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Abstract

Let n points be chosen independently and uniformly in the unit cube [0, 1]¢, and suppose
that each point is supplied with a mark, the marks being independent and identically
distributed random variables independent of the location of the points. To each cube R
contained in [0, l]d we associate its score X, (R) defined as the sum of marks of all points
contained in R. The scan statistic is defined as the maximum of X, (R), taken over all
cubes R contained in [0, 1]d . We show that if the marks are nonlattice random variables
with finite exponential moments, having negative mean and assuming positive values with
nonzero probability, then the appropriately normalized distribution of the scan statistic
converges as n — 00 to the Gumbel distribution. We also prove a corresponding result
for the scan statistic of a Lévy noise with negative mean. The more elementary cases of
zero and positive mean are also considered.
Keywords: Scan statistic with variable window size; marked empirical process; indepen-
dently scattered Lévy random measure; extremes; Pickands’ double sum method
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1. Introduction

Let {U;,i = 1,...,n} be n points chosen independently and uniformly from the
d-dimensional unit cube [0, 1]¢. Suppose that to each point U; a mark X; is attached, the marks
being independent and identically distributed (i.i.d.) real-valued random variables independent
of Uy, ..., U,. The collection {(U;, X;), i = 1, ..., n}is called the marked empirical process.
A natural problem is how to detect inhomogeneities, e.g. clustering of unusually big marks, in
the marked empirical process. To this end, we may consider the scan statistic, whose definition
we now recall (see [9] and [10]). For a set R C [0, 119, define its score X, (R) as the sum of
marks of all points contained in R, that is,

Xn(R) = Z X;. (1.1)

i€{l,...,n}: UieR

Then the scan statistic is defined as supge z (1) Xn (R), where R(1) is some collection of subsets
(‘windows”) of [0, 1]¢. Since no a priori assumptions about the size of the clusters are made,
it is natural to require R (1) to contain windows of all sizes. In this paper we take R (1) to be
the collection of all cubes contained in [0, 1]d (a cube is a translate of the set [0, x]d for some
x > 0).
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The main question is then how the scan statistic is distributed as n — oo. To state our main
result, we make the following assumptions about the distribution of the random marks.

(X1) The logarithmic moment generating function of Xy, ¥ (6) = log E[exp{6 X}], exists as
long as 6 € [0, 6p) for some 8y € (0, oo] which is supposed to be maximal with this
property.

(X2) The function y has a zero 6* € (0, 6p).
(X3) The distribution of X is nonlattice.

Note that condition (X2) implies that E[X] = ¥'(0) < 0. A further corollary is that P[X] >
0] # 0. Conversely, if (i) E[X1] < 0, (ii)) P[ X > 0] # 0, and (iii) condition (X1) is satisfied
for 8yp = oo, then condition (X2) is fulfilled automatically.

Let R (1) be the collection of all cubes contained in [0, 11¢. Our main result reads as follows.

Theorem 1.1. Let {(U;, X;), i = 1,...,n} be a marked empirical process satisfying condi-
tions (X1)—(X3) above. Then

1
lim P|: sup X, (R) < —(logn+ (d — 1)loglogn + H* + r):| = exp{—e "}
n=00 | ReR(1) 0*

for every T € R, where H* is a constant to be specified later.

The scan statistic of Theorem 1.1 may be interpreted as a likelihood ratio test statistic in the
following sense. Suppose that we are given a set of points {U;, i = 1,...,n}in [0, 1]%, the
point U; being marked by a number Y;. Let Fj and F; be two distribution functions such that
the density p = dF;/dFp exists. Consider the following hypotheses (here, R € R(1)).

Hyp: Uy, ..., Uy, Y1,...,Y, are independent with the following distributions: the U; are
uniformly distributed in [0, 1]d and Y; ~ Fp.

Hg: Uy, ..., U, are independent and uniformly distributed in [0, l]d, whereas, for each i =
1, ..., n, the random variable Y; is independent of {Uy, ..., U,} \ {U;} and

y o | P ifUieR,
" |F ifU ¢R.

Hi: Ugesq) Hr-

It is easy to see that the log-likelihood ratio statistic for testing Hy against Hg is given by
X, (R) defined in (1.1) with X; = log p(Y;). Thus, the scan statistic considered in Theorem 1.1
may be interpreted as a likelihood ratio statistic for testing Hy against Hj.

In the one-dimensional case, the distribution of the scan statistic with variable window size
applied to an i.i.d. sequence with negative mean was initially studied in [7] and [12], where
it was shown that an analogue of Theorem 1.1 in dimension 1 with marked empirical process
replaced by an i.i.d. sequence of random variables holds. This result was extended from i.i.d.
to Markov-dependent sequences in [14], a version for Lévy processes was obtained in [8].
The one-dimensional scan statistic with variable window size appears in a variety of settings.
For example, it may be interpreted as the statistic used in the CUSUM stopping procedure in
change-point analysis, as the maximal waiting time among the first n customers in a GI/G/1
queue, as the maximum of a random walk reflected at its minimum, or, in bioinformatics, as
the maximal segmental score when comparing two random sequences.
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The papers cited above use fluctuation theory of random walks and Lévy processes. Fluc-
tuation theory, giving very elegant solutions in dimension d = 1, does not allow an extension
to the case in which d > 2. To prove Theorem 1.1, we use a completely different method
introduced by Pickands [18], [19]; see [2], [16, Chapter 12], and [20] for further development
of the theory, and [3] for the closely related Poisson clumping heuristic. Although Pickands’
method was used originally to study extremes of Gaussian processes, it can be applied in the
non-Gaussian case as well; see, e.g. [2] and [21].

A question closely related to that considered in Theorem 1.1 concerns the distribution of
SUPRe () Z(R), where Z is an independently scattered homogeneous Lévy random measure
on R¥ with negative mean and R (n) is the collection of all cubes contained in [0, n]d. The
analogue of Theorem 1.1 in this situation, Theorem 2.1, will be stated in Section 2. In fact, it
will be more convenient for us to prove Theorem 2.1 first and then to deduce Theorem 1.1 from
it using a close relation between the empirical process and the Poisson process.

It will be seen in the proof of Theorem 2.1 that the main contribution to the extremes of the
scan statistic is made by cubes of some ‘optimal’ volume v, & ¢*logn for some constant c*,
as well as by cubes having a volume differing from the optimal volume by a quantity of order
+/Vn. Thus, the situation we encounter is close to that of [11], where a scan statistic applied to
a fractional Brownian noise with negative mean was considered. Using a change of variables,
the problem in [11] was reduced to studying extremes of a Gaussian field with nonconstant
variance, the points of maximal variance corresponding to the intervals of ‘optimal’ size. In our
case, random fields under consideration are non-Gaussian, which makes many results from the
extreme-value theory of Gaussian processes inapplicable and causes some technical difficulties.

InTheorem 1.1 and Theorem 2.1, below, the distribution of the scan statistic applied to noises
with negative mean is considered. We may ask: what happens if the mean is 0 or positive?
Compared to the negative mean case, these two cases, which will be treated in Section 3, are
much simpler. See Section 4 of [12] for the similar problem in the case of i.i.d. sequences
and [23] for the case of fractional Brownian noise.

