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LIMIT THEORY FOR HIGH FREQUENCY
SAMPLED MCARMA MODELS
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Abstract

We consider a multivariate continuous-time ARMA (MCARMA) process sampled at a
high-frequency time grid {%,, 2h,, ..., nh,}, where h, | 0 and nh, — oo asn — oo,
or at a constant time grid where h, = h. For this model, we present the asymptotic
behavior of the properly normalized partial sum to a multivariate stable or a multivariate
normal random vector depending on the domain of attraction of the driving Lévy process.
Furthermore, we derive the asymptotic behavior of the sample variance. In the case of
finite second moments of the driving Lévy process the sample variance is a consistent
estimator. Moreover, we embed the MCARMA process in a cointegrated model. For
this model, we propose a parameter estimator and derive its asymptotic behavior. The
results are given for more general processes than MCARMA processes and contain some
asymptotic properties of stochastic integrals.
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1. Introduction

Multivariate continuous-time ARMA (MCARMA) processes V = (V (¢)),>0 are the contin-
uous-time versions of the well-known multivariate ARMA processes in discrete time having
short memory. They are important for stochastic modeling in many areas of applications,
such as, e.g. signal processing and control (cf. [17] and [24]), econometrics (cf. [2]), high-
frequency financial econometrics (cf. [41]), and financial mathematics (cf. [1]). Starting at least
with Doob [10] in 1944, Gaussian CARMA processes, under the name Gaussian processes
with rational spectral density, appeared, where the driving force is a Brownian motion. To
obtain more flexible marginal distributions and dynamics, Brockwell [4] analyzed Lévy-driven
CARMA models, which were extended by Marquardt and Stelzer [25] to the multivariate
setting; see [5] for an overview and a comprehensive list of references.

Lévy processes are defined to have independent and stationary increments, and are charac-
terized by their Lévy—Khintchine representatlon An R"-valued Lévy process (L(t));>0 has
the Lévy—Khintchine representation IE(elo L@®)y = exp(—tW¥(®)) for ® € R™, where o7 is
the transpose of ® and

1 CTe
W(©) = —iy] O+ 2®T):L o+ | (- 'O 4 ixTO1 oy VLX)
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with y, € R™, X, apositive semidefinite matrix in R” > and vy a measure on (R, 8(R™)),
called the Lévy measure, which satisfies me min{||x||?, 1} vz, (dx) < oo and vz ({0,,}) = O.
The triplet (yr, X, vr) is called the characteristic triplet, because it characterizes com-
pletely the distribution of the Lévy process. A two-sided Lévy process (L(#));cr is then a
composition of two independent and identically distributed Lévy processes, (L (¢)),>0 and
(LP(1))r0, in L(t) = LY ()1[0,00)(t) + L® (—=1)1(—s0,0)(t). We refer the reader to the
excellent monograph [38] for more details on Lévy processes. In this paper the driving Lévy
process is very general. It is allowed to have either a finite variance, E|L(1) ||2 < 00, Or an
infinite variance, E||L(1)||> = oo, which is modeled by a multivariate regularly varying Lévy
process. CARMA processes driven by infinite variance Lévy processes are particularly relevant
in modeling energy markets; see [16] for instance. We will investigate MCARMA processes
(see Definition 2.1) observed not only at a constant frequency % but also, and especially, for
high frequencies, as found in finance (cf. [41]) and turbulence (cf. [6]). Then the observation
grid is {h,, 2h,, ..., nh,}, where h, | 0 and lim,_, o nh, = oo. For the statistical inference
of a MCARMA process, e.g. parameter estimation and hypothesis testing, it is crucial to know
the asymptotic behavior of the partial sum (cf. [14] and [15]). We will show the convergence
of the properly normalized partial sum to an «-stable random vector, o € (0, 2], where o = 2
reflects the multivariate normal distribution. In the high-frequency setting the limit distribution
includes a random factor independent of the MCARMA parameters and a deterministic factor,
which is determined by the model parameters (the integral over the kernel function). This
is the same pattern as for multivariate ARMA models. However, the normalization differs
in the continuous-time and discrete-time cases. The grid distance &, has an influence on
the convergence rate and, hence, determines the normalization in the continuous-time model.
Furthermore, we study the asymptotic behavior of the sample variance. The results show that
in the finite second moment case the sample variance is a consistent estimator for the variance.
In the infinite second moment case it converges to an «/2-stable random matrix. Again, the
convergence rate depends on the sampling distance 4,,.

