
I+v)(v -1
0 otherwise,

v
1+v

where s(v2/((1 4+ v)(v — D)), g(y1)) is the solution to

P(T,—s<1og|T’|+ < logg(y1)>)=0

l—«

with ¢ = v? /(1 +v)(v — D)). The proof can be established following the same line as for
the original theorem, with some crucial modifications as follows.
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(1) In the proof of Lemma 3.2: two sequences {n%}kil and {m;c}kzl are modified as
mo =0, nj =min{n > m_;: ap1(x) = ay(yn},
mj = max{n > nj: @y 41 (), - @ (X)) = @G, - s Gy D)}

The partial quotient a, (y1) of y; is bounded uniformly in n, which guarantees that
equations (3.1) and (3.2) hold.

The limit
—log LoDl . logga(y)
lim ——— = lim ——— =log g(y1).
n—oo n n—0oo n
(2) For B > max{ai(y1), . .., aky+r(y1)}, the cantor-like subset E(B) is modified as

{X € [03 l) 1 < an(x) =< B, (ank-‘rl(x)’ cees amk(x))
= (al()’l)’ A 7amk—nk()’1)),n 2 l’k 2 1}

5. Proofs of Theorems 1.1 and 1.2
In this section, we study the Hausdorff dimensions of the following sets:

E®) ={x €[0,1): D(x) = b},
UD) ={x €0, 1): forall N > 1, there exists n € [1, N],
such that |7 (x) = y| < [In()[").
A direct corollary of the definition is: if D} > D > 0,
E@) CUE) S {x €[0,1): D(x) = D}

Hence, the proofs of Theorems 1.1 and 1.2 will be divided into two parts: the upper bound
of dimg{x € [0, 1): D(x) > D} and the lower bound of dimy E (D).

Lemma 3.1 combined with the fact E(0, 0) C E(0) implies that the sets E(0), /(0),
and {x € [0, 1): D(x) > 0} are of full Lebesgue measure; we only need to deal with the
case b > 0.

We start with the upper bound of dimg {x € [0, 1): D(x) > D}.

LEMMA 5.1. If0 < D < 1, we have

. o %
dimg{x € [0, 1): v(x) > D} < s(m, ‘C(l)).
IfV > 1, thendimy{x € [0, 1): D(x) > D} = 0.

Proof. For ¢ > 0 small enough, we define

Ee(b,v) = {xe[o, D: D) = D, v < v(x) < ‘1’”}.
— &

Since

xelo,n: dx) =0y (| Ee(®,v),

veQt

https://doi.org/10.1017/etds.2024.71 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.71

28 B. Tan and Q.-L. Zhou

where Q7 denotes the set of positive rational numbers, we have

dimg{x € [0, 1): D(x) > D} < sup {dimy E,(D,v): ve Q*}.

If D> 1, the set E.(V,v) is at most countable by Lemmas 3.2 and 3.3, and

dimg{x € [0,1): v(x) > D} =0.
If0 < v < 1, we obtain

: R v? .
dimyg E.(V,v) < S((v et ol r(z))

in much the same way as the proof for the upper bound of dimy E (D, v); we sketch the

main differences as follows.
In Lemma 3.3, lim sup((my — nx)/my) is estimated by

my — ng - v+e

< lim sup < .
1+v k=00 mg 1+v

Equations (3.4)—(3.7) are replaced by

k 2
Z(mi —ni) = Mk< - (VA+ 2 - 8),
Py w—D4+ve+e)(l+v)
1
1+v§1imsupnﬁ§ +v’
k—oo Nk l—¢
fim inf & > 24V
k—oco ng41 vH+e€
e i i — ) Dt e)(l—e)
k—00 My T w—Db+ve+e)1+v)’

respectively. The set €2 is replaced by

L My — g A .
({ng}, (me)): liminf ——— > D, v < lim sup < ,
k—oo  Ng41 k—00 nk l—¢

myp —n VT &
kk<+

ng < my < ngy forall k > 1}.

