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Abstract The numerical range in the quaternionic setting is, in general, a non-convex subset of the
quaternions. The essential numerical range is a refinement of the numerical range that only keeps the
elements that have, in a certain sense, infinite multiplicity. We prove that the essential numerical range
of a bounded linear operator on a quaternionic Hilbert space is convex. A quaternionic analogue of
Lancaster theorem, relating the closure of the numerical range and its essential numerical range, is also
provided.
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1. Introduction

Let F be the field of complex numbers or the skew field H of Hamilton quaternions. Let
‘H be a Hilbert space over F and let T be a bounded linear operator on H. The numerical
range of T is the set

W(T)=Wp(T) ={(Tz,z) : |z|]| = 1,2 € H},
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On the convexity of the quaternionic essential numerical range 839

where (-,-) : H x H — F is the inner product on H. This subset of F was introduced
and studied by Toeplitz in 1918, who proved that, when F = C, the outer boundary of
W(T) is a convex curve and conjectured that the whole numerical range was convex, see
[14]. Shortly after, in 1919, Hausdorff [10] proved the conjecture. Since then, this result
is known as the Toeplitz—Hausdorff theorem.

Over the years, the investigation of the numerical range continuously increased, includ-
ing the cases of linear operators on infinite dimensional complex Hilbert spaces and
complex Banach spaces. In 1951, Kippenhahn [16] introduced the study of numerical
range for quaternionic operators, i.e. when F = H. Soon it became evident that, although
sharing many properties of its complex counterpart, the quaternionic numerical range
was no longer always convex.

The bild of an operator T, also introduced in [16], is the intersection B(T') = Wg(T)NC.
Since every quaternion is, up to unitary equivalence, a complex number, many properties
of the numerical range are encoded in the bild, including convexity. In fact, Wg(T) is
convex if, and only if, B(T) is convex, see [3]. However, the upper bild B (T), which is
the intersection of Wy (T') with the closure of the upper half-plane, is always convex.

The pursuit of convexity remained an important issue in the quaternionic setting, with
Au-Yeung establishing in [15] necessary and sufficient conditions for Wy (T') to be convex.

In a series of recent papers [1], [2], [3], [4], [5], the convexity and shape of the numerical
range of quaternionic matrices have been studied by the first three named authors. The
notion of S-spectrum (see [8, 9]) and its relation with the numerical range on infinite
dimensional quaternionic Hilbert spaces was addressed in the recent paper [6]. Another
geometric object in the realm of infinite dimensional Hilbert spaces is the essential
numerical range of an operator T. It is defined as the set

W(T) =Wer(T)= (| W(T+K),
KeK(H)

where IC(H) denotes the set of compact operators on the F-Hilbert space H. Taking K
to be the zero operator in the above definition, we see that W, p(T") C Wg(T).

This paper is devoted to the study of the essential numerical range in the quaternionic
setting. The main result is Theorem 4.2 where we show that, for F = H, the essential
numerical range W (T') = W, u(T') is always a convex set. Thus, at least convexity of this
essential part of the numerical range is guaranteed even in the quaternionic setting. We
emphasize that this is a surprising and unexpected result since the essential numerical
range is the intersection of non-convex sets and nothing indicates it is convex in its
formulation.

To secure this result we use a general property (Lemma 4.1): given a pair of unitary
sequences 2, z'2) and T € B (H), a judicious choice of N and M shows that the following
vectors are close to orthogonal

(22(7) ~ (Taal)) ~ (172 {af?) ~ 0.

We can then form an essential sequence (see Definition 3.3) for the convex combination
2w + 3203w W2 € W,(T), with elements of the form ax ) 4 530”) The referred

https://doi.org/10.1017/50013091524000336 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000336

840 L. Carvalho et al.

quasi orthogonality implies that

oz + 27 1? = a2 xN’ + 8%z =1
(T(a:cN —l—ﬁaz(z)) a:cN) +5x > ~a (T:rgv) xN > —i—ﬁQ(Ta:gé), g\?) ~ o2w® + 23,