Another aim of this paper is to provide an estimation of a cointegrated model in continuous
time, where the MCARMA process is embedded. Cointegration plays an important role in
financial econometrics, see, e.g. [11], and is well understood in discrete time if second moments
exist (cf. the monograph [21]). Most of the literature on cointegrated models in continuous
time is restricted to Gaussian processes; see, e.g. [7], [23], and [40]. First approaches to drop
the Gaussian assumption go back to Phillips [30]; see also [12], [13] and the references therein.
Let Ly = (L1());cr be the R™-valued driving Lévy process of the R4-valued MCARMA
process V, and let Ly = (L(¢));cr be an R-valued Lévy process independent of L;. Then,
for A € RY*?, we investigate the multivariate cointegrated model

Y() = AX() + V@), t>0, inR?, (D
X(1) = La(1), t >0, inRY. )
The observation scheme is
Y! = ¥ (), ..., Y(@nh,)) € R, X! = (X(hy), ..., X(nhy)) e RV, (1.2)

However, in this paper we investigate a more general model. Let (&, x)rez and (e x)kez be
independent sequences of independently and identically distributed (i.i.d.) random vectors in
R™ and R?, respectively, for any n € N, and let (C, x)ren be a sequence of deterministic
matrices in R satisfying some general constraints. Then we may define, for any n € N, the
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R?-valued stationary moving average process
o0
Zyk =Y Cujbns—j forkeNo, (1.3)
Jj=0
and the cointegrated model as

Yor=AXui +Zyx forn k€N, inRY,

] (1.4)
Xy =Xnji—1+enx forn keN, inR".
In this case the observation scheme is
Y = Xut,..., You) € RO, X =Xn1,.... Xpp) € RV, (1.5)

Since the high-frequency sampled MCARMA process (V (kh;,))kez has a representation as in
(1.3) and
Ly (khy) = La((k — Dhy) + [La(khy) — Lo((k — Dhy)l,

where (La(kh,) — L2((k — 1)h,))ren is an i.i.d. sequence by the independent and stationary
increment property of a Lévy process, (1.2) can be interpreted as a special case of (1.5). As an
estimator for A, we use the least-squares estimator

A, =YX, X'x,)"" (1.6)

The paper is organized as follows. In Section 2 we present some preliminaries on MCARMA
processes, regular variation, and the model assumptions. The main results of this paper on limit
theory for high-frequency sampled MCARMA processes and equidistant sampled MCARMA
processes are the topic of Section 3. We show that the properly normalized partial sum
> 7_, V(khy) and the sample variance > }_, V (kh,)V (kh,) " of the MCARMA process with
either 4,, | 0 and nh,, — oo asn — oo or h, = h (but with different normalization) converge
weakly, and we completely characterize their limit distributions. Moreover, we investigate
the cointegrated model (1.1)—(1.2). All results are compared to multivariate ARMA models
in discrete time. The proofs of this section are based on some general limit theorems as
constituted in Section 4. There we present, under some general assumptions, the asymptotic
behavior of A, for the multivariate cointegrated model (1.4)—(1.5). Finally, in Section 5 we
present the proofs of the stated results, and in Appendix A we examine the asymptotic behavior
of stochastic integrals where the driving Lévy process has either a finite second moment or is
multivariate regularly varying. These results are interesting in their own right, but they also act
as preliminaries to the results in this paper.

We use the notation ‘=’ for weak convergence, 2 for convergence in probability, and ‘=’
for vague convergence. Let R = R U {—o0, oo} be the compactification of R, and let B(-) be
the Borel o -algebra. For two random vectors X and Y, the notation X 2 Y means equality in
distribution. We use as norms the Euclidean norm ||-]| in R? and the corresponding operator
norm ||-|| for matrices, which is submultiplicative. Recall that two norms on a finite-dimensional
linear space are always equivalent and, hence, our results remain true if we replace the Euclidean
norm by any other norm. For a measurable function f: (0, co) — (0, 00) and o € R, we say
that f is regularly varying of index —o if limy_, o f(xu)/f(x) = u=* for any u > 0, and we
write f € R_g. The set of d x m matrices over R is denoted by M, (R). The matrix 07, is
the zero matrix in My, (R) and I is the identity matrix in My 4(R). For a vector x € R4,
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we write x | for its transpose, and, for x € R, we write | x| = sup{k € Z: k < x}. The space
(Do, 1], Rd) denotes the space of all cadlag (right continuous with left limits) functions on
[0, 1] with values in R? equipped with the Skorokhod J; topology. Finally, for a semimartingale
W = Wi(t),..., Wg(t))i>0 in R4, we denote by [W, W], = (IW;, W;l))i j=1,...a fort = 0
the quadratic variation process.