Finally, since the function v2/((v — D + De + €)(1 + v)) of v attains its minimum at

v=020 -2+ e)/(1 — D+ (D + 1)e), we have by Lemma 2.13(2) that

2
dimg{x € [0, 1): D(x) > p} < sup {s((v — f):+8)(1 st t(i)): Ve @+}
4D —(+De) 4 ,
: s((l 95— @+ De)?’ r(’)) - S(m’ t(’)>

ase — 0.
We now deal with the lower bound of the dimyg E (D) for0 < b < 1.

LEMMA 5.2. For0 < D < 1, we have dimyg E(D) > s(4D/(1 + D)2, T(i)).
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Proof. Noting that E (D, v) is a subset of E(D) for v > v/(1 — D) (or b < v/(1 + v)), we
have

V2 )
A+ -9 T(l))'

Since the function v2/((1 + v)(v — D)) is continuous for v € [d/(1 — D), oc], and attains
its minimum at v = 20/(1 — ¥), so by Lemma 2.13(2), we have

dimyg E(V) > dimyg E(D, v) = s(

di E®) > di E{D 20 4b @ U
im v im V, —— | =5 ———., () |

" == 11— (1+ )2
6. Proof of Theorem 1.5
In this section, we prove Theorem 1.5 by considering the upper and lower bounds of
dimy (F () N G(B)). Recall that

Fla) = {x €[0.1): lim inf 22 &) =a},

n— 00 n

R
G(p) = {x €10, 1): Timsup 22 _ ﬁ}.
n—00 n
The proof of Theorem 1.5 goes along the lines as that of Theorem 1.3 with some minor
modifications.

Noting that {x € [0, 1): lim,,_,OQ(R,,(x)/log(\/gﬂ)/2 n) = %} C F(0O)NG(0), we
have F(0) N G(0) is of full Lebesgue measure. Furthermore, since F(a) N G(1) C G(1)
and F(0) N G(B) € G(B), we have dimy F(x) N G(1) <s(1, (1)) and dimyg (F(0) N
G(B)) <s(B, t(1)). We only need to consider thecase 0 <o < g < 1.

6.1. Upper bound of dimy (F (o) N G(B)). Forx = [a1(x), az(x),...] € F(a) N G(B)

with non-periodic continued fraction expansion, we associate x with two sequences {rny}

and {my} that satisfy the following properties:

(1) ng <myp <npy1 <mpyg fork > 1;

2) ank(x):"':amk(x) fork > 1;

(3)  lim infis oo ((mg — ng) /ngsr) = @/ (1 — @), lim supy_, oo (g — ng) /my) = B;

(4) the sequence {my} grows exponentially;

(5) write £ = (,82(1 —))/(B — ). For any ¢ > 0, there exist infinitely many k such
that

k
D (mi —ni+ 1) = mp(E —e).

i=1

To this end, we define two ascending sequences {n}(} and {m; } as follows:
n/l =1 an,’((x) = an;(+](x) == am,’((x) # am;(+l(x)’ n;<+l = m;< + 1.

Since B =limsup R,(x)/n >0, we have that limsup,_, . (m; —n}) = o0,
which enables us to pick a non-decreasing subsequence of {(n),m))}i=1: ,
put (ny, my) = (n}, m}); having chosen (ny,my) = (n’jk,m’jk) for k > 1, we set

. . . R _ v ’
Jerr =min{j > jiom’; —nl > myg — i}, and put (ngyr, mpr) = (1, om ).
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We readily check the following properties.
(a) The sequence {my — ny}x>1 is non-decreasing and limy_, o (my — ng) = +o00.
b)) Ifmg <n <ngy1 + (g —nyg) fork > 1, then R, (x) = my —ng + 1 and

mp —ng + 1 <Rn(x)§mk—nk+1.

