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Abstract What proportion of integers n < N may be expressed as z2 + dy? for some d < A, with z,y
integers? Writing A = (log N)!°822aVIoglog N for some o € (—00,00), we show that the answer is ®(a) +
o(1), where ® is the Gaussian distribution function ®(«a) = \/% I e /24y

A consequence of this is a phase transition: Almost none of the integers n < N can be represented
by x2 4+ dy? with d < (log N)°82=¢ but almost all of them can be represented by z2 + dy? with d <
(lOg N)10g2+€.
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1. Introduction

In this paper, we are interested in how many integers < IV are covered by the values taken
by the quadratic forms 2 +dy?, d < A. Our main result is the following, which gives a
fairly complete answer to this question.

Theorem 1.1 (Main theorem). Let N be large and write, for some real number c,

A = (log N)lee2gaVioglog N,
Then
#{n < N:n=2%+dy* for some 1 <d< A} = (®(a)+o0(1))N,
. . . . . . _‘/1;2
where @ is the Gaussian distribution function ®(a) = \/%ffooe 12dz.

The problem of covering integers by this family of binary quadratic forms seems
to have been first considered in the work of Hanson and Vaughan [12]. Using the
circle method, they established that almost all integers n < N may be covered with
A =1log N(loglog N)3*¢ for any ¢ > 0 and that a positive proportion of the integers below
N may be covered using A = log Nloglog N. Diao [7] found a much shorter proof of the
latter result, and in his argument d could be restricted to prime values so that a smaller
set of forms is used.

Landau established that the number of integers below N that are sums of two squares
is ~ BN/(log N)'/? for a positive constant B. This was extended by Bernays to show that
for any fixed primitive positive definite binary quadratic form f, the number of integers
below N that are represented by f is ~ By N(log N)~'/2, for a positive constant By (which
in fact depends only on the discriminant of f). More recently, Blomer [1, 2] and Blomer
and Granville [3] consider in detail the number of integers up to N that are represented by
f uniformly in the form f (thus allowing the discriminant to grow with N). These results,
taken with the union bound, suggest that if A is smaller than (log N)'/2~¢, then almost
all n < N cannot be covered by the forms z? + dy? with d < A. However, as Theorem 1.1
reveals, the true threshold for A is neither (log N)'/2 nor log N but instead (log V)82,

We shall in fact prove a more precise version of Theorem 1.1, counting the number of
integers below N with & prime factors that may be represented as x2 + dy? with d < A.
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Throughout, let 2(n) denote the number of prime factors of n counted with multiplicity,
and define

ANk) = {n<N: Q(n) = k}.

Recall that most integers below N have about loglog N prime factors, a result first
established by Hardy and Ramanujan. The well-known work of Erdés and Kac established
that Q(n) has a normal distribution with mean ~ loglog N and variance ~ loglog N, while
Selberg’s work [16] gave still more precise results establishing an asymptotic formula for
A(N,k) uniformly in a wide range of k. To reduce the visual complexity of expressions
involving double logs later on, it is convenient to set (throughout the paper)

ko :=loglog N.

The following simplified version of Selberg’s result is an immediate consequence of [17,
Theorem I1.6.5].

Lemma 1.2. Let N be large. Uniformly for integers k in the range |k — ko| < %ko, we
have

|A(N’k)|:b]gvzvlﬁ(l+o<l+zo_m)>'

For a given k in a suitable interval around loglog N, we shall show (the ‘upper bound’,
Theorem 1.3 below) that almost none of the integers in A(N, k) are represented by 22+ dy?
with d < A if A is a bit smaller than 2¥. This changes when A becomes a bit larger than
2% when almost all the integers in A(N,k) may be so represented. This is the ‘lower
bound’, Theorem 1.4 below. From these results, Theorem 1.1 will follow swiftly.

We turn now to the precise statements.

Theorem 1.3 (Upper bound). Let N be large, and let k be an integer in the range
Ik — ko| < k23 (1.1)

Suppose A < 28 /k*. The number of integers n € A(N,k) that may be written as x2 + dy?
with 1 <d < A is < N/kq.

An application of Stirling’s formula (see (2.3) below) shows that for & in the range (1.1)

_ 2 1
X/Q%Oexp((k%’z“ )<1+O(k:0_ /5)).

Thus, Theorem 1.3 is really of interest only when |k — ko| < (kologko)'/2. This range still
includes most typical integers below N, and Theorem 1.3 may be used to establish the
upper bound for the integers below N of the form x2 + dy? with d < A that is implicit in
Theorem 1.1. The corresponding lower bound in Theorem 1.1 is implied by the following
result.

|A(NE)| =

Theorem 1.4 (Lower bound). Let N be large, and let k be an integer in the range given
in (1.1). Suppose A > k32%. Let E(N,k) denote the set of integers in A(N,k) that cannot
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be represented as x2 + dy? with d < A. Then

|'A(l“7k)| —-3/4
N —+N .
|€( ,k)| < Tog ko + ko

Similarly to Theorem 1.3, Theorem 1.4 is really of interest only in the range
|k — kol < (3kologko)'/?,

but this range includes most typical integers below N. In Section 2, we shall deduce our
main result Theorem 1.1 from Theorems 1.3 and 1.4.

Since our main interest is in establishing Theorem 1.1, we have made no effort to
optimize the error terms and ranges for & in Theorems 1.3 and 1.4. It would be of interest
to establish analogues of these results uniformly in a wide range of &k (although when
k is large it may be better to work with w(n) =k, where w(n) counts the number of
distinct prime factors of n). One case of particular interest may be k = 1: representing
primes up to N using the quadratic forms 22 4 dy? with d < A. Here, it would be possible
to establish that a proportion p(A) of the primes up to N may be so represented with
p(1) =1/2 (by Fermat’s result on representing primes of the form 1 (mod 4) as a sum of
two squares), p(A) <1 for all A, and p(A) — 1 as A — co. Determining p(A) precisely,
or understanding its precise asymptotic behavior as A gets large, seems like a challenging
and delicate problem.

Let us indicate very briefly the ideas behind Theorems 1.3 and 1.4; here and in the rest
of the introduction, we shall be a little informal and also assume that the reader is familiar
with the classical theory of binary quadratic forms (which will be recalled in Section 3).
Recall that a square-free integer n may be represented by some binary quadratic form
of negative discriminant D if and only if xp(p) =1 for all primes p dividing n (assume
that n is coprime to D). If n has k prime factors, then each condition xp(p) =1 has a
50% chance of occurring so that n may be represented by some binary quadratic form
of discriminant D with probability 27%. This suggests that A must be about size 2* in
order to have a chance of representing many integers with & prime factors. This is the
idea behind Theorem 1.3, and it can be made precise without too much difficulty (see
Section 4).

The more difficult part of our argument is Theorem 1.4, which constitutes the bulk of the
paper. If A is substantially larger than 2, then the heuristic that we just mentioned would
suggest that for most integers n < N with & prime factors there would be some negative
discriminant D with |D| < A such that n is representable by some binary quadratic form
of discriminant D, and indeed, there would be a total of about 2 such representations
of n. The number of inequivalent classes of binary quadratic forms of discriminant D is
the class number, which is of size |D|'/2+°(1), Tt is therefore likely that some of the 2¥
(which is about A) representations of n would come from the principal form x? + dy?
(corresponding to the discriminant D = —4d) and indeed that there should be about
2F /| D|*/2+°(1) representations of n by x2 4 dy?. We make this heuristic precise by using
class group characters and their associated L-functions, together with a second moment
method. It would be relatively straightforward to obtain a version of Theorem 1.4 where
a positive proportion of the elements in A(N,k) are represented by the forms z2 + dy?
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with d < A. However, it is more delicate to obtain almost all integers in A(N,k), and
to achieve this we impose congruence conditions on d for all primes p below a slowly
growing parameter W. A key fact is that when discriminants d are restricted to such
progressions, the value of L(1,x4) remains more or less constant. To simplify genus theory
considerations, we further restrict attention to prime values of d, but this is merely a
matter of convenience.

For £ sufficiently close to kg, Theorems 1.3 and 1.4 show that the number of represented
elements in A(N, k) undergoes a rapid phase transition as one goes from A =2 /k* (when
0% of A(N,k) is covered) to A = 2¥k? (when 100% of A(N,k) is covered). While there is
some scope to narrow the gap between 2% /k* and 2¥k3, the restriction to prime values of
d in our proof of Theorem 1.4 would prevent us from fully closing this gap. It seems likely
that a more precise cutoff phenomenon occurs: When A = $v/k2¥, there is a proportion
p(p) of integers in A(N,k) that are represented, with 0 < p(f) < 1 for all 0 < 8 < oo, and
with p(8) = 0 as 8 — 0 and p(8) — 1 as 8 — oo. Possibly our arguments, together with
additional ideas taking into account genus theory, could be used to establish part of this
cutoff phenomenon, and we hope that an interested reader will take up the challenge.

Our discussion so far has been confined to representing almost all integers below N using
the forms 22 +dy? with d < A. It is natural to ask what happens if all integers below N are
to be represented. Taking = = |/n| and y = 1, we see that A = 2v/N suffices, and going
beyond this trivial bound already seems an interesting problem. Since integers below N
have < log N/loglog N distinct prime factors, extrapolating Theorem 1.4 we may expect
that A =exp(C'log N/loglog N) is sufficient for some constant C' > 0. As evidence towards
this conjecture, we note that progress can be made in two weaker versions.

By a simple application of the pigeonhole principle, one can show that every positive
integer below N may be represented by some nondegenerate binary quadratic form f
with |disc(f)| < exp(C'log N/loglog N) with C being any constant larger than log4.
Here, nondegenerate means that the quadratic form does not factor into linear forms
or, equivalently, that the discriminant is not a square. In fact, all elements of A(N, k) can
be represented by some nondegenerate binary quadratic form with absolute discriminant
< 4% (for instance, all primes are of the form 22 +y?2, 2242y or 22 —2y?). The pigeonhole
argument does not allow us to restrict attention to positive definite forms (although one
can restrict attention to indefinite forms), let alone the smaller family of principal positive
definite forms. Assuming GRH for quadratic Dirichlet L-functions it can be shown that
all integers below N may be represented by some positive definite binary quadratic form
with absolute discriminant below exp(Clog N/loglog N) for any C > log4 and indeed
that all elements in A(N,k) can be represented by such forms with absolute discriminant
< 4*(log N)*.

In the other direction, we may ask how large must A necessarily be if all integers
n < N are represented as x4+ dy? with d < A. Complementing our discussion above,
we can establish here that A must be at least Ay = exp(clog N/loglog N) for a positive
constant c¢. In fact, we can establish the stronger result that there exists a square-free
integer n < N such that for any fundamental discriminant d with 1 < |d| < Ay there
exists a prime factor p of n with x4(p) = —1. Such an integer n cannot be represented by
any primitive nondegenerate binary quadratic form with absolute discriminant below Ag.
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This result, which may be viewed as a variant of the least quadratic nonresidue problem,
follows from an application of log-free zero density estimates; details will be supplied
elsewhere.

Lastly, we draw attention to three papers from the literature where related problems
concerning the integers represented by a family of binary quadratic forms are considered:
Blomer’s work on sums of two squareful numbers [1], the work of Bourgain and Fuchs [4]
on Apollonian circle packings and the work of Ghosh and Sarnak [10] on Markoff-type
cubic surfaces.

Notation. For the most part notation will be introduced when it is needed. However,
we remind the reader that kg will always denote loglog N. From Section 5 onwards, W
will denote a quantity which tends to infinity with N sufficiently slowly; we will take
W :=logloglog N for definiteness.

