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Short Time Behavior of Solutions to Linear
and Nonlinear Schrodinger Equations

Michael Taylor

Abstract. 'We examine the fine structure of the short time behavior of solutions to various linear and
nonlinear Schrédinger equations u; = iAu+q(u) on I X R", with initial data u(0, x) = f(x). Particular
attention is paid to cases where f is piecewise smooth, with jump across an (n—1)-dimensional surface.
We give detailed analyses of Gibbs-like phenomena and also focusing effects, including analogues of
the Pinsky phenomenon. We give results for general 7 in the linear case. We also have detailed analyses
for a broad class of nonlinear equations when #n = 1 and 2, with emphasis on the analysis of the
first order correction to the solution of the corresponding linear equation. This work complements
estimates on the error in this approximation.

1 Introduction

This paper continues work of [24], analyzing the behavior near ¢t = 0 of the solution
to an initial value problem

ou _

(1.1) o

iAu+q(u), u0,x) = f(x),
where f is a function on R" and q: R* — R? ~ C is a smooth map. In [24] this was
investigated for f satisfying

(1.2) | fllr2meny < A, ||eitAf||L°°(R") <A,

with n = 1 or 2. It was assumed that o > 0 forn = 1l and o € (0, 1) for n = 2, and
that g(0) = 0, Dq(0) = 0, where Dq(u) is the 2 x 2 matrix of partial derivatives of g,
one family of examples being q(1) = A|u|*u, for some k € N, A\ € C. In such cases
it was shown that there exists Ty > 0 such that for ¢t € [0, Ty] the solution to (1.1)
exists and satisfies

(1.3)  ult) = uo(t) + / ¢TI q(un(s)) ds + wlt),  ug(r) = €2 f,
0

with the remainder estimate ||w(t)||1grr) < Ct®, where & = 3/2 for n = 1, and one
can take any o < 140 for n = 2. For related work we mention [9], which treated the

case n = 1, q(u) = —i|u*u, and f = Yy, the characteristic function of an interval.
We also mention [12], treating the short time behavior for n > 3, witho > (n—2)/2
in (1.2).
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Short Time Behavior of Solutions to Schrodinger Equations 1169

As shown in [24], the hypotheses in (1.2) apply when n = 1 or 2 and f is com-
pactly supported and piecewise smooth with jump discontinuity. We are particularly
interested here in a precise analysis of the right side of (1.3) for such f. This analysis
has two parts. First one wants a precise description of uy(t) = ¢/ f. Then one wants
a precise description of the integrand in (1.3). To change notation slightly, we want
to understand

(1.4) vo(s, 1) = €' q(e*> f),

uniformly for s, t € [0, To].
Certainly one useful tool in such an analysis is the integral formula

(1.5) 2 f(x) = (4mris) "2 / T £ () dy.
R
We will see that applying this gives rise to a number of interesting problems involving

oscillatory integrals. One basic, but illuminating, case is f = X, the characteristic
function of the interval I = [—1, 1] C R. In such a case, we have

x+1
isA _ s\ —1/2 iy2/4s _ x+1 x—1
e x) = (4mis e dy = Fr — Fr ,
) = ( ) /x71 Y ( \/45) ( \/45)

where Fr(x) is the Fresnel integral:

(1.6) Fr(x) = (mi)~'/? / ¢ dy.
0
This is a smooth, odd function of x, tending to the limits +1/2 as x — F00. More
precisely, one has
1 2
(1.7) Fr(x) = 3 sgnx + e ®(x),

where ®(x) is smooth except at x = 0, with lim,_, 1o ®(x) = F1/2 and

(1.8) D(x) ~ Zal, xT x| — oo

v>0

These results on Fr(x) are classical [15, pp. 16-23]. They also follow from material
presented in Section 2. It will also be shown in Section 2 that if f is compactly sup-
ported and 2 f(x) — sgn x is smooth, then

(1.9) ei’Af(x):v(t,x)+eixz/4’¢( x )

5l

where ® is as in (1.7) and

(1.10) v(t,x) = f(x) +g(t,x),
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with g(t, x) smooth and rapidly decreasing in x. More general point singularities will
be treated in Section 2.

The result (1.9) gives us a taste of what sorts of functions arise in (1.4). For exam-
ple, if

(1.11) q(u) = Au'T", (,meN,
and if €2 f is as in (1.9), then
(1.12) Q2 ) = A + e/ B0) (7 + e X /4G )™,
where ®(x) = ®(x/ V/4s). A binomial expansion yields

, L& 0N (m , —k i
(1.13) g™ ) = A Z > (;) (k)v‘—fvm—kcpg@s el U—hx /s

=0 k=0

which is a sum of terms of the form

. X .2
(1.14) v,,(s,x)@fk(—) e /45,
Vas

where ®/*(x) = ®(x)/®(x)* and —m < v < £. Here each v,(x) is smooth except
at x = 0, where it might have a jump discontinuity, and it is rapidly decreasing as
|x| — oo. The dependence of v, on s is innocuous. Thus the task of analyzing (1.4)
comes down to analyzing

(1.15) Alk(s, 1, x) = ei‘A(qu)gkei”x2/4s) ,
uniformly for s, t € [0, Tp], where (IJJk(x) = ®i*(x/\/4s) and v = j — k. For smooth
q more general than (1.11), we can write

oo

q(eisAf) — q(V—I— eixz/4s(1)s) — Z Wy (s, x)eiyxz/4s’

with .
wy(s,x) = . / q(v(s, x) + eie@s(x)) e 0.
T

—m

We take up the analysis of (1.15) in Section 4. We mention that there is a notable
effect when v = —1, manifested near t = s. For example, it will be shown that

(1.16) At 1, x) = €M B0 (1 ),

where § = /4t, ii;(z) = 6~'0(6~'2), 1 is a piecewise smooth function (perhaps
with jump at z = 0) satisfying

(1.17) [a(z)] < C(1+|2)) 72,
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and ¥°' is C* on R \ 0 and has the small z behavior
(1.18) Ul (z) = Alog|z| + Bsgnz + R(z),

where R(z) is Holder continuous, and the large z behavior $Ol(z2) ~ byz7 !, |z| —
co. See Section 4 for more on this, and for more subtle results dealing with a conic
neighborhood of the ray s = ¢t. We mention that the appearance of this logarith-
mic blow-up is somewhat reminiscent of a log blow-up in the asymptotics for Fejér
summability, derived in [6] (see also [22, Proposition 5.2]), though the analytical
details are somewhat different.

Having an analysis of (1.15), we can turn our attention to v,(s, t, x), given by (1.4),
and to

t t
v(t,x) = %/ vo(s,t —s,x)ds = %/ ei(t*S)Aq(uo(s)) ds.
0 0

Certainly one has

(1.19) 513330 vo(s, t,x) = q(f(x)),
and
(1.20) lim v(1,x) = q(f(x)),

in some sense. In fact, given hypothesis (1.2), it is not hard to deduce convergence in
L?-norm (see Section 5 for details). On the other hand, one certainly does not expect
convergence in L°-norm. It is of interest to know if there is a uniform L*°-bound on
vo(s, t, ) or on vy(t, - ). In fact, it follows from (1.16)—(1.18) that, for typical initial
data f on IR, piecewise smooth and compactly supported,

1
||V0(t,t, ')”Loo(]R{) 2 Clog ;; KL 1,

if g(u) is a polynomial in » and %. Such behavior is concentrated quite near such a
ray, and, as shown in Section 5, one has ||v(z, )||;~®) < C when f is a piecewise
smooth, compactly supported function on R. Other senses in which (1.19)—(1.20)
hold are discussed below.

The structure of the rest of this paper is as follows. Sections 2-3 are devoted to
analysis of detailed properties of ¢ f(x), for ¢ in a neighborhood of 0, for some spe-
cial classes of functions f. Section 2 considers functions on R" singular at one point,
with either an algebraic or a logarithmic singularity. Section 3 considers piecewise
smooth functions on R”, with a jump across a smooth hypersurface . These classes
largely overlap for n = 1; the additional consideration of logarithmic singularities in
Section 2 will be of technical use in Section 4. In both Sections 2 and 3 we encounter
variants of the Gibbs phenomenon on a neighborhood of the singularity. To treat
the Gibbs phenomenon in higher dimensions, we borrow a wave equation technique
from [17]. In higher dimension, there are also focusing effects, including a variant
of the Pinsky phenomenon, which was introduced in [16] (and also studied in [17])
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in the context of Fourier inversion and involves a failure of pointwise convergence.
This Pinsky phenomenon starts in dimension 3 for Fourier inversion, but it starts in
dimension 2 for the short time behavior of > f when f has a jump across a sphere
in R". The Pinsky phenomenon is associated with a perfect focus caustic, produced
by wave fronts issuing from the hypersurface 3. When X is not a sphere, other types
of caustics form, such as folds, etc. We discuss the behavior of €2 f on and near such
caustics.

