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Abstract. We prove that Mazur’s functional characterization for one-sided
estimates can be restricted to smaller classes of functionals in the case in which the
functions under consideration are continuous. We apply this result to stability problems
for dynamical systems in /°°, and in the Banach space of all selfadjoint operators on a
Hilbert space.

2000 Mathematics Subject Classification. 4TH06, 34G20.

1. Introduction. Let (£, || - ||), E # {0}, be a real Banach space, and let m, :
E x E — R denote the directional derivatives of the norm given by

hvl|l —
o 1A= Il

Ml y] = =0+ h

For a function f: D — E, D C E, and a function « :[0,0) - R, a(0) =0, we
consider one-sided estimates of the form

mily —x,f) —f] < ally —xI) (x,yeD),

whereat f is called dissipative if « = 0.

One-sided estimates are closely connected to a priori estimates, and to stability,
invariance and existence results for dynamical systems in Banach spaces; see for
example [1], [4], [7], [9], and in particular Martin’s monograph [2] and the references
given there.

Inspired by Redheffer’s and Volkmann’s results on the invariance of the Siegel disk
[4], and Uhl’s characterization of quasimonotone increasing functions [8] we will give
an equivalent characterization for one-sided estimates of continuous functions which
is easily applicable to a wide range of dynamical systems.

2. Pointwise dissipativity. Let uscall /' : D — FE dissipative at xy € D in case

mily — xo.f(y) —=f(x))] =0 (y € D).

Let (E*, || - ||) denote the topological dual of E, and let B* be the closed unit ball in E*.
According to Mazur’s results on sublinear functionals [3], (see also [2, p. 42]) the
following functional characterization of m is valid:

my[x, y] = max{p(y) : ¢ € 9B, ¢(x) = ||x]}. 2.D
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Thus, dissipativity of f : D — F at xy is equivalent to
yeD, 9 €dB*, ¢y —x0) = lly — xoll = o(f(») — f(x0)) = 0. 2.2)
Let S be a subset d B*. Let us say that S has property (D) if
M ={xeE:JpeSU(=S): ox)=Ix|}

is a dense subset of E.

For example, S has property (D) if S U (—S) is the set of all extremal points of B*:
Each x € E generates a weak*-continuous linear functional ®, on E*, which attains
its maximal value at an extremal point ¢ of B*. But then ||¢|| = 1 and

X[l = [1Px]l = P(9) = @(x),

so in this case we have M = E.
Furthermore, if conv(S U (—S)) = B*, an easy calculation shows M = E and

my[x, y]l = sup{p(y) : ¢ € SU(=S), o(x) = x|}

In particular dB* in (2.2) can be replaced by S U (—S) in this case. However, if M
is merely dense in E, then equivalence of (2.2) with dB* replaced by S U (—S) and
dissipativity of f at xo is no longer valid in general (see the example in section 5), but
is still valid for continuous functions.

THEOREM 1. Let D C E be open, let xy € D, let f : D — E be continuous, and let S
have property (D). Then, the following assertions are equivalent.

(D) yeD, g € SU(=S), oy —xo0) = Ily — xoll = o(f(y) — f(x0)) = 0.
(2) If v: [0, T1 — D with T > 0 is any differentiable function satisfying

m[v(1) — xo, /(1) — f(v(D) + f(x0)] < 0 (1 € [0, TY),

then ||v(1) — xoll < [[v(0) — xoll (z € [0, T]).
(3) f is dissipative at xy.

Proof. (1)= (2). Let v be asin (2), fixany r > |[v(0) — xo||, and set d(¢) = v(r) — xo.
Assume that ||d(?)|| < r (t € [0, T]) is not valid. Then there exists ¢y € (0, T] such that

ld@ll < r(t€[0, 1)), ldto)ll =r.
We have
m.[d(t0), d'(10) — f (v(10)) + f(x0)] < 0,
hence, in turn, there exist 2 > 0, #; € (0, ¢y), and & > 0 such that

ld(t0) + h(d'(to) — f(v(t0)) + f(xo)|l = lld(to)]| < O,

”d(lo) (TP ) +100) H ~ )] <0,
Hd(m) +z+h (d(“) ;(f(fj) 2 ) +2) +f(xO)> H
)+l <0 (e E: el <o) 23
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Since x € M implies Ax € M (A € R), and since the homotetic projection of {x € E :
x|l > r} onto {x € E : || x|| = r} is Lipschitz continuous, we find z € E such that

Izl <&, d(to)+ze M, and |d(1) +z|| =r.
Hence there exists ¢ € S U (—S) such that
p(d(to) + z) = |ld(to) + 2|l = 1.