Plan of the paper. Section 2 is devoted to the proof that the upper and lower bounds
(Theorems 1.3 and 1.4, respectively) imply the main theorem, Theorem 1.1. Section 3
gives some standard background on binary quadratic forms which will be used throughout
the rest of the paper. In Section 4, we prove the relatively straightforward upper bound,
Theorem 1.3.

The remainder of the paper is devoted to the much more involved proof of the
lower bound, Theorem 1.4. First, we formulate a more technical variant of this result,
Theorem 5.1. This result allows us to restrict attention to representing integers not
divisible by 4, using only quadratic forms %2 + dy? with d ranging over primes in certain
congruence classes. The deduction of Theorem 1.4 from Theorem 5.1 is short and is given
immediately after the statement of the latter.

The proof of Theorem 5.1 is via the second moment method. We divide the
computations that arise into four separate technical propositions, Propositions 5.2, 5.3, 5.4
and 5.5. The synthesis of these propositions to give a proof of Theorem 5.1 is accomplished
in Section 6.

The final sections of the main part of the paper are devoted to the proofs of these
four technical propositions. Proposition 5.5 is a statement about averages of certain
L(1,x), and we handle it first, in Section 7. The remaining three results all require some
background on class group L-functions, and Section 8 provides an overview and references
for the necessary material. Finally, the proofs of Propositions 5.2, 5.3 and 5.4 are given
in Sections 9, 10 and 11, respectively.

Sections 8, 9 and 10 use Selberg’s techniques [16]. There is no particularly convenient
reference for what we require, so we provide full details. The more standard parts of this
may be found in Appendix A.

2. The upper and lower bounds imply the main theorem

In this section, we show how Theorem 1.1 follows from Theorems 1.3 and 1.4.
Suppose, as in the statement of Theorem 1.1, that A = (log N)°&22aVvicsloeN 1t g
enough to prove the result for

laf < (loglog N)*/*; (2.1)

https://doi.org/10.1017/51474748024000513 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000513

Covering integers by x2 4 dy? 7
the result for all « follows from this case and the fact that
®(—(loglog N)Y/10%) = 0(1), ®((loglog N)*/*%) =1—0(1).

Suppose henceforth that (2.1) holds.
Let k~ be defined as the solution to A = k32 and k% as the solution to A = 2% /k4.
Then, one may check that

log A
etk = E)ggg +0(loglog A) = ko + ay/ko + O(log ko).

In particular, by the assumption (2.1), we see that |k — ko| < 214:3/5.

For k in the range ko — 2kg/5 < k< k™, Theorem 1.4 shows that the number of integers

in A(N,k) that may be represented as 2%+ dy? with d < A is

AN, )| (1+0( )) +O(NK; ). (2.2)

log kg

Stirling’s formula and the approximation 1—z = exp(—xz — 2z 4 O(2%)) with z =1— %

2
(= O(ko_2/5)) show in this range of k that

kG 1 (ko —k)? ~1/5
fo _ ko — OB L Ok 2,
K 2o eXp( 0o, TO )) (2:3)

so that using Lemma 1.2, we may see that the quantity in (2.2) is

%exp(—(k;;ffy) (1+O(log1k0)) +O(Nky*"Y).

Summing over all k£ in this range, we conclude that the number of integers n < N that
may be written as x2 +dy? with d < A is at least

\/2]::70 Z exp(—W)—i—O(logko) = (®(a)+o(1))N,

ko—2k/ ® <k<k—
upon approximating the sum by the corresponding integral. This shows the lower bound
implicit in Theorem 1.1.

To obtain the corresponding upper bound, note that for & in the range k+ < k <
ko —|—2k;8/5, Theorem 1.3 shows that the number of integers in A(N,k) that cannot be
represented as 22 +dy? with d < A is |A(N,k)|+O(N/kp). Using Lemma 1.2 and Stirling’s
formula as above, this is

N_. (7(7?—7@0)2
\/27’(/{70 P 2]60

)(1+0(k %)) + O(NE ).
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Summing over all k£ in this range, we conclude the number of integers up to N that cannot
be represented as 2%+ dy? with d < A is at least

N k—ky)? _
o > exp(f %) +O(Nky /%) = (1= () + o(1))N.
bt <k<ko+2ks/®

This implies the upper bound implicit in Theorem 1.1 and completes the proof.

3. Background on quadratic forms

For the theory in the rest of this section, good resources are [5], [6], [13, Chapter 22]
r [19].

3.1. Fundamental discriminants and characters

A fundamental discriminant is an integer D of the following type: either (i) D =1 (mod 4)
and square-free or (ii) D = 4m with m = 2,3 (mod 4) and m square-free. Apart from
D =1, these are precisely the discriminants of quadratic fields over Q, and indeed the
discriminant of Q(v/D) is D. Equivalently, if m is square-free, the quadratic field Q(y/m)
has discriminant 4m if m = 2,3 (mod 4) and m if m =1 (mod 4).

Associated to the fundamental discriminant D is the primitive quadratic Dirichlet
character xp(n) = (£), where the symbol here is the Kronecker symbol. This is defined
to be completely multiplicative and specified on the primes by the following:

e If p is an odd prime, xp(p) = (%) is the Legendre symbol;
e xp(2)=0if D=0 (mod4),1if D=1 (mod 8) and —1 if D =5 (mod 8);
e \o(-1)=sgn(D).

The Kronecker symbol xp is a primitive character of modulus |D|. It describes the
splitting type of a prime p in the quadratic field K = Q(v/D): A prime p splits in Q(v/D)
if (%) =1, remains inert if (%) = —1 and ramifies when (%) = 0. Thus, the Dedekind
zeta-function of the field K is given by

Ck(s) = _(Na)™* =((s)L(s,xp),
a#0
and the number of ideals in O of norm n is

(I*xp)( ZXD

Ln

3.2. Positive definite forms and imaginary quadratic fields
Let D < 0 be a negative fundamental discriminant, and let K = Q(v/D) denote the
corresponding imaginary quadratic field.

There is a well-known correspondence (going back to Gauss) between ideal classes in K
and equivalence classes of positive definite binary quadratic forms of discriminant D. In
particular, principal ideals in K are in correspondence with the principal binary quadratic
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HlDl y? (in the case

form given by z2 + ‘D‘ y? (in the case D =0 (mod 4)) and z2 + xy +
D=1 (mod4) so that |D| —D =3 (mod 4)).
A key object of interest for us is

Rp(n) = #{a: N(a) =n, a principal}

which counts the number of principal ideals in Ok of norm n. If D =0 (mod 4), then
a principal ideal a of norm n may be written as (a+by/D/4) and corresponds to two
representations of n by the principal form x2 + %yz, namely n = (+a)? + I%'(:I:b)2 (with
the exception of D = —4, where it corresponds to 4 representations by the principal form
2?2 +y?). Similarly, if D =1 (mod 4), a principal ideal a of norm n may be written as
(a+b%) and corresponds to two representations of n by the principal form 22+ zy +
H'T‘D‘yQ (with the exception of D = —3, where it corresponds to 6 representations by the
principal form z2 +zy +y?).
We remark that

Rp(n) < (Lxxp)(n), (3.1)
since (1% xp)(n) counts all ideals with norm n, and that each ideal of norm n corresponds
to two (or 4 when D = —4, or 6 when D = —3) representations of n by some equivalence

class of binary quadratic forms of discriminant D.

To isolate the principal ideals of norm n, we shall use class group characters. Let Cx
denote the ideal class group of K, and denote by hg its size which is the class number
of K. A class group character is a homomorphism v : Cx — C*. We may think of such
class group characters as maps

1 : { nonzero ideals in Ok} — C*,

satisfying ¢ (ab) = (a)i(b) and ¢((A)) =1 for every nonzero principal ideal (). We
denote the dual group of class group characters by Ck.
If v € Ck is a class group character, then we define

r(ng) =r(n,g;D) = > 1(a (3.2)

N(a)=n

Notice that Cx always includes the principal character ¢ given by 1 (a) =1 for all ideals
a. In this case,

r(ngo)= Y 1=(lxxp)(n). (3:3)
N(a)=n

The orthogonality relations for characters now allow us to express Rp(n) in terms of
r(n,¥): namely,

Rp(n) = e Z r(n,). (3.4)
ypelx

With these preliminaries in place, we postpone a more detailed discussion of class group
characters to Section 8.
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3.3. Representation by 22+ dy?

We now relate the concepts of the previous section to our specific problem of representing
integers by the quadratic forms 22 +dy?. We will restrict attention to square-free integers
d, which is sufficient for our purposes. The problem of representing integers by x? + dy?
is naturally related to arithmetic in the field K = Q(v/—d) = Q(v/D), where D denotes
the fundamental discriminant

b {—4d if d=1,2 (mod 4),

—d  ifd=3 (mod4). (3:5)

Henceforth in the paper, we will adopt the following notational conventions. Unless
explicitly stated otherwise, whenever we write d we have in mind a square-free integer,
and corresponding to such d will be the fundamental discriminant D given in (3.5), and
the imaginary quadratic field K = Q(v/—d) = Q(v/D). Of course, K and D depend on
d, but we will not indicate this explicitly. Sometimes, we will additionally have a second
positive square-free number d’, and K’,D’ will be associated to it in the same way.

Lemma 3.1. Let d > 1 be square-free, and let D,K be associated to d as above.

1. If d=1 or 2 (mod 4), then the number of representations of n by the quadratic form
22 +dy? equals 2Rp(n), with the exception of the special case d =1 where it equals
4R,4(n).

2. If d=3 (mod4), then the number of representations of n by the quadratic form
22 +dy? is at most 2Rp(n), with the exception of the special case d = 3 where it is
at most 6R_3(n).

3. Ifd=7 (mod 8) and n is odd, then the number of representations of n by the quadratic
form 2% +dy?* equals 2Rp(n).

Proof. If d =1,2 (mod 4), we have D = —4d, and the quadratic form 2+ dy? is the
principal form of discriminant D. The result (1) now follows from our discussion in
Section 3.2.

If d=3 (mod 4), then D = —d, and the principal form of discriminant D is 22 + 2y +
14442 The identity

P dy? = (2 )+ (- y)(2) + - (2)?

shows that the representations of n as x?+ dy? are in bijective correspondence with
the representations of n as X2+ XY + %dYQ with Y even. Since the total number of
representations of n as X2+ XY + %YQ (ignoring whether Y is even or odd) equals
2Rp(n) (or 6R_3(n) in the exceptional case d = —3), the upper bound stated in (2)
follows.

Finally, if d =7 (mod 8) and n is odd, then %d is even, and so any representation
of nas X2+ XY + LZ—dYZ must necessarily have Y being even. Thus, in this case the
representations of n by X2+ XY + %YQ equal the representations of n by 2+ dy?, and

assertion (3) follows. O
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4. Proof of the upper bound

In this section, we prove Theorem 1.3. It will follow from the following proposition.

Proposition 4.1. Let N be large and k an integer in the range (1.1). Let d be a square-
free integer with d <log N. Then the number of integers n € A(N,k) that are represented
by z +dy? is < 2% (loglog N)?.

Before proving the proposition, let us deduce Theorem 1.3. Note that if d = d;d3 with
d; square-free, then an integer represented by 2 + dy? is automatically represented by

2 2

Using Proposition 4.1, it follows that the number of integers in A(N,k) that are
represented by 2 +dy? for some d, 1 <d < A is

< A (loglogN) < N(loglog N)™*

since A < 2k / k*. This establishes Theorem 1.3.
To prove Proposition 4.1, we require the following simple lemma.

Lemma 4.2. Let D be any fundamental discriminant apart from D =1. For all x > 1,
we have Y-, . (1*xp)(n) < zlog|D.