We finish the paper with Theorem 4.3, where we prove a quaternionic version of
Lancaster theorem relating the numerical range and the essential numerical range, see
[11]. Due to the non-convexity of the numerical range, we need to introduce the notion of
inter-convex hull (see 4.7). The result asserts that the closure of the quaternionic numer-
ical range is precisely the inter-convex hull of the quaternionic essential numerical range
and the quaternionic numerical range, i.e. W(T') = iconv {W.(T'), W(T)}. In spite of the
formal similarities with its complex counterpart, there are worth mentioning differences.
Foremost we can not infer that the numerical range is closed when it contains the essen-
tial numerical range (see Remark 4.5) as in complex Hilbert spaces [11, Corollary 1].
This is because the quaternionic numerical range lacks convexity and the quaternionic
Lancaster theorem uses the weaker notion of inter-convex hull. In addition, Remark 4.5
tells us that, even though the upper bild is convex, we still do not recover Lancaster
theorem in its complex form.

2. Notation and preliminaries

The division ring of real quaternions H, also known as Hamilton quaternions, is an
algebra over the field of real numbers with basis {1,4, 4, k} and product defined by i? =
2 = k2 = ijk = —1. Given a quaternion ¢ = ¢y + q1 + ¢2j + g3k, its conjugate is
" = qo—q1i—q2j —qsk. We call Re (¢) = # and Im (q) = # the real and imaginary
parts of ¢, respectively. The norm of ¢ is the non-negative real number |q| = /qq*. Two
quaternions q, ¢’ € H are similar if there is a unitary v € H such that u*qu = ¢/, in which
case we write ¢ ~ ¢’. This is an equivalence relation and we denote the equivalence class
of ¢ by [q].

Let H denote an infinite dimensional two-sided Hilbert space over H. In particular,
the norm of x € H is defined by the underlying H-inner product as ||z| = v/(z,z). The
inner product verifies the usual Cauchy—Schwartz inequality: |(x, y)| < ||z||||y]||, for every
x,y € H. The space of bounded, right H-linear operators on H is denoted by B(H),
its closed ideal of compact operators by K(#) and the group of invertible operators by
B(H)~ L

Every linear operator T considered in the text will be a bounded linear operator in
B(H). Given q € H and T € B(H), we define the operator A, (T) : H — H by

Ay(T) =T% = 2Re ()T + g1,
where I is the identity operator. Clearly, A,(T) € B(H). The S-spectrum is the set
oS(T)={qeH: AJ(T) ¢ B(H)" '},

which seems to be the appropriate notion for spectral analysis of linear operators on
infinite dimensional quaternionic Hilbert spaces, see [8, 9].

https://doi.org/10.1017/50013091524000336 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000336

On the convexity of the quaternionic essential numerical range 841

Let m : B(H) — B(H)/K(H) denote the canonical quotient map and C(H) =
B(H)/K(H) the Calkin algebra. Let (1) = [T'] denote the equivalence class T + K(H),
for T € B(H). Then C(H) is a normed algebra with ||[T]|| = inf gexca |T + K| < ||T7.
We say that T is a Fredholm operator if the class [T] is invertible in C(H).

According to Atkinson Theorem, T" € B(H) is a Fredholm operator if and only if
its range is closed and the kernels ker(7T') and ker(T*) are finite dimensional, where
T* € B(H) is the adjoint of T. The set of all Fredholm operators in B(H) is denoted
by F(H).

The essential S-spectrum of T' € B(H) defined by

o (T)={qeH: A, T) ¢ F(H)}.

is a non-empty compact subset of o°(T), see [12].

In the sequel, we will be working in the quaternion setting, that is, the quaternions
H are our ground field (skew field to be more precise). Therefore, when we write W (T')
or W, (T), we always refer to the quaternionic numerical range or quaternionic essential
numerical range.

Finally, define the essential bild and the essentials upper and lower bilds to be, respec-
tively, B.(T) = W.(T)NC, BH(T) = W.(T)NC*, and B; (T) = W.(T)NC~, where C*
is the closure of the respective half-planes.

3. Properties of the essential numerical range

This section is devoted to elementary properties of the essential numerical range and to
prove some criteria for a quaternion to be in the essential numerical range of an operator.
The results and their proofs are identical to the complex case with some adjustments.
For the sake of completeness full proofs are provided. We start with an auxiliary result
concerning compact operators.