In Section 4 we analyze the behavior of e~ acting on a family of functions on R,
given as a product of a singular factor and an oscillatory factor, as in the family of
functions A/X(s, t, x) defined by (1.15). There is a great deal of structure in the be-
havior of A/ (s, t, x), as s, — 0 in various regimes. As indicated above, the behavior
on the ray s = ¢t > 0 and a small neighborhood thereof has a particularly delicate
structure. Also the regions s < t and t < s require special attention.

In Section 5 we turn our attention to the second term on the right side of (1.3), and
investigate various ways in which convergence holds in (1.19)—(1.20). In particular,
we show that if f is compactly supported and piecewise smooth on R*, n = 1 or 2,
then (1.19)—(1.20) hold in L*-norm and weak”™ in the Besov space B;/jo R"M. Ifn=1
and q(u) is a sum of terms of the form (1.11), we also have v(t) — q(f) boundedly,
and furthermore v(t) — q(f) locally uniformly on R \ S, where S is the singular set
of f.

Finally, Section 6 gives a further recapitulation of how the results of Sections 1-5
bear on the analysis of the short time behavior of solutions to (1.1).

In the course of our analysis, we bring in a number of function spaces. In partic-
ular, we use “symbol spaces”:

itA

S"(R™) = {f € C®(R") : |0 f(x)| < Co(1 + |x)™ 121, Va},

and S”(R"), consisting of f € §”(IR") having an asymptotic expansion

f) ~ > filx), x| — oo,

k>0

where fi € C*°(R" \ 0) is homogeneous of degree m — k in x. We also make use of
LP-Sobolev spaces H*?(IR"), which can be characterized for p € (1,00) s € R as

H*P(R") = (1 — A)~/2LP(R").

Furthermore, we make use of Besov spaces Bj, ,(R"). These spaces are closely related
to H*?(R") but differ in subtle (and useful) ways. They can be defined via real in-
terpolation of LP-Soblev spaces, or via Littlewood—Paley decomposition. We refer
to [25] for basic material.

2 Data Singular at a Point

Here we study ¢ f near t = 0 for a function f € C*(R" \ 0), with a “conormal”
singularity at x = 0. We make various hypotheses on the behavior of f(x) for large x.
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One sort is that f have compact support, but the analysis of that case naturally leads
us to consider f(x) behaving like a homogeneous function for large |x|. Our analysis
has points in common with [23, §5], but here we take the analysis much further.

To start, assume f € C*°(R" \ 0) is compactly supported and that for x in a
neighborhood O of 0, f is homogeneous:

(2.1 f(x) =ho(x) on O, hy(rx) = rhy(x), o> —n.
Then f € L'(R") and h,, is a tempered distribution. Let us write
ho(x) = f(x) + up(x),
with u, € C*°(R"), homogeneous of degree « for large |x|. Hence
e f(x) = e hy(x) — e up(x).
The behavior of the last term on the right is simple.

Lemma 2.1 We have ¢"®u;,(x) smooth jointly in t and x, and

) i)k
(22) ) ~ 3 U Ay, ] - oo,
k>0

locally uniformly in t.

Proof The left side of (2.2) is the inverse Fourier transform of
(2.3) e ay(8),
where 7;,(€) is smooth on R" \ 0, rapidly decreasing as |{| — oo, and has a conormal
singularity at £ = 0. Writing (2.3) as
N .
(it)* .
D (I i (€) + Ry (€),

k!
k=0

where R, € C*(R" \ 0) is rapidly decreasing as || — oo and fairly smooth near
& = 0 for N large, and taking inverse Fourier transform, one obtains (2.2). [ ]

Remark. Lemma 2.1 is a special case of much stronger results [14, §3].

It is immediate from (1.5) that e’mf € C*°(R") for each t # 0. We deduce that
¢"h, € C(R") for each t # 0. Considerations of homogeneity yield

eitAha(x) _ ta/Zh#(t—l/Zx)’

where hf(x) = €®h,(x) = €f(x) + ¢®up(x). As noted above, we have
h* € C*°(R"). We want to understand its behavior as |x| — oo. The behavior
of
iA i*
(2.4) glx) = euy(x) ~ > o Afup(x),  |x — oo
k>0
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is a special case of (2.2). As for eiAf(x), write

(2.5) e f(x) = (4mi) "> / ¢y dy

R”

:CeiIX\ZM/ e 2P (y) dy
R

_ ilxlPrag (X

—€ 4fz(z)’
where
(2.6) Ay =CelTIf(y).

We have f, € C*°(R"), asymptotically a sum of homogeneous functions as x| — oo,
more precisely

(2.7) fr € S RM).

We summarize the results obtained so far.

Proposition 2.2 Assume f € C°(R") is compactly supported and satisfies (2.1).
Then

(2.8) "8 flx) = 7K (171 2x) — "B uy(x),

where h*(x) = g(x) + ei|"‘2/4f2(’5‘), with g given by (2.4) and f, by (2.6)—(2.7), and
where the last term on the right side of (2.8) is described by Lemma 2.1.

A useful alternative formula is

(29) eitAf(x) — tu/Zei‘x|2/4tf-2(%) + ta/ZeiAub(t—l/Zx) _ eitAMb(X).

Another useful alternative formula is obtained by adding to (2.8)

0 = —t2hy (t712x) + ho(x) = =t ho (t71%x) + f(x) + u(x).

We get
(2.10) A fx) = F(x) + (T — " )up(x) +1°24ho (717,
with

a1 # _ ilx/a p (X
Q1) ) = K0 — ha() = g0 — ha(0) + ™1 (2).
Note thatif » = 1 and a = 0, then g(x) — h,(x) is rapidly decreasing as |x| — oc.
Also

. I— eitA
n=1,a=0 = (I—eu=it -y (Bup) € SR, vr.
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Thus we recover the re;sult (1.9)—(1.10).
We next examine e"2Ly(x) and ¢"®L(x), where

(2.12) L(x) = log [x| = Lo(x) + Ly(x),

with Ly compactly supported and L, € C*(R"). Just as in Lemma 2.1 we have
2Ly (x) smooth jointly in ¢ and x, and
itA (it)k k
(2.13) e Ly(x) ~ Z o Afloglx|, |x] — oo,
k>0

locally uniformly in 7. It follows that e"®L(x) is smooth for t # 0, and this time
homogeneity considerations give e"*L(x) = H(t~"/%x) — % log %, where

H(x) = ¢®L(x) = ¢®Ly(x) + ¢ Ly(x).

We have H € C*°(R"), and we can analyze its behavior as |x| — 0o as in (2.4)—(2.5).
First, as a special case of (2.13),

-k
: 1
(2.14) G(x) = e Ly(x) ~ ) :H Aflog x|, |x| — ooc.
k>0

Next, ¢2Ly(x) = ei|x‘2/41:2(’2—“), where
(2.15) Ly(y) = CéM 4 Ly(y), sol, € S7"(R™.

Consequently, parallel to (2.8), we have 8 Ly(x) = H(tV2x) — % log % — &ALy (x),
where H(x) = G(x) + ei|"‘z/4ﬁ2(’2—‘), with G given by (2.14) and L, by (2.15). Alterna-
tively,

1 1 ; i
i) — S log—+ ALy (1 2x) — @A Ly(x).

¢ Lo (x) = el /2t } (
0 2 \/E

Note the logarithmic blowup at x = 0: €"2Lo(0) = —1 log 1 + H(0) — "2 L,(0). This
blowup is localized, however. If, say, supp Lo C {x: |x| < 1}, then

(2.16) |x|>1,t€(0,1] =

1 1 . .
-5 log . +e 2Lt %) — "2 Ly(x) = (£ %) — tr(x),
where

(2.17) ry = %(eitALb — Lb)
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is a smooth function of x with values in S~ (R").
We mention that the methods developed above extend in a straightforward fash-
ion to treat the action of €2 on the various terms in

(218) hu(x) log ‘x‘ = LaO(x) + Lah(x)7

with b, asin (2.1), & > —n, Lo compactly supported, and Ly, € C*°(R").
We now use the asymptotic analysis developed above to analyze pointwise conver-
gence.