Proof. Suppose first that = < |D|?. Since (1*xp)(n) < 7(n) (the number of divisors of
n), the sum in question is < -, ., 7(n) < zlog(z+1) < xlog|D|.
Now, suppose that = > |D|?, and note that

(Lxxp)(m)= > xp®)= > xp®)+ Y_ xp(b)

ab=n ab=n ab=n
b<|D| b>|D|

Therefore,

Z(l*XD Z xp(b) Z 1+ Z Z xp(b). (4.1)

n<w b<|D| a<z/b a<z/|D||D|<b<z/a

The first term on the right side of (4.1) contributes

> XD(b)(%“FO(l)) <Y (%4—1) < zlog|D.
b<|D|

<ID|

Since xp is a nonprincipal character to the modulus | D|, it sums to zero over any interval
of length D, and therefore | b <,/ X0 (0)| < |D]. It follows that the second term on
the right side of (4.1) contributes < [D|3_, <,/ pj1 < =, and the lemma follows. O

Proof of Proposition 4.1. Let d be square-free with d < logN, and let D be the
fundamental discriminant associated to it (as given in (3.5)). Write R = R(d) for the
set of all r such that the primes dividing r either divide |D| or appear to exponent
at least 2 in the prime factorization of r. Suppose n € A(N,k) is an integer that can
be expressed as %+ dy?. Write n uniquely as rs, where (r,s) =1, s is square-free and
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composed of primes not dividing |D| and r € R. We have that Q(r) < k and note that
Q(s) =k—Q(r).

By Lemma 3.1 and (3.1), we know that if n is representable by 22+ dy?, then (1
xp)(n) =2 Rp(n) > 0. Since (1% xp) is a nonnegative multiplicative function, it follows
that (1xxp)(s) > 0 or, equivalently, that every prime p|s satisfies xp(p) =1 and therefore
(1% xp)(s) =2%), Thus,

o< Y ) =2" Y 2 (xn)(s)

ne€A(N,k) rs€A(N,k) rs€ A(N,k)
n:a:2+dy2
<27k Z 25U Z (1xxp)(s),
rER s<N/r
Q(r)<k
r<N

where in the last step we used the nonnegativity of 1% xp to take the sum over all s < N/r.
Applying Lemma 4.2 to the sum over s, we obtain

N 29(r)
Z 1<<2—klog|D| Z .
neA(N,k) reR
n=z?+dy? Q(r)<k
Now,
20(r) Y Y 2
S < II(1+X5) I (14X 5) <k IT (1+2) < k(oglog| DI
Qn <k pipl =P i =P s> P

where the factor k above arises from the prime p = 2. Since k < loglog N and |D| < log N,
the proposition follows. O

5. Plan of the proof of the lower bound

We now turn to the proof of Theorem 1.4, which constitutes the bulk of the paper. Let
N be large, recall that k is an integer in the range (1.1), and suppose in all that follows
that

E32F < A K log N.

We wish to bound the exceptional integers n € A(N,k) that cannot be represented as
22 +dy? with d below A. In fact, we shall consider only representations by such quadratic
forms when d is a prime lying in a suitable residue class and show that most integers can
be represented even with this further constraint.

To state our results more precisely, we distinguish two cases according to whether the 2-
adic valuation v (n) is 0 or 1 (or in other words whether n =1 (mod 2) or n =2 (mod 4)).
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Results for integers n that are multiples of 4 will be deduced easily from these cases.
Thus, we define, for all j =0, 1,

Aj(k) ={va(n) =4, Qn)=k},
A;(N,k)={n<N, neA;(k)}.

Observe that
| Ao(N, k)| = [A(N, k)| — [A(N/2,k—1)],
and
AL (V)] = Ao (N2, = 1)] = JACN/2,k = 1)] — [A(N/4,k — 2)].

Thus, from Lemma 1.2 we may deduce that for k satisfying |k — ko| < %ko we have

Aj(N,k):w'110‘;VN]§(1+0(W)). (5.1)

Here, we recall that ko denotes loglog N.

To each case j = 0,1 we associate a set D; of primes. Below, we let W denote a parameter
tending to infinity slowly with N; for definiteness, we set W = logloglog N. With this
choice of W, define

Dy = {d € [ A} prime, d=7 (mod38), xp(p)=1forp< W}, (5.2)

A
log A’

D), = {d S {ﬁ,A} prime, d=1 (mod4), xp(p)=1 for odd p < W} (5.3)
Here, as usual, D denotes the fundamental discriminant associated to d as given in (3.5).
Thus, D = —d for d € Dy and since D =1 (mod 8), we have xp(2) =1 automatically. If
d is in Dy, then D = —4d, and here xp(2) = 0. The primes in Dy lie in Hsgpgwpz;l
reduced residue classes (mod 8] [3, <y p), while those in Dy lie in [[3 < % reduced
residue classes (mod 4H3gpgw p). Since W is suitably small, a simple application of the
prime number theorem in arithmetic progressions gives

1 A 1 A

Dol = (1+0(1)) |D1| = (1+0(1))

In particular, since W = logloglog N, and since
log A > k= (1+0(1))loglog N,
we have the crude bounds
Do), |D1] > A(log A)~1FoM), (5.4)

We are now ready to state our result on representing integers in A;(N,k) using the
binary quadratic forms 22+ dy? with d € D;. From this result, we shall swiftly deduce
Theorem 1.4.
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Theorem 5.1. Suppose that N is large, k is an integer in the range
|k — kol < 2k3%, (5.5)

where ko :=loglog N, and that k2% < A <logN. For j = 0,1, let £;(N,k) denote the
exceptional set of integers in A;(N,k) that cannot be expressed as x>+ dy?® for some
d € Dj. Then we have

|A(N,E)|

Nks_S/G.
logk;o + 0

|gj (Nak)| <
Deducing Theorem 1.4 from Theorem 5.1. Extracting the largest power of 4, we
see that every n € A(N,k) may be written uniquely as n = 4™r, where r is either in
Ao(N/4™ k —2m) or in Ay (N/4™ k —2m). Further, if r can be represented as x? + dy?
with d < A, then plainly so can n =4™r. Thus,

ENB) <D (I€(N/A™ k= 2m)| +|E1(N/4™ | — 2m)] ).
m2>=0
First, let us dispense with the terms m > logky. Bounding [Ey(N/4™.k — 2m)| +
|E1(N/4™ k — 2m)| trivially by N/4™, we see that these terms contribute <
> m>loghy V/4™ < N/ko, which is better than we need.

For the terms with m < logky, we wish to use Theorem 5.1 to bound the quantity
|E;(N/4™ k —2m)]| (for j =0,1). We must check that the required conditions there hold.
The condition on A is automatic: Since A is assumed to be > k32F it is clearly also
> (k—2m)32%=2™_ The main condition to check is the analogue of (5.5) which here reads
|(k —2m) —loglog(N/4™)| < 2(loglog(N/4™))?/3. To verify this, note that for m < logko,
one has loglog(N/4™) = ko + O(1), and so the left side above is < |ko —k|+2m+O(1) <
k:2/3 +2log ko + O(1) since k is in the range (1.1). Thus, we may apply Theorem 5.1, and
conclude that

|A(N/4™ k —2m)]| Nks 5/6

N/4A™ k-2 N/4A™ k-2 c ! —
0N/ e 2m)| -+ (N4 = 2m)| e RS
Now, applying Lemma 1.2 we obtain
N (loglog(IN/4m))k=2m
N/4A™ k—2
ANk =2m)| < e Ny (k= 2m)
N loglog N)F—2m N m N
< (loglog V) ko<k> < AWK

4mlogN  (k—2m)! 4mlog N k! \ kg 4m

where the final estimate holds since k/ko = 1+ O(ky 1/ ) and m < logko so that
(k/ko)*™ < 1. We conclude that the contribution of the terms with m < logko may
be bounded by

(N, k N,k _
< Z (|A )|+Nka—5/6)<< |A( )|+Nk 3/4
maToaks log ko log ko

Combining this estimate with our bound for the larger range of m, we complete the
deduction of Theorem 1.4. O
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Theorem 5.1 will be deduced (in the next section) from the following four propositions
which form the heart of our argument. Before stating these propositions, we introduce
some notation that will be in place for the rest of our work. We shall factorize n as n’nf,

where n” is composed only of primes below W, and nf is composed only of primes above
W. Further, we define

yw =[] 1=1/p). (5.6)

ps<W

For each choice of j =0 or 1, we define

= LN~ D2 Bp(n)
Fj(n) = |Dﬂ‘|d§j ) (5.7)

Note that if n cannot be represented as z?+ dy? with d € D;, then Rp(n) =0 for all
d € D; and therefore Fj(n) = 0. The proof is based on showing that for n € A;(k), the
quantity Fj(n) is usually close to its expected value of 1, which is achieved by showing
that (F;(n)—1)? is small on average over n. The four propositions below facilitate the
calculation of this variance, which will be carried out in the next section.

Proposition 5.2. Let N be large, and let k be an integer in the range (5.5). The following
statements hold for either choice of 5 =0 or 1. Let d be an element in D;, and let D be
the corresponding fundamental discriminant. Then

D|/? R _
| | Z D(ZL) e—’rl/N — Z e—n/N+NO€(k8 5/6+L(1,XD)_1]€62)7
TIW 4, (k) 7(n’) neA; (k)

where yw is as in (5.6).

Partial summation and (5.1) easily allow us to give an asymptotic for the sum

Snea, ¢ "N appearing above. Write
o log N
> e [ e = [ et AR+ O (),
it 0 1/log N g

where we truncated the integral above using the trivial bound |A;(uN,k)| < uN in the
range u ¢ [1/log N,log N]. Now, using (5.1) for u € [1/logN,log N] and the estimate

% < kal/z log N, which follows from (2.3), we obtain that for &k in the range (5.5)

; N k& -
—n/N _ 9—j-1 0 5/6y _
Y oe g ¥ I +O(Nky "% (5.8)
neA; (k)

Note that there is a small subtlety in the application of (5.1), which is that N must

be replaced by u/N not only in the obvious term %, but also kg must be replaced by

loglog(ulN). We leave it to the reader to check that these changes have negligible effect
for u in the stated range.
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Our next proposition considers averages of Rp(n)Rp(n) for two different elements d,
de D;. The answer will involve the character x 3, which we now briefly introduce. Since
d and d are different primes that are congruent to each other (mod 4), it follows that
dd=1 (mod 4) is a fundamental discriminant, and so the Kronecker symbol x,; is a
primitive character to the modulus dd. This character is also closely connected to the
product of characters xpx . Indeed, in the case j = 0 both characters are identical, and
in the case j =1 the character xpxp is the imprimitive character (mod 4dd) induced by
the primitive character x,;.

Proposition 5.3. Let N be large, and let k be an integer in the range (5.5). Let j be O or
1. Let d and d be two different elements in Dj, and let D and D denote the corresponding
fundamental discriminants. If d= d (mod 8) (which is automatic when j =0), then

/2 n Hln j
IDDUZ 5~ BolRp() o _ (95 4 o))y L(1ngg) 3 e/

22 b)2
™w neA; (k) 7(n’) neA,; (k)
+NO (L(Logks ™+ L0xp) ™ E(Lxp) k5 ), (5.9)
while if d % d (mod 8) (which can only happen for j=1), then
R R5
Z D(n) D(n) e—n/N =0. (510)

b
neA; (k) 7(n)
The next proposition concerns the case when d = cz where an upper bound suffices.

Proposition 5.4. Let N be large, and let k be an integer in the range (5.5). Let j =10
or 1, and let d be an element of D; with D denoting the corresponding fundamental
discriminant. Then we have

| D] Rp(n)? _ IN 2k N ~1/2 17.-2 1/2 3
E — e " <<7k: +L(1,xp k +|D log|D|)°N
71.2,)/2 el T(nb)Q v [(LXD)( ( ) 0 ) | | ( | |)

Finally, to complete our calculation of the average of (Fj(n)—1)?, we shall need an
asymptotic for the the average of L(1,x,7) appearing in Proposition 5.3.