It seems that Theorems 1.1 and 2.1 remain true, with a different constant H*, if, instead of
cubes, the family {AB +x: A > 0, x € R%} is used as a set of scanning windows, where B is
any d-dimensional body with a piecewise-smooth boundary. However, working out the details
is rather difficult and is not done here.

Finally, let us note that although we are considering only the scan statistic with variable
window size, the same method, with considerable simplifications, can be used to obtain Erdos—
Rényi-type laws in distribution for the scan statistic taken over all windows of fixed volume
clogn (clogn/n in the case of the marked empirical process). The corresponding result
in the case of a one-dimensional i.i.d. sequence was proved in [15] and [21]. In the case of a
d-dimensional compound Poisson process, this can be deduced from [6], where large deviations
estimates are proved for the scan statistic taken over a set of windows with fixed shape and size
(the windows need not be cubes). Using such a statistic in applications requires a preknowledge
about the size of the clusters to be discovered.

The organization of the paper is as follows. In Section 2 we state Theorem 2.1, an analogue
of Theorem 1.1 for the scan statistic applied to a Lévy noise. The limiting distribution of the
scan statistic in the case of zero or positive mean is considered in Section 3. The proof of
Theorem 2.1 will be carried out in Section 4. Finally, in Section 5 we deduce Theorem 1.1
from Theorem 2.1.

Scan statistics of multidimensional i.i.d. arrays with negative mean were studied by
Jiang [13]. Our Theorem 1.1 solves an open problem stated at the end of Jiang’s paper.
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2. The scan statistic of a Lévy noise with negative mean

Let {£(¢), t > 0} be aLévy process. An independently scattered homogeneous Lévy random
measure on R (Lévy noise for short) is a stochastic process {Z(R), R € B(R%)}, indexed by
the collection B(R?) of Borel sets in R?, such that the following conditions are satisfied.

(Z1) Z(R) has the same distribution as £ (| R|), where | R| is the Lebesgue measure of a Borel
set R.

(Z2) If Ry, ..., R, are disjoint Borel subsets of R? then Z(R)), ..., Z(R,) are independent
and Z(\UJ7_, Ri) = >/, Z(R)).
The Lévy sheet {E(x1, ..., xq), (x1,...,x4) € [0, oo)d} associated to the Lévy noise Z is
defined by
Ext, .-y xg) = Z([0, x1] x -+ x [0, x4]).

By [1] we may always assume that the sample paths of E belong to the Skorokhod space in d
dimensions, as defined in [1] and [5]. Concerning the underlying Lévy process &, we suppose
that the following three conditions are satisfied.

(L1) The logarithmic moment generating function of £(1), ¢(0) = log E[exp{0&(1)}], exists
as long as 6 € [0, 6y) for some 6y € (0, oo] which is supposed to be maximal with this

property.
(L2) The function ¢ has a zero 8* € (0, 6)).
(L3) The distribution of £(1) is nonlattice.
Let R (n) be the collection of all cubes contained in [0, nl4.

Theorem 2.1. Let {Z(R), R € B(R?)} be a Lévy noise on R?, as defined above, such that
conditions (L1)—(L3) are satisfied. Then

1
lim P[ sup Z(R) < 9—*(dlogn+(d—1)loglogn+(d—1)logd+H*+r):| = exp{—e "}

=00 | ReR(n)
for every T € R, where H* is a constant to be specified later.

For d = 1, this theorem was proved in [8] by a method which uses fluctuation theory of
Lévy processes and, thus, cannot be extended to higher dimensions.

3. Results in the case of zero and positive mean

In the preceding sections we considered the limiting distribution of the scan statistics of
Lévy noises and marked empirical processes assuming, essentially, that the mean is negative.
The case of negative mean is the most difficult case. Here, we state the corresponding results
in the case of zero and positive mean, restricting ourselves, for simplicity, to Lévy noises.

First we consider the case of zeromean. Let {W(R), R € B([O0, 174 )} be a standard Gaussian
white noise on [0, 1]¢; we suppose that the corresponding Brownian sheet has continuous sample
paths. Recall that R (n) is the collection of all cubes contained in [0, n]?. For a Borel set R,
let |R| be its Lebesgue measure.

Theorem 3.1. Let {Z(R), R € B(RY)} be a Lévy noise such that

E[Z(R)] =0, varZ(R) =o?|R|, foreach Borelset R C R?.
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Then the distribution of o ~'n=4/? SUPRer(m) Z(R) converges as n — oo to the distribution of
supger(y W(R).

Proof. The Lévy sheet Ez corresponding to the noise Z and the Brownian sheet E+y
corresponding to the noise ‘W are respectively defined by

Bz(x1,...,xq) = Z([0, x1] x --- x [0, x4]),
Ew(xi, ..., xq) = W0, x1] x -+ x [0, x4]).
By the invariance principle for multidimensionally indexed random fields (see, e.g. [5]),

—1,-d/2g

o Ez(n) = Ew(-) asn— oo, 3.1

where ‘=’ denotes the weak convergence in the Skorokhod space D([0, 1]1¢). We define a
continuous functional F: D([0, 11¢) — R by

F(E)= sup E(R), g € D([0, 11%),
ReR(1)

where E(R) is defined in a straightforward way (so that, e.g. Ez(R) = Z(R) and Ew(R) =
W(R)). It follows from (3.1) that the random variable

Fo'n™?87n) =0"'n"? sup Z(R)
ReR(n)

converges indistributionto F(Ew(-)) = SUPReR(1) W(R) asn — oo. This proves the theorem.

Theorem 3.2. Let {Z(R), R € B(R?)} be a Lévy noise such that, for some . > 0and o > 0,
E[Z(R)] = u|R|,  varZ(R) = o’|R|.

Then the distribution of a_ln_d/z(supReﬂ(n) Z(R) —n ) converges as n — oo to the
standard normal distribution.

Proof. Theideais to show that supgc »(,) Z(R) behaves essentially like Z([O0, n]¢) and then
to apply the central limit theorem. We show that, for every a > 0,

P[ sup Z(R) — Z([0,n]%) > and/z] — 0 asn— oo. (3.2)
ReR(n)

Denoting the left-hand side by P, and taking ¢ > 0 small, we have P, < P, + P,/, where

n’

Py =P[ sup Z(R) - Z(10,m1) > 0],
ReR'(n)

Pl =P sup Z(R)—2(0.n1%) = an"?],
ReR"(n)

and R'(n) = {R € R(n): |R| < (1 —&)n?}and R"(n) = {R € R(n): |R| > (1 — &)n4}.
Define the centered noise, {Zy(R), R € .B(Rd)}, by Zo(R) = Z(R) — it|R|. Then

Py =P sup Zo(R) - Zo(10, ") = puen”.
ReR’'(n)
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By the multidimensional invariance principle of [5], applied to Zo, lim,—, o P, = 0. Further-
more,

Pl =P| sup Zo(R) = Zo(10, 1) = an®/?].
ReR"(n)

Again, using the multidimensional invariance principle, we see that this converges to

c(e) = P[ sup W(R) — W([0, 11%) > a].
ReR(), |R|>1—¢

It is easy to see that lim,_,¢ c(g) = 0. It follows that

limsup P, < limsup P, + limsup P, < c(e).

n—o0 n—o00 n—oo

Letting ¢ — 0 we obtain lim,_,» P, = 0, which proves (3.2). Now, the statement of the
theorem follows from the central limit theorem applied to Z ([0, n1?) in combination with (3.2).