Proposition 2.3 Assume f € C°°(R" \ 0) is rapidly decreasing at infinity and equal
to a homogeneous function of degree o > —n near 0. Then, ast — 0,

(2.19) e’mf(x) — f(x) locally uniformly on R" \ 0,

provided oo > —n/2.

Proof We use (2.10) to analyze gita f(x) — f(x). As mentioned in Lemma 2.1,
(I — ") uy(x) — 0 locally uniformly on R”. In fact, convergence occurs in the
topology of S**"(R") for each n > 0.

It remains to analyze t*/?1), (t ~'/?x), where 1, (x) is given by (2.11). Note that by
(2.4), |x| > 1 = |g(x) — ha(x)] < C|x]*72, s0

‘x‘ > tl/Z — to‘/2|g(t71/2x) _ ha(tfl/zx” < Cta/z‘tfl/zx‘afz — Ct‘x‘a727
which tends to 0 as # — 0 locally uniformly on R” \ 0. Meanwhile, by (2.7),
|f2(t_1/2x/2)| <C(1+ t—1/2|x|)—n—a _ Ct(n+u)/2(t1/2 + |x|)—n—a,

50 92| f(+71/2x/2)| < Cr*2(¢1/2 + |x|)~"~, which tends to 0 locally uniformly
onR"\ 0 provided o > —n/2. [ |

Remark. One also has (2.19) for f(x) = Lao(x), given in (2.18), provided o > —n/2.

3 Data Singular on a Hypersurface

Let  C R" be a compact, smoothly bounded domain. We study ¢ f when f €
C(R™ \ 09) is piecewise smooth, with a jump on 91, and is rapidly decreasing
at infinity. Actually, without loss of generality we can restrict attention to f of the
form Fyxq, with F € C*°(R"); such a function differs from such more general f by an
element of S(R"), and &2 acts smoothly on S(R"). From here on we take f = Fxq.

We start with results that apply basic integration by parts methods and stationary
phase techniques, to the integral formula

eitAf(X) _ (47‘1’1‘1’)7”/2/ ei\x7YI2/4tf(y) dy = CA\Y/2 / ei)\w(x.,)’)f(y) dy,
Q Q
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where we set

1
(31) w(xa)’):|x—)"27 )‘:E

For a while we will drop the explicit x-dependence and discuss sone basic results
about I(f,\) = [, €™V f(y)dy.

Using a partition of unity we can write f as a sum of pieces supported on sets
where 1 has various special properties. Note that Vi)(y) # 0 except at y = x.
If x is bounded away from 02, we can isolate a piece I(fi, A) where fi € C5°(0y)
is supported on a small neighborhood O, of x, disjoint from 9€2. The behavior of
I(f1, \) is given by the standard stationary phase method. Equivalently, "> f; con-
verges smoothly to f; ast — 0.

The next step is to investigate I( f, A) where Vi) # 0 on supp f. (If x is on or near
0, further techniques will be required, which we will get to later in this section.) If
f € C§°(Q2) and V¢ # 0 on supp f, then I(f, \) is rapidly decreasing as |\| — oo.
Thus we may assume f is supported on a small collar neighborhood U of 92 in Q.
Say U is diffeomorphic to [0, 1] x 9, where {1} x 9 is identified with 9 C Q.
In such a case (with slight abuse of notation),

1
(3.2) = | / N6 £(s, 2) (s, 2) dsdS(2),

a0 Jo
where J(s,z) is an appropriate Jacobian, and f(s,z) = 0 for s close to 0. Further
localization is provided by the following elementary result.

Lemma 3.1 Suppose f is supported on a set O N Q, with O C R" open, and suppose
there exists a smooth vector field X, tangent to 0Y, such that X1p # 0on O. Then I(f, \)
is rapidly decreasing as |\| — oo.

Proof Write e = (iAX1p) " Xe™ = L(M\)e™, and iterate, obtaining eV =
L(\)ke™. Then, for f supported on O, since X is tangent to 92, we have

IGF,0) = / LAY () dy = O, [A] = oo,
Q

as asserted. ]

Our next step is to consider (3.2) in the case where 0s¢(s,z) # 0 on supp f. In
such a case, elementary Fourier analysis gives

1
/ D f(5,2) (s, 2) ds ~ €MDY " ar()A TR,

0 k>0

Thus (identifying (1, z) with z) we have

I(f 0 ~ > Ak / NP a(2) dS(z).

>0 90
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Restoring the x-dependence, and recalling that 1/(y) = ¥(x, y) is given by (3.1),
we have

(3.3) A fx) ~ Y NI / M ay(x, 2) dS(2)

k>0 o0

~ Z N1k AR / M =22 g (x 2) dS(2),
>0 a9

ast = ﬁ — 0. In the current setting, we are assuming x € K, a compact set disjoint

from supp f, which in turn is contained in a small neighborhood of a point p € 5.
The analysis of (3.3) splits into several cases. There is the “non-caustic” region

Co, consisting of x such that 1,(z) = (x,z), as a function of z € 02, has only

non-degenerate critical points (necessarily a finite number), at least in supp f, say at

pe(x) € 0. For x € Cy N K the stationary phase method gives

/ e"’\”("’Z)ak(x, 2)dS(z) ~ A~ (n=1)/2 Zei/\w(x,l?[(x)) Z A (ONT™.
o0 l

m>0

Plugging this into (3.3) and rearranging, we have

(3.4) eitAf(x) ~ Z ei7/1(X,P1(x))/4t Z bkg(x)tk+1/2,
l

k>0

for x € CyNK. Itis clear that &' f — 0 on any open set disjoint from supp f, at least
in a weak sense. The expansion (3.12) shows the rate at which this happens, locally
uniformly on €y N K.

The caustic set for such an oscillatory integral as (3.3) consists of points x for
which 1),|sq has degenerate critical points. The nature of such caustic sets and the
behavior of such integrals on and near them is described in a number of places. No-
table sources are [1,2,10, 11, 13]. The simplest part of the caustic set is the “fold set”
C. Given q € K N Cy, there is a neighborhood O, of g, a smooth, real-valued func-
tion p, vanishing simply on O, N €, with Vp # 0, and a smooth, real-valued 6, such
that for x € Oy,

[ a2 d@) X0V b A ()
N

+ 27y (x, A’ (p(0)X) | €,

where b;(x, A) ~ Zkzo bjk(x)/\_k. It follows that, for x € O,

(35) eitAf(x) ~ ei(i(x)/4t |:Al((4t)72/3p(x)) Z bok(x)tk+l/3
k>0

FAI ()P p) Y blk(x)tk”/ﬂ .

k>0

https://doi.org/10.4153/CJM-2008-051-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-051-3

Short Time Behavior of Solutions to Schrodinger Equations 1179

Here Ai(s) is the Airy function, given by Ai(s) = L+ [* ¢’/3+) g¢ . This is a
smooth function of s, with asymptotic behavior

1 1 2
Ai(s) ~ ﬁs_l/4€_(2/3)53/2, Ai(—s) ~ \/—Es_l/4 cos( 553/2 — %) ;

as s — +oo. (See also [20, Ch. 6, §4], for a discussion of the fold case.) Note in
particular that for x € €, N O, one has the estimate [¢"* f(x)| < ct'/?, as opposed to
the estimate |¢"® f(x)| < Ct'/? for x € K N €y, which follows from (3.4).

There is a further hierarchy C; of “simple caustics” of order k > 2, including
cusps, swallowtails, etc. Generally, if x € € N K, one has |¢"® f(x)| < C|t|'/**?) and
a corresponding asymptotic expansion for fixed x = g. There are uniform asymptotic
expansions in a neighborhood of such g € €, NK, of a more complicated nature than
(3.5). We refer to the sources cited above for more on such simple caustics.

In addition, particularly when (2 has a continuous symmetry group, there might
be caustics not of simple type. The chief paradigm is the “perfect focus” caustic,
which arises when (2 is a ball; the perfect focus occurs at the center of the ball. It is
worth noting that the special nature of ¢ (x, y) in (3.1) allows for a precise treatment
of the behavior of ¢"® f when Q is a ball, say Q@ = B, = {x € R" : |x| < a}. In such
a case we have (3.3) with |z|> = a? on 92 = OB, yielding the following.