Since #; < ty we have ||d(t))]| < r.
In the case where ¢(d(ty) + z) = ¢(v(ty) + z — x¢) = r, keeping in mind that ||¢|| =
1, inequality (2.3) leads to

(d(tl) — (d(1) + 2)
@

nh—1t

—f((t0) +2) + f(xo)> -0,

Therefore

0 (d(ll) — (d(10) + 2)
<@

Hn—rbt

> < o(f(v(to) + z) — f(x0)) <0,

a contradiction. Thus, ||d(?)|| < r (¢t € [0, T]), and r — ||v(0) — xo|| from the right
proves

lv(@) — xoll = Ilv(0) = xoll (7 € [0, TY).
(2)= (3). Let y € D, and without loss of generality let y # x¢. Fix ¢ > 0 and set
v() =y + 1(f(») — f(x0) — e(y — x0)).
First, restrict 7 to an interval [0, 7] such that v(¢) € D (¢ € [0, T]), and

) — F@@O) = ello(e) — xoll + tellf () — f(x0) — £(v — x0)]
< —gny —xoll (1 €0, T)),

which is possible since the left hand side in this inequality tends to —e|y — x| as
t — 0+.
Consider

m[v(t) — xo, V'(1) = f(v(®) + f(x0)] = mi[v(t) — xo, /() — f(v(1) — e(y — Xo)].
Fix t € [0, T, and let ¢ € E* be such that

el =1, @(v(1) = x0) = llv(®) — xoll.

Then
e(f(y) = f((@®) — e(y — x0)) = o(f () — f(v(1)) — ep(v(?) — x0) + tep(f (¥) — f(x0)
—&(y — xo))
< ) = f@)I —ellv@®) — xoll + tellf () — f(x0)
—e(y —xo)ll
<~y =l
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so by means of (2.1)
m.[v(1) — xo, V(1) — f(v(1)) + f(x0)] < —glly —Xoll <0 (z €0, T)).
Consequently,
lv(@) — xoll < Ilv(0) — xoll = lly — xoll (2 € [0, T]).

We obtain

b

o 0@ — Xoll — 1ly — Xoll <0
+

Ly = 0. /() = f(x) = (v = x0)] = lim t
and, since m is continuous in its second variable, ¢ — 0+ proves

my[y — xo, f(y) — f(x0)] < 0.

(3) = (1) follows immediately from (2.2). O

3. One-sided estimates. In the sequel let « : [0, 00) — R be continuous with
«a(0)=0.

THEOREM 2. Let D C E be open, xy € D, let f : D — E be continuous, and let S
have property (D). Then, the following assertions are equivalent:

(D) yeD, g e SU(=S), oy —x0) = lly — xoll = o(f(») — f(x0)) < a(lly — xoll);
(2) my[y — x0,f(») = f(x0)] < a(lly — xoll) (v € D).

As an immediate consequence of Theorem 2 we have a global version of this result.
Note that then S U (—S) can be replaced by S, since x and y can be interchanged.

THEOREM 3. Let D C E beopen, letf : D — E be continuous, and let S have property
(D). Then, the following assertions are equivalent:

(D x,yeD, pesS, oy —x) =y —xll = o(f(y) = f(x) < a(lly — x|);
Q) myly —x.f(y) —fOl <ally —xl) (x,y € D).

Proof of Theorem 2. (1)= (2). Let g : D — E be defined by

_a(lly = xol)

gy) = (y—x0) (v € D\ {x0}), g(x0)=0,
Iy — xoll

and note that g is continuous everywhere since «(0) = 0. Let

yeD, g e SU=S), oy —x0) =Ily—xoll.