4. Proof of Theorem 2.1

This section is devoted to the proof of Theorem 2.1. In the first two subsections we introduce
some notation and prove technical lemmas which will be used often in the sequel. In what
follows, C > 0 and § > 0 denote large and small constants, respectively, whose values may
change from line to line.

4.1. Notation and preliminaries

4.1.1. Normalizing constants. Let T € R be fixed once and for all. For the constants H* and
a* to be specified later, define

1

U, = 0—*(dlogn +(d —1)loglogn + (d — 1)logd + H* + 1), 4.1)
w="t = “2)

4.1.2. The space of cubes. A d-dimensional cube (denoted usually by R) is a set of the form

X?:l [xi —x/2, x; + x/2], where (x1, ..., xq) € R4 are the coordinates of the center and x > 0
is the side length. The space of all cubes, denoted by R, will be identified with R¢ x (0, 00), a
cube R being identified with the tuple (x1, ..., x4; x). We denote by |R| = x? the volume of
the cube R.

4.1.3. The underlying Lévy process. Let {£(¢), t > 0} be a Lévy process satisfying condi-
tions (L1)—(L3) of Section 2. The function ¢ is a real analytic, convex function on (0, 6p).
The zero 6* is necessarily unique by convexity of ¢. It follows from condition (L2) that
E[£(1)] < 0. Furthermore, condition (L2) implies that P[§(1) > 0] # 0, and it follows
that £(1), being infinitely divisible, can attain arbitrarily large values. Using this, it is not
difficult to show that limg_g, ¢'(9) = oo. Note also that ¢’ is monotone increasing and
that ¢’(0) = E[§(1)] < 0. For each o € (E[£(1)], 00), let O(«) be the unique solution of
¢’ (0(a)) = a and let o (@) = /9" (0(xx)). Define the Cramér—Chernoff information function
I: [E[£(1)], 00) — [0, 00) by

I o) = Sulg(a@ —¢(©)) = ab(a) — 0 (). 4.3)
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Define
a*=¢ (0% and o* = /" (0%).

Note that «* > 0, («*) = 0%, and o (@*) = o*.

Lemma 4.1. The function J: (0,00) — (0, 00) defined by J(«) = I(x)/a has a unique
minimum at o = o*. Furthermore,

J@*)=0*  J(@)=0, and J'(a*) =

(4.4)

a*g*2’

Proof. Substituting @ = a* into (4.3) gives I («*) = o*0* — p(6*) = o*6*, which proves
that J(a*) = 6*. Differentiating (4.3) at « = a* we obtain I'(¢*) = 6(a*) = 6* and
I"(a*) =0 (@*) = 1/¢" (0 (a*)) = 1/0*2. Substituting this into

J (@) =a al'(@) — (@) and J'(a) =a 3 @*1" () — 2ol (@) + 21 (@),

we obtain (4.4). In order to show that « = o* is the unigue minimum of J, note that it follows
from the above equation that J'(a) = o 2¢(6(x)) and that « = o* is the unique solution of
@) =0, a>0.

4.1.4. Large deviations. We need the following precise large deviations theorem due to
Petrov [17].

Theorem 4.1. ([17].) Let {£(t), t > 0} be a Lévy process satisfying conditions (L1) and (L3)
of Section 2. Let a € (E[£(1)], 00). We have, as v — oo,

P[w > a] o Le*”](o‘)
v V210(a)o (@) VU '

Moreover, the above holds uniformly in « as long as o stays bounded away from E[£(1)] and
+o00.

The next lemma is a simple consequence of Markov’s inequality and will be used often in
the sequel.

Lemma 4.2. Foreveryu,v > 0,

PlE(v) > u] < exp{—u](%) }

Proof. By Markov’s inequality we have, for every 6 > 0,

PlE(v) > u] < e “E[e® W] = exp{—ub + vp(0)} = eXp{—t)(? - ¢(9)> }

Since the above is true for every 8 > 0, we obtain

P[E(v) > u] < exp{—vl<z>} = exp{_uJ<Z)}’
v v

which completes the proof.
Corollary 4.1. For every u,v > 0,
P[&(v) > u] < exp{—0*u}.
Proof. Use Lemma 4.2 and recall that J (u/v) > 6* by Lemma 4.1.
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4.2. Modulus of the continuity estimate

Let {Z(R), R € B(R%)} be a Lévy noise such that the underlying Lévy process £ satisfies
conditions (L1)—(L3) of Section 2, and let E be the corresponding Lévy sheet. The next lemma
gives a large deviations estimate for the supremum of Z over [0, ¢]?, ¢ > 0.

Lemma 4.3. For every 6 < 0y and ¢ > 0, there is a C = C(0, ¢) such that

P[ sup E(xy,...,xq) > u] <ce ™ forallu > 0. 4.5)
(x1,....x0)€[0,c]¢

Proof. For simplicity, we assume that c = 1. For d = 1, the lemma was proved in [22,
Equation (2.1)]. We use induction over d combined with the method of [22]. Suppose that the
statement of the lemma was proved in dimensions 1, ...,d — 1. Let

71 = inf{x; > 0 : there exists (xp, ..., xq) € [0, l]d*1 such that E(xq, ..., xq) > u}.
The left-hand side of (4.5) is the probability of the event A = {t; < 1}. Wehave A = A1 U A,

where

Alz{nglﬁ sup E(l,xg,...,xd)>u—l},
(x2,...,xq)€[0,1]4~1

Azz[rlslﬂ sup E(1,x2,...,xd)5u—1].
(x2,....x4)€[0, 1191

Now, by the induction hypothesis,
P[A1] <P sup E(l,xz,...,xd)>u—1]§Ce_9".
(X2,.eey xd)é[(),l]d’l

‘We estimate

P[A2]§P[Aﬂ inf (E(l,xz,...,xd)—E(T],xz,...,xd))<—1]
(x2,...,xq)€[0, 1141

§P[Aﬂ inf (E(rl+x1,x2,...,xd)—E(rl,xz,...,xd))<—l]
(X1,X2,..., xd)E[O,l]d

=P[A]P[ inf (E(r1+x1,x2,...,xd)—E(n,xz,...,xd))<—1]

(x1.x2,....x4)€[0,1]¢

=P[A]P[ inf B (X1, X2 .0 Xg) < —1]

(¥1,%2,...,x4)€[0,1]4
= pP[A] forsome p < 1.

We obtain P[A] = P[A]4+P[A2] < Ce~ 4+ p P[A] forsome p < 1, from which the statement
of the lemma follows.

In the sequel, we will often use the following technical lemma which estimates the continuity
modulus of the random field {Z(R), R € R}.

Lemma 4.4. Let ¢ > 0 be a fixed constant. Let x > ¢? and q < cx'~9. Define a set of cubes
B =[—q/2,9/21% x [x,x +ql. Let Ry = [—(x — q)/2, (x — q)/2]% be the intersection of
all cubes from B, and define the random variable M by

M = sup Z(R) — Z(Ry).
ReB
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Then, for every 0 < 60y, there is a constant C = C(c, 0) such that, uniformly in x and q,
PIM >t] < Ce " forallt > 0.