Proposition 3.2 Assume f = Fxp, with F € C>*(R") and F = 0 on By, (with
b € (0,a)). Then, locally uniformly on By, and also on R" \ B,, we have

itA o Silx+ad) /4t A X\ —nj2+1+k
e f(x) ~ e ;ak x’2t t ,

where éy(x, &) = faBa e € 2q(x, 2) dS(2).

Note that & € C>*(IR"), and the stationary phase method gives

kO~ 3 IS o (xars ) €70 e oo

oce{—-1,1} >0 |§|

Note that locally uniformly on B, \ 0 we have a result that agrees with (3.4) (as it
must), but there is a spike concentrated near x = 0. In particular,

eitAf(O) ~ eia2/4t Z (0, 0)t1+k7n/2.

k>0
We emphasize two cases:
n=2: ef(0)~ " (4(0,0) +O1)),
n=3: ef(0)~ e (40,002 + 0 ).

In case n = 2, ¢*2 £(0) has a bounded oscillatory divergence as t — 0, reminiscent
of the Pinsky phenomenon. (We recall from [24, Proposition 4.2] that ||e"® f||  is
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bounded in this case.) In case n = 3, the best bound on €2 f one typically has (for
x| <b<1)is

X —(n—1)/2
[ el < Cle =2 (145 .
Using this one can readily verify the following.

Proposition 3.3 Assumen > 3. Takea > b > 0. Then supy_,, [|€"® f|[1r(5,) < 00
for each f = Fxgp,, F € C*°(R"), if and only if p < 2.

The results discussed so far in this section have avoided the following situation.
Suppose p € 912, O is a (sufficiently small) neighborhood of p, and f = Fyq with
F € C3°(0). We need another technique to analyze "2 f(x) uniformly on O, as
t — 0. The fact that the critical point x of v, is not bounded away from 02 makes
it undesirable to use the techniques of the earlier part of this section. The approach
of the critical point to 02 has a real consequence, the appearance of a Gibbs-like
phenomenon at 9€2.

To analyze this Gibbs-type phenomenon, we use a wave equation technique anal-
ogous to that used in [17, §11] to treat the Gibbs phenomenon for multi-dimensional
Fourier inversion (see also [8]). In the current context, we have

(3.6) e f(x) = (4mit) "1/ / b ¢ My (s, x) ds,

where u(s, x) = cos sv/—A f(x). Equivalently, u(s, x) solves the wave equation:
(0} = DNu=0, u0,x)= f(x), Ou(0,x)=0.

Another way of writing (3.6) is it flx) = et u(s, x)| o We will make the hypoth-
esis on O that i) € C*°(0), where

dist(x,002), x€ ONQ,
Y(x) = .
—dist(x, 09), x€ O\ Q.

We also will assume that O is convex, and that a line through a point in 922 N O,
normal to 9€2, does not intersect 92 N O in any other point. Clearly, given p € 09,
any sufficiently small ball centered at p satisfies these hypotheses. In such a case,
u(s, x) is given on R x O by a progressing wave expansion:

k
(3.7) uls,x) = Ao(s, x)x+ ((x) — ) + Y Aj(5, x4 (W (x) — 5)

j=1
k

+ Ag (=5, x)X+ (V(x) +5) + D Aj(=5, A (W) +5) + Re(s, %)
j=1
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Here A; € C*°(R x 0), Ry € CKR x 0), and x4 (x) = xr (%), x4 (x) = x/x;(x).
Discussion of this basic method of geometrical optics can be found in [20, Ch. 6, §6].
There exists Ty < oo such that each A; is supported on |s| < Ty. If nis odd, u(s, x) is
supported on |s| < Ty. If n is even, u is smooth on (R \ [—To, Tp]) x O, with sym-
bolic behavior as |s] — oo of order —1/2, as can be read off from the fundamental
solution to the wave equation. Without loss of generality we can assume each A (s, x)
is independent of s for s close to 1/(x). The analysis of Section 2 applies to each piece
et A (s, %)X} (¥(x) F s). In particular, we have

w(% 5) +l} + By(s, t, %),

2
where By is a relatively tame remainder term. Bringing in its counterpart with s re-
placed by —s, we have

17 Ag(5, X (V) = 9) = Ag(4h(x), ) [ i

"% [ Ao (0, X)X (V) = 9) + A (), X (W0 +9)] |

— 240 (¥ (x), ) [Fr(%) + %} 1 2By(0, £, ).

Note from (3.7) that
(3.8) x€ 00 = 2A0(¢(x),x) =2A,(0,x) = F(x).

Taking into account how the results of Section 2 apply to the other terms in (3.7), we
have the following.

Proposition 3.4 Assume p € 02 and O is a sufficiently small neighborhood of p, as
described above. Consider f = Fxq, F € C3°(O). Then, forx € O,t € (-1, 1),

v
N

where Ag € C°(R x 0), (3.8) holds, and, ast — 0,

) +%} + R(t,x),

e £ = 240(w(), %) | Fr(
(3.9) R(t,x) — f(x) — 2A0(¢(x),x)x(x), uniformlyon O.

Note that the right side of (3.9) is piecewise smooth and Lipschitz continuous.

4 Data Singular and Oscillatory
In this section we analyze the behavior of (1.15), i.e.,
(41) eitA(VV(bzkeisz/4s),

uniformly for s, t € (0, Tp]. We recall that

®K(x) = @f*( %) D) = ) D)
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with @ as in (1.7)—(1.8). Note that ® is odd, so ®/¥ is even or odd depending on the
parity of j + k. The factor v, is a multiple of a power of v times a power of ¥, with
v as in (1.10), when g(u) is given by (1.11). There is no loss of generality in taking
vy, = ,(x), C*° on R\ 0, rapidly decreasing as |x| — oo, with a jump discontinuity
atx = 0. As mentioned in the introduction, there is particularly interesting behavior
near t = s/(—v) when v is a negative integer. Note that if v # 0, then by scaling we
can take v = +1. For now we take v = —1. Later in this section we indicate how
things work for v = +1 and for v = 0. Thus we are investigating

(42) eitA(V(I)gke_ixz/4s)

(o ]
~ (4mis —1/2/ il /i, e—iy2/4s(I)jk( y )d
(4mit) () T Y

— 00

[ee]
— (47it —I/Zeix2/4t/ e y/2t iy’ (1/4t—1/49),, q)jk( y )d
(4it) . ) e

= A(s, t,x).

Again v is piecewise smooth on R, rapidly decreasing, with a jump at x = 0. If we
make the change of variable = y/v/4s and also set

(4.3) z=m =10 § = Vs,

we get

(4.4) A(s,t,x) = Ceé™/*B(r, 6, 2),

where

(4.5) B(1,8,2) = (t+1)'/? / - e~ y(51) DI (1) di.
Note that

(4.6) xe€R,st€(0,Tg] — zeR, 7€ (—1,00), 6 € (0,1/4Ty],

so we want to analyze B(7, d, z), uniformly in this range. Note that

(4.7) B(0,6,2) = wl(2),
where

(4.8) wi () = v @ (),

and then

(4.9) B(7,8,2) = (1 + 1)/ ™/ ().
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Let us make the hypothesis that

(4.10) lirlj[1O v(x) =ax, ay#0, a_ #0.

(If v happens not to satisfy (4.10), we can easily write it as a sum of two functions
that do.) Set

(4.11) u(n) = ai'vn), +n>0, us(n) = u(dn),
and

(4.12) V) = ar® (),  £n >0,

so that

(4.13) wl(n) = us() W ().

Note that u(n) is smooth on R \ 0, rapidly decreasing as || — oo, and that u has no
jump at = 0, though its first derivative might jump. We have

(4.14) Wwl(z) = 5+ B (2),

with 45(z) = 7 '4(5'z), and we can rewrite (4.9) as

(4.15) B(1,8,2) = (+ 1)'05 * E.(2),
where
(4.16) E.(z) = 7207k (2).

Note that 7 is smooth and

(4.17) a(z)| < C(1+2)) 72,

so convolution by #5 is a standard sort of mollifier. We next give an analysis of E,(z),
valid uniformly for 7 in any bounded subset of (—00, 00). Once this is done, it re-
mains to analyze B(7,d,z) in the 7 — +o00 limit, which we will undertake in due
course.