Lemma 3.1. An operator T is compact if and only if (Ten,e,) — 0 for every
orthonormal set (ep,)n.

Proof. Let T' € B(H) be compact and let (e,), be an orthonormal set. Let P, be

the projection onto span{ey,...,e,}. Since T is compact, it is the limit of a sequence of
finite rank operators, i.e. lim, o ||P,T — T|| = 0 (see [7, Corollary 4.5]). Then

lim [[(1 = Po)T(I = Pp)|| < lim [T = P, T[T = Pol| = 0.

n—oo

Since (I — P,)ént1 = €nt1, and using the Cauchy—Schwarz inequality, we have

(Tent1,ent1)| = [(T(I = Pa)eny1, (I — Po)eny)]
S H(I - Pn)T(I - Pn)”

Hence, (T'ey, e,) — 0.
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For the converse, suppose that T' € B(H) is such that (T'e,,, e,,) — 0, for every orthonor-

mal set (en)n. From ||T'|| = supy,=y|=1/{Ty) |, there exist unit vectors 1,y € H such
that

[Lil}

(T, > 15

A straightforward computation shows the following ‘polarization identity’, for all z,y €

H:
UTa,y) = (T(a+y),o+y) — (T@—y),o—y)+ ((T(e+yi), v+ yi) — (T —yi), o —yi) )i

k(T (@+yk), 2+yk)— (T(a—yk), 2—yk) ) +k ((T@-+ys), o+yj)— (T (e —yj), o -yj) )i

In particular, it follows that
1
|<T:L‘17y1>| < 1 Z |<Tu,u>|,

where U = {21 +ny; : n = £1, +4,+j, £k}. More precisely, for some uy € U, we can
write

|<T1'1ayl>| < ‘<TUO7UO>| =2

| co

U U 2
<T( ) 0 o
Toll ) Taol

Ug Uo
()
- ‘ [[woll [[woll
where in the last inequality we used the fact that ||ug|| < 2. Set p1 = ug/||ug|| € H. Then,
p1 is a unit vector such that

[l

T
<o) < 81T ol Ll < (71, ).

16

Now, let Py be the orthogonal projection onto span {p; }. By applying the above argu-
ment to the operator (I — Py)T(I — P;), we can find a unit vector ps orthogonal to p;
such that

(1 = P)T(I = P
16

< [Tz, p2)l-

Moreover, a recursive procedure allows us to construct an orthonormal sequence (py,)n
such that if P, is the projection onto the span of {p1,...,pn} then

(I = Pa)T(I = P,
16

< KTpnt1; ps1)]-
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Since p,, is an orthonormal sequence, by assumption, we have lim,, oo (T pp, pn) = 0, so
that

lim |(I — P,)T(I — P,)|| = lim !|(P,T +TP,— P, TRP,) —TJ =0,
n— 00 n—00

and thus T is compact (being the limit of the finite rank operators P,T + TP, —
P, TP,). O

Next result, well-known in the complex setting (see [13, Corollary in page 189]), gives
necessary and sufficient conditions for an element ¢ € H to belong to W, (T'), for some
operator T' € B(H). A very important class of unitary vectors regarding the essential
numerical range, portrayed below in condition (b), will be called an essential sequence,
see Definition 3.3. As usual, we write x,, — z if a sequence (z,,),, in H converges to x € H
in the weak topology.

Theorem 3.2. Let g € H. The following conditions are equivalent:

(a) g€ We(T).

(b) There ezists a sequence of unit vectors (rn)n in H such that z, — 0 and
(T, xn) — q.

(¢) There exists an orthonormal sequence (ey), in H such that (Ten,e,) — q.
hmn—>oo<T£na§n> =4q.

Proof. (b) = (a). Suppose (b) holds. To see that ¢ € (xci ) W(T + K), we will
show that (T + K)x,,z,) — q, for every compact operator K. At this point, we need
the following well-known result: if K is compact and z, — z, then Kz, — Kx strongly.
In particular, if z, — 0 then ||[Kz,| — 0. It follows that

(TH+ K)xp,xn) = (Txp, 2n) + (K, 20) = q,

since we have [(Kx,,z,)| < || Kx,||, for every n.