Proof. We show that E[e‘)M ] < C(c, 6); the lemma then follows from Markov’s inequality.
Forh = (h1,...,hg), hi > 0,and ¢1,...,e4 € {—1, 0, 1}, define a rectangle

R(er, ..., eq:h) =1(e1; hy) x - x I(eq; ha),

where _
L if e; =0,
L 2 2
[x —q x—¢q .
I(&i; hi) = 2 2 +hii| ife; =1,
. SR A k. T
L 2 2
Note that R(0, ..., 0; h) = Ry (in particular, the left-hand side does not depend on /). Let
M(ey,...,eq) = sup Z(R(e1,...,¢&q;h)).
hel0,3q /214
The random variables M (¢, ..., &4) are independent and
M < Z M(eq, ..., &q). (4.6)

(€1,..-,84)€{—1,0,1}4\(0,...,0)

Furthermore, if 7 is the number of +1s and —1s among ¢; and if » # 0, then the random variable
M(eq, ..., &q) has the same distribution as the supremum of an r-dimensionally indexed Lévy
sheet on [0, %q(x —¢)@="/1" . Since %q(x — gl < %qxd_l < %c by the assumption
of the lemma, we have, by Lemma 4.3,

Elexp{OM(e1, ..., e4)}] < C(c, 0).
To complete the proof of the lemma, use (4.6).

4.3. Cubes of nearly optimal size

4.3.1. Idea of the proof of Theorem 2.1. Now we are ready to start the proof of Theorem 2.1.
We are interested in the high-crossing probability P[supge z(,) Z(R) > u,]. Intuitively, too
small or too large cubes have asymptotically no chance to contribute to the above probability
(for large cubes, this is due to the assumption that the mean of the Lévy noise is negative). We
will see later that, asymptotically, the probability P[Z(R) > u,] achieves its maximum if the
volume of cube R is equal to v, (equivalently, if its side length is equal to /,). Furthermore,
we will see that cubes of volume differing from the optimal volume, v,, by a quantity of order
more than /v, have asymptotically no chance to contribute to the extremes of the field Z.

In this subsection we are dealing with cubes of nearly optimal size, that is with cubes whose
volume differs from v, by a quantity of order ,/v,. To be more precise, we fix a very large
A > 0 and define

b= n = Ao 1T = o+ AV @)

The main result of this subsection is Lemma 4.11, below, in which the limit, as n — oo, of
Plsupgen ,(n) Z(R) < un] is calculated, where R4 (n) is the set of cubes from R(n) whose
side lengths are in the interval [[,", [;7].
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4.3.2. Cubes of nearly optimal size. First we evaluate the high crossing probability P[Z(R) >
u,] for cubes R having the optimal volume, vj,.

Lemma 4.5. We have, as n — o0,

/a*
v 27r9*a* Un
Proof. The proof follows from Theorem 4.1.

PIE(vy) > uu] ~ —— exp{— G*L‘n}

Now we consider cubes with volume differing from the optimal volume by a quantity of
order ,/v,. Comparably to cubes of optimal volume, the high crossing probability changes by
a constant factor.

Lemma 4.6. We have, as n — o0,

(a*s)?
20%2

P£(vy + $4/Un) > ty +1] ~ e 0"t exp{— }P[é(vn) > uy).

The above holds uniformly in s and t as long as s = O(1) and t = o(\Juy,).

Proof. Let o, = (u, +1)/(vy, + 5/v,). Note that lim, - @, = «*. We obtain, by
Theorem 4.1,

PIE(vp + 53/Vn) > (un +1)] ~ ——exp{—(un + 1) J (an)}-

2 9*0* A/ Un
Now, an easy calculation shows that o, = o«™(1 — s/,/v, + 0o(1/./v,)) as n — oo. Using

Lemma 4.1, we obtain
1 2 1
) =0+ 2 X5 +0<—).
2 o*2v, Uy

It follows that

* )2
—— exp{—0 un}) xp{—(ga:z }

P[& (v, +van)>(un+t)]N<J—9* o
The statement of the lemma follows by noting that the first factor on the right-hand side is
asymptotically equivalent to P[§(v,) > u;,] by Lemma 4.5.

Letg, = l1 —d — v(l D/d Note that if d = 1, g, = 1, whereas otherwise lim,,_, 5, g, = 0.

In the next lemma we consider a high-crossing probability over a set having a size of order g,
in the space of cubes.

Lemma 4.7. For x > 0 and a fixed m € N, define a set of cubes

mq, mdgy d

O‘B’f(n)zl:— 5 ] x [x, x + mqy).

Then, for some constant H,, > 0, the following asymptotic equality holds as n — oo uniformly
inx aslong as x € [I;,;]]:

P[ sup Z(R) > u,,] ~ Hy PIEGY) > up]. (4.8)
ReB™(n)
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Proof. Let Ry = [—(x — mqy)/2, (x — mqy) /2]d be the intersection of all cubes from
B (n). Note that |[Ry| = |x — mgn|? = x4 + O(1) as n — oo. Applying Lemma 4.6 twice,
we obtain

P[Z(Ro) > un — t] ~ e” " P[E(x?) > uy]. 4.9)

Let

M,= sup Z(R)— Z(Ro).
ReB!M (n)

Then it is easy to see that Z(Ry) and M,, are independent and that M,, converges in distribution
as n — oo to the random variable
d

1 1
My = sup E (Si(li—i-l—i-—)—fi(li—l——)),
el d 4 2 2
(seenlasDEl=m/2,m /21 x[0,m /2] j—|

where &1(-), ..., &;(-) are independent copies of the Lévy process {£(¢), € R}. Denote the
probability on the left-hand side of (4.8) by P,. Then

o0
P, = f PIZ(Ro) > utp — 11dP[M, = 1],
—0Q
Using (4.9), we obtain, at least formally, as n — oo,

P, ~ ( / e’ dP[ My = t]>P[§(xd) > Uy,

—00

which proves the lemma with H,, = E[exp{6*My}]. In the rest of the proof we justify this
step. Take T > 0 large. We have

P, _ /00 P[Z(Ro) > u, —t]

PEGD) > un]l  Jooo  PIEGT) > uy]
T PLZ(Ro) > u, —1]
B /_T P[£(x?) > uy]

' PIZ(Ry) > uy — 1]
/T P[E(x?) > uy]
°© P[Z(Ro) > un —t]
/u}/3 P[£(x?) > uy]
T P[Z(Ro) > u, — 1]
/_oo P[§(x?) > u,)
=1+1+1I+1V.

dP[M,, = 1]

dP[M, =1t]

dP[M,, = t]

dP[M, = 1]

dP[M,, = 1]

Since, by Lemma 4.6, the convergence in (4.9) is uniform for t € [T, T] and since M,
converges in distribution to M., we obtain

T
lim [ = / e T dP[M s = t].
n—o0 T

The convergence in (4.9) remains uniform for = o(/u,). Using the fact that, by Lemma 4.4,
applied to M,,, E[exp{O M, }] < C(6, m) for every 6 < 6y, we obtain

1/3
Mn/

1 < / Cce?" " dP[M,, = t] < Ce*T  for some § > 0.
T
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To estimate the third term, note that P[Z(Rg) > u, — t] < exp{—0*(u, — t)} by Corollary 4.1
and that P[£(x?) > un] > cup /* exp{—0*u,} by Lemma 4.6. Thus,

o —0* —t
11 < / eXp{ . Wn =DV appa, = 1] < Cul/zf e’ dP[M,, = 1].
13 cuy T exp{—0*u,} 1/3

The right-hand side of the above inequality converges to 0 as n — oo since E[exp{0 M, }] < C
for every 8 < 6y by Lemma 4.4. Thus, lim,,—, o IIl = 0.
We estimate the last term:

- P[Z(Ry) > u, + T]
T PEGD) > u,l
It follows from Lemma 4.6 applied twice that the right-hand side of the above inequality

converges to e T asn — oo and, hence, limsup,_, IV < e~ T, The statement of the
lemma follows from above by letting n — oo first and then 7 — oo.