Proposition 5.5. For each j =0,1, we have

1 1, _
D, 2 Z L(l’xdd):‘vw (2 T+o(w 1))
J -~
d#deD;
d=d (mod 8)

6. Deducing Theorem 5.1 from Propositions 5.2, 5.3, 5.4 and 5.5

We now deduce Theorem 5.1 from the four propositions enunciated in the previous section.
Let j be 0 or 1, and k an integer in the range (5.5). Recall from (5.7) the definition of
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Fj(n), and recall that Fj(n) =0 if n cannot be represented as z*+ dy? with d € D;.
Therefore, writing £;(N,k) for the exceptional set as in Theorem 5.1,

ENE) < Y (Fjn)—1)2e N = 3" (Fj(n)*—2F;(n)+1)e N, (6.1)

neA;(k) neA;(k)

We now invoke Propositions 5.2, 5.3, 5.4 and 5.5 to bound the right side above. To handle
some error terms that arise, we require bounds for the average values of L(1,xp)~"™ with
m =1 and 2. Although we can be more precise, it suffices to use [11, Theorem 2] and
(5.4) to obtain

1 A
(1 I — L(1 M« — < (log A)HoM) 6.2
|D|Z XD D) > L(1,xp) <) < (ogd) (6.2)
deD; d<A
d odd
n?(d)=1

for 7 =0,1 and m =1,2.

A few further remarks on the application of [11, Theorem 2] may be helpful. First,
since we are dealing with moments where m is bounded (albeit negative) we can exclude
the contribution of exceptional characters, as remarked in the paragraph following the
statement of [11, Theorem 2]. Second, denoting by X the random Euler product featuring
in the statement of [11, Theorem 2] then, as remarked in [11, page 995], P(L(1,X) < 1/t)
decays doubly exponentially as ¢ — oo so that the moments EL(1,X)~! and EL(1,X)~?2
are bounded.

From Proposition 5.2, (6.2) (with m = 1) and the assumption that A <log N, it follows
that

S EBme N = 3 e Ny o (kg ). (6.3)

neA;(k) neA;(k)

It remains to evaluate the terms involving F;(n)? in (6.1). Expanding out the square,

we have
. 1 Rp(n)Rp(n) _,
Y. Ein)yeN = = 7292 D, > IDDIM? N Tb)ge /N (64)
ned; (k) d,deD; neA; (k)

Here, we separate the diagonal terms d = d from the off-diagonal terms d # d. By
Proposition 5.4, we see that the contribution of the diagonal terms is bounded by

S (29 (£0.x0) "y 2+ L(Lxn)2K5%) + D[ 10g D))",

|D |2
deD;

Using (5.4) and (6.2), the Mertens bound yy > 1/logW = (log A)~°(") and that A > k32F,
the above is

< 25Nky 2 (1og A)2 MDA~ 4 N(log AP A™V? < Nkg ' (6.5)
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As for the off-diagonal terms in (6.4), using Proposition 5.3 we see that their contribution
is

1 | B i
D2 Z ((zj +OW ™)) L(L,x 9w Z e /N
/ d#deD; neA; (k)
d=d (mod 8)

+NO(L(1xg9) kg™ + L(1xn) " L(Lxp) k™) ).
Now, using Proposition 5.5, (6.2) and the bound 7;[,1 < (log A)°M | the above is

(1+ow=) S N0 (N, (6.6)
neA; (k)

Combining (6.5) and (6.6), we conclude that

Y BN =(1row ) S e N v o (V).

neA;(k) neA;(k)

Taken together with (6.3), it follows that

> (=1 N e Wt YT e N 4 Nk < W AN )|+ NEGT
neA; (k) neA; (k)

in view of (5.8) and Lemma 1.2. Using this estimate in (6.1) and recalling that W =
logloglog N = log ko, Theorem 5.1 follows.

7. Proof of Proposition 5.5

In the proof below, it is convenient to set
K =(logA)®, M =A%2

Suppose d and d are distinct elements in D; with d = d (mod 8). Then cgdv is a square-
free integer =1 (mod 8) and is thus a fundamental discriminant. Since dd < A2, partial
summation and the Pélya—Vinogradov inequality give

L(1,x,49) = X‘“ /M )g =y Xd%(")u)(&l/‘*). (7.1)

n<M M<n<t n<M

We first show that (when summed over d and d) the terms with n > K contribute a
negligible amount. Here, we extend the sum over dd to all discriminants below A? that
are 1 (mod 8). Recall that a discriminant is an integer £ =0 or 1 (mod 4) and that every
discriminant ¢ may be written uniquely as £or?, where £; is a fundamental discriminant.
For every discriminant ¢, we may define the Kronecker symbol y, exactly as in Subsection
3.1, and it defines a quadratic character (mod ¢), possibly imprimitive and induced from
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the primitive character xy,. Thus, using Cauchy—Schwarz, we find

Z ‘ Z Xdci(n)‘< Z ’ Z Xd(n)‘

d,deD; K<n<M d<A? K<n<M
d#d d=1 (mod 8)
d=d (mod 8)

( ) 9 1/2
Xd(n
<A .
o x| 3 )
d<A? K<n<M
d=1 (mod 8)

Expanding the square, we obtain

Z ‘ Z XdT(n) Z : Z Xd(ninz). (7.2)

2 ninz 2
d<A K<n<M K<ni,no<M d<A
d=1 (mod 8) d=1 (mod 8)

’ 2

Write ning as 2%n, where n is odd. Since d =1 (mod 8), xq(2) =1, and therefore
xa(nin2) = xa(n) may also be expressed as the Jacobi symbol (£). Now, the Jacobi
symbol () is a quadratic character (modn) and is nonprincipal exactly when 7 is not a
square, or, in other words, when nins is neither a square nor twice a square. Thus, when
nine is neither a square nor twice a square we find by the Pdlya—Vinogradov inequality

3 (ﬂ): 3 <8k+1):(§) ) (@)<\/ﬁlogn7
A A

where 8 denotes the inverse of 8 modulo n. If nins is a square or twice a square, then the
inner sum over d in (7.2) is clearly O(A?). Thus, we obtain that the quantity in (7.2) is

1 Vninzlog(ning)
<A ) + >
ning ning
K<ni,na<M K<ni,na<M
’anLQ:D,QD

The second term above is easily bounded by <« Mlog M. Now, consider the first term,
where we handle the case nin, = m? with the case niny = 2m? treated in the same
manner. The terms n;ne = m? contribute, with 7(-) denoting the divisor function

7(m? 2 7(m? 2 — 7(p* §
<a?r Y Enk%z (m)<<%H(Z (ﬁj ))<<A?<1°gM>3‘

K<m<M m<M p<M =0

We conclude that the quantity in (7.2) is

A2
< f(logA)3 + Mlog M < A*(log A) 0.
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Combining the above argument with (7.1), we find that

SN L= Y Zde O(A%(logA) 7). (7.3)

d#deD; d#deD; n<K
d=d (mod 8) d=d (mod 8)

To analyse the main term above, write n < K uniquely as n = frm?, where f and r are
square-free with all prime factors of f being below W and all prime factors of r being
above W (in particular, r is odd, and note that r could be 1). Note that for all p, 3<p <
W, we have x,3(p) = xp(p)xp(p) = 1. Since d = d (mod 8), we have dd =1 (mod 8), and
it follows also that x,7(2) = 1. Finally, since d and d are primes in the range [A/log A, A],
and m? < n < K = (log A)% we know that (dd,m?) =1 and therefore X,43(m?) =1. Thus,
X4(n) equals the Jacobi symbol (dT‘I), which for given r is a quadratic character that is

principal when r =1 and nonprincipal for r > 1. With this notation, the main term in
(7.3) may be expressed as

1 dd
X oo X (5) 74
n=frm2<K d#d€D;
d=d (mod 8)

We now show that the asymptotic in Proposition 5.5 arises from the contribution of
r =1 here, while the terms with r > 1 contribute a negligible amount. When r =1, note
that (94) = 1. Since d and d range over primes in [A/logA,A] in suitable progressions
modulo 8[];c <y p, and this modulus is < oUW = (log )1+ by the prime
number theorem in arithmetic progressions it follows that

Y 1=27D,P+0(A%(log A) 1),
d#deD;
d=d (mod 8)

When j =0 the condition d = d (mod 8) is automatic, while when j =1 we only know
from the definition that d =d (mod 4) and the extra constraint (mod 8) accounts for the
factor 27 = 2 above. Now, the unrestricted sum over n satisfies

3 %: [T =) I] =p ) " =it (1 +OW ),
n=fm2>1 p<W p>W

while the tail > 1/n may be bounded by

n=fm2>K

1 1 1 1 loglog N 9

- L —= — <K —== < (logA)™".
Y oly el oy LobmleN g,
lepgwp m>=\/K/f fIHpgwp

We conclude that the terms with » =1 in (7.4) contribute
(2771D;12 +0(A2(10g.2) 7)) (3! (14+0(W 1) +O((log A)™)).

This is 277|D;|?yy (14+O(W™1)), matching the expression in the proposition.
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It remains to show that the contribution to (7.4) of terms with 7 > 1 is negligible. Given
d € Dy, consider the sum over d in (7.4), which is

X (D=0 £ (rew=() X () ¥ row

deD; deD; a (mod ) deD;
 dAd d=d (mod 8) d=d (mod 8)
d=d (mod 8) d=a (modr)

Now, the sum over d above counts primes in [A/log A,A] lying in a suitable number
of arithmetic progressions modulo 8r H3<p<Wp. Since the modulus is <« Ke(lToW
(log A)?2, an application of the prime number theorem in arithmetic progressions shows
that the above equals

(g) 2 (i)(gb(lﬂu;ﬂ+O(A(10gA)40)>—O(A(logA)20)7

a (modr)

upon noting that the main terms cancel (since () is a nonprincipal character) and that
r < K = (logA)?°. Thus, the contribution of the terms r > 1 to (7.4) is
1
=|D;|A(log A) " < A*(log A) ™.
<<n;<"| j1A(log )72 < A% (log A)

Combining this with our evaluation of the terms with r = 1, we conclude that the
quantity in (7.4) is 279! |D;1?(1 + O(W™1)), and using this in (7.3) the proof of
Proposition 5.5 is complete.

8. Class group L-functions

We begin by recalling properties of class group L-functions over general number fields.
In our work, we will only need the special cases of quadratic and biquadratic extensions.
Let K be a number field of degree m and discriminant Dg. Let ¥ be a character of the
class group of K, and let L(s,¥) denote the corresponding L-function. Recall that L(s,¥)
is defined by

s _ey -1
L(s,¥) =Y (a)N(a) = (1w @Np) )", (8.1)
a#0 p
where both the Dirichlet series and Euler product above converge absolutely in the half-
plane o > 1. In the half-plane o > 1, we define a holomorphic branch of log L(s,¥) by
setting

log L(s¥) = 3 log (1= VEING) ) 7 = 3 SWEPNG) . (52

P p J=1
The Dirichlet series coefficients of L(s,¥) are bounded in absolute value by the
corresponding coefficients of the Dedekind zeta-function (k (s), which in turn are no more
than the coefficients of {(s)™ (which has coefficients given by the m-divisor function).
Further, the coefficients of log L(s,¥) (as defined above) are supported on prime powers
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and bounded in size by the coefficients of log(x(s) (defined as above for the principal
character W) and thus are no more than m/j on the prime powers p’. In particular, we
note that in the half-plane o > 1

llog L(s,¥)| < mlog (o) < mlog (%) (8.3)

with the second bound being a standard bound for ¢ (see, for instance, [14, Corollary
1.4]).

We now collect together some classical bounds for L(s,¥), along with describing a
zero-free region for L(s,¥) and bounds for |log L(s,¥)| inside the zero-free region.