(¢) = (b). The result follows from the fact that e,, — 0 for every orthonormal sequence
(en)n-

(a) = (c¢). Since W (T) = [B.(T)], it is enough to prove the result for the essential
upper bild. Let ¢ € BS (T).

From

BF(T) C BH(T), there is a sequence of unit vectors (£,), in H such that (T¢,,&,) €
BT(T) and lim,, 0o (T€,, &) = q.

Take &, which we call without loss of generality &1, such that

N | =

(T€1,&) —al <

Let £; := span{¢{;} and write H = £; @ L{. Denote P, : H — H the orthogonal
projection onto £;. From [3, Corollary 3.3], we know that the quaternionic numerical
range of an operator, and therefore its upper bild, always intersects the real line. So, we

can take a real number pu, € BT ((I — P1))T|ﬁf) NR.

https://doi.org/10.1017/50013091524000336 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000336

844 L. Carvalho et al.

Let F'y be the finite rank operator such that T+ Fy = p1 Py + (I — P;)T(I — P;). Then,
F1 compact and, since ¢ € BS (T), it follows that

q€ BY(T'+ F1) =Bt (P + (I — P)T(I - P)).
However, it is clear that

B (mPy+ (I —P)T(I - P1)) =
= {(mPr+ (I = P)T(I — P))(z1 + x2), 71 + 22) : (71,22) € Q}NCT
= {u1|$1||2 [l — POT 2, o)+ (w1,2) € Q} nct,

2] |2

where Q = {(#1,22) : #1 € L1, 22 € L, |lz1* + [|22]? = 1}.
Since p; € B*((I - Pl))T|£f-) N R and B* ((I - Pl))T\Ef-) is convex (see [15,
Corollary 1]), we obtain

B (P + (I — P)T(I - P,)) = B+((I - Pl)TwlL>.

Hence, ¢ € Bt ((I - P1)>T|£f-). So there is a unit vector & € £ such that

(T = POTICH2,6) — 1] < o & T0,6) — 1] < 5.

If &, ..., &, are orthonormal vectors such that [(T&,,&,) — q| < 5w, we can repeat the
above procedure with £, := span{&,...,&,}, P, the orthogonal projection onto L,,

fin € BY ((I - Pn))T\[,#) AR and F, such that T + F, = 11, P + (I — P)T(I — P,).
We thus obtain a unit vector &, 1 orthogonal to each & for 1 < k < n such that

1
(T€n+1,&nv1) — gl < TESE

By recursion, there exists an orthonormal sequence (&,), in H such that
<T£n7€n> —q. ]

We will call any sequence satisfying (b) an essential sequence for ¢, as stated in the
following definition.

Definition 3.3. An essential sequence (), C H for q is a sequence of unit vectors
such that x,, = 0 and (Txp,x,) — q.

An immediate consequence of Theorem 3.2 is the non-emptiness of the essential numer-
ical range. In fact, for any orthonormal sequence (ey),, the sequence ((Ten,en>) is
n

bounded by ||T||. Then, it has a convergent subsequence. By (c¢) in Theorem 3.2, we have
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that W (T) is non-empty. Moreover, it is clear that W, (T') is a compact set since it is
closed and bounded in H. These properties are summarized in the corollary below.

Corollary 3.4. W,(T) is a non-empty and compact set.

The essential numerical range in the quaternionic setting shares many properties with
either the complex essential numerical range or the quaternionic numerical range. We
collect some of such properties below. The proofs are direct and for that reason only a
short hint is provided.

Proposition 3.5. The following properties of the quaternionic essential numerical
range hold.

) We(T + K) = W,(T), for all K € K(H).
) q € W(T) if and only if [q] C W(T).
) We(T*) = We(T)'

g We(T) € D(O, [|w(T)]]).
)

)

)

v) If a,b e R,W.(aT + bI) = aW.(T) + .
(vi) We(T +S) C We(T) + We(S).
(vii) If U € B(H) is unitary, then W (UTU*) = W.(T).

Wo(T) contains all eigenvalues of T of infinite multiplicity.