Let s, be a sequence satisfying s, = O(l;), s, > 1. In the next lemma we evaluate the
high-crossing probability of the scan statistic taken over the set of all cubes of nearly optimal
volume with centers contained in [0, s, 9.

Lemma 4.8. Let L4(n) = [0, 5,17 x [I;7, [}]. Then, asn — oo,

i (2 i
sup Z(R)>u,,]~H— exp| — dr PlE(vy) > un].  (4.10)

ReL4(n) —A 2

Here, H € (0, 00) is a constant defined by

1 H
H==- lim —=. 4.11)
d m—oo md+1
Proof. Define
LY () = mgn, 2 N L4 0n).

For R = (x1, ..., x4; x) € L (n), let
m qn 1 qn 1
Brm) =|x1——,xi+{m—=)gu|x- xX|[xg— ", xg+|m—=)gn| x[x,x+mg,],
2 2 2 2
and define By (n) = B Xgix . (n) to be the random event {supQE B (n) Z(Q) > uy}. Denote

the probablhty on the left hand side of (4.10) by P,. Then
P, < ST (n), (4.12)

where

d
ST (n) = Z P[B;’(n)]=<’:2> Z P[BG . (m)].

ReL (n) xemguZN[ly 0]

Applying Lemma 4.7 and then Lemma 4.6 yields

*2 ()C —U)2}

PIBY . (M)~ Hy P[s(vn>>un]exp{ o
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If the values of x are inmg,Z N[, l,f ] then the values of (x? — v,) / /v, form alattice in the
interval [—A, A], whose (variable) mesh size is asymptotically equivalent to md/,/v,. Thus,
approximating the Riemann sum by an integral, we obtain

A *4\2
3 P[Bgf_._,o;x(n)]~HmP[s(vn)>u,,]<*/’;_"/Aexp{_(“ 2 }dt>,

m 20*2
xemgnZN(ly 1

This shows that

ST (n) ~ ;H . /A exp _(oc*t)z
! dmd+1=" _A 202

Since the above is true for every m, we find, by letting m — o0, that the left-hand side of (4.10)
is asymptotically not greater than the right-hand side of (4.10). In order to prove the converse,
we use the Bonferroni inequality,

}dz)sf{vi‘/z PIE(vn) > 1]

Py, > S'(n) — 85 (n), (4.13)
where S (n) is as above and
Symy= Y P[BR ()N B ()]
Rl,RzeifZ(n)
R1#R;

The sum S} (n) was already treated above. The proof will be completed in Lemma 4.10, below,
where it will be shown that S5’ (n) can be asymptotically ignored as n — oo and m — oo.

So, we are going to estimate S5'(n). For a cube R = (x1, ..., x4; X), let
Br(n) = [n —qz—",xﬁr%"] X X [Xd—%”,xquz_"] X [x, x +qn]

and let Br(n) be the random event {supRe:BR(n) Z(R) > up}. Let Ry, Ry € L4(n) be two
cubes. Denote by A = A(Ry, Ry) = |R; A R3] the volume of the symmetric difference of R
and R;.

Lemma 4.9. For arbitrary cubes Ry, Ry € L 4(n), we have
P[Bg,(n) N Bg,(n)] < Cexp{—8A(R1, R2)}P[§(vn) > uyl.

Proof. For acube R = (x1,...,xq;%x), h = (h1,...,hg), hiy > 0, and (e1,...,¢&4) €
{—1,0, 1}9, let

R(er, ..., eq:h) = Ii(e1; hy) x -+ x Ig(eq; ha),
where ~
X —dqn X —(qn .
Xj— Xt :| ife; =0,
[ X —dqn X —(qn

Ii(gjs hj) = 1| x; +

i X —qn X —{n .
Xj — 5 —hj,Xj— ) i| 1f8j=—1.

) ,Xj—l- > +hji| if8j=1,
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Let Ri(e1, ..., &q; h) and Ry (g1, ..., &4; h) be defined analogously with R replaced by R; and
R, respectively. Let h(n) = (%qn, e, %qn), and let

Ry = U Ri(e1, ..., e4; h(n)).
(&15.-,84)€{—1,0,1}4

Define
R5(el, ..., €43 h) = Ra(er, ..., eq; h) N Ry,
RY(e1,...,ea;h) = Ra(en, ..., ea; h) \ Ry.

Note that R, := R5(0, ..., 0; h) and R{ := R}(0, ..., 0; k) do not depend on A. Let

M = Z sup  Z(Rh(e1, ..., &q; h)),
{e1vmmea}el—1,0,1)4\(0,...,0) #€10.3¢1/21¢
M" = > sup  Z(Ry(e1, ..., €4 h)).

{e1smea}e{—1,0,1}4\(0,...,0} "€[0,3¢./21
Finally, fix some small a > 0 and let
B’ ={Z(R)) + M' > u, +aA}, B" ={Z(R)) + M" > —aA}.
We trivially have

P[Bg, (n) N Bg,(n)] = P[Bg, (n) N B,(n) N B'] + P[(Bg, (n) N Bg,(n)) \ B']
< P[B'] +P[Bg,(n) N B"]
= P[B'] + P[Bg, (m)] P[B"].

By Lemma 4.7, with m = 1, we have P[Bg, (n)] < C P[£(v,) > u,]. Thus, in order to prove
the lemma, we need to show the following two inequalities:

P[B'] < Cexp{—8A(R1, R2)}P[£(vy) > unl, 4.14)
P[B"] < Cexp{—38A(R1, Ry)}. (4.15)

We prove (4.14). Take ¢ > O sufficiently small. Then
oo
P[B'] = / P[Z(R)) > un +aA — t]dP[M' = 1]
0
(1=&)up
= / P[Z(R)) > un +aA — t]1dP[M' = 1]
0

o0
+/ PIZ(R)) > u, +aA —1]dP[M’ = 1]
(1—e)uy

=141

To estimate 7, suppose first that | Rj| > &v,, where &’ is much smaller than . Asin Lemma 4.4,
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we have E[e?M /] < C(0) for every 0 < 6py. Then, by Petrov’s theorem,

(I—&)un
1=/ P[Z(R(/))Zun +aA —t]dP[M’ =1]
0

(1—¢&)uy
< / Cuy "* exp{—0*(up + aA — 1)} dP[M’ = 1]
0

< Cup 7 exp{—6*uy)e 02 /O e dP[M’ = 1]
< Ce 2 P[£(va) > unl.
Now suppose that |R)| < &'v,. Then, by Lemma 4.2, and if &’ is small enough,
I <P[Z(Ry) > euyl < exp{—(1 + 8)0u,}.
To estimate /I, note that, by Lemma 4.4 and if ¢ is sufficiently small,
I <PM > (1 —e)u,] <exp{—(1+8)0*u,}.