To analyze (4.16), recall that ®/%(n) has a jump discontinuity at 7 = 0 and is even
(odd) provided j + k is even (odd). Also, by (1.8),

(4.18) OKm) ~apn U+ ] — oo
Hence ¥/*(n) has a jump discontinuity at 7 = 0 and

(4.19) Wik(p) ~ ajikn*(j*k) +.00, 4R — +o0.

https://doi.org/10.4153/CJM-2008-051-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-051-3

1184 M. Taylor

The jump discontinuity for ¥/*(n) yields the asymptotic behavior
(4.20) Uik (z) ~ bjszl +0, 2] = 0.

Furthermore, U/* is C> on R \ 0, and the nature of its singularity at z = 0 is de-
termined by the asymptotic expansion (4.19). We concentrate on the case W°!, since
{10 is similar and W/* for j + k > 2 (also having a similar sort of analysis) is less sin-
gular. We see that the odd part of ¥°! has a jump and the even part has a logarithmic
singularity (plus lower order singularities). Thus

(4.21) U0l (z) = Alog|z| + Bsgnz + R(z),

where R € C*°(R\0) is continuous, though its first derivative can have a jump and/or
logarithmic singularity. Now we can write ¥%' = ¥9! + U9 where ¥§'(z) = ¥°'(2)
for small |z| and ¥9! (z) = ¥°!(2) for large |2|, ¥ € S;'(R™), and we can appeal to
results of Section 2 to obtain

eiTA\ilgl (z) smoothin (7,2),

(4.22)

iTA ;01 (ir)! 3,01
A (2) ~ > i A@), el = oo,
>0 '

and, forT > 0

z

423) A0 (2 :A[eizz/‘”ﬁ (—
( ) 0 ( ) 2 \/E

1 1 . .
) — —log—+ ALy (77 1?2) — e’TALh(z)}
2 T
z

+ ZB[S nz+ eilz/4T<I>(
& VAT

)} +r(7,2),

where Ly, L, are as in (2.12), (2.15), ® is as in (1.7)—(1.8), and r(7, z) has tamer
behavior. There is a similar formula for 7 < 0.

Thus the behavior of A(s, t, x) for s > t > 0 is given by (4.4), (4.15)—(4.17), and
(4.23), with a similar behavior for t > s > 0. For s = t > 0 we have 7 = 0 and hence

(4.24) At t,x) = Ce¥ /4 g5 % T (+72%),  § = Var,

in case (j, k) = (0, 1).

These formulas give a good hold on the behavior of A(s, t, x), uniformly for x € R
and s/t = 7+ 1 € (0,K], for any finite K. One striking aspect is the nature of the
logarithmic blowup.

To study B(7, d, z) as T — +00, set

4.25 £E=—
(4.25) e
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SO

1+4 1/2 f° . .
(4.26) 3(7,572):( + E) / ¢/ e y(5m) DI () dn

4e oo

1+4e\12 _.» [ . 2 )
_ ( = E) e iz / 61(7/—252) /481/((577)(1311((77) dTI

=C(1+ 45)1/267&2 eiEAwgk(Zsz),

where wgk(n) is given by (4.8). Note that

1 x
25z:—£.
2s—t

Notethate * 0 & 7> 1t <K s5,50e &8 0 = 2ez ~ x/\/4s. It remains to
examine

(4.27) F(e,0,x) = e"gAw(’}k(x),

where ng is given by (4.8).
Let us pick x € C5°(R) such that x(x) = 1 for |x| < 1, and write

(4.28) F(e,8,x) = Fole, 6,x) + Fy(e,8,x) = €= (xwl)(x) + €2((1 — x)wl) ().
Note that
(4.29) Xwl (%) = x()v(6x) D (x)

is a family of functions with fixed compact support, piecewise smooth with simple
jump at x = 0, varying smoothly in 0 € R, so Fy(e, d,x) is simply a §-smooth family
of functions of the form ¢’**v analyzed in Section 2, with v a compactly supported
piecewise smooth function with a jump at x = 0.

To analyze F (g, §, x), note that (1 — X)wgk = v(gtbik, where v5(x) = v(dx), ok =
(1— )k e Sc_ll(]R{). Of course fIJZk(x) = 0 for |x| < 1,0 V5(I>£k € 8(R) for each
6 € (0,1]. Furthermore, {V(;(I)ik :§ € (0,1]} is bounded in ST!(R), and if we define
ay, Uik asin (4.10)—(4.12) and set \Ilik =(1—)Wike Sc_ll(]R{), we have, as § — 0,
Vg‘l)ik — \Ilik in ST*1(R), for each n > 0. A special case of results in [14, §3] is
that ¢2: §"(R) — S™(R) for each m € R, with continuous dependence on ¢. In
particular,

(4.30) |F(g,d,x)| <CO+|x))7",
with C independentofe € [—1,1],6 € (0, 1].

Having treated A(s, t, x) given by (4.2) for (j, k) = (0, 1), we indicate the treat-
ment of variants. The case (j, k) = (1, 0) has an identical analysis (though this does
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not actually arise in the analysis of (1.15), since v < 0 < k > j). Nowif j+k > 2, we
stﬂl have (4.3)—(4.20), but now ¥*(2) is continuous (in fact, smooth. almost of order
C7**=1) near z = 0, rather than singular as in (4.21). The nature of U/¥(z) as |z| — oo

is still given by (4.20). Hence eiTA\i/ik(z) is given as in (4.22), but eiTA\i/(])k(z) is tamer
than (4.23). The behavior of B(r, §, z) for 7 > 1, given by (4.26) with ¢ € (0,1/4],
is much like that described above for (j, k) = (0,1). To summarize, A(s,t,x) has
behavior parallel to but tamer than the (0, 1) case when j+k > 2. In particular, there
is a bound

(4.31) |A(s,t,x)] <C, s,t€(0,1], x € R.

This provides an analysis of A7 (s, t,x) in (1.15) in case v < 0.
To treat v > 0 in (4.1), we consider the following variant of (4.2):

(4.32) A (DIR ) = A (5,1, x).
Thus one has

(4.33) eiy2(1/4t+l/4s)

in place of ¢’ (1/4=1/4) i the second integral in (4.2). Hence
(4.34) Ai(s,t,%) = Ce¥/*B,(r,5,2),
with B, (7, d, z) given as in (4.5), but with

(4.35) T=+1

in place of 7 = s/t—1 as in (4.3), and also (7 —1)'/? instead of (7+1)'/2 in front of the
integral. Thus instead of 7 € (—1, 00) one has 7 € (1, 00). The analysis of B+ (7, ¢, 2)
is done as before, but since 7 is now bounded away from zero, the singularities that
appear in (4.23) do not arise. In particular, there is again a bound:
(4.36) |[Ac(s,t,x)] <C, s,t€(0,1], x € R

To treat (1.15) when v = 0, we are looking at
(4.37) "B (v®IT) = Ag(s, t, x).
In such a case one has
(4.38) o /4

in place of ¢’ (1/4=1/4) i the second integral in (4.2). Hence

(4.39) Ao(s,t, %) = Cé¥ 4By (7,8, 2),
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with By(7, 9, z) given as in (4.5), but with 7 = s/t in place of 7 = s/t — 1 as in
(4.3), and also 7'/2 instead of (7 + 1)'/2 in front of the integral. Thus instead of
7 € (—1,00) one has 7 € (0, 00). The analysis of By(T, d, z) is then much as that of
B(7,4,z) in (4.5)—(4.17). Note however that as longas j > 1, j + j > 2, so one has
the sort of relatively tame behavior as observed for B(7,6,z) in case j + k > 2. In
particular there is a bound:

(4.40) |Ao(s,t,x)| < C.
Finally, when v = j = k = 0, we are looking at
(4.41) Ay,
whose analysis was done in Section 2.

Using the results obtained so far in this section, we establish the following esti-
mate, which will be useful in Section 5.

Proposition 4.1 Let A(s,t,x) be given by (4.2). In case (j, k) = (0,1) or (1,0), we
have

t
(4.42) IAGs, £,%)| < C+C‘log‘ S—t‘ ‘

forx € R, s,t € (0,1], 7= (s—t)/t € (—1,1], and
(4.43) |AGs, t, %) < C,

forx € R, s,t € (0,1], 7 = (s — 1)/t € [1,00). In case j + k > 2, we have (4.42) for
allx € R, s,t € (0,1].