Proof. (i) follows from K + K(H) = K(H), for any K € K(H); (ii) results from
g € W(T) if and only if [g] € W(T), for every operator T’; (i) is a consequence of
W(T*) = W(T), for every T € B(H); the inclusion W(T') C D(0, ||T||) implies (iv); (v)
holds because W (aT + bI) = aW (T) + b, for a,b € R; from K(H) + K(H) = K(H) and
W(T 4+ S) C W(T) + W(S) we obtain (vi); (vii) follows from W(UTU*) = W(T); for
(viii) note that the orthonormal set (e,), of eigenvectors satisfying Te, = e,q is an
essential sequence for g. O

From [6, Theorem 2.9], we know that o°(T + K) C W(T + K), for every K € K(H).
Using the notion of Weyl S-spectrum, o2 (T) := Nrexon o%(T + K), and that o2 (T) C

o2(T) C o%(T) (see Definition 6.1 and Theorem 6.6 in [12]), we have the following result.

Theorem 3.6. o7 (T) C W.(T).

4. Convexity

In this section, we establish the main result of the paper which asserts that the quater-
nionic essential numerical range is convex. To see this, we will show that for any two
elements w®, w®) in W(T'), their convex combination can be arbitrarily approximated
by elements (T'z, z), where z € H is generated by an essential sequence for w® and an
essential sequence for w®. To construct such elements z € H, we need a preparatory
lemma which states a general property enjoyed by a pair of unitary sequences weakly
vanishing and a bounded linear operator.
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Lemma 4.1. Let T € B(H) and (ng))n, 1=1,2, be unitary sequences in H such that
;vgf) — 0. For any e >0 and N € N, there is M € N such that M > N and

|<x§\1,):c§@)>| <eg, |<T:c§\})x$[)>| <e and {(T*x%)zg\?ﬂ <e.

Proof. Let § > 0. Let (ey)r be an orthonormal basis for H and Pk be the projection
onto span {ey, ..., ex}. Since (I — PK)y/c—moO for every y € H, then, for the above > 0
and N € N, we may find K € N such that

(T = P11 <6, 11 = P)T | <6 and  |[(1T— P)T* 2| <6 (4.1)
We can find an M € N that depends on d, N, K, such that M > N and

)
2
‘<$S\J),€k>| § W,for every 1 < k < K. (42)

Inequality (4.2) follows from the fact that (x%z))n vanishes weakly and that implies
coordinatewise convergence to zero. It follows that

2 2
| > el = 5 Joideof <5
1<k<K 1<k<K
and therefore
[P || <o (4.3)
Noting that ||z’ || = |22 = 1, we have
@87, 28)] < @, (1= Py + | @, Pica?)|
<17 = P)ay || 257 ]| + i || Preari? |
<260 (from (3.1) and (3.3)).

Using a similar reasoning, we can show that

1 1 2
(T2, 2)| < I - P)T2 Q) 123 ) + 172 | Prea'y |
< — Pr)T2Y || + T 6

<5+|T| 6

and |( T*:cN ,:L’M >| 0+ ||T| 4. Letting 6 be such that max{2,14||T||}¢ < e the lemma
follows. O
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Theorem 4.2. W (T) is convez.

Proof. Convexity of W,(T) will be proved by showing that a?w® 4 32w € W (T)
for any a2 + 2 = 1, when w®,w® lie in W, (T). For that we will prove there is an
essential sequence (Z,), for a2w® 4+ B2

Let (:ESZ)) be an essential sequence for w( 9 and denote w( 0= <T§U£l), xn > fori=1,2.

For any p € N let £ = 1/p. One of the conditions for the sequence (.1‘7(1)) to be essential

for wi is that wi,, — wi when n — oco. Hence, for the given ¢, there exists N > p satisfying

lw®, —wW| <eand [w?,, —w®| e, for n > N. (4.4)

Pick M according to the previous lemma. For the fixed o and 3, let z = axN —|—Bm
Since a? 4+ 42 =1 and aff < %, we easily verify that

2112 = 1] < [, 23] <e. (4.5)

A simple computation shows that
‘<TZ7Z> — (a2wMy + 62W(2)M)‘ - a5‘<Tx§\1[>,x<A3>> (T, <2>>‘ .
From (4.4), it follows that