Then

o(f () — g(y) — (f(x0) — g(x0))) = o(f () — f(x0)) — a([ly — xoll) < 0.

According to Theorem 1

myly — xo.f(y) — &) — (f(x0) — gxo)] =0 (v € D),
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and since m satisfies the triangle inequality in its second variable we have

mi[y —xo, () = f(x0)] = mi[y — x0, 8] = a(ly — xol) (v € D).
Finally, (2) = (1) follows from (2.1). O

4. Applications to differential equations in /. Let 4 be a nonempty set, and let
[*°(A) denote the Banach space of all bounded functions x : 4 — R endowed with the
supremum norm. Let

S = {py : @a(x) = x4, a € A}.
Here M is the set of all x € [°°(A) where {|x,| : a € A} has a maximum. Obviously S
has property (D).

Now, let D € [°°(A4) be open, let /' : D — [°°(A4) be continuous, and let xo € D with
f(x0) = 0. Assume that

m"r[y - xO?f()/) _f(xo)] = _L”y - X()” (y € D)7
for some L > 0 let g : D — [*°(A) be continuous and such that for some ¢ > 0
(g(x)a=c (xeD, ae A).

Within these settings we have the following result.

THEOREM 4. Let F : D — [°°(A) be defined by (F(x)), = (g2(x))s - (f(x)), (a € A).
Then

my[y — xo, F(»)] < —cLlly — xoll (v € D).

Proof. Fixa € A and let y € D. Theorem 2 applies since ¢,(y — Xo) = y4 — (X0)a =
lly — xoll implies

Pa(f(y) = f(x0)) = (F()a = —LIly — xoll
= @a(F(y) = F(x0)) = (€0))a - (f (e = —cLlly — xoll,

and —@,(y — x0) = —(Va — (x0)a) = Ily — Xo|l implies

—@a(f(y) = f(x0)) = =(f(M)a = =Ly — X0l
= —¢u(F(y) — F(x0)) = =€) - (f(M)a = —cLlly — xoll.

For example, let f : [*°(4) — [*°(A) be continuous, and let

mily —x, f() = f()] = =Llly — x| (x,y € I*(4)),

with L > 0. According to Martin’s fixed point Theorem [2, p. 257], f(x) =0 has a
unique solution xy € [*°(A4). Let g : [°°(A4) — [°°(A) be continuous, and such that to
each bounded set B C [*°(A4) there is a constant yg > 0 with

(gx)a>yp (x€B, ac A).
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By means of Theorem 4, for each r > 0 there is some constant ¢, > 0 such that
mi[y — xo, FO) < —¢,Llly — xoll - (ly — xoll < 7).

In addition, let f, g be Lipschitz continuous on bounded subsets of /°°(A4). Then the
initial value problem

V() = F(v(), v(0) = 4.1

is uniquely locally solvable. Let v : [0, w,) — [°°(A4) be the nonextendable solution to
the right, let r = ||vg — xo|| and p(¢) = ||v(¢) — xo||. According to [2, p. 228],

v = xoll’(2) = my[v(t) — x0, V()] (7 € [0, ),
and thus
v = xoll’(1) = mi[v(t) — xo, F(v(1)] < —cpLllv(@) — xoll (¢ € [0, w)).
Hence p(f) < r (1 € [0, »)) and therefore
lv(@) — xoll < exp(—c-L)llvo — xoll (7 € [0, w4)).

In particular, w, = oo and the stationary solution Xy is globally asymptotically stable.
For example, let 4 = Z, and consider f, g : [*°(Z) — [*°(Z) defined by

f(X) = (-xl1+1 —3x, + xn—l)nel»

_ 1+ (xn)2
8 = (1 + (X1 — xn)z)nez '

It is easy to check that m [y — x, f(y) — f(x)] < —|ly — x|| on [°°(Z). Therefore xy = 0
is a globally asymptotically stable solution of the differential equation in (4.1) which
reads

1+ (un(1))
1+ (un+l(t) - un(t))z

Note that this equation can be considered as a semidiscretization of the quasilinear
parabolic equation

(1) = (U1 (1) = 3un(t) + tp1 (1), neZ.