Ny + (Mg —ng) —  n mg

() Ifnggpr + (mp —ng) <n < myyg fork > 1, then R, (x) =n —ngy1 + 1, and

me —ng +1 - Ry (x) - M1 — Njy1 + 1
Niy1 +0mg —ng) = n Mit] '

Properties (a) and (b) imply

R — 1
o = lim inf 2% _ fipm jnf k= 6.1)
n—0o  p k=00 k41 + (Mg — ng)
and
R - 1
B = lim sup n(¥) = lim sup M (6.2)
n—00 n k—o00 Mg+
From equation (6.1), we obtain that
R X — 1
liminf 2O e TRl @ (6.3)
k=00 Mp4q k—>00 R+l l -«

which combined with equation (6.2) yields «/(1 —a) <pf, or -equivalently
a < B/(1 4 B). Thus, the set F(x) N G(B) is at most countable when o > 8/(1 + B).
Moreover, equation (6.3) implies that {m}x>1 grows at least exponentially, namely, there
exists C > 0, independent of x, such that k < C log my for k large enough. Further, by
equations (6.2) and (6.3), we also have

mg mg o

.. LM =N
lim inf > lim inf ———— - lim inf = s
k—>oo Mgyl ~ k—oo  nMggr k—oo mp—ng Bl —a)

which combined with the Stolz—Cesaro theorem implies that

Yicimi—ni+1) _ap(l—p)

lim inf
k my B—u

and thus, for ¢ > 0 and k large enough,

k
af(l — e
D mi—ni+1) = (M — —)mk + (i — ng + 1).
i=1 p—a 2
Since there exist infinitely many & such that
&
mk—nk+12nuc<,3—§>, (6.4)

property (5) holds for such k.

https://doi.org/10.1017/etds.2024.71 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.71

Uniform Diophantine approximation and run-length function 31

6.2. Covering of F(a) N G(B). We collect all sequences ({ng}, {my}) associated with
x € F(x) N G(B) as above to form a set

Q = {({ni}, {my}): Properties (1) and (3) are fulfilled}.
For ({ny}, {m}) € Q and {by} C N, write
H({ni}, {mi}) = {x € [0, 1): Property (2) is fulfilled},

N ={(n1,my; .oy, mg—s )i np <mp < -+ - < mp—1 < Ry,
equation (6.4) holds},
Dnl LGN mk({bk}) ={(o1,..., 0'm,r{) € N Opj =+ =0m; = bj

forall1 < j <k}.
We obtain a covering of F(«) N G(B):
FaoynG® < |J  H{u) i)

({nk}{mi}) e
0o oo

o
<N U U U U
K=1 k=K mp=ek/C (n1,m1,...mg—1,nk)E€Akmy (by,....bx)eNK
X U I (ay, ..., am,).
(at,..., a;;zk)GDnl,ml;...;nk,nlk ({br})

Writing ¢ = s(§ — ¢, (1)) 4+ (¢/2), we estimate the (¢ + (£/2))-dimensional Hausdorff
measure of F(a)NG(B). Setting (my) = my — Zle(m,- —n;+1), we have
M =512 Z,Oil (z(i))~ 2. For sufficiently large k, we first have the following estimate:

o0
>y > Ly (@t . . . s am)|"FE?

be=1  b1=1 (@i )€ Doy (1b)

. . k(t+(2/2) 1 e
< 4 +(e ( )
X::I Z Z Qyme) @15 -+ -5 Ay (mg))
k

b1=1 a|,...,a¢(mk)€N

< 1 >2t+8
qmj—n]+l(bjs cees bj)

< gk(+(e/) Z

1 2t+¢
JeN <qw(mk)(al’ e ax//(mk)))

A yeeny aw(mk
2t+¢
X H <Z (1/(qm,._n.,+1)(i, . .,i)) )
= i=1
/2 . Z 1 2t+¢
< (4l+ & M) ( )
01ty €N Gy m(@ts - -+ > Ay ny))
k 1 2t+¢
X
jl_lzl <Qmj—nj+l(1 5 1))
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/) . 1 2t+e
< (16'TE2 pp
D Y s )

., a 1...
A 5eeny aw(mk)EN > Y me)> 5

< (16t+(6/2) M)k

1 25y (E—e.T () +e
X
2 (qu(al, e 1))

s Ay — Y AT D
Al sy a”lk*\.’"k(ffﬁ)JeN my—|my(§—98)]

1\ (=12

where the third inequality holds since

i (;)2%%6 _ < 1 >2t+s i (‘ht(l, o 1)>2t+8
i=1 ql’l(l’al) Qn(l,,l) im qn(l,,l)
1 2t+e 0 41.(1) 2l+8.
< (o) ;(I(i)> :

the penultimate one follows from equations (6.4) and (3.7), and the last one is by
Remark 2.11 and Lemma 2.1(1).