Proof Take (j,k) = (0,1). First consider the case |7| < 1. Using (4.24) for 7 €
(0, 1], with a similar result for 7 € [—1, 0), we have

s 1.1 .
|e’TA\1181(z)| <C+A -3 log — + PLy(171%2) — €A Ly(2)]
T
for z € R. In light of (2.16)—(2.17), the right side is clearly bounded for |z| > 1,

\T| < 1. To check it for |z| < 1, note that |¢7*L;(z)| is bounded for |z| < 1, and that
e®L, — Ly is bounded, so for |z| < 1, 7 € (0, 1],

A 1 1
|e”A\1181(z)| <C+A -3 log — + Lb(T_l/ZZ)’ .
T

We can assume Ly(z) = (1 — x(2))loglz|, with x € C°(R), suppx C [-2,2],
x = 1l on [—1,1], and write

~1/2

1 1 1 1
—=log — +Ly(r %) = ——x(r7*z)log — + (1 — X(Tfl/Zz)) log |2].
2 T 2 T
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We deduce that
R 1
(4.44) |e”A\I/81(z)| <C+Clog—,
-

forze R, 7 € (0,1].

Now (4.22) plus the fact that \ilgl € S;'(R), which follows from (4.20), implies
672991 (2)| < C, forz € R, |7| < 1. This together with (4.44) and its analogue for
T € [—1,0) gives

s 1
|e”A\I/01(z)\ <C +Clog‘ —‘ , z€R, |7 < 1.
T
From here, we apply (4.15)—(4.17) to get

1
IB(r,d,2)| §C+Clog’— . zEeR, || <1,6€(0,00),
T

which in turn, by (4.4), gives (4.42) forx € R, 7 € (-1, 1].
On the other hand, it follows from (4.26) and (4.27) that

|B(1,6,2)| <C, zeR, 7>1,4¢€/(0,2],

which gives (4.43) for x € R, 7 € [1,00). This treats (j,k) = (0,1). The case
(j,k) = (1,0) is similar, and the cases where j + k > 2 are parallel, and a little
simpler. ]

The result (4.42) carries no information when s = t. On the other hand, (4.24)
together with (4.21) readily yield

1 1
C, log? <A@ £, )|l < Cy log?7 0<t<

N —

This will lead to an analogous result for v,(t,f,x) = eitAq(eitAf), when f is com-
pactly supported and piecewise smooth, with a jump. By other methods, the upper
bound

1
(4.45) [Ivo(s, 2, )|l < C log o 0<t<

N —

will be established in Section 5, for a somewhat more general family of functions f
on R. This result complements what one obtains from Proposition 4.1. In Section 5
it will be shown that Proposition 4.1 leads to the estimate

(4.46) [Iv(t, e <C, 0<t<

N —

onv(t,x) =t} fot vo(s,t — s, x) ds. Note that (4.46) does not follow from (4.45).
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So far in this section we have investigated oscillatory integrals of the form (4.2),
which came from (1.15). Such functions arose to describe e**q(e"** f), via (1.12)-
(1.14), when f is piecewise smooth on R, with a single jump, at x = 0, in which case
"2 f is given by (1.9)—(1.10) (with t replaced by s). Now we are also interested in
cases when f has two or more jumps. Then €2 f would be a sum of several terms
such as appear on the right side of (1.9), with x replaced by x — a;, if the jumps
occur at x = a;. This leads to oscillatory integrals like the first integral in (4.2), with
the factor v( y)e_i}’z/ 4@Jk(y /1/4s) replaced by products of several such factors, with
arguments y — a;. For example, if f(x) has two jumps, say at x = 0 and x = 4, (4.2)
is replaced by

o0

(4.47)  A(s,t,x) = (47rit)‘1/2/

— 00

=) /4, e—if/%@k(i)
1(y) \/4—5

_ —i(y—a)?/4s Zm(y — a)
X v a)e d dy.

Manipulations parallel to those done in (4.3)—(4.5) yield

(4.48) A(s, t,x) = Ce&/4=a[49p(r 5 7).
where

(4.49) z:xT‘/;, T:;—Z, § = /as,
and

(4.50) B(r,0,2) = (1 +2)"/? / 1@/ (51 DI (1)

X v2(dn — a)q)ém(n — g) dn.

We assume j + k > 1 and ¢ + m > 1. Without getting into an analysis of such
integrals as detailed as that reported in (4.15)—-(4.23), for example, we will establish
the (intuitively reasonable) fact that A(s, ¢, x) vanishes in the limit s — 0. In fact,
we will show that B(7, 6, z) in (4.50) vanishes as § — 0, uniformly in (7, z). Hence
the nonlinear interactions of different jump singularities play a minor role in the
behavior of e**q(e"** f). We present the details for two jumps, which involve an
analysis of (4.50), but it will be clear how a similar analysis works for a larger number
of jumps.
For one estimate on (4.50), note that v; and v, are bounded and

(4.51) /00 | &K ()@ (1) — 67 'a)| dn

— 00

gc/ 1+ )~ (1 + [ — 5"a)) " dyy

—00

1) a
< - —
_Ca10g5
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for 0 < a/2. The first estimate can be improved for j + k or £ + m > 2. So we have
1/2 1) a
(4.52) |B(,0,2)| < C(7+2) Elog 5

which is a good bound for 7 bounded.
To get a good bound for 7 € [1,00), we take ¢ = 1/47 and, parallel to (4.26),
obtain

(453)  B(r,8,2) = C(1 +2¢)"/2e 1V o IRy lmy (_oe(z 4 57Y2a))

where

(4.54) wh) = nEme e, i = va(on - @@ (5 - %) .

To estimate this, we note that if 1, € L*(R) has finite total variation, then

(4.55) le" 2 up(x)| < ||uol|rv sup |Fr(x)|,
x€R

where [|ug|v is the total variation of uy, and Fr(x) is given by (1.6). This follows
from the fact that if uy € L*(R) and ) = p is a finite measure on R, then

(4.56) B ug(x) = / () duty),

cf. [24, Proposition 4.1]. Consequently,
(4.57) IB(,8,2)] < C(1+2¢)" 2| w)ullt|lrv < C(1+2¢)"/%,

the latter inequality by inspection from (4.54), with stronger estimates holding if
j+k>2and ¢+ m > 2. In summary, when A(s, t, x) is given by (4.47) and a # 0,
we have

2
(4.58) |A(s, £, x)| < Cs'/?log > s,t €(0,1], x € R.

5 Convergence of v, and v to g(f)

Here we discuss various ways in which

) ) 1 [t
vo(s,t,x) = e™2q(e*> f) and v(t,x) = ?/ vo(s,t —s,x)ds
0

converge to q(f). We begin with some general results before specializing to results
that use the material developed in Sections 1-4.
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Proposition 5.1 Assume f € H?(R") for some o > 0 and
(5.1) €2 fllocmny <A < 00, VtER.

Also assume

(5.2) q: R? — R? is smooth and q(0) = 0.
Then
(53) lim vo(s,1, ) = q(f)

in L*-norm and weak™ in H°*(R"), and

(5.4) }g% v(t, -) = q(f)

in L*-norm and weak™ in H”*(R").

Proof To begin, we have the well-known Moser-type estimate

(5.5) (e F)l|roz < C([[€"2 fllz) 1€ flggez,

for o > 0 (¢f. [20, Ch. 1‘3, Proposition 10.2]), so the hypotheses on f yield a bound
on the H°2 norm ofq(e’SAf). Hence

(56) ||V0(S,t, . )HH”-Z §A1, H‘V(t, . )HH”-Z S Az.

Next, we have v, (s) = g(e"® f) — q(f) = G(s,x)(e"* f — f), where

1
G(s,x) = / Dq(ce**f + (1 - 0)f) do.
0

Hence ||G(s, - )||z= < As, and we have
[vo(s.t, ) = a(Dllez < vl + 1> = Da()]lez
S AR f = flle + 1€ = Da( )|z

It is clear that this tends to 0 as s, — 0, so we have L? norm convergence in (5.2).
The weak™ convergence follows from this plus the uniform bound in (5.6), and the
asserted convergence in (5.4) follows from this. ]

If f is compactly supported in R” and piecewise smooth, with jump across a
smooth hypersurface, then f € H7*(R") for all o < 1/2. As shown in [24, §4],
the hypothesis (5.1) holds for all such f if n < 2 (though it can fail when n > 3).
Consequently for such f and n < 2, if g satisfies (5.2), then, as s, — 0,

1
(5.7) vols,t, =), v(t, -) — q(f) weak* in H”?, Vo < 3
One can improve (5.7) by working with Besov spaces. A compactly supported

piecewise smooth function belongs to Bé/ 020

of Proposition 5.1.