.....

2. Preliminaries

2.1. MCARMA process

Let L1 = (L1(t));er be a two-sided R"-valued Lévy process, and let p > ¢ be positive
integers. Then the d-dimensional MCARMA(p, ¢) model can be interpreted as the solution to
the stochastic differential equation

P(D)V(t) = Q(D)DL(¢) fort e R,

where D is the differential operator,

P(z) = Iyqz’ + Piz" ' 4+ P12+ P, 2.1)
with Py, ..., P, € Myxq(R) the autoregressive polynomial, and

Q@) = Qo + Qiz '+ + Q12+ Q (2.2)
with Q, ..., Q4 € Myx;n(R) the moving average polynomial. Since a Lévy process is not

differentiable, this definition cannot be used; however, it can be interpreted to be equivalent to
the following definition.

Definition 2.1. Let (L{(¢));cr be an R™-valued Lévy process, and let the polynomials P (z)
and Q(z) be defined as in (2.1) and (2.2) with p, g € Ny, g < p, and Qg # 0;x,,. Moreover,

define
Oixa Tixa Ouxa -+ Ougxa
0sxa  Ouxa ILixa :
A = — . . . . M R
: : .. .. 0d><d € Pd><[7d( )1
04 xq e o Ogxag Iyxa
-P, —P,, - . P

E = (Iixd, Odxd, - - -, 0dxd) € Maxpa(R), and B = (B| ---B,)" € Mpgxm(R) with

B] R Bp—q—l = 0d><m
p—ij—1
and B, ;j:=— Z PB,_ i+ Qqy_j, j=0,...,q.

i=1

Assume that N(P) = {z € C: det(P(z)) = 0} € (—o0,0) + iR. Furthermore, the
Lévy measure vy, of L satisfies fIIXH>1 log ||x|| vp,(dx) < co. Then the R9-valued causal
MCARMA(p, q) process (V (t));er is defined by the state space equation

V()= EZ() forteR, (2.3)
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where
t
Z(@1t) = / e ATIB AL (s) forreR (2.4)
—0oQ

is the stationary unique solution to the pd-dimensional stochastic differential equationdZ(¢) =
—AZ(t)dr + BdL(t). The function f(r) = Ee‘A’Bl(o,oo) (t) for t € R is called the kernel
function.

In particular, the MCARMAC(1, 0) process and Z in (2.4) are multivariate Ornstein—Uhlen-
beck processes. To see that the MCARMA(p, q) process is well defined, we refer the reader
to [25]. Moreover, [25, Lemma 3.8] says that the set N (P) is equal to the set of eigenvalues
of —A, which means that, for an MCARMA(p, q) process, the eigenvalues of A have strictly
positive real parts. The class of MCARMA processes is huge. Schlemm and Stelzer [39,
Corollary 3.4] showed that the class of state space models of the form

dZ(t) = —AZ@)dt + BdL(t) and V(1) = CZ(1),

where A € RNV hag only eigenvalues with strictly positive real parts, B eRY xm - and
Cec R*N and the class of causal MCARMA processes are equivalent if E|L(D)|? < oo
and E(L(1)) = 0,,.

2.2. Multivariate regular variation and assumptions

Multivariate regular variation plays a basic part in our model assumptions. First, we recall
the definition.

Definition 2.2. A random vector U € R? is multivariate regularly varying with index —o < 0
if and only if there exists a nonzero Radon measure p on (R\ {04}, B(R" \ {04})) with
w(@® \RY =0anda sequence (ay)neN Of positive numbers increasing to oo such that

n]P’(an_lU €)= u(-) asn — ocoon :B(Kd \ {04]),
where the 11m1t measure 1 is homogeneous of order —«, i.e. u(uB) = u=*u(B) foru > 0 and
B e JB(R \ {04}). We write U € R_q(ay, ).

If the representation of the limit measure p or the norming sequence (a, ), <N does not matter,
we also write R_y (a,) and R_, respectively. For further information regarding multivariate
regular variation of random vectors, we refer the reader to [36].