Hence,
oo 00 ~ .
HHED (Fo)N G < lim inf
(Fl@)NG(B)) = im in Z Z Z Z Z
k=K my=ek/C (nymi,...mp—1,nk) €Ay, br=1 o]
) > Ly (@1, « . . @) T

(@15mees amk)Ean M {bx})

65 . . 46/ ok ((mg—1)/2)e
S 23 3 st (5)

k=K my=ek/C np=1my_1=1 mi=1n;=1

§liminfz Z (16[+(8/2)Mmk)2Clogmk(l

K—o0 2
k=K my=ek/C

© X =D/ e 1 0 (€14
< l 1 f - < — . 9
sp Y L ;) smgwile) <

k=K my=ek/C

)((mk—l)/z)E

where the penultimate one holds since (16'T(/2) pMk)>Clogk ~ 2((k=D/Ye for k large
enough.

6.3. Lower bound of dimpy (F () N G(B)). Note that F(«) N F(B) is at most countable
for « > B/(1 + B); we assume that ¢ < /(1 4+ B). Let {nx} and {my} be two strictly
increasing sequences satisfying the following conditions:

(1)  (mg —ng) < (Mgt1 — ng+1) and ng < my < ngyy fork > 15

(2)  limg— oo ((mg — ng) /ng41) = /(1 — @);

(3) im0 ((mg — ng)/my) = B.
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With the help of these sequences, we construct a Cantor subset of F(x) N G(8) to
provide a lower bound estimate of its dimension. The set E(B) is defined in much the
same way as in §4.2, the only difference being that the digit i is replaced by the digit 1; the
mapping f is defined in exactly the same way. It remains to verify that the set f(E(B)) is
a subset of F () N G(B).

LEMMA 6.1. Forany B > 2, f(E(B)) C F(x) N G(B).

Proof. Recall the definitions of

tr = max{t € N: my + t(my — ng) < ng41},

k—1 k—1

m;( =my + Z(tl +2), n;( =nr+ Z(tl +2).
=1 =1

We know that

k
. 1t +2) . N . omg
lim Z1_1—=O, lim — = lim — =1.
k—o00 Ng41 k—o00 ny k—o00 nmy

Forx € f(E(B)),andm) <n < m;<+1 with k € N, we have that

R(x)—{mk_nk ifmy <n<nj , +mp—ng,
n - / . / /
n—np 1fnk+1+mk—nk<n<mk+l.
: i !
Observing that for Mg +Mk—ng <n <my .,
/
mi — n SR M Mk — Mk
/ — - — / ’
Mgy T Mk — Nk n n M1
we deduce that
lim inf Rn(x) _ lim M - lim — kT,
n—00 n k—o00 n;c+1 +my — ng k—o00 Ng4] + My — ng
and
. Ry (x) . Mgl — Mgyl . Mgyl — Rgt
lim sup = lim ———— = lim ——— =§.
n— 00 n k—o00 mk+l k— 00 M1
Hence, x € F(x) N G(B). O

7. Proof of Theorem 1.6

The proof of Theorem 1.6 will be divided into two parts accordingasa = 0or0 < o < 1.

We first note that F (o) N G(B) is at most countable for o > % > B/(1 + B) by equations

(6.2) and (6.3). Moreover, since G(0) € F(0) and G(0) is of full Lebesgue measure, we
have dimy F(0) = 1. Hence, we only need to deal with the case 0 < o < %
Lower bound of F(«). Since F(x) N G(B) € F(x) forany 8 > /(1 — o), we have
: : Bl —a)
dimy F(a) > dimyg F(@) NG(B) =5 ,3— (1) ).
— o
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The function (82(1 — «))/(B — «) is continuous for B € [a/(1 — «), 1], and attains its
minimum at the point 8 = 2« > «/(1 — «), so by Lemma 2.13(2), we obtain

dimy F() > dimp (F(@) N GQ2a)) = s(@a(l —a), T(1)).