(R™). Now there is the following analogue
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Proposition 5.2 Assume f € B3 (R") for some o > 0, and assume (5.1) holds.
Also assume q satisfies (5.2). Then the limits (5.3)—(5.4) hold in the weak™ topology of
B] o (R").

Proof First we note that the weak™ topology is given via the duality (cf. [25, p. 178])
(5.8) BS (R") = B, 7 (R");
To proceed, results of [18] imply

llg(e*® llag . < CUIE fll=)lle™ fllss .

for o > 0. (In fact, q(f) = My(f;x,D)f, asin [19, (3.1.15)], and M,(f;x,D) is a
zero-order paradifferential operator with symbol in 87 ;, which is hence bounded on
Bj .. whenever o > 0, with operator bound depending on | f]|.) Also "2 is a
bounded semigroup on B] (R"), so we have

(5.9) lvo(s, t, - )llp; . < As.

Since BJ ., (R") C L*(R") for & > 0, we can apply Proposition 5.1 to obtain L*-norm
convergence in (5.3). In light of (5.8) such convergence plus the bound (5.9) implies
that convergence in (5.3) holds weak™ in B] (R"), and hence so does convergence
in (5.4). [ |

Corollary 5.3 Assume f is compactly supported and piecewise smooth on R", with
n < 2. Assume q satisfies (5.2). Then the limits (5.3)—(5.4) hold in the weak™ topology
of BY2 (R™).

2,00

Incasen =1, B;/ 50 (R) just fails to be contained in L*(R). One has the following

result, along lines pioneered in [3]. (See also [4, 5] for related results.) First, for
general n, if 0 > n/p + §, there exists C < oo such that for all € € (0, 1], (cf. [19,
(B.1.8)]),

. 1
Jull= < Cellulaes +C (1og =) Nl -

n/2
2,00

It is standard that By’ (R") C B%, __(R"), so

1
Julli < €& ulaes +C(log - )

/2 .
By

Now if we arrange that the norms satisfy ||ul| ;> < [|u||ger, which can be done, and
2,00

pick € optimally, this gives the estimate

@@P+M4NT”W]

/2
B;,OO

(5.10) ull s < Cllu

for functions on R". We will apply this to prove the following.
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1/2
2,00

Proposition 5.4 Assume f € B
R? is smooth and

(R) and assume (5.1) holds. Also assume q: R?> —

(5.11) q(0) =0, Dq(0) = 0.

Then, fors,t € (0,1/2],
1
(5.12) [lvo(s, 2, < )|lLee SClog?.
Proof In this case, (5.9) holds with & = 1/2. Hence the quantity
HV0(57 L, - )HB;/Z log HVO(Sv t, - )HB;/Z

is also bounded, and we have, via (5.10),
(5.13) [vo(s; £, )l < €+ Clivols, £, [z loglvols,t, -)[aer,
provided op > 1. We proceed to estimate the right side of (5.13), for judiciously
chosen ¢ and p.

The hypothesis (5.11) on g(u) allows us to write g(u) = Q(uw)u, Q € C*,
Q(0) = 0. The hypotheses on f imply f € H”? for all 0 < 1/2, as well as

"2 f € L. Then the obvious analogue of (5.5) yields

(5.14) Q™ f)||pr2 < As,

and of course we also have an L™ estimate, hence L estimates for all g € [2, oo]. To
estimate the product Q(u)u, we apply the product estimate of [7] to get

(5.15) luvllgorr < Cllullzal[Vle2 + Cllullgez [[v]] s,
valid for
1 1 1

(See also [21, Ch. 2, Proposition 1.1] for a proof.) In particular, this works with

(5.17) L 4 4 4

. g = — = = — =
3’ q ) p 37 p )

and we have

(5.18) (> )| pnars < As.

We now use the dispersive estimate, which for eta acting on functions on R" is

(5.19) gl < Cle| =" V21 |lg]
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valid for g € LP/(lR{”) with p” € [1,2] the dual exponent of p € [2,00], with C =
C(n, p). This well-known result follows by interpolation from its endpoint cases,
p =2and p = co. The p = 2 case is obvious from the unitarity of ¢ on L?(R"),
and the p = oo case follows readily from the formula (1.5). Since ¢"* commutes
with powers of I — A, we also have

(5.20) e gllmr < Cle| =" 27D gl
We apply this when #n = 1 and o, p and p’ are as in (5.17), to deduce via (5.18) that

[[€"2q(e"® f)|| sy < Clt|~/4. Thus we can take o = 1/3, p = 4in (5.13) and
the desired estimate (5.12) follows. [ |

Remark. The estimates (5.14)—(5.20) hold for f satisfying
(5.21) 1 lle2geny < A, 1€ fllize @ < A,

with o € (0, 1), for any n. Take

1
(5.22) o=35-¢ p=2+6¢,
SO
3
(5.23) op=1+e(3—-5)>1, for 0<€<g,

to deduce that
(5.24) HeitAQ(eiSAf)HH”-P(]R{") < Ct735n/(2+65).

We will find this useful in Section 6.

We now apply the results of Section 4 to obtain an estimate complementary to
(5.13), for the smaller classes of functions f and g used in Section 4.

Proposition 5.5 Assume q(u) is a finite linear combination of u‘a™ with £, m> 1. As-
sume f is piecewise smooth on R and rapidly decreasing at infinity, with a finite number
of jump discontinuities. Then

t
(5.25) vo(s, t, 1= < C+C log‘ —|-
T
fors,t € (0,1],7 = (s—1t)/t € (—1,1], and
(5.26) [vo(s, ¢, )|l < C,

fors,t € (0,1], 7= (s—1)/t € [1,00).
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Proof As shown in (1.12)—(1.15), when f has one jump, at x = 0, vy(s,t,x) is a
finite sum of functions of the form A/ (s, ,x) in (1.15), with 0 < j < £,0 < k < m,
v = j — k. By Proposition 4.1, the contribution from (j, k) = (0, 1) satisfies (5.25)—
(5.26), and all the other contributions are uniformly bounded, in case k > j > 0
and j + k > 2. By the analysis in (4.31)—(4.41), all other contributions are uniformly
bounded. This completes the proof, for the case of one jump. The extension to
the case where f might have more than one jump follows from the analysis given in
(4.47)—(4.58). n

Proposition 5.5 has the following important corollary.

Proposition 5.6 In the setting of Proposition 5.5,
(5.27) (g, e <C, Vite(0,1].

Proof We have

1 2t/3 1 t
(5.28) ||v(t, )|l < ?/ [[vo(s,t —s, - )||1eo ds+;/ [vo(s,t —s, = )||re ds.
0

2t/3

For the first integral on the right, use (5.25), with ¢ replaced by t — s. We have

1 2t/3 C 2t/3 ‘-
_/ Hvo(s,t—s,.)||Lood5§C+—/ log’ SHds
t Jo t Jo 25—t
2/3 1—
§C+C/ log’ a”da
0 20 — 1
SCZ,

since the logarithmic singularity at ¢ = 1/2 is integrable. For the second integral
on the right side of (5.28), use (5.26), again with ¢ replaced by t — s. Then (5.27)
follows. u

We end this section with the following useful complement to Proposition 5.6.

Proposition 5.7 In the setting of Proposition 5.5, v(s,t,x) — q(f(x)), locally uni-
formly on R\ S, ass,t — 0, where S C R is the singular set of f. Hence

(5.29) v(t,x) — q(f(x)), locally uniformly on R\ S,

ast — 0.

Proof As noted in the proof of Proposition 5.5, when f has one jump, at x = 0,
vo(s, t, x) is a finite sum of functions of the form A% (s, ¢, x) in (1.15), with 0 < j < 4,
0 < k < m,v = j—k. Inparticular, we have A% (s, , x) = \e*® (v(s)é@m) (x), with
v(t,x) notas in (5.29) but rather as in (1.9)—(1.10), i.e., v(t, x) = f(x)+g(t, x), where
g(t,x) is smooth in (¢, x), rapidly decreasing as |x| — oo, and of course vanishing at
t = 0. Expanding (f + g)/(f + 2)", we readily obtain from the analysis of Section
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2 that A(s, £, x) — Ae™®(ff")(x) — 0, uniformly in x, as s,t — 0. Also the
results of Section 2 imply €4 ( fé?m) — fé?m locally uniformly on R \ 0. Hence
A%(s t,x) — )\f(x)[mm, locally uniformly on R \ 0, as s, — 0. Summing over
the terms appearing in q(u), we have the sum converging to q( f(x)), locally uniformly
onR\ 0.