142

= 1+—uz(uxx —u).

2%

5. A counterexample for discontinuous functions. The following example shows
that the equivalence in Theorem 1 is no longer valid for discontinuous functions. Let
£ I°°(N) — [°°(N) be defined as

F(x) = (sin(@(Ix] — x5,

and let S be as in section 4 for A = N. Then |¢,(y)| = |y.| = |ly| implies ¢,(f(y)) = 0.
On the other hand consider
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Then ||z|| = 8and n?(||z|| — z,) = 7/2 4 2n7 (n € N). Therefore f(z) = (1,1, 1, ...)and
[z./(2)] =1

6. Applications to Operator differential equations. Let H # {0} be a complex
Hilbert space with inner product (-, -), and let £; denote the real Banach space of all
continuous linear selfadjoint operators on H, endowed with the operator norm || - ||.

For each & € 'H let ¢: € L be the functional

ps(X) = (X§.8) (X €Ly).

We have [[¢¢|| = (§, §).
A classical result on selfadjoint operators reads

sup gz (X)| = [ X]| (X € Ly), (.1
€.6)=1

see for example [6, 12.25]. Moreover, each point at which this supremum is attained is
an eigenvector of X: If (17, n) = 1 and ¢,(X) = £|| X||, then Xn = %[/ X ||n, respectively.

In general the supremum in (5.1) is not a maximum, the typical examples are
multiplication operators in L? which may have no eigenvalues, but we have the following
result.

THEOREM 5. The set

={p:: §€H, (§,8)=1}
has property (D).
Proof. Fix X € L, and let ¢ > 0. As a consequence of the spectral theorem for
selfadjoint operators there exists a finite number of pairwise orthogonal nonzero

selfadjoint projections Py,...,P,: H — H with P +---+ P, = idy, and real
numbers «q, ..., «, such that

IX=Qll<e. Q=) aPi.

(See for example [5, p. 258], or [6, 12.24].)
Let |o,,| = max;— 1o Q] For (§,&) =

loe(Q) = ’ ( D ouPiEy Pk-’?)
k=1 k=1

Moreover, for n € P, (H), (n,n) =1,

< D lakl(Pi&, Pi&) < loml ) (PiE, Pi&) = |t
k=1 k=1

|(pn(Q)| = (et P, Pmun)| = |otml.

Hence, according to (5.1),

0, (O)| = lan| = [fmax lp:(O) = 110l O
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Now let A4y,..., A, :H — H be continuous linear operators such that B :=
et (Ax + Af) < —cidy, that is (B, &) < —c(§,§) (6§ € H) for some ¢ > 0. We
consider the mapping f : £, — L, defined by

f(X) = zn:(X/kAkX’k + X A7 X
k=1
where ji, ..., Ju, I1, ..., [, € Ny are such that
Jk+ k=N (k=1,....n)
with N € N odd. Under these assumptions we have the following result.
THEOREM 6. The function f satisfies
my[X, f(X)] < |l XV (X € L),

Proof. According to Theorem 5 we may apply Theorem 2 (with X; = 0). Fix
X e L.
If ¢, € S and ¢,(X) = || X| then Xn = || X|n, and so

e (F(X)) = IX11Y(Bn, n) < —cl| XII".

Analogously, if —¢, € § and —¢,(X) = || .X|| then Xn = —||X||», and since N is odd
we obtain

—@(f(X)) = I XI1¥(Bn, ) < —clI X", O

The function f above is Lipschitz continuous on bounded subsets of L, hence the
initial value problem

U'(n =f(U@)., U©0) = U (6.1)

is uniquely locally solvable. Let U : [0, w;) — L, be the nonextendable solution to the
right. Again by [2, p. 228], and by means of Theorem 6

1UN (1) = my[U@), f(U@)] < —c| UMDY (1 €0, 04)).

Thus, for N =1,
NU@I < exp(—=c)||Uoll (2 € [0, wy)),
and, for N > 3,
_ 1/(N=1)
| Uo ||V
U < t €0, .
WO = (e (e l0.0,)

In particular w; = oo, and the differential equation in (6.1) has X, = 0 as a globally
asymptotically stable solution.
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