Upper bound of F (). For x € F(«), there exists By € (0, 1] such that

.. Ry(x) . R, (x)
lim inf =qa, limsup
n— o0 n n—00 n

Then, 0 <a < Bo/(1+ o) <Bo<1 or fo=1. If 0<a < fo/(1+Bo) < fo <1,
then for 0 < e < (a(1 —2a))/(2(1 —a)), there exists B8 € QT such that 0 < a <

Bo/(L+Bo)<B<Po<B+e<l.
Let

= Po.

R R
Ea,ﬁﬁ:{xe[O,l): lim inf n(x) =u«, B <limsup n () <B4+e< 1},
n

n—00 n n— 00

we have

Fle) ¢ ( U Eﬂ) U (F@) N G(1)).
peQ*
Sodimy F(a) < max{}, sup{dimy E,p.: p € QT}}.
It remains to estimate the upper bound of dimy Ey g . Following the same line as the
proof for the upper bound of dimgy (F () N G(B)), we obtain that

2 1—
dimpy Eqpe < S(H r(l)).

Thus, since the function (,32( 1 —a))/(B — o + €) with respect to 8 attains its minimum
at 8 = 2(a — ¢), we have that

B*(1—a)
B—a+e
— s(@a(l —a), (1)) ase — 0.

dimy F(x) < sup {s( ): B e Q+} <s@a—-—e)(1—a), (1)

Acknowledgements.  This work is supported by NSFC Nos. 12171172 and 12201476. The
authors would like to express their gratitude to Professors Bao-Wei Wang and Jian Xu for
helpful discussions during the preparation of the paper.

REFERENCES

[1] M. Amou and Y. Bugeaud. Exponents of Diophantine approximation and expansions in integer bases.
J. Lond. Math. Soc. (2) 81 (2010), 297-316.

[2] V. Beresnevich and S. Velani. A mass transference principle and the Duffin—Schaeffer conjecture for
Hausdorff measures. Ann. of Math. (2) 164 (2006), 971-992.

[3] W. Bosma, K. Dajani and C. Kraaikamp. Entropy quotients and correct digits in number-theoretic
expansions. Dynamics & Stochastics (Lecture Notes-Monograph Series, 48). Ed. D. Denteneer, F. den
Hollander and E. Verbiskiy. Institute of Mathematical Statistics, Beachwood, OH, 2006, pp. 176-188.

[4] Y. Bugeaud and M. Laurent. Exponents of Diophantine approximation and Sturmian continued fractions.
Ann. Inst. Fourier (Grenoble) 55 (2005), 773-804.

https://doi.org/10.1017/etds.2024.71 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.71

[51
[6]

(71
(81

91
[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]
[22]

[23]
[24]
[25]
[26]
[27]

[28]

[29]
[30]
[31]
[32]

[33]

Uniform Diophantine approximation and run-length function 35

Y. Bugeaud and L.-M. Liao. Uniform Diophantine approximation related to b-ary and B-expansions. Ergod.
Th. & Dynam. Sys. 36 (2016), 1-22.

J.-H. Chang and H.-B. Chen. Slow increasing functions and the largest partial quotients in continued
fraction expansions. Math. Proc. Cambridge Philos. Soc. 164 (2018), 1-14.

P. Erdos and A. Rényi. On a new law of large numbers. J. Anal. Math. 23 (1970), 103-111.

K.-J. Falconer. Fractal Geometry: Mathematical Foundations and Applications, 3rd edn. Wiley, New York,
2014.

C. Ganotaki and T. Persson. On eventually always hitting points. Monatsh. Math. 196 (2021), 763-784.
I.-J. Good. The fractional dimensional theory of continued fractions. Proc. Cambridge Philos. Soc. 37
(1941), 199-228.

P. Hanus, R.-D. Mauldin and M. Urbariski. Thermodynamic formalism and multifractal analysis of
conformal infinite iterated function systems. Acta Math. Hungar. 96 (2022), 27-98.

G.-H. Hardy and E.-M. Wright. An Introduction to the Theory of Numbers, Sth edn. Oxford University
Press, New York, 1979.

R. Hill and S. Velani. The ergodic theory of shrinking targets. Invent. Math. 119 (1995), 175-198.

A.-Y. Khintchine. Continued Fractions. University of Chicago Press, Chicago, IL, 1964.