Definition 2.3. Let U be an R?-valued random vector, o € (0, 21, (ap) ,,eN be an increasing seq-

uence of posmve constants tending to co, i be a Radon measure on (R \ {04}, JB(R \ {04]))
with M(R \Rd) =0, and let ¥ € M;x4(R) be a positive semidefinite matrix. We write
U € DA(«, a, X, p) if either

(@) @ <2,% =044, 1 is nonzero, and U € R_y(ay,, u); or
b) a=2,a,=n"?,4=0,and E|U|? < co withEQUU ") = %

The abbreviation DA stands for domain of attraction because of the following argument.
Let (Up)ren be a sequence of i.i.d. R?-valued random vectors with U; € DA(a, a,, u, X),
a # 1,and S = (S());>0 an R?-valued «-stable Lévy process with characteristic triplet
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(f”xuqx,u,(dx), ¥, n) if e € (0,1) and (—ﬁlx‘|>1xu(dx), ¥, n) if @ > 1. Assume that
E(U)) =0, if ¢ > 1. Then

[nt]
a,' Yy U= S asn— ooinD([0, 1], RY).

k=1
This means that the triplet (¢, 1, ) characterizes completely the limit distribution and (a; ), eN
the convergence rate. For o = 1, we additionally need a deterministic shift factor to obtain
the convergence, which we can neglect if U; is symmetric. In general, the only possible limit
of a normalized partial sum of i.i.d. random vectors is an «-stable distribution with o € (0, 2]
(cf. [27, Theorem 8.2.1.8] and [37]). The limit distribution is an «-stable random vector with
o < 2 if and only if U; is multivariate regularly varying of index —«. Then E||U;||> = oo
also. On the other hand, E||U;||? < oo is only a sufficient assumption to be in the domain of
attraction of a normal distribution.

3. Main results

We start with a central limit theorem for MCARMA processes.

Theorem 3.1. Let (V (1)),cr be an R4 -valued causal MCARMA (p, q) process as given in Def-
inition 2.1 driven by the R™-valued Lévy process (L(t));er with L1(1) € DA(«, an, 11, 1)
and BE(L1(1)) =0y, if o > 1. Set a; := ays) fort > 0. If o = 1, we additionally assume that
L (1) is symmetric.

(a) Let (S1(t))i=0 be an R™-valued w«-stable Lévy process with characteristic triplet

(f”xuilxﬂl(dx)vzl’lil) ifa € (0,1] and (__/Hx”>lxl’l/l(dx)s X, ) ifa > L
Suppose that the sequence of positive constants (hp),eN satisfies h, | 0 asn — 00
and lim,,_, oo nh,, = co. Then, as n — oo,

hnay) Y "V (khy) = </O f(s)ds)Sl(l).
k=1

(b) Leth > 0,andlet (S¢ ;(t))r=0 bean R?-valued a-stable Lévy process with characteristic

triplet ([ <) Xpn(@dx), Zpp, wpn) if ¢ € (0,10 and (= [\ X1 pn(dx), g p,
wrn) ifa > 1, where

h oo
B = [ 16(X £ Ju@nas jor b e 8RN0, G
k=0

h s 00 o0 T
)P =/ (Z f (kh +s)>21 (Z f(kh —I—s)) ds. (3.2)
0 N=0 k=0

Suppose that E||L{(1)||" < oo for some r > 2 ifa = 2. Then, as n — 00,

ay' Y Vikh) = Sya(D).
k=1

We will compare this result to the limit results for ARMA models and present a motivation
for the normalization.
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Remarks 3.1. (a) Let (& )<z be a sequence of i.i.d. random vectors in R™ with & € R_4(ay,
1) for some 0 < @ < 2. If « > 1 then suppose that E(&;) = 0,,, and if « = 1 then suppose
that &; is symmetric. Furthermore, let (Cy)ien be a sequence of matrices in Mgy, (R) with
Z/?io k| Ckll? < oo for some 0 < 6 < a, 6 < 1. The R%-valued stationary moving average
(MA) process (Xi)kez is defined as X = Z?io C;&_j for k € Z. Then a special case of
Theorem 4.1 (from below) is that, as n — o0,

n o
a;' Y Xi = (Z ck>sl(1).
k=1 k=0

On the one hand, we observe similar structures for the limit distributions ( fooo f(s)ds)Si(1)
and (Z,fio Cy)S1(1) in the continuous-time high-frequency and discrete-time models. On
the other hand, the normings are different. To explain the different normings, we consider an
a-stable Lévy process (L1(2));>0 and an «-stable random variable & . Then the idea in the
continuous-time model is that, as n — oo,

hnay, Y "V (khy) = (Z f(jhn)hn) (a;h‘,, D ILi(khy) — Ly ((k — 1>hn>1) +op(1)
k=1 j=0

k=1

IS}

(/0 f(s)ds>Sl(1) + op(1), (3.3)

and in the discrete-time model that, as n — o0,

a;' y Xp = (ch)<an‘ Zsk) +op(1) 2 (Z C,»)sl +op(D). (34
k=1 j=0 k=1

j=0
In (3.3) and (3.4) we see where the different normings have their origin. In the continuous-time
model, the 4, of the norming hna;hln goes into the first factor of (3.3), which converges to
( fooo S (s)ds), and the norming a,,, hl,, goes into the second, random factor.
(b) Representation (3.3) also justifies the fact that the classical techniques of Davis and Resnick
[8] used to prove the asymptotic behavior of one-dimensional MA processes by using truncated