Lemma 8.1. Let K, U and L(s,¥) be as above. Then the following statements hold.

1. Suppose that U is not the principal character. Then L(s,¥) extends to an entire
function and uniformly in the region o > 0 satisfies the bound

Lo+ it 0)] <o (D14 )™ 41) Qom(Dicl L+ )™ (8.4)
For every € > 0, there is a constant C = C(m,e) > 0 such that the region
Ro=Ro(e) ={0 >1-C|Dk|™", [t| <|Dxl}

is free of zeros of L(s,¥). Thus, log L(s,V) extends analytically to the region Ry, and
moreover in the subregion

R=R()={o>1-3CIDk| ™, |t < 3Dk},
we have the bound
|log L(s,¥)| < 6melog| Dk |+ Om (1). (8.5)

2. Suppose that U is the principal character so that L(s, V) is the Dedekind zeta-function
Ck(s) of the field K. The Dedekind zeta-function extends to a meromorphic function,
with a single simple pole at s =1. The convexity bound (8.4) holds provided |t| > 1,
while for |t| < 1 the same bound holds for |(s — 1)Cxk (s)|. The region Rq is free of
zeros of Cx(s), and the function log((s —1)Ck(s)) extends analytically to the region
Ro. The bound (8.5) holds for |log((s)| in the subregion R provided |s—1| > 1, and
for points in R with |s—1| < 1 the same bound holds for |log((s —1)(xk(s))| instead.

Proof. Suppose first that ¥ is nonprincipal. The analytic continuation of L(s,¥) to the
entire plane is due to Hecke (for a modern account, see, for example, Chapter 7 of [15]).

The bound in (8.4) is a standard convexity bound and, for instance, may be obtained
from Lemma 4 of Fogels [8]. Fogels’s paper [8] established a classical zero-free region for
L(s,%) of the form o > 1—c¢/log(|D|(1+|t|)) for a suitable constant ¢ > 0, when the
character ¥ is complex. In the case of a real character ¥, the same region is free of zeros
of L(s,¥) except for the possibility of a simple zero at 1 — 4 for a real number ¢ (analogous
to the Siegel zero for Dirichlet L-functions). Analogously to the Brauer—Siegel theorem,
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Fogels [9] shows, by reducing to Brauer’s work, that é > C'(m,e)|Dg|~¢. Thus, the region
Ry is free of zeros of L(s,¥).

The bound (8.5) on |log L(s,¥)| in the narrower region R follows by an application
of the Borel-Caratheodory lemma using the preliminary bounds (8.3) and (8.4), as we
shall now see. Let zo = 1+ $|Dg| = +it with |¢| < |Dg/|/2, and put r = C|Dg|~¢ and
R=3C|Dk|~¢. The function f(z)=1logL(z,¥) is holomorphic inside the circle of radius
R centered at zp (since this is contained in the region Rg), and for z inside this larger
circle it satisfies the bound

Ref () = log|L(= ¥)| < mloglog| Dic| + Oy (1)
since by (8.4) we have |L(z,¥)| <, (log|Dg|)™. Further, by (8.3)
|f(z0)| = |[log L(1+ $C|Dg |~ +it, ¥)| < melog| D | + O e (1).

The Borel-Carathéodory lemma (see, for example, Section 5.5 of [18]) now shows that
for z inside the smaller circle |z — zg| < r one has

2r R+

,
R—r Iz—SZiRRef(z) + 5 1 (z0)]

If(2)l <
<4dmloglog|Dg|+5melog | D |+ Om (1) < 6melog|Dg |+ On, o (1).

This establishes (8.5) for all s = o+ it with [t| < 3|Dk| and 1 — 3C|Dk|* <o <1+
3C|Dk|¢. When ¢ > 1+ 2C|Dk| ¢ (and |t| < 2| Dk|) the bound in (8.5) follows at once
from (8.3), and this completes the proof in the case of nonprincipal W.

The case when ¥ is principal follows in the same way. The only difference is that the
Dedekind zeta-function has a pole at s =1 so that near 1 we deal with (s —1){x(s)
instead. O

To prove Propositions 5.2, 5.3 and 5.4, we shall make use of the expression (3.4) of
Rp(n) in terms of the coefficients of the class group L-functions r(n,¢). As consequences
of Lemma 8.1, we now show that in such expressions the contribution of most class group
characters v is negligible. The main lemmas we will prove in this section are Lemmas
8.2, 8.4 and 8.5. The analytic details are very similar across all three, so we will only give
complete details in the proof of Lemma 8.2.

Recall the convention introduced in Section 5, namely that for integer n we write
n =nfn’, where n* has only prime factors < W, and n” only prime factors > W.

Lemma 8.2. Let N be large and k be an integer in the range (5.5). Let j be 0 or 1, and

let d be an element of D; with D denoting the corresponding fundamental discriminant.
Let ¢ be a nonprincipal class group character of the quadratic field K = Q(\/ﬁ) Then

Z Ln’ip)e*”ﬂv < N(log N)~109,
7(n?)
neA;(k)
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Proof. The key idea here and in the proofs of Lemmas 8.4 and 8.5 is to follow Selberg
[16] and introduce, for any z € C with |z| = 1, the Dirichlet series

F(s;2,4) = Z T(n’w)zﬂ(")n*.

v2(n)=j

Later, we will recover the condition 2(n) = k (which defines the set A;(k)) by Fourier
inversion.

Since (by (3.2), (3.3)) |r(n,y)| < 7(n), we see that F(s,z,j) converges absolutely in the
half plane Re(s) = o > 1 and further satisfies the bound

F(s;2,79)] i C(o)?*< (%)2, (8.6)

using [14, Corollary 1.4] in the last step. Further, by Mellin inversion we have, setting
c=1+4+1/logN,

S ) e - L / T RN T (s)ds. (8.7)

b ) .
e (k) 7(n®) 278 J oo
By Stirling’s formula |T'(c 4 it)| < (1 + [t[)7~1/2e="!1/2 uniformly for o in bounded
intervals (see, for instance, (C.19) of [14]). Combining this with the bound (8.6), we
find that the tails of the integral in (8.7) above where |Im(s)| > (loglog N)? contribute

<</ N¢(log N)2(1+ [t])~Y/2eI1/2qt < N (log N) =100,
[t|>(loglog N)
Thus, writing 7' = (loglog N)?,

)3 r(nY) om), n/N1/CHT}“(S;z’j)NSF(s)derO(N(lOgN)100)- (8.8)

e (h) 7(n®) 270 J i

To estimate the truncated integral here, we shall extend F(s;z,7) analytically a little to
the left of the 1-line and shift contours. To extend F(s;z,7) analytically, we shall compare
it with L(s,1)*. Note that when Re(s) > 1 we may define L(s,1)* by the Euler product
[1,(1=%(p)/N(p)*)~*, and this product converges absolutely when Re(s) > 1. Further,
we may extend L(s,1)* analytically to a wider region by writing it as exp(zlog L(s,1))
and using the analytic continuation described in Lemma 8.1. Thus, define

G(s;2,4) = F(s52,5) L(s,1) 7,

which is, to start with, analytic in the half-plane o > 1. The definition of F(s;z,j) permits
us (in this region) to write G(s;z,7) as an Euler product Hp Gp(s;2,5), whose factors we
now describe. For p > W, we have
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Gy(s:2.9) = (3o (@i ) [T (0~ N () )"

Jj=0 plp
= (1zr(po)p ™ +0(72)) (1=2p™ > ¥(p)+0(™>)
N(p)=p
=1+0(p~).
For p with 3 <p < W, we have
G52 = (X ) 1) TT (1 )N ) )" =14007°),
J=0 plp

Finally, for p =2 we have

277 (2) [T (=9 ()N () ™) ifj=1

Galond) = { [y (1= (RN (p)~)° it j =0,

and in both cases this is 1+ 0(277). From these remarks, we see that the Euler product
Gp(s;2,§) converges absolutely in the region Re(s) > 3 and defines a holomorphic function
of s in that region. Moreover, in the region o > %, we have the bound

1G(s;2,5)| < H (1—|—O(p_3/4)) < exp(W1/4). (8.9)
p<W

For the rest of the paper, we fix the domain
W:={se€C:1-2(logN)""/2 < Res < 2, [Ims| < 2(loglog N)?}. (8.10)

Applying Lemma 8.1 with € = 755 (and m = 2), we sce that (keeping in mind
(logN)Y/?2 < |D| < logN) the function logL(s,®)) is analytic in W and satisfies
[log L(s,1)| < §log|D|+O(1) here. Therefore,

F(s;2,) = exp(zlog L(s,1))G(s: 2,5)

is also analytic in W and by (8.9) satisfies in this region
| F(s;2,7)] < exp (élog |D|+ W1/4) < logN.

We now return to the integral in (8.8), and replace the line of integration from
¢—iT to ¢+4T by integrals along the following three line segments: (i) the horizontal
line segment from ¢ —iT to 1— (logN)~*/2 —4T, (ii) the vertical line segment from
1—(logN)~Y2 —4T to 1 — (log N)~'/? 44T and (iii) the horizontal line segment from
1— (logN)~Y/2 44T to c+4T. On the horizontal line segment (i), we may bound the
integral by

C
< / N9 (log N)|T(o —iT)|do < N(log N)e~ ' < N(log N)~10,
1—(log N)—1/2
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upon using |I'(o —iT)| < To-1/2¢=7T/2 « ¢=T Naturally, the same estimate applies to
the integral on the horizontal line segment in (iii). As for the vertical line segment (ii),
the integral here is

T
< Nl—(logN)*l/2 (logN)/ IT(1— (logN)_l/2 +it)|dt
-T

< N(log N)exp(—+/log N) < N(log N)~1%.

Putting all this together and recalling (8.1), we conclude that uniformly for |z| =1

Z ;(n'l/})) Q(n) 7n/N<<N(10gN) 100

va(n)=j

By Fourier inversion,

r(n,y) 1 /2 —iko £i09(n) ,—n/N —100
7 1 n n 1 N
Z T(nb) 20 do Z ) e < N(logN) )

neA;(k) v2(n)=j

and the proof of Lemma 8.2 is complete. O

To state the other two lemmas of this section, we first need to isolate the genus
characters which play a special role. The genus characters for a quadratic field are the
class group characters that take only the real values +1. We will only need to know what
these are in the case d prime, in which case the classification is as follows.

Proposition 8.3. Let d be an odd prime, and let D be the associated fundamental
discriminant as in (3.5). Let K = Q(v/D).

1. If d=3 (mod 4), so D = —d, then there is only one genus character in éK, namely
the principal character 1y. The corresponding class group L-function is the Dedekind
zeta-function of K, given by

L (s,%0) = Cr (s) = C(s)L(s,xD)-

2. If d=1 (mod4), so D = —4d, then there are two genus characters in éK.- the
principal character 1y, whose L-function is equal to the Dedekind zeta-function of
K as above and a montrivial genus character 1. On prime ideals p, Y1 is given
by 1(p) = x—a(Np) if p lies above an odd prime, and ¥(p) = xa(2) if p is the
(unique, ramified) prime ideal above 2. The corresponding L-function is given by
Lk (s,41) = L(S7X—4)L(3’Xd)'

Proof. There is a bijective correspondence between genus characters of imaginary
quadratic fields of discriminant D and factorizations D = D’- D" into fundamental
discriminants, with the decomposition D =1-D being allowed, and with decompositions
different only in the order of D, D" being considered equivalent. See [19, Chapter 12, Satz
2] for a discussion of this, as well as a discussion of how to compute these factorisations
in terms of the factorisation of D into prime discriminants. For us, the factorisations can
easily be computed by hand: If d =3 (mod 4), then there is only the trivial factorisation,

https://doi.org/10.1017/51474748024000513 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000513

Covering integers by x? + dy? 27

whilst when d =1 (mod 4), in which case D = —4d, we additionally have the factorisation
in which D’ = —4 and D" =d.