This proves (4.14). We now prove (4.15). By symmetry, we may assume that |R; \ Rz| <
|R> \ Rip| and, hence, |R6’| > A /2 — O(1). By the Markov inequality, for ¢t > 0 small,
P[B"] =P[Z(R)) + M" > —aA]
< &' Elexp{tZ(R))}] E[e™"]
< Ce'"" E[exp{tZ(R}))]
= Cexpf{talA + |Rglo(1)}

AQta + ¢(1)) }

< Cexp{ >

Now, since a > 0 is small enough and ¢’(0) < 0, we may choose ¢ > 0 so small that
2ta + ¢(t) < 0. This proves (4.15).

Lemma 4.10. With the notation of Lemma 4.8 and its proof,
N

lim lim su =0.
e o ST BlE (o) > 0]

Proof. For each R € £ 4(n), the set B (n) may be written as a union of m4t! sets of the
form B (n), where Q € ¢,Z4"!' N L4 (n). For two cubes Q1, Q2 € ¢,Z4H N La(n), we
write Q1 ~" Q5 if there is an R € £} (n) such that both B¢, (n) and By, (n) are subsets of
BY (n). Itis not difficult to see that

ST ) < > P[Bg, (n) N Bg,(n)].
01,026,294 N L
017%™ Qs

Applying Lemma 4.9, we obtain
$3'(n) < CPIE(n) > uy] > exp(—8A(Q1. 02)}.

01,024,747 0L
Q17" Q2
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If Q1 = gyw; and Q2 = g, w; for wy, wy € 74+ then A(Q1, O7) > c||lw; — wy] for some

¢ > 0, where | - || is any norm on R?*!. The lattice Z+1 can be decomposed into a disjoint
union of discrete cubes of side length m, where the cubes have the form w + K, forw € mZ4+1
and K,, = {0,...,m — 1}4tL. For wy, wy € Zt!, we write w; ~" w, if w; and wy are

contained in the same cube of the form described above. It is clear that Q1 ~™ Q5 if and only
if wy ~™ wj. It follows that

S5 (n) < CPLEW,) > uy] > expl{—8/lwi — w2}
w1, w2 €2 g, (0,517 x4 1 1)
wi ™ wy
The set Z4+1 N qn_l([O, snld x [}, 1] contains O(l)s,j’vz_l/2 points. If (for sufficiently
large ¢) lw; — wy|| > cm then wy »™ w;. Using this, we obtain

S2'(n) < CP[E(vy) > unlsol~2(1 + 1D,

where

_ 1
I = Z e ‘S”w”, I = ) Z exp{—§8|lwi — wal}.
wezd+! w1 €Ky, wreZdH!
lwll=cm lwi—wz|l<cm
Both 7 and /I do not depend on 7, and a straightforward calculation shows that lim,,,_, oo I =
lim,,,—, oo II = 0. This completes the proof of Lemma 4.10.

Now we can complete the proof of Lemma 4.8. Equation (4.10) and, in particular, the
existence of the limit in (4.11) follow from the Bonferroni inequalities, (4.12) and (4.13), as
well as from the above asymptotic equalities for S{"(n) and S}’ (n). It remains to only show

that H > 0.
We have
Py> Y PBrmI— Y PIBr ()N Bry(n)]=1—II
ReL (n) Ry, RyeL (n)
R1#Ry

—(d+1)gdyyd=1/2

By the above, I is asymptotically greater than cm P[&(v,) > u,] for some

¢ > 0, whereas

II < CPEW) > uplsdoy Pm=@D 3™ el
wemZd4+1
It follows that if m is sufficiently large then P, > I — I > csf vff_l/ 2 P[&é(v,) > u,] for some
¢ > 0. It follows that the constant H in (4.10) is positive.

Remark 4.1. Let the constant H* in (4.1) be defined by H* = log H — d log(«*6*). Then the

statement of Lemma 4.8 may be written as

e*f
P[ sup Z(R) > u ]~ Dy——,
ReLa(n) " (n/sp)?

where

A *4\2
Dy =a*(\/ﬁa*)_1/ exp{—(a ) }dt.

—A 20’*2

To see this, recall Lemma 4.5.
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Finally, we are ready to prove the main result of this subsection.
Lemma 4.11. Let Ra(n) = [0, n]¢ x [I7, [}]. We have

lim P[ sup Z(R) < u,,] =exp{—Dae”"}.

=00 LreRa(n)

Proof. The set R 4(n) can be decomposed into (n /sn)d translates of the set .£ 4(n), which
was considered in Lemma 4.8 and Remark 4.1. The lemma then follows from the Poisson limit
theorem: the only problem to overcome is that the events under consideration are dependent.

Lets, = l,. For (m1, ..., mq) € Z¢ N[0, n/sy1?, let
Lamsmy,...,mg) = [misy, (my + 1)sp] x - X [masy, (mg + V)sa] x [1;, 1],
and define the random event La(n;mi, ..., ma) = {SUpger,mm,...my) Z(R) > un}. By

Lemma 4.8 and Remark 4.1,
—T

€
P[LA(n;m], ...,md)] ~ DAW

(4.16)

Now we want to apply the Poisson limit theorem to the events

d
{LA(n;ml,...,md), (my,...,mg) € 74N |:0, £i| }

Sn

Note that the events are only finite-range dependent. More precisely, the events L4 (n; m, ...,
m/) and La(n;mY, ..., m)) are independent if [m; — m}| > 1 for atleastonei = 1,...,d.
In order to justify the use of the Poisson limit theorem, we have to show that

—d
P[LA(n;m’l,...,m;;)mLA(n;m’{,...,mg)]=o<<1> ) asn— 0o, (4.17)

Sn

where the m; = m} +¢;, &; € {—1,0, 1}, are not all 0; see, e.g. Theorem 1 of [4]. To this end,
we use Lemma 4.8 again, this time for s,; = 3/,,. We obtain

—-T

e

P U LA(n,m/1+81,...,m;l+8d)i|~3dDA 7

, (n/5n)

[CTT eq)e{—1,0,1}
On the other hand, by (4.16),
/ / d e—r

Pl[Las(n,m; +e1,...,my+¢eq)] ~ 3Dy .

2 ' ¢ (n/sn)?

(&1,...,84)€{—1,0,1}4
Then (4.17) follows by the Bonferroni inequality.