MA processes will not work for the high-frequency case, because lim,,_, 5o Zyz o fGhwh, =
045 for M > 0.

Remark 3.2. A straightforward extension is the convergence of the finite-dimensional distri-
bution for any [ € Nas n — oo:

hna,; (Z Vikhp). ...y V(k+ l)hn)) = (/0 f(s)ds)(Sl(l), LS.
k=1 k=1

Next we investigate the cointegrated model (1.1)—(1.2).

Theorem 3.2. Let model (1.1)—(1.2) be given where X,, has full rank, and let the assumptions
of Theorem 3.1 hold. Furthermore, let (L (t));cr be an RV-valued Lévy process independent of
(L1(t))ter, where Ly (1) € DA(B, by, 2, X2) and E(Ly(1)) =0, if B > 1. If B = 1, assume
additionally that Ly (1) is symmetric. Set a; := a|;) and b; = b;) for t > 0. Moreover, let
(82(1))1>0 be an RV -valued B-stable Lévy process independent of (S1(t));>0 with characteristic

https://doi.org/10.1239/aap/1409319563 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1409319563

Limit theory for MCARMA models 853

triplet (fl\xllfl xuo(dx), Xo, uz) if B € (0, 1] and (_/\lxl\>1 xua(dx), Xo, o) if B > 1, and

suppose that
1
P(det(/ $>(s)S2(s) " ds) = o) =0.
0

(a) Suppose that the sequence of positive constants (hy,),cN satisfies hy, |, 0 asn — oo and
limy,—, oo nh, = 0o0. If min(e, B) < 2 and either vi,(R”) = 0o or Xp, # Oyxy, we
additionally assume that, for some € > 0,

nli)néonl/min(a,ﬁ)+eh’11/2an—h1nb;hln =0 if min(e, B) <1, s
lim nhy*ayl bl =0 if1 < mine, B) < 2. '

n—00 n

Then Xn as given in (1.6) satisfies, as n — oo,

nhnan_hln bnh” (Xn —A)

00 1 1 —1
;»( / f(S)dS)(Sl(l)S2(1)T— f Sl(S—)dsz(S)T)< / Sz(S)Sz(S)TdS) .
0 0 0

. ~ P . .o~ , .
In particular, A, - Aasn — oo ifa > B/(B + 1), i.e. A, is a consistent estimator.

(b) Leth > 0 and hy, = h for any n € N. Suppose that E||L1(1)||" < oo for some r > 2
ifa = 2. Then A, as given in (1.6) satisfies, as n — 00,

. 1
na, 'by(A, — A) = (Sf,ha)Sz(l)T - / sf,h<s—>dsz(s>T)
0

1 —1
x(/ Sz(s)Sz(s)Tds> .
0

In particular, Z,, 5 Aasn — oo ifa > B/(B+1),ie Xn is a consistent estimator.
Remark 3.3. If « = 8 < 2, sufficient conditions for (3.5) are that, for some € > 0,

2—a/2+e€

lim nh;, =00 ifa<l,
n—0oo
lim nh)/2TVC=OT _ o ifl <o <2
n—00

hold. A conjecture is that assumption (3.5) is not necessary.

Finally, we investigate the asymptotic behavior of the sample variance. Both Theorem 3.1
and Theorem 3.3 are used in [14] and [15] to derive the asymptotic behavior of the normalized,
the self-normalized, and the smoothed periodogram as well as for statistical inference of
CARMA processes.

Theorem 3.3. Let (V(t));>0 be an R?-valued MCARMA (p, q) process as given in Defini-
tion 2.1 driven by the R™-valued Lévy process (L1(t));cr with L1(1) € DA(«, ap, (41, X1).
Seta, :=ay fort > 0.