In [19, Chapter 12, Satz 2|, one may also find the description of a genus character
corresponding to a given factorisation D = D’- D": It is given on prime ideals by

Y(p) = { xp/(Np)  (Np,D')=1
xp(Np) (Np,D") =1
(That this is well defined is part of the statement.) We have the Kronecker factorisation
of L-functions

LK(Suw) = L(87XD’)L(S=XD”)'

Specialising to the specific case D' = —4, D" = d gives the stated result. O

Lemma 8.4. Let N be large and k be an integer in the range (5.5). Let j be 0 or 1,
and let d and d be two distinct elements of D; with D and D denoting the corresponding
fundamental discriminants. Let ¢ and w be characters of the class groups of K = Q(v/D)

and K = Q(\/B) respectively. Then

Z 7’(”#/’)7("@)641/1\7 < N(log N)~100

b2
neA; (k) 7(n)

unless (i) 1 _and 7:/; are the principal characters in their respective class groups, or (ii)
both v and v are the nonprincipal genus character in their respective class groups (and
this possibility occurs only in the case j =1).

Proof. Given two characters ¢ € GK and {/)v € C}(, we may find a class group character
U on the biquadratic field L = Q(v/D, \/B) such that for all unramified primes p

Sovm=( X e®)( X 6E)=rewred).
pPCO=

PCOL pCOK
Ni/q(B)=p Nk /q(p)=p Ng q(P)=p

The character VU is defined by setting
U(P) = (N k (BB, (B)

where N, i denotes the ideal norm from L to K (and similarly for K ), and by Diao
[7, Lemma 6], we may check that ¥ is nonprincipal except in the cases (i) and (ii)
described in the lemma. (Precisely, Lemma 6 of Diao [7] shows that W can be principal
only if 1) and 1) are genus (or real) characters. The last remaining case when one of 1
or v is principal while the other equals a nonprincipal genus character is easily checked
directly.) Therefore, we may write for any complex number z with |z| =1

vz(n)=j
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where G(s;z,7) is given by a suitable Euler product which converges absolutely in Re(s) >

% and satisfies in that region

logG(s;2,5) < W4,

Since the discriminant of L is < A%, using Lemma 8.1 and arguing exactly as in our proof
of Lemma 8.2 we establish that

Z T(nﬂw)c(Zﬂ/w)ZQ(n)efn/N < N(logN)’lOO,
va(n)=j ()

and then the bound of the lemma follows by an application of Fourier inversion. O

Lemma 8.5. Let N be large and k be an integer in the range (5.5). Let j be 0 or 1, and let
d be an element of D; with D denoting the corresponding fundamental discriminant. Let

Y and zz be two characters of the class group of K = Q(\/E), and suppose that neither
nor 1 is equal to . Then

ST
neA;(k)

Proof. For an unramified prime p, we have
r(p, ) () = r(p,000) +7(p ).

To see this, note that if p is inert, then r(p,y)) = r(p,zZ) = r(p,wlz) = r(p,@lz) =0, while if
p splits as pp, then r(p,1)) =1 (p) +1(p) (and similarly for the other quantities) so that
the stated relation follows with a little algebra. It follows that for any complex number z
with |z| =1 we may write

S HH0) 002 = (s, B)* LG50 G 55 2.),

s T

where G(s; z,j) is given by a suitable Euler product which converges absolutely in Re(s) >
% and satisfies in that region

logG(s;2,7) < W4,

By hypothesis, both 1/112 and @{E are nonprincipal characters of the class group of K, and
therefore arguing exactly as in Lemma 8.2 and Lemma 8.4, we obtain the lemma. O

9. Proof of Proposition 5.2
In this section, we prove Proposition 5.2. Using (3.4), we may write

RD(TL) efn/N _ i 7”(77,,'@[)) efn/N
Z 7(n?) hi Z Z 7(n?) ’

neA; (k) el n€A; (k)
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By Lemma 8.2, the contribution of the nonprincipal characters is < N(log N)~1°°. Thus,

3 RL@W/N:}% S L) N L o (N(log N) 1), (9.1)
w700 K néam )

where 1) is the trivial character.
To understand the main term on the right-hand side of (9.1), we will again follow
Selberg [16] and introduce for any z € C with |z| =1 the Dirichlet series
r(n,4o)

F(s;2,7):= Z Tnb;}zﬂ(")nﬂq, (9.2)
va(n)=j

which to begin with converges absolutely for o = Re(s) > 1 and defines a holomorphic
function there. As in Selberg’s work, we will find that F can be understood in terms of
the complex powers of ( and L-functions, thereby obtaining an analytic continuation of
F to a wider region. The sum in (9.1) can be expressed in terms of a contour integral
involving F(s), which can then be evaluated using the analytic continuation of F and an
argument involving a Hankel contour. Since we need to keep track of the uniformity in d,
we give a self-contained account in Appendix A.

Let us turn to the details. We obtain an analytic continuation of F to a wider region
by writing

F(s:2,5) = (C(s)L(s,xD))*G(5:2,5)- (9.3)

Note that ¢(s)L(s,xp) is the Dedekind zeta-function of the quadratic field Q(v/D), and by
(C(s)L(s,xp))*, we mean exp(zlog({(s)L(s,xp)), where the logarithm is initially defined
in ¢ > 1 by an absolutely convergent Dirichlet series as in (8.2). Thus, (9.3) should be
thought of as the definition of the function G(s;z,5), which is holomorphic in the half-
plane o > 1. We shall shortly see that G(s;z,7) is analytic in o > % with suitable bounds
in that region. By part (2) of Lemma 8.1, we may obtain an analytic continuation of
log((s—1)¢(s)L(s,xp)) to the region Ry with corresponding bounds in the region R. In
this way, we obtain a continuation of F(s;z,j) (essentially) to the region R, except that
we must omit the real line segment to the left of s =1 owing to the logarithmic singularity
at s=1.

From the multiplicative nature of the definition of F(s;z,7), in the region o > 1 we
see that G(s;z,7) is given by an Euler product Hpg(s;z,j). We now describe these Euler
factors. If p > W, we have

o0

Gp(s32,4) = (Z T(pe,wo)zép‘es> (1-p=*) (1=xnP)P~*)", (9-4)

£=0

and since 7(p,0) = 1 +xp(p) and 0 < r(p’,h0) < (£+1) it follows that

Gp(s;2,5) = (L+(L+xp(p)zp *+ 0 >")) (1 — (1+xp(p))zp >+ O(p~*))
=1+0(p ). (9.5)
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For 3 <p < W, from our choice (5.2), (5.3) of d, we have xp(p) =1 so that 7(p’,2g) =
(1% xp)(p*) = £+ 1. Thus,

gp(S;Z,j) _ (% (f_;f/l}O) l 7Zs> (1 p S)Z(]_,pfs)z _ (1izpfs)*1(17p75)22'

(9.6)
As we have just seen, for the primes p > 3 there is no dependence on j. By contrast, for

p =2 the behaviour is different in the two cases j =0 (where xp(2) =1) and j =1 (where
xp(2) =0). Here, we find

o [a-2-%)2 if =0
2 j) = 9.7
Ga(532,9) {2251(1—25)Z ifi=1. 0.7)
From (9.6) and (9.7). note that for all p < W (and uniformly for |z| = 1)
Op(5:2,5) =1+ 0(p™7). (9-8)

From (9.5) and (9.8), we see that the Euler product [],G,(s;2,7), which was known
initially to converge absolutely in Res = ¢ > 1, in fact converges absolutely for o > %
Moreover, for o > % we deduce that

1G(552,7)] < exp( Z O(p*3/4)) < exp(W/4). (9.9)
psW

Now, we apply Selberg’s method as explained in Appendix A. Specifically, by (A.7) and
(A.8), we obtain

(nd}) n 7” — (logN)271 z . . ez*% 5
Z 7(n® ;) 22(n) /NfNWL(LXD) g(l,z,])+O€(N(10gN)R + )

va(n)=j

(9.10)

Applying the above with z = e? for —7 < 6 < 7 and applying orthogonality (Fourier
inversion), we deduce that

(n wO —n/N ’I'L’l/)o 199(n) —n/N _—ik6
Z ) » Z e e ""Ydo

neAj(k) va(n)=j

- lo]gVNir/_}L“’XDﬂogN> g(ru) ~Hd8 +0- (N (log N) /%),
(9.11)

We now simplify the main term appearing in (9.11). Since 1/T'(2) is entire, uniformly
for 6 € [—m, 7] we have

1

m:ﬁ+0(|eiefl|):l+0(|0|). (9.12)
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Now, from its definition in (9.4) we may see that for p > W

i (vt o) p”!

d . _
—logG,(1;€',5) = +ielog (1—p~ " )(1—xpP)p~ "))

a9 (v o) e
eor .
iR SO D i (o) 0 ) =0

Integrating this over ¢ from 0 to § we obtain that, for 6 € [—m,7],

Gp(1;¢,7) —2 —2
== —exp (O(|0|p =1+0(|0]p™*). 9.13
Qp(l;l,]) ( (‘ | )) (| | ) ( )
Similarly, from (9.6) and (9.7) it follows that for all p < W
gp(l;ewaj) —1
> =14+0(|0]p™"). 9.14
G,(1;1.5) 19%) 1)

Multiplying the relations in (9.13) and (9.14) over all primes, we conclude that

%(561)) ep(0(JeI( 3 »~ +Zp2))=1+0<|9|<1ogvv)0>7 (9.15)
p<W

for some constant C (consider the cases [0 < (loglogW)~! and [0 > (loglogW)~!
separately).

For later use, let us record the value of G(1;1,7). For any prime p > W one may see using
(9.4) and the identity >°,°, Z?:() 2yt = (1—2y) 1 (1—y)~! with 2 =xp(p) and y=p~*
that G,(s;1,7) = 1, while for 3 < p < W it follows from (9.6) that G,(s;1,j) =1—1/p®, and
lastly from (9.7) we see that Go(1;1,5) =27771(1—271). Combining these observations,
it follows that

G =27 [T (A =1/p) =277 yw. (9.16)

p<W

Using (9.12), (9.15) and (9.16) we obtain

1 [m i0
o [ wamon) L

) 7zk0 j—1 (10g(L(1aXD)10gN))k
(e ze) d0=27""yw k!

—l—O((logW)C/7T (L(I,XD)logN)COSQW\dQ)7 (9.17)

—T

where the main term arises upon noting that, for X > 0,

i " Xej’ efszdH / IOgX zlGefikGdo — (IOgX)k )
2 J_, 2w k!