D.-H. Kim and L.-M. Liao. Dirichlet uniformly well-approximated numbers. Int. Math. Res. Not. IMRN
2019 (2019), 7691-7732.

M. Kirsebom, P. Kunde and T. Persson. Shrinking targets and eventually always hitting points for interval
maps. Nonlinearity 33 (2020), 892-914.

D. Kleinbock, L. Konstantoulas and F.-K. Richter. Zero-one laws for eventually always hitting points in
rapidly mixing systems. Math. Res. Lett. 30 (2023), 765-805.

D. Kleinbock and A. Rao. A zero-one law for uniform Diophantine approximation in Euclidean norm. Int.
Math. Res. Not. IMRN 2022 (2022), 5617-5657.

B. Li, B.-W. Wang, J. Wu and J. Xu. The shrinking target problem in the dynamical system of continued
fractions. Proc. Lond. Math. Soc. (3) 108 (2014), 159-186.

R.-D. Mauldin and M. Urbariski. Dimensions and measures in infinite iterated function systems. Proc. Lond.
Math. Soc. (3) 73 (1996), 105-154.

W. Philipp. Some metrical theorems in number theory. Pacific J. Math. 20 (1967), 109-127.

W.-M. Schmidt. Diophantine Approximation (Lecture Notes in Mathematics, 785). Springer, New York,
1980.

F. Schweiger. Ergodic Theory of Fibred Systems and Metric Number Theory. Oxford University Press, New
York, 1995.

L.-M. Shen and B.-W. Wang. Shrinking target problems for beta-dynamical system. Sci. China Math. 56
(2013), 91-104.

S.-S. Shi, B. Tan and Q.-L. Zhou. Best approximation of orbits in iterated function systems. Discrete Contin.
Dyn. Syst. 41 (2021), 4085-4104.

B. Tan and B.-W. Wang. Quantitative recurrence properties for beta-dynamical system. Adv. Math. 228
(2011), 2071-2097.

B. Tan and Q.-L. Zhou. Approximation properties of Liiroth expansions. Discrete Contin. Dyn. Syst. 41
(2021), 2873-2890.

M. Waldschmidt. Recent advances in Diophantine approximation. Number Theory, Analysis and Geometry.
Ed. D. Goldfeld, J. Jorgenson, P. Jones, D. Ramakrishnan, K. A. Ribet and J. Tate. Springer, New York,
2012, pp. 659-704.

P. Walters. An Introduction to Ergodic Theory (Graduate Texts in Mathematics, 79). Springer, New York,
1982.

B.-W. Wang and J. Wu. On the maximal run-length function in continued fractions. Ann. Univ. Sci.
Budapest. Sect. Comput. 34 (2011), 247-268.

B.-W. Wang and J. Wu. Hausdorff dimension of certain sets arising in continued fraction expansions. Adv.
Math. 218 (2018), 1319-1339.

B.-W. Wang, J. Wu and J. Xu. A generalization of the Jarnik—Besicovitch theorem by continued fractions.
Ergod. Th. & Dynam. Sys. 36 (2016), 1278-1306.

L.-X. Zheng and M. Wu. Uniform recurrence properties for beta-transformation. Nonlinearity 33 (2020),
4590-4612.

https://doi.org/10.1017/etds.2024.71 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.71

	1 Introduction
	1.1 Uniform Diophantine approximation
	1.2 Run-length function

	2 Preliminaries
	2.1 Properties of continued fractions
	2.2 Hausdorff dimension
	2.3 Pressure function and pre-dimensional number

	3 Proof of Theorem 1.3: upper bound
	4 Proof of Theorem 1.3: lower bound
	4.1 Lower bound of dimHE(B)
	4.1.1 Supporting measure
	4.1.2 Hölder exponent of μ

	4.2 Lower bound of dimHE(, ν)

	5 Proofs of Theorems 1.1 and 1.2
	6 Proof of Theorem 1.5
	6.1 Upper bound of dimH (F(α)G(β))
	6.2 Covering of F(α)G(β)
	6.3 Lower bound of dimH (F(α)G(β))

	7 Proof of Theorem 1.6
	Acknowledgements
	References