‘(Tz,z) ~ (2w Jr/82“](2))’ < ‘(a2w(l)N +A2%0® ) - (02w +52w(2))‘
+ ‘(Tz, z) — (W y + BQw@)M)‘
az‘wu)N — w4 52‘w<2)M —w®)|

+ ’(Tz7 z) — (oczw(l)N + ﬂQw(z)M)‘
< 2. (4.6)

Observing that the fixed integers N and M depend on ¢, that is on p € N, we denote
them by N, and M,; likewise, We denote z by z,. To get an essential sequence, we have
to normalize (zp),. Write 2, = ” H From (4.5), ||lzpll = 1 (p — o00), and so (Z,), is well

defined. By definition, 2z, = aa:N —l—ﬁm , and x%) , C(:S\? — 0, when p — oco. By linearity

and since ||z,|| — 1, we have that Zp — 0. Finally, from (4.6) it follows that

1

(T3, %) = ——
N PAE

(T2, 2,) — oM + g2,

The sequence (Z,), is essential for a?w® + 3253 and thus, by Theorem 3.2, aw™ +
2w € W (T). O
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Next result establishes the relation between the boundary of the numerical range and
the essential numerical range. This is the quaternionic analogue of Lancaster’s theorem
for the complex numerical range, see [11, Theorem 1]. Since the quaternionic numerical
range is not always convex, a modification is imposed and we need to introduce the notion
of inter-convex hull of sets (see [2, Definition 3.2]).

The inter-convex hull of the sets A and B, denoted by iconv { A, B}, closes the set AUB
to the convex combinations with one element of each sets,

iconv{A,B} ={aa+(1—a)h:ac A, be B, 0< a<1}. (4.7)

Theorem 4.3. The closure of the numerical range is W(T') = iconv {W,(T), W(T)}.

Proof. We start proving that iconv{W.(T),W(T)} C W(T). Let @ €
iconv {W,(T),W(T)}. Then & = o*w + f*w, with w € W(T),w. € W.(T) and
a? 4+ B2 = 1. In particular, we can take a unitary y € H such that w = (T'y,y) and an
essential sequence (y,, ), for w,. Since y,, — 0, we have that lim (T'y,,, y) = im (T'y,,, Ty) =
lim (Ty,, T*y) = 0. Let z, = ay + Byn. Then,

(Tzn, 2n) = &(Ty,y) + B*(TYn, yn) + a5(<Ty, Yn) + (TYn, y)) — a’w + B, = @.

Furthermore,

lzall® = a2yl + 82 lgall® + a8 (g, u) + (. 9)) — 1

Thus, W(T) > (T szu, HZLLH> — @ and @ € W(T).

To prove the converse inclusion, take w € W(T). There is a sequence (y), in H
satisfying ||y, || = 1 and w,, = (T'y,, yn) — w. Since this sequence is in the unit circle,
there is an element y € H in the unit disk such that y,, converges weakly to .

If y=0, then (y,), is an essential sequence for @. From Theorem 3.2, we have w €
We(T).

If |y|| = 1, we have that y, — y, with [|y]| = 1 = ||lyn||- It is well-known that in this
case y, — y (strongly). Thus, (Tyn, yn) — (Ty,y), that is, w = (Ty,y) € W(T).

Assume now that ||ly|| # 0, 1. Using that (y,, h) — (y, h) for any h € H, we can prove
that lim (T'y,,,y) = lim (T'y, y,) = (T'y,y) and therefore

m (Typ, yn) = lim [(Ty,y) + (T (yn — ¥),Yn — v)] -

It is easy to see that lim ||y, — y||* = 1 — ||y||*>. Then

— . . y y 2 ynfy ynfy
@ = lim (T, o) =limn | [yl2(T 0 2 4 g — g2 (7 2220 )
¥ Tl T o Tom — o1 Tom =]

y y 2N 1 yn_y yn_y
(T2 )+ (1= [yl lim (T , )
Tl Tl Tom =31 Tm =3
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We have just written @ as a convex combination of w = (THZ—H, ﬁ> € W(T) and

we = lim <T%’HZZ%.ZH> We use Theorem 3.2 again, observing that (%)
is an essential sequence for we, to conclude that w, € W,(T). Therefore, @ €
iconv {W.(T),W(T)}. O

As in other results concerning the quaternionic numerical range, next corollary shows
that we can simply consider what happens in the complex plane. Given a quaternion
q = qo + q1i + g2 + g3k, we define 7(1y(q) = Re(q) = qo and 7(;y(q) = q1.