Note that cosf < 1—62/8 for all |§] <, and that (by the class number formula (9.22))
L(1,xp) = |D|~'/? > (log N)~'/? so that L(1,xp)log N > (log N)'/2. Therefore, (recalling
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that ko =loglog N and that W = logloglog N)

[ (L1x0) o= 8ld6 < (L(Lxp) o) | (logN)~*¥[olas
< ky'L(1,xp)log N
so that the remainder term in (9.17) is seen to be

< kg 'L(1,xp)(log N)(logW)“ <. ks ' L(1,xp)log N. (9.18)
Using (9.17) and (9.18) in (9.11), we conclude that

S rlndn) gy N ow (os(L(Lxp)log V)"

e—1
7(n") " log N 2i+1 il +O(Nk§™'L(L,xp)), (9.19)

neA;(k)

where we absorbed the error term O, (N (log N)°~1/2) in (9.11) into the error term above
using L(1,xp) > |D|7 > (logN) ¢
We now claim that for & in the range (5.5) and all z with (log N)~'/? < < k§ we have

k k
(s ) () o) 0. 0)

To verify the claim, consider the following two cases: (i) when k;* < < kg, and (ii) when
(log N)~Y/2 <2 <ky*. In case (i) note that |logz| = O(logkg), and so the left-hand side
of (9.20) is

b ((lozix +0.(k5™) ) (ko + O(™)) ) = wexp (0.(k5 %)),

so that the claim follows here. In case (ii), note that since k > 3ko/4 and we have

k 3ko /4 .
<1+logx) <(1+10gx) o <x3/4<k0_3,
ko ko

0 (9.20) holds in this case also.
Applying (9.20) with = = L(1,xp) (which satisfies (log N)~%/2 < L(1,xp) < loglog N),
we see that
(log(L(1,xp)logN))*  kf
k! Tk
k

k'

(L(1XD)+O (ks 1/3L(17><D)+k&3)>

L(1,xp) + O (ks S/6p, (1,XD)10gN+kO_3logN),

where the last estimate follows using the bound kf/k! < k_1/2logN, which is a

consequence of Stirling’s formula. Using this in (9.19), we conclude that

Z r(nio) _n . N w k§ c—5/6 _3
neA, (k) T(nb) ¢ _logN2i+1L(1’XD)H+OE(kU NL(Lxp)+k; log V).
J

(9.21)
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Using (9.21) in (9.1) and invoking the class number formula
K = |DI"*L(1,xp)/ (9-22)
we obtain (note also that yy > (logW) ™1 >, k;©)

|D|1/2 Z Rp(n ) N 1 N k.k
™YW (n?) 2i+11log N k!

+O.(NK; + NL(1,xp) "k 2).
neA;(k)

Finally, recalling (5.8), Proposition 5.2 follows.

10. Proof of Proposition 5.3

We turn now to the proof of Proposition 5.3. We first dispense with the case when
d # d (mod 8) which, recalling the definitions (5.2) and (5.3), can only happen in the
case j = 1. Note that if d =1 (mod 8), then the integers n with n =2 (mod 4) that are
represented by z2 + dy? satisfy n =2 (mod 8), while if d =5 (mod 8), then such integers
n must be =6 (mod 8). Thus, if d # d (mod8) and if n € A4;(k) (which means that
n =2 (mod 4)), then n cannot be represented by both 22 +dy? and x> +dy?. Since both
d,d are 1(mod 4), it follows from Lemma 3.1 (1) that Rp(n)Rz(n) =0, and so (5.10)
follows. B

For the rest of the argument, we assume that d = d (mod 8) with the goal now being
to establish (5.9).

Using (3.4), we see that

Rp(n)R5
Z Dg—(ilb)[;( ) —n/N hKh~ Z Z 7/’) —n/N_

neA; (k) 0k nEA; (k)
9elx

We may now use Lemma 8.4 to estimate the contribution of all the characters ¢ and {/;
apart from when (i) both v and 1 are the principal characters in their respective class
groups, and (ii) both ¢ and 1 are the nontrivial genus characters in their class groups.
Note that the second case only arises when j =1, and since d = d (mod 8), we have here
(with notation as in Proposition 8.3)

r(n,¢1)r(n,1zl) = ’/‘(TL,I/}())’/‘(TL,{/}V())

for all n. To see this, we use Proposition 8.3 and multiplicativity of r(n,1) to deduce
that 7(n,11) = x—a(n)r(n,1o) and similarly r(n,;) = y_4(n)r(n,bo) for odd n so_that
the stated relatlon holds for n odd. Further r(2%41) = x4(2%)7(2%%0) and 7(2%,41) =
x7(2%)r (27,4), and since x4(2) = X7(2) (because d = d (mod 8)) we see the stated relation
for even n as well. Thus,

3 %ffg(”)ﬂﬂv Y = M +0(N(logN)~1%), (10.1)
neA;(k) T(n ) hKh~
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where

M= rnto)r(ngo) (10.2)

b)2
ne€A; (k) (n’)

To evaluate the main term M above, we proceed analogously to the previous section
using Selberg’s method. To highlight the close parallels with the earlier argument, we will
use the same notation for the analogous Dirichlet series that arise here. The first step is
to consider, for |z| =1, the Dirichlet series

A ’I’(n,ﬂ}o)’f’(n,if;@) Q(n),,—s
F(s;2.0) = Y T (10.3)

vz (n)=j
which converges absolutely for o = Re (s) > 1 and defines a holomorphic function there.
As in the previous section, we shall obtain an analytic continuation of F to a wider region

by writing

F(832,5) = (C(s) Ls,x0) L (8, X p) L8, X 43))*G (81 2:5) (10.4)
Note that ¢(s)L(s,xp)L(s,xp5)L(s,x,7) is the Dedekind zeta-function of the biquadratic

field L = Q(vD, VD), and

(C()Ls,xD)L(3,x p) L8, X 43))” = exp(z1og(C(s) L(s,x0) L(s,x 5) L5, X 43)));

where the logarithm is initially defined in ¢ > 1 by an absolutely convergent Dirichlet
series as in (8.2). Thus, (10.4) should be thought of as the definition of the function
G(s;2,5), which is holomorphic in the half plane o > 1. We shall see shortly that G(s;z,7)
is analytic in o > % with suitable bounds in that region. By Lemma 8.1 (2), we may
obtain an analytic continuation of log((s —1)((s)L(s,xp)L(s,x5)L(8,x 7)) to the region
Ro with corresponding bounds in the region R. In this way, we obtain a continuation of
F(s;2,7) essentially to the region R, with the caveat that the real line segment to the left
of s =1 must be omitted owing to the logarithmic singularity at s = 1.

From the multiplicative definition of F(s;z,j), in the region o > 1 we see that G(s;z,7)
is given by an Euler product Hp Gp(s;2,7). We continue as in Section 9 by describing
these Euler factors and showing that the Euler product converges absolutely in o > %
(and assume below that o > 1).

In the case p > W, we have

oo

Gp(s:2,4) = (Z T(pz,wo)r(pz,%)zep“> (1-p7*)" (1=xp@Pp~*) (1-xp@P*)°

=0
x (1= xg(P)p~*)".

(dc?

?) = X,43(P)), we see that
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Gp(s;2,5) = (L+2(1+xp(p) + X5(P) + Xy5(P))p~* +O0(p~>7))
x (1=z(1+xp (@) +x50P)+ x45()p 5+ 0(~?))
=14+0(p™%). (10.5)

Turning to the case 3 <p < W, recall that n” is the product of all the prime divisors of
n which are < W, and recall also that xp(p) = x5 (p) = 1 from the definition of Dy, D;
(see (5.2) and (5.3)). Thus, (as in the last section) we see that

(5,2,9) (Zzl 45) _5)42 =(1 —zp_s)f1 (1 —p_s)4z. (10.6)

As in the last section, for primes p > 3 there is no difference between the cases j =0 and
j =1, but at the prime p =2, there is a distinction in the definition of Ga(s;z,7). Here,
we have (compare with (9.7))

L fa—ay ify=0
Gal5,2.) = 10.7
2(8,2,7) {22_3—2(1 —27%)2% ifj=1, ( )

upon noting that when j =0 we have xp(2) = x5(2) = x,3(2) =1 (since D, D and dd
are all 1 (mod 8)), and that when j =1 we have xp(2) = x5(2) =0 and x,5(2) =1 (since
d=d (mod 8) so that dd =1 (mod 8)). From (10.6) and ( .7) note that for all p < W

Gp(s32,4) =1+0(p™7). (10.8)

From (10.5) and (10.8), we see that the Euler product [],Gy(s;z,5), which was known
initially to converge absolutely for o > 1, in fact converges absolutely in o > % Moreover,
for o > % we deduce that

1G(siz.d)| <exp | D O(p~**) | <exp(W'/4). (10.9)
p<W

By Selberg’s method, specifically by (A.7) and (A.9), we obtain

r(no)r(me) omy —an . N (LgglogN)*
D U EEN A ey s v e GE)

va(n)=j

+0.(N(log N)Re #=3+¢) (10.10)
where, here and below,
Ld,ti = L(LXD)L(LXf))L(LXdJ)

The main quantity of interest M (see (10.2)) may be recovered by Fourier inversion,
integrating over z = ¢’ with —7 < 6 < 7. Thus, analogously to (9.11) we find
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N 1 [T w0 G(1;e? 5) 0 1
= — L, -log N)e o2 2J) =i N(log N)E—1/2).
log N 277/ ( d, 408 ) I(e?) € d9+08( (log ') )

Arguing as in (9.12), (9.13), (9.14), we find analogously to (9.15)

G(1;€,5)
I‘(eie)

—1T

=G(1;1L,5) (1+0(16|(log W)“)),

for a suitable constant C. Using this in our expression for M and arguing as in (9.17) and
(9.18) we arrive at

N (log(LdydlogN))k
~logN k!

G(1;1,5)+O0(kg 'NL, 4)- (10.11)

Here, the error term O, (N (log N)~1/2%¢) has been absorbed into the error term above
since the L-values at 1 are all > |D|7¢ > (log N)=.

Applying (9.20) with = = L, ; (which satisfies (log N)™° < L, ; < k), we see that for
k in the range (5.5) ’

(og(LyslogN)* i
k! o Tdd g
Using this in (10.11), we conclude that

+(1og N)O: (k%L 5+ k3 ).

N ; k6 —5/6 _
M= @g(l;l’J)Ld,dﬁJfNOs(’fg Ly i+ky?). (10.12)
From (10.5), (10.6) and (10.7), we see that
G(1;1,5) =27 [T (1+0™%) =271 (1+ow ).
p>W

(In fact, rather than use the crude bound (10.5) one may compute G,(1,1,5) =1—
X4q(p)p~2 for p> W, but we do not need this.) Using this together with the class number
formula (9.22) and (10.12) in (10.1), (10.2), we obtain

Rp(n)Rp(n) —n/N 1 —1\\. 2.3 ~—1/2 N k§
> —gr ¢ = (3 +O(W™1)) 5y | DD| L(Lxdg)mg
neA; (k)

+NIDDI ™20, (k5 L1 x4) + kg *L(1xp) ' ELxp) ™),

where we have absorbed the error term O(N (log N)~1%9) from (10.1) into the much larger
error term above.

To complete the proof of Proposition 5.3, we multiply though by |Df7|1/ 2 /m24%, (noting
that any extraneous factors of vy may be absorbed by k§ terms) and, finally, use (5.8).