4.4. Cubes of nonoptimal size

In this subsection we deal with cubes whose volume differs significantly from the optimal
volume, v,. More precisely, we consider cubes with volume outside the interval [v, —
AV, vy + A/v,]. We show that, if A — oo and n — o0, these cubes do not contribute to
the extremal behavior of the random field {Z(R), R € R(n)}. Let ¢ > 0 be sufficiently small.
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Lemma 4.12. There is § > 0 such that the following inequality holds uniformly in s and t as
long as |s| < e /v, and t = o(Juy,):

PIE(n + 53/0,) > 1ty + 1] < Ce™ exp(—857) P[£(vy) > un].

Proof. Let oy, = (u, +t)/(v, + 5./v,). Note that ,, € [(1 — n)a™, (1 + n)a™], where
n = n(e) is small if ¢ is small. By Petrov’s theorem,

P[& (v, +S\/5n) >u, +1] <C

e exp{—(u, +1t)J(an)}. (4.18)

An easy calculation shows that, for some ¢ > 0,
(ay — a®)? > c(s? — 0(1))vn_1 asn — 0o.

Applying Lemma 4.1 and recalling Lemma 4.5, we obtain, for some § > 0,
2
S
J(ay) > 0% +6—.
Un
Substituting this into (4.18), we obtain the statement of the lemma.
Let A > 0 be large. Recall that [, and [;7 were defined in (4.7).
Lemma 4.13. Define a set of cubes R1(n) = [0, nl? x [(1 —e)l,, 1], and let
Py(A) = P[ sup Z(R) > un].
ReR|(n)
Then, for c(A) = limsup,,_, o, P,(A), we have limg_, o c(A) = 0.

Proof. Recall that ¢, = I!=¢. Define the set B, (n) = [~qn/2, gn/2]? X [x, x +gy]. Then

d
P,(A) < (l) 3 P[ sup Z(R) > un]. (4.19)

I xequZnl(—e)p 7] REBx(m

Given x € [(1 — &)l,, 1], define a cube

Tl
Ro= |- , ,
2(x —qn) 2(x —qn)

and define M = supp. B.(n) Z(R) — Z(Rp). Note that M and Z(Ry) are independent and that
[Ro| = x¢ + O(1). We have

P[ sup Z(R) > u,,] < P[Z(Ro) > u,] +/ PIZ(Ro) > uy, — t]dP[M = 1]
ReB,(n) 0
1/3

= P[Z(Ry) > un] + f P[Z(Ro) > un — t]dP[M = 1]
0

+ /1/3 P[Z(Ro) > un — t]dP[M = t]

n

=1+1+1I.
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Let s = s,(x) be chosen such that x? = v, — 5./vy,. By Lemma 4.12,
I < Cexp{—8s}P[E(vn) > unl.

We estimate the second term by first using Lemma 4.12 and then using Lemma 4.4:

/3

I < C exp{—38s%} P[£(vy) > un]/ ’ "1 dP[M = 1]
0

< Cexp{—8s?} P[E(vy) > up].

Using Corollary 4.1 and then Lemma 4.4, the third term may be estimated by

o0
I < /1/3 exp{—0*(u, — 1)} dP[M =]

n

o0
= exp{—0*u,} 1 dP[M = 1]

1/3
u,/

< Cexp{—@*un}exp{—Su,lLﬂ}.

Bringing all three estimates together and recalling Lemma 4.5, we obtain

P[ sup Z(R) > un] < Cu;l/2 exp{—0*u,} exp{—8s’} + Cexp{—@*un}exp{—c‘iu,l/3}.
ReB,(n)

It follows from (4.19) that P,(A) < I’ + II', where

d
I = c(l> w2 exp{—0*u,) > exp{—8s, ()2},
q

" X€quZN(1—&)l Iy ]

d
I = C(£> exp{—@*un}exp{—Su,iﬂ} Z 1.

n —
X€qnZN[(1=&)ln,ly ]

It is easy to see that lim, .o II' = 0. We estimate I’. If x € g,Z N [(1 — ¢€)l,, ;] then the
possible values of s, (x) form a lattice in [A, co) with mesh size O(u,Zl/ 2). Thus, estimating
the Riemann sum by an integral, we obtain

/ n\! * > 2 OO 2
I' <C|— ) exp{—07u,} exp{—ds°}ds < C exp{—¥ds-}ds.
q A A

n
The statement of the lemma follows.

Lemma 4.14. Let Ry(n) = [0, nl? x [0, (1 — e)l,], and define

P, = P[ sup Z(R) > un].
ReR,(n)

Then lim;,_ o0 P, = 0.
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Proof. The proof starts similarly to the proof of the previous lemma. For x € [0, (1 —¢&)l,,],
define a set of cubes By (n) = [—¢gn/2, qn/2]d X [x, x + gn]. Then

d
P, < <£> > [ sz =] (4.20)

n x€qnZN[0,(1—e)l,] ReBy(n)

Define, as in the proof of the previous lemma,

R_[_ 1 1 ]d
T 20 —qn) 20 — qn)

and M = supgcg (n) Z(R) — Z(Ro) (if x < gn, we set Ro = &). Note that M and Z(Ry) are
independent. We have

P[ sup Z(R) > un] < P[Z(Ro) > uty] +/ PIZ(Ro) > uy, — t]dP[M = 1]
ReB,(n) 0

guy /2
= P[Z(Ro) > un] +/ P[Z(Ro) > up — t]dP[M = 1]
0

)

—i—/ P[Z(Ro) > u,, —t]dP[M =1t¢]
Uy /2

=1+ 1+l

To estimate the first term, we use Lemma 4.2 and the fact that |Rg| < (1 — e)d v, (and, thus,
un/|Ro| > (1 + 8)a™):

I=< exp{—un.l('l;;—"')} < exp{—(1 + 8§)0*u,}.
0

The second term is estimated analogously, using Corollary 4.1 and Lemma 4.4:

gy /2 Uy, —t
1< / exp{—(un — t)J( )}dP[M =1]
0 [Rol

gup /2
= / exp{—(1 + 8)0* (un — 1)} dP[M =1]
0

Uy /2 .
=exp{—(1 + 5)9*u,,}/ eI+ qpIy = 1]
0

< Cexp{—( + 8)0*u,}.

To estimate the third term, we again use Corollary 4.1 and Lemma 4.4:
o0
1l < / exp{—0*(u, — )} dP[M = 1]
guy /2

o0
= exp{—0*u,) e dP[M = 1]
Uy /2

< Cexp{—(1 + 8)0*uy}.
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Bringing the three estimates together, we obtain

P[ sup Z(R) > un] < Cexpl—(1 + 8)0*un).
ReB,(n)

It follows from (4.20) that

d
l) exp{—(1 + 8)0*u,} Z 1,

e
xeqnZN[0,(1—e)l,]

qn

which converges to 0 as n — oo. This completes the proof.
Lemma 4.15. Define R (n) = [0,n1? x [I;}, (1 + &)l,], and let
Py(A) = P[ sup Z(R) > un].
ReR| (n)
Then, for c(A) = limsup,,_, o, P,(A), we have lim_, o c(A) = 0.
Proof. The proof follows analogously to the proof of Lemma 4.13.
Lemma 4.16. Let eR;(n) =[0,n]? x [(1 + &), n], and define
P, = P[ sup Z(R) > un]
ReRT (n)
Then lim,,_ o P, = 0.