(a) Let (S1(t))i>0 be an R™-valued a-stable Lévy process with characteristic triplet (0,,, X1,
W1). Suppose that the sequence of positive constants (h,)nen satisfies hy, | 0asn — 0o
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and lim,,_, oo nh,, = co. Then, as n — oo,
n 00
hna 2 V)V ()T = / FOIS1. ST f ()T ds,
0
k=1

which is equal to E(V(0)V(0)T) if e = 2.

(b) Leth > 0, andlet (S ;(t));>0 bean R4 -valued a-stable Lévy process with characteristic
triplet 0g, X f p, p g 1), where g and X g , are givenasin (3.1) and (3.2), respectively.
Then, as n — 00,

n
a2y Vkh)V (kh)" =[Sy Syali.
k=1
which is equal to X7 p, ifa = 2.

Thus, if E||L1(1)]|> < oo, the sample variance is a consistent estimator. Furthermore, we
want to point out that in contrast to Theorem 3.1, Theorem 3.3 does not require E(L (1)) = 04
if 1 < ¢ < 2 and the symmetry of L(1) if « = 1. Also, the drift term of S; can be chosen
arbitrarily since it does not have any influence on [S1, S1];. Using the Kronecker product ‘®’
and the vec operator ‘vec’, which transforms a matrix into a vector by stacking the columns, the
representation vec(fy~ f()[S1, Si11.f ()T ds) = [f;~ f(5) ® f(s)ds]vec([S1, Si11) holds.
This representation shows that the limiting distribution again decomposes into a parametric and
arandom part.

As in Remark 3.1, we will make a comparison to the discrete-time case.

Remark 3.4. Let a discrete-time MA process as in Remark 3.1 be given. Then, by [9,
Theorem 2.1] for the two-dimensional case (see also [26, Equation (4.7)]), as n — oo,

n o0
a2y Xi X[ = Y CilSi $ihCy
k=1 k=0

Again, we see the similarity between the continuous-time high-frequency and discrete-time
models. Considering an «-stable Lévy process (L1(?));>0 and an o-stable random variable &,
the normings can be understood in the continuous-time high-frequency model by

n
hnan? Y "V (khy)V (khy) T
k=1

=y f(jhn)<a,,h2n D [L1(khy) = Li((k = Dhy)]
j=0 k=1
X [Ly(khy) — Ly ((k — 1>hn>]T>f<jhn>Thn +op(1)
Z 3" FGR)ILL, L] f (jhn) " hy + 0p(1)

J=0

=/0 FOIS1, Sl f(s)" ds + op(1).
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The first factor A, of hna;h%’ is required for the convergence of the integral and a;hzn for the
random part. In the discrete-time model we have

a2y XiX[ = ZC,-( - Zsksk )CT +op(1) = Zc [S1, SINC] +op(D).
k=1 j=0

j=0

Remark 3.5. An obvious extension is that the finite-dimensional distribution of the sample
autocovariance function has, for any / € N, the asymptotic behavior

hnay, (Z V(khy)V (khy) T, ... Y "V (khy) V ((k + mw)
k=1

= </O f(s)[S1,Sl]lf(s)Tds,...,/O f(s)[Sl,S]]lf(s)Tds> asn — oo.

4. Multivariate high-frequency model

In this section we derive the properties of the least-squares estimator given in (1.6) for
model (1.4)—(1.5). As mentioned in the introduction and used in the proof of Theorem 3.1, the
cointegrated MCARMA model can be seen as a special case of this more general model.

Assumption 4.1. Let model (1.4)—(1.5) be given.

(a) Suppose that there exist sequences of positive constants ay, b, 1 00 as n — 00 such
that, as n — oo,

[nt] [nt]
(‘IZ e nIZen k) O;s(sl(t)?sz(rﬁ)eo in D([0, 1], R™*),

where S1 = (S1(t)):=0 is a cadlag stochastic process in R™ and S» = (82(1));>0 is a
cadlag stochastic process in RY. Furthermore, suppose that

1
P(det(/ $>(s)S2(s) " ds) = 0) =0. .1
0

o o0
Zyi = Z( Z Cn,z))';'n,k_j fork € Ng, n € N.

j=0 M=j+1

(b) Define

Suppose that there exist a sequence of positive constants (h,),eN and a positive bounded
decreasing function g with either g € R_y, @ € (0,2), or fooo xg(x)dx < oo and
o =2, such that

P(hpllZnoll > x) < g(x) forx >0, neN.