11. Proof of Proposition 5.4

In this final section of the main paper, we establish Proposition 5.4.
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Using (3.4), we see that

RnQ, 7»/1771
I R

neA; (k) K o el neA;(k)

Using Lemma 8.5, we may bound the contribution of terms with " ¢ {v,Y} by <
N(log N)~19_ It remains to treat the cases when 1) = or ¥. Note that if a is an ideal of
norm 7, then so is @ and moreover (n) = ad. Therefore, 1(a) = v(a) and it follows that
r(n,p) = r(n,) is real valued. Thus, when v is ¢ or 1 we have r(n,¢)r(n,1) = r(n,)2,
which is real and nonnegative. Collectlng the observations so far, we find

2. T@f?z AT DD DI ) SN 4 N(logN) . (1L

neA;(k) wGCK neA](k)

The contribution of the real characters ¢ (which are the genus characters, and there
are at most two of them) to (11.1) is

1 7(‘(77‘7’@[10)2 —n/N 2k T(?’L,wo) —n/N
<z > T2 € M« 2 > ) ¢ /
K nea;(k) K ned;(k)

since r(n,1bg) < 22" < 2%, Using (9.1) and Proposition 5.2, the above quantity is bounded
by

2k -
e | 2 YR R P L )N
nE-Aj(k)

By (5.8) and Stirling’s formula, this is

2 w1 -
<N |D|1/2(k 4k 2L(1,xp) 7). (11.2)

Now, we bound the contribution of the complex characters ¢ in (11.1). For a complex
character ¢, note that

c+ioco OO
> i < S = o [T T e ga, (11s)

neA;(k) T( ) n IS p— 1

where we take ¢ =1+1/log N. By considering whether p does or does not split in Q(VD),
we may check that for any unramified prime p

r(pe)? =1+xp@)+ Y ¥*(
N(p)=p

Since % is not real, note that v? is not principal. By comparing Euler products, we may
therefore write

(S)L(SaXD)L($7¢2)g(S)7

oo
>

n=1
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where G(s) is given by an Euler product which converges absolutely in the region Res >
%Jré and is uniformly bounded in that region. Moving the line of integration in (11.3) to
the line Res = %, we see that this integral equals

1 3/4+ico

NL(1,xp)L(1,9*)G(1) + C(s)L(s,xp)L(5,4*)G(s)N°T(s)ds. (11.4)

2i 3/4—ico
To bound the integral above, we use the convexity bound for L-functions (see Chapter 5
of [13], as well as (8.4) in the case of L(s,1)?)) which gives
GG+t << (LIS, L3 +itxp)| < (IDI(L+ )/,
and
|L(F +it,0)] <o (|DI(L+[¢])%) 5+,

Noting further that [G(2 +it)| < 1, and [I'(3 +it)| < (14 [t])/4e= /2 (see (C.19) of
[14]), we may bound the integral on Res = 2 in (11.4) by

00
<. N3/4/ ‘D‘1/4+E(1+|t|)€_ﬂ—|t‘/2dt < N3/4‘D‘1/2.

—00

With this in mind, and referring back to (11.3), (11.4), it follows that for complex 1
we have

2
Z T(nﬂb/)l e—’rL/N < NL(17XD)L(171/12)+N3/4‘D‘1/2
neA;(k) T(n

Now, L(1,1?) < (log|D|)? by (8.4), and so we conclude that
7’("77/1)2 —n/N 2 3/41111/2 2
Y. e N < NL(Lxp)(log|D|)* + N¥4|D|'/? < NL(1,xp)(log |D|)?,
neA; (k)

where the last estimate follows since |D| <« log N and L(1,xp) > |D|~=.
Thus, the contribution of the complex characters ¢ to (11.1) is

1
< ghKJ\rL(LXD)(log|D|)2 < N|D|7*?(log|D|)?.

Combining this with the contribution of the real characters given in (11.2), we conclude
that

Rp(n)? —-n/N 2 w12 s —1 —1/2 2
J

Proposition 5.4 follows upon multiplying through by |D|/n%y3, and using the class
number formula together with the trivial bound ~;;” < log|D)|.
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A. Details of Selberg’s method

In this appendix, we supply proofs of the applications of Selberg’s method as used in
Sections 9 and 10; namely, the asymptotic formulae (9.10) and (10.10). Let F(s;z,j) be
defined either as in (9.2) or (10.3), and correspondingly let G(s;z,5) be defined as in (9.3)

r (10.4). Define f(n) to be r(n,abg)/7(n’) in the situation of Section 9, and f(n) to be
r(n,1/)0)7"(1L,;Z)8)/7’(nb)2 in the situation of Section 10. Our goal is to obtain the stated
asymptotic formulae for

1 c+ioco
S e [ s Vs, (A1)
neA, (k) T Je—ioo
where we take c=1+1/logN.
We begin by truncating the integral in (A.1) to [Ims| < (loglog N)?2. Note that in both

situations under consideration f(n) is nonnegative and bounded by 7(n)? so that

|F(e+it;z,7)| < ZT(n)Zn_C < H (L+4p~“+0(p~?)) < (log N)™.
n=1 P

Since |T'(c+it)| < (1 + |t])¢~1/2e~7It/2 by Stirling’s formula, we deduce that the tails of
the integral in (A.1) contribute

/ Ne(log N)Y (14 [t)°~/2e~ 112t < N (log N) 100,
[t|>(loglog N)?

Thus,

1 c+i(loglog N)
Z f(n (n) _"/N:—'/ f(s;z,j)F(S)Nst-i-O( (logN)™ 100)
neA; (k) 27 Je—i(10glog N)2

(A.2)

and note that the error term above is negligible compared to the error terms in the
formulae (9.10) and (10.10) that we are seeking to establish.

To proceed further with evaluating the truncated integral in (A.2), we will shift contours
using a Hankel or a keyhole-type contour. As in (8.10), denote by W the region

W :={2>Res > 1—2(log N)~'/2 |Ims| < 2(loglog N)?},

and let W, denote the domain W with the line segment from 1 —2(logN)~/2 to 1
excised. In the region W,, we define log(s—1) to be the principal branch of the logarithm,
taking real values for s € (1,00] and if s lies just above the cut, then the argument is i,
while if s lies just below the cut, then the argument is —¢w. This gives a definition of
(s —1)¥ = exp(wlog(s — 1)) (for any complex number w), which is holomorphic in Wi,.
Now, as in (9.3) or (10.4), we may write F(s;2,7) = Cx(s)?*G(s;2,4), where K is either a
quadratic (in the case of Section 9) or a biquadratic (in the case of Section 10) field. Here,
G(s;2,j) extends to a holomorphic function in a region containing W, and throughout
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W it satisfies the bound |G(s;z2,7)| < exp(W/4) (see (9.9) or (10.9)). From Lemma 8.1
(2), we see that ((s)* extends to a holomorphic function on W, and for s € W, with
[Im(s)| = 1 we have

|k (5)7] < exp(|log Ck (s)]) < (log N)*,

where we used (8.5) together with |Dg| < A* < (log N)*. Finally, again by the second
part of Lemma 8.1, we see that ((s —1){x(s))* extends to a holomorphic function in W,
and satisfies for s € W with |Im(s)| <1

(s = 1)Gie ())7] < exp([log((s — 1)x (s))]) < (log N)E.

Synthesizing the remarks above, we conclude that F(s;z,5) extends holomorphically to
Wi, and for s € W, with [Im(s)| > 1 satisfies

| F(s;2,7)] < (log N)=. (A.3)

Moreover, (s —1)*F(s;z,j) extends holomorphically to W, and for s € W with [Im(s)| <1
satisfies

(s —1)*F(s;2,5)| < (log N)=. (A.4)

We return now to the truncated integral in (A.2), which we will replace with an integral
over the following Hankel-type contour.
This consists of

e TI';, the horizontal line segment from c — i(loglogN)? to 1 — (logN)~1/? —
i(loglog N)?;
I'y, the vertical line segment from 1 — (log N)~'/2 —i(loglog N)? to 1 — (log N)~1/2;
I's, which consists of a path I'; going horizontally from 1 — (logN)_l/2 tol—r
staying just below the line Ims =0, then a circle I'§ of radius r about s =1, then a
horizontal path 1";,“ from 1 —r back to 1 — (log N)_l/2 but now staying just above
the line Ims =0 (here r < 1/log N is a parameter which we later allow to tend
to 0);
Iy, the vertical line segment from 1— (log N)~'/2 to 1 — (log N)~*/2 +i(loglog N)?;
I's, the horizontal line segment from 1 — (logN)~'/2 +i(loglogN)? to ¢+
i(loglog N)2.

Since the integrand F(s;z,7)I'(s)N® is holomorphic in W, we may replace the vertical
contour from ¢ —i(loglog N)'/? to c¢+i(loglog N)? by the Hankel-type contour I'y UTy U
I'sul',Ul’s.

(Note that a limiting argument, which we suppress, is required to deal with the fact
that F3i lie on the boundary of W, rather than within W, itself.) Denote, for £ =1,2,3,4,5,

1
I =— | F(s;2,j)N°T(s)ds.

2mi T,
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To estimate the horizontal integrals Iy and Is, we use (A.3) together with the
exponential decay of |I'(s)|. Thus, we obtain

1,15 <</ N”(]OgN)Ee—(loglogN)QdU < N(log N)~100,
1—(logN)—1/2

The vertical integrals I and I, are likewise easy to handle. If |¢| > 1, then (A.3) gives
| F(1—(logN)~'/2 +it;2,5)| < (log N)?, while if |t| < 1, then from (A.4) we deduce that
| F(1—(logN)~'/2 +it;2,5)| < (log N)'/2%¢ (here we take t to be either strictly positive
or strictly negative but avoiding point ¢ = 0). Combining these estimates with the bound
IT(1— (log N)~'/2 +it)| < e~*l, we obtain

(loglog N)? .
I IR / Nl*(logN) /2 (1OgN)1/2+667|t|dt < N(lOgN)ilOO.
0

It remains lastly to consider the integral I3 over the Hankel contour I's. Set
H(s;2,5) =D(s)(s —1)"F(s;2,5).

Consider the circle centered at 1 with radius 2(log N)~'/2. Since |I'(s)| is bounded in this
region, from (A.4) we see that |H(s;z,7)| < (log N)¢. Therefore, if s is any point within
a circle of radius (log N)~'/? centered at 1, we see that

1 1 1
v ) 1:2.4) = — e AV d
H(s;2,5) —H(1;2,5) 57 /|w_1_z(10gN)qu(w’Z’])( ) w

w—1 w-—s
</ M)l
lw—1|=2(log N)~1/2 T (w = 1) (w — s)|

< (log N)'/2*e[s — 1],

where we have used Cauchy’s formula and the fact that |w—s| and |w—1| are >
(log N)~1/2. Thus,

1 —2Z £TS . -
I3 = 5 Fg(sfl) N°H(s;2,7)ds
— 1 _1\"*NS e q _ 1/2+e
=5 F3(s 17N (’H(l,z,j)JrO(\s 1|(log N) ))ds. (A.5)

Consider first the error term in (A.5). On the two horizontal parts of I's, namely
s =04 0% (depending whether we are just above or just below the cut), we have |(s —
1)7*N?®| < (1—0) B2 N9 50 that these integrals contribute

1—r
< (log N)Y/2+e / (1—0)' R Ndo < N(log N)Rez=3/2+¢,
1—(logN)~1/2
Similarly, the (nearly) circular portion of I's contributes
< N1+TT’27R6Z(10gN)1/2+€ < N(logN)Rez73/2+a’

since 7 < 1/log N. Thus, the error term in (A.5) is < N (log N)Rez=3/2+¢,
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Turning to the main term in (A.5), we claim that
1 1
- N3(s—1)"%ds =
2mi Jr, (s=1)""ds I'(z)
To obtain (A.6), denote by H (the Hankel contour) the contour obtained from I's by
extending both horizontal parts out to —oo. The integral in (A.6) extended over H is
equal to ﬁN (log N)*~1, as follows from the standard Hankel integral [17, Theorem

I1.0.17] and a substitution. Now, note that

N(log N)*~! + O(N (log N)~10%). (A.6)

1—(log N)~1/2
/ |N5(5—1)7Z||ds|<</ N°(1—o0) Re*do
H\Ts

< N1-(ogN)~1/2 (logN)O(l),

which is much smaller than N(log N)~1% and thus establishes the claim (A.6). Putting
all this together gives

log N)#—1
I3 = ’H(l;z?j)Nw _|_O(N(10gN)Rcz—3/2+g>'
I'(z)
Combining this with our estimates for Iy, Is, Iy and I5, from (A.2) we conclude that
(log V)"

> Fn)fMe N = H(1;2,5)N

Rez—3/2+¢
e +O€(N(logN) ) (A7)
neA; (k)

Finally, in the context of Section 9 note that (using (9.3), and since lim,_,1 (s —1){(s) =1)
H(1;2,5) = im D(s)(s = 1)*F(s;2,5) = L(1,xp)*G(1;2,4), (A-8)
while in the context of Section 10 (using (10.4))
H(152,7) = (L(Lxp) L(Lx 5) L1 X 4q)) "G (15 2,)- (A.9)
This completes our justification of (9.10) and (10.10).
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