Corollary 4.4. Let T € B(H). Then B(T) = iconv {B.(T), B(T)}.

Proof. From Theorem 4.3, we have

iconv {B.(T"), B(T)} N C C iconv {W,.(T),W(T)} nC=W(T)nC.

We obtain that iconv {B.(T"), B(T)} C B(T).
For the converse inclusion, take an element @ € B(T'). According to Theorem 4.3, there
are w € W(T), we € W(T') and « € [0, 1], such that

w=oaw+ (1 - a)w,. (4.8)

Observe that when =0 or =1 the inclusion immediately follows. So suppose a # 0, 1.
We can write w = a + bg and w, = ¢+ dg., where a,b,c,d € R, ¢ € Im (q), g. € Im (g.)
and |g| = |ge| = 1. Therefore, we have

w=(aa+ (1—-a)e)+ (abg+ (1 — a)dg.).

Note that abg+ (1 — a)dg. € span {i}, since & € C. Assume that @ € C*. If @ € C™, the
proof is analogous.

By the axial symmetry over the reals of the numerical range, there are w;) € [w]NC*
in the bild and w, ;) € [we] NCT. We can write w; = a + |bli and we; = ¢+ |d]i.

Define @; = aw; + (1 — @)we s, which can be written as

T = (aa+ (1 - a)c) + (afb| + (1 — a)|d))i.

Clearly, m()(w) = m1)(@;). On the other hand, since abg 4 (1 — a)dg. € span {i} and
lg| = |ge| = 1, we have
0< W(i)(@) = ‘W(i)(c@)i‘
= ‘abq + (1 — a)dge
< albl + (1 — a)|d]

=T() (@;).
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Assurning that alb| — (1 — «)|d| = 0, let now w; = aw; + (1 — a)w] ;; otherwise, define
Wi = aw] + (1 — a)we;. Clearly, @; € CT and (1) (w0;) = m(1)(w). We have

0 < oy (@s) = |albl = (1= @)l

= |albg| — (1 — a)|dq; |

< |abg — (1 — a)dq;

= Olbq + (1 - O‘)dQe
= (i) (@),

since abq + (1 — a)dg. € span{i} and w € C*.
Then we have found two elements @w; and &;, both in iconv {B.(T'), B(T)}, such that

Now we will show that @ is also in iconv{B.(T),B(T)}. Consider the affine
transformation

f1Be(T )—>C
f(z) =aw; + (1 — a)z.

Since B.(T) is convex, [w*

v isWe,i] C Be(T). Affine transformations map lines into lines so
we have

flweiswei]) = [wi, @il

Observe that w; # w;, since o # 1.
Since @ € [w;,w;], there exists n € [w] ;,we,i] C Be(T) such that f(n) = @, that is,
aw; + (1 — a)n = w. We conclude that @ € iconv {B.(T), B(T)}. O

Remark 4.5. In the complex setting, [11, Corollary 1] proves that the numerical range
is closed if and only if the W¢ ((T') is a subset of the W¢(T'). The relation in the previous
result induces the idea that the same result might hold for quaternions. However, that is
not the case.

Take the operator T' = diag {—1+1i, 1+ i} G diag{s,}, where s, is a sequence that runs
over (—1/2,1/2)i N Qi. Applying Theorem 3.2 and Theorem 4.2, we have

Be(T) = [=i/2,i/2].
From Theorem 4.2 in [6], it follows

BH(T) = conv{—1+1,1+1,-1/3,1/3]}.
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Nevertheless, the upper bild, and therefore the bild, is not closed. For example, the
boundary line segment joining —1/3 to —1 + 4 does not belong to B(T'). Thus, we have
B.(T) =[-i/2,i/2] C B(T) but B(T) is not closed.
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