(c) Let Z,fiokHCn,ng < oo for some 0 < 0 < o and 0 < 1. Furthermore, there exists a
matrix C € Mgxm(R) for (hy)nen in (b) such that

o0
lim ch,k =C.
k=0
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(d) There exist constants K1, K>, K3 < oo and some 0 < § < a with § < 1 such that the
following assertions hold:

() nb; 2 E(llen1 1?1y, | <5,) < Kiforalin € N;
(i) nb; ! IEen, 11y, <5 )Nl < K2 foralln € N;
(iii) nb; E(len11°1,, -5, < K3 foralln € N,
Furthermore, one of the following conditions is satisfied for g in (b):
(iv.1) g € R_q witha € (0,2) and lim,,_, oo n@; b °E|le, 1|1 = 0;
(iv.2) fooo xg(x)dx < oo and lim,_, oo nin’zg;zEHe‘nJ 12 =0.

Note that if g is a positive bounded decreasing function with g € R_4, o € (0, 2), then
fooo x?"lg(x)dx < ocoforany0 < y < « (apply Karamata’s theorem (cf. [36, Theorem 2.11)).
Moreover, lim,_, o g(a,) = 0.

We state the first limit result.

Theorem 4.1. Let model (1.4)—(1.5) be given where X, has full rank, and let Assumption 4.1
hold. Define

[nt] |nt ]
S1n(t) == hpa;! Z Z,i and Sy,(t):=b " Zen,k fort >0, neN.
k=1 k=1

Then, as n — 00,

1 1
(sl,n(l),sz,na), /0 S50 (5)S2n(s) s, fo sl,n(s—>dsz,n<s>T>

1 1
N (cslm,sz(l), f S2()Sa(s) T ds. € / Sl(s—)dsz(sf)
0 0

inRY x RV x RVXV x RIXV,

Based on this theorem we are able to derive the asymptotic behavior of the least-squares
estimator in the cointegrated model.

Theorem 4.2. Let model (1.4)—(1.5) be given, and let Assumption 4.1 hold. Then an as given
in (1.6) satisfies, as n — oo,

-1
nhna, b (A —A) > C(Sl(l)Sz(l)T / S1(s—)dS>(s) )(/ Sg(s)Sg(s) ds) .
In particular, A 5 Aasn — iflim, oo nhya, b,, =09, e A,, is a consistent estimator.

5. Proofs

5.1. Proofs of Section 4

The proofs of this section are very similar to [13]. However, we mimic them to show where
the different assumptions hold. An essential piece of the proof will be that, as n — oo,

hndyy Zzn = (h ch ,)(E,:l an,k) + op(1). (5.1)
k=1
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We require the next lemma for the proofs of Theorem 3.3 and Theorem 4.1.

Lemma 5.1. Let (e, 1)keN be an i.i.d. sequence of random vectors in RY, and let (W, ) ien be
a sequence of random vectors in R4 foranyn € N, where (W, k) j=1,.. k-1 is independent
of (enk+j)jen for any n,k € N. Suppose that there exists a positive, bounded, decreasing
function g such that

P(|Wyill > x) < g(x) foranyx >0,neN, keN.

Assume that one of the following conditions is satisfied.:

(@) g€ R_y, 0 <a <2, and, forsome) <6 <1, § <, lim,,_woi1'd';‘sl~7‘;‘SIEl||€,1,1||‘S =0

holds;
(b) fo° xg(x)dx < 00, E(en,1) = 0y forn € N, andlim,_, o n@; b Ele,.1 |2 = 0. Then,
asn — oo,

n

~— 171 T P

a, b, E Wn,k—len’k_)()dxv-
k=1

Proof. Case (a). Taking § < 1 into account we have

n ) 00
~_§77-5 T ~_ 8775 5—1 B
a,’b,’E E Wn,k—lé‘n,k < na,°b, (5/ X g(x)dx)IEHen,lH -0
k=1 0
asn — oo.

Case (b). We investigate the sequence of random matrices componentwise, and denote
by (I, m) the component in the /th row and mth column. Since ((Wn,k—le;ll—k)(l,m))keN is an
uncorrelated sequence,

n 2 n
5;2b;2E((Z Wak 1€, ")a )) < C1a,%b,* Y B[ Wi 1 1*Ellensl?
k=1 »n k=1

~ 272 2
= Cona, b, "Elle, 1"
The last expression tends to 0 as n — oo by assumption.

We will prove Theorem 4.1 by an application of [20, Theorem VI1.6.22]. Therefore, we need
the definition of predictably uniformly tightness (P-UT) given in [20, Section VI.6a, p. 377]
and the next lemma.