Proof. Letq, = 114 and, for x € [I,1 + 1], define a set of cubes B, = [—q1/2, q1/2]d X
[x,x 4+ g;]. Let M and R be defined as in the previous lemmas. Then P, < P, 4+ P,’, where
A
= Y gy Y P[ sup Z(R) > u,,],

I=[(1+e)l] xeqZnili+1]  REBx

P/ = an(nq,—l)d 3 P[sup Z(R) >un].
]

I=[12 xeqZnli+1] REBx

Ifl € [(1 4+ &)y, l,%] then we use the estimate

P[ sup Z(R) > u] < P[Z(Ro) > tn] +f PIZ(Ro) > up — t]dP[M = 1]
ReBy 0

=1+1IL
The first term may be estimated using Lemma 4.2 and the fact that |Ry| > (1 + €)vy:
I < exp{—(1+8)0*u,}.

To estimate the second term, use additionally Lemma 4.4:

II < /ooexp{—(l + 8)0*(u, — 1)} dP[M = 1]
0

o0
<exp{—(1+ 8)9*un}/ U001 qpI M = ¢]
0

< Cexp{—(1 + 8)0%u,}.
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Using this, we obtain P, < Cndlnc exp{—(1+ 8)6*u,}, which converges to 0 as n — 0o. Now
suppose that/ [1,21, n]. Then (the constant b is large)

P[ sup Z(R) > un] < P[Z(Ro) > —bun] +P[M > buy] = I +1I.
ReB,

2 2
ln

Since |Rg| > cl;* = cvj;, ¢ > 0, the first term may be estimated using, e.g. Petrov’s theorem:

b
P[Z(Ry) > —bu,] < Cexp{—cvﬁI(LG)} < Cexp{—év,%} < Cexp{—(Suﬁ} <Ccn P
v

n

for any given D. To estimate the second term, we use Lemma 4.4:
P[M > bu,] < C exp{—b0*u,} < nLD
for any given D if b is sufficiently large. Bringing everything together, we obtain
P’ < Cndz“lncn*D,
which converges to 0 for large D. Thus, lim,_, o P, = 0. This completes the proof of the

lemma.

4.5. Proof of Theorem 2.1

Now we are able to complete the proof of Theorem 2.1. Ignoring trivial boundary effects,
we have, for every A > 0,

P[ sup Z(R)gu,,]gp[ sup Z(R)gun].
ReR(n) ReR4(n)

Letting n — oo and applying Lemma 4.11 to the right-hand side, we obtain

lim supP[ sup Z(R) < u,,] <exp{—Dae "}.

n—00 ReR(n)

Now, letting A — oo and using the fact that lim4_, o, D4 = 1, we obtain

lim supP[ sup Z(R) < u,,] <exp{—e~"}. 4.21)

n—oo  LRerm)

On the other hand, we have

P[ sup Z(R)fun]zP[ sup Z(R)fu,,]—P[ sup Z(R)>un].
ReR(n) ReRA(n) ReR(n)\Ra(n)

Again, by Lemma 4.11, the first term on the right-hand side converges to exp{—De~ "} as
n — oo. By Lemmas 4.13, 4.14, 4.15, and 4.16,

lim lim supP[ sup Z(R) > un] =0.
A—=00 p—oo RER(M)\R 4 (n)

Thus, letting n — oo first and then A — 0o, we obtain

lim ian[ sup Z(R) < u,,] > exp{—e 7). (4.22)

n—00 ReR(n)

The statement of the theorem follows from (4.21) and (4.22).
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5. Proof of Theorem 1.1

In this section we deduce Theorem 1.1 from Theorem 2.1 using a relation between marked
empirical processes and compound Poisson processes stated below.

Proof of Theorem 1.1. First, let {(U;, X;), i =1, ..., n} be a marked empirical process, as
in Section 1. On the other hand, let {V;, i € N} be a Poisson point process on RY with unit
intensity. To each point V; we attach a mark Y;. We suppose that the Y; are i.i.d. with the same
distribution as the marks X; used in the construction of the marked empirical process, and that
the Y;s do not depend on the V;s. For a Borel set R, let

Z(R) = Z Y;.

ieN: V;eR

The compound Poisson process Z is an example of Lévy noise. Now we are going to show that
Z satisfies conditions (L1)—(L3) provided that X satisfies conditions (X1)—(X3). First note
that if ¢ is the logarithmic moment generating function of X then the logarithmic moment
generating function of Z([0, 11¢) is ¥ (r) = e?") — 1. Thus, if ¢ is finite on [0, 6p) and has a 0
at 6%, then the same holds for . Finally, it is clear that if X is nonlattice then Z([0, l]d ) is
also nonlattice. This shows that conditions (L1)—(L3) are satisfied.

We denote by N, = #{i ¢ N: V; € [0, 114 } the number of points of the compound Poisson
process contained in the cube [0, t14. Forn e N, let T), = inf{t > 0: N, = n + 1}. Then we
have the equality in distribution

{X,(R), Re R(1)} ~{Z(T,R), R € R(1)}. 5D

To see this, consider the right-hand side of (5.1) conditioned on {7;, = ¢}. Under this condition,
the cube [0, 1)¢ contains 7 points of the Poisson point process {V;, i € N} which have the same
distribution as n points chosen independently and uniformly in [0, £). Thus,

{Z(T,R), R € R(D} | {T,, =1} ~ {Xn(R), R € R(1)}.

Since this is true for every ¢, we obtain (5.1).
Define T, = (n + n2/31/d and I, = (n— n2/3la, Noting that E[N,,2/3y1/4] =
var[N, +n2/3)1 ]l =n+n?3 and using the central limit theorem, we obtain

’111%0 [T, > T, 1= nli)rréo P[N(, 12310 <n+11=0.
Analogously, we have lim, o P[T, < T,7] = 0.
We have

P[ sup Xu(R) < upia] =P[ sup Z(R) = uy]
ReR(1) “ReR(T,)

<P| sup ZR) <u,unT, > T,;] +P[T, < T ]

LReR(T,)

<P[ sup ZR) < unl/d] FP[T, < T, ]
“RER(T;)

_ p[ sup  Z(R) <up- +o(1)] +P[T, < T 1.
ReR(T)
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Now, the first term converges to exp{—e~"} by Theorem 2.1, whereas the second term was
shown to converge to 0. This shows that

lim supP[ sup X, (R) < Mnl/d] <exp{—e "} (5.2)
n—oo LReR(1)

On the other hand,

P[ sup xn(R)gunl/d]=P[ sup z(R)gu,,l/d]
ReR(1) ReR(Ty)

>P| sup Z(R) <u,aNT, < T,j']
“ReR(T;)

>P[ sup ZR) < unw] —P[T, > T
“RER(TN)

—P| sup Z(R) <ups+ 0(1)] —P[T, > T,'].
“RER(T;)

As above, the first term converges to exp{—e ™~} by Theorem 2.1, whereas the second converges
to 0. This shows that

limian[ sup xn(R)gunl/d]zexp{—e*f}. (5.3)
n—0o0 ReR(1)

To complete the proof of Theorem 1.1, combine (5.2) with (5.3) and note that
1
Uyljd = 9—*(logn +(d —Dloglogn+ H* +1t) +0(l) asn — oo.
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