We next claim that

(5.30) A¥(s,t,x) — 0, locally uniformly on R \ 0,
ass,t — 0, for j + k > 1. Recall from (4.4) that when (7, k) = (0, 1),
A% (s, t,x) = Ce~ /4 B(T, 6, 2),
with (7, 9, z) given by (4.3) and B(7, 6, z) by (4.5), and also by (4.15)—(4.16), i.e.,
(5.31) B(1,8,2) = (1 + )05 % E(2), E:(2) = ™ ¥"(2).

We assume |x| > b > 0, and consider three cases.

Casel:s/t < s'/* ThenT ~ —land (1+1)"/? < s/8. Nowr ~ —1 = |E,(2)| < C,
for all z, giving | B(7, 8, z)| < Cs'/8.

Case 2: s'/* < s/t < 2. Hence —1 < 7 < 1, and |z] > |x|/s'/* > b/s'/%. The
behavior of W°!(z) given in (4.20)—(4.21) implies that E,(z) — 0 as |z| — o0, locally
uniformly in 7, and hence B(7, §,z) — 0, by (5.31).

Case3:2 < s/t < oo. Thenl < 7 < 00,50 0 < ¢ < 1/4, with £ given by (4.25). We
use (4.26) and note that |2ez| > |x|/2s/% > b/2s'/2. Now (4.26) gives

|B(7,6,2)| < C|E(e, 8, 2e2)|,

and (4.28) gives F(e,6,y) = Fy(e,d,y) + Fi(¢,d,z). Furthermore, (4.29) gives
|Fo(e,d,y)] — 0 as |y] — oo, locally uniformly in €, d, and (4.30) gives such a
result for |F (g, 0, y)|.

This treats (5.30) for (j,k) = (0,1). Treatments for other values of (j, k) are
similar (and generally simpler). This gives Proposition 5.7 when f has just one sin-
gularity. As in the proof of Proposition 5.5, the extension to the case where f has
more than one singularity follows from the analysis given in (4.47)—(4.58). |

6 Implications for NLS
We now discuss implications of results of Sections 25 for solutions to

ou _

(6.1) %

iAu+q(u), u(0,x)= f(x),

on [0, Ty) xR", with n = 1 or 2. As stated in the introduction, we assume q: R? — R?
is smooth and

(6.2) q(0) =0, Dgq(0) = 0.
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We also assume
(6.3) 1l < A, [l flle < A,

witho > 0forn = 1and o € (0, 1) for n = 2. Then, as shown in [24], on some
interval t € [0, T;) we have

(6.4) u(t) = "™ f + tv(t) + w(t),

where v(t,x) = % fot vo(s,t — s, x) ds, vo(s, t,x) = eitAq(eiSAf), and w(t) is a remain-
der satisfying

(6.5) ([w@)|| e < CE?,

where o = 3/2 for n = 1 and one can take any e < 1+ o forn = 2.

Sections 2 and 3 were devoted to an analysis of ¢"*2 f for special classes of functions
f onR", and Sections 4 and 5 to an analysis of v(¢), including some results for general
n, some emphasizing the case where n = 1, and some further assuming that f is
compactly supported and smooth on R and that q(u) has the form

M
(6.6) q(u) = Zaju(fﬂmf, aj€C l;,m; > 1.
=1

We recall the estimate (5.12), which implies
1
(6.7) vl < Ct log 7,

fort € (0,1/2], provided n = 1, gsatisfies (6.2),and f € Bé_/jo(]R{) satisfies (6.3). We
also recall the stronger estimate (5.27), i.e., ||[tv(t)||;~ < Ct, fort € (0,1], provided
n = 1,q satisfies (6.6), and f is compactly supported and piecewise smooth on R
(with jumps). As for corresponding estimates when n = 2, we recall the following
result from [24, §3].

Proposition 6.1 Take o € (0, 1) and assume a function f on R* satisfies (6.3). Also
assume q(u) satisfies (6.2). Then

€2 q(e"2 f)||ger < CETHWHP 2 < p < o0

In particular, taking & > 0 and p = 2/(0 — §), we have

(6.8) [vols, t, )|z < Cat 1770,
and hence
(6.9) ][ v()]| e < Cst” 0.

If f is compactly supported on R? and piecewise smooth with a jump, then (6.8)—(6.9)
hold for each o < 1/2, and the estimate (6.5) on w(t) holds for each o < 3 /2.
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Using these estimates on tv(t) and w(t), we can see that the solution u(¢) to (6.1)
shares various special properties with 2 f. In detail, assume f is compactly sup-
ported and piecewise smooth on R”, with jump across 0€2. The Gibbs-type phe-
nomenon analyzed in Proposition 3.4 holds in the same form for u(t, x) in place of
ei’Af(x), for n = 1 and n = 2, as a consequence of (6.6) and (6.7) for n = 1, and
(6.9) forn = 2.

Similarly when #n = 2 and 2 is a disk, the Pinsky-type phenomenon analyzed in
Proposition 3.2 holds with gita f(x) replaced by u(t, x), at least mod O(tY/2=9), 50 the
spike at the center of the disk has the same form. Furthermore, for general compact
smoothly bounded Q C R2, the behavior of ¢ f(x) on and sufficiently near a fold
caustic €y, given by (3.5), continues to hold for u(t, x) (again mod O(t'/2=9)), since
the behavior of €2 f(x) on @, is ~ Ct'/3. Similarly, the behavior of &> f(x) on and
sufficiently near higher order caustics persists for u(z, x).

As shown in (3.4), the behavior of €2 f(x) on the non-caustic set Cy includes
oscillations of wave length &~ ¢(x)/t and amplitude bo(x)tY/2. In case n = 1, we can
apply (6.7) and (6.5) to deduce that such behavior persists for u(t, x). In case n = 2,
the estimate (6.9) does not guarantee this conclusion. To see if the estimate (6.9)
might be improved, one might try to extend the scope of Section 4 from one space
dimension to two. We plan to take this up in a future paper.

Here we do improve (6.9) for a special class of functions f, namely those whose
jump occurs on a circle. The argument uses a symmetry of A. It follows from the
next proposition that the oscillations of gita f(x) in the non-caustic region C, are
present in the same form for u(t, x), for such a class of functions.

Proposition 6.2 Let D be a disk in R* (centered at p), and let f € C>(R* \ OD)
have compact support and a simple jump across OD. Fora > 0, let D, = {x € R* :
|x — p| < a}. Then foreacha > 0,8 > 0,

(6.10) Hei[A‘Z(eiSAf)HLW(IIRZ\Da) <ct™,

hence (6.4) holds with t||v(t)|| = ge\p,) < Ct'7, fort € (0,1].

Proof We may as well assume p = 0. Let X = 9/00 = x;0y, — x20y,, which
generates rotation. Fix ¢ > 0, and set o = 1/2 — ¢. Using the fact that X* commutes
with €2, we have X¥e*2 f € H7?(R?), || X*e"A f||i~ < Aj. Hence X¥q(e**f) €
H72(R?) N L%°(IR?), with norm bounds, for each k € N. The arguments involving
(5.21)—(5.24) then give

(6.11) Xk 2 g™ )l ooy < Cit /039,
fore <« 1, whereo = % — &, p =2 + 6¢. Now if we define
KHOP(R?) = {f € H"?(R?) : X*f € H**(R?), Yk < K},
then a variant of the Sobolev embedding theorem gives
op>1,K>2 = FXH"PR}) C L®(R*\D,), VYa>Do.

Thus (6.10) follows from (6.11). [ |
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We have discussed results about details of the short time behavior of the solution
u(t, x) to (6.1) captured by "> f(x). In addition, results of Section 5 plus the estimate
(6.5) apply to show that the term #v(¢) provides a correction to this, dominating the
remainder w(¢). This is a consequence of the fact that the exponent « in (6.5) is
greater than 1, together with the fact that

(6.12) v(t) — q(f)

in various ways, as t — 0. In particular, if f is compactly supported and piecewise
smooth on R", n = 1 or 2, we have seen that (6.12) holds in L?-norm, and weak* in
B2 (R™). It follows by Rellich’s theorem that convergence holds in norm in H?(B)

2,00

forall o < %, B C R" bounded. In addition, if » = 1 and g(u) has the form (6.6),
we have, by Proposition 5.6, v(t) — q(f) boundedly, and, by Proposition 5.7, if S
denotes the singular set of f, v(#) — q(f), locally uniformly on R \ S.
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