Lemma 5.2. Let Assumptions 4.1(d) hold. Then the sequence of stochastic processes (S2.4)neN
as givenin Theorem 4.1 is P-UT on (2, ¥, (F")1=0)nen, P) with F" = o (epk: k < |nt)]),
t>0,neN

Proof. We define, fort > Oandn € N,

Lnt]
My (0) = b, ) (enilye, <5y — E@nilye, 1<)
k=1
Lnt]

DY) = Lntlb, Blen iV, <5, DD =B Y enil e, o5
k=1
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It is obvious that (M, (¢));>0 is a martingale with respect to (¥;*);>0 and, in particular, a
local martingale. All three processes are adapted with respect to (¥;");>0 and we have the
semimartingale decomposition

So.n(t) = M, (1) + DIV (1) + D (1).

If (My)nen, (D) nen, and (D), ey are P-UT, then it follows from [20, Property V1.6.4] that
(S2.1)nen is P-UT as well.

Let VI, (W) = sup;_; ., VT(W;) for s > 0 denote the variation process of the cadlag
stochastic process (W(s))szo_ (Wi(s), . (S))s>o To prove the ‘P- UTness of(D )),,GN
and (D(z))neN, it is sufficient to show that (VT,(D,, )),,GN and (VTt(Dn ))neN are tight for
any ¢t > 0; see [20, Property VI1.6.6]. Let # > 0 be fixed. We start with the verification of the
tightness of (VTt(D ))neN by showing that it is uniformly bounded. Assumption 4.1(d)(ii)
gives the uniform bound

sup VT (D) < Ci supntb, ' [E(en, 11y, <5, )l < Cat,
neN neN '
which results in the tightness of (VTI(D ))neN
For the proof of the tightness of (VTt(D ))neN, we use the fact that (VT,(D(Z)))‘S
C3b 8 ka llen, ll® l{He Cl>Ba) for § < 1. Then, using Assumption 4.1(d)(iii) and Markov’s
inequality, we conclude that

Lnt]

sup P(VTt(D(Z)) >n) < Can~ - Supb o ZE(HEn k” 1{||6‘nk||>b }) = CSU_SI,
neN neN k=1

which tends to 0 as n — oo. Hence, (VT,(D,SZ))),,EN is also tight. If we show that ([M,,
M, ])nen is tight for any ¢+ > 0, then the ‘P-UTness’ of (M), N follows by [20, Proposi-
tion VI.6.13]. Here, we use Assumption 4.1(d)(i) to conclude that

sup P(|[My. M) | > n) < n~" supnb,, *E(llen,1 1", <5, < Con™ ' = 0
neN neN T

as n — oo. Finally, ([M,,, M, ];)neN is tight as well.

Proof of Theorem 4.1. The Beveridge—Nelson decomposition (cf. [3]) has the representation

o
Zyk = (Z Cn,j>§n,k +Zyj—1—Zyy fork,neN.

Jj=0
Thus,
00 |nt]
sl,na)=hna;1<zcn,)2£nk+ha (Z,0 — Zy, )] fort = 0. (5.2)
j=0 k=1

Therefore, we define

00 [nt]
S1,0(t) 1= (hn ZC,,,J-)E;I Zs"*k fort > 0.

j=0 k=1
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By Assumption 4.1(a) and (c) we have, as n — 00,
Sia® 7, S22 e = (€CS10)T, 2102, inD(0, 11, RIH).

A straightforward conclusion of the continuous mapping theorem is then, as n — oo,
1
(sl,n(l), $2.4(1), / $2.1()S2,0() " ds, (S (0, sz,n(t)T),Eo)
0

1
= (Csl(n,sz(l), /O $2(s)82(s) " ds, ((Csla))T,Sz(r)T)Lo)

inRY x RY x RV x (D0, 1], R?*?). Since (S2.,)nen is P-UT by Lemma 5.2, a result of [20,
Theorem V1.6.22] is that, as n — o0,

<sl,n(1>,sz,n(1), /0 $2.1(5)82.(s) " ds, /0 sl,n<s—>dsz,n(sf)

1 1
= <C51(1)7S2(1)»/ $2(5)Sa(s) " ds,C/ SI(S—)dSZ(S)T> (5.3)
0 0

in R? x RV x RV*Y x R?*¥_ On the one hand, by (5.2) we have
1
[ $1a6-ra82007
0

1 N [T
:f S1a(s—)dSs,(s)" + [hna,,—lz,,,osz,n(l) — haay, b, Zln,k—le;{k} (5.4)
0 k=1

Applying Lemma 5.1, h,ﬁn_lzn,o LN 04 as n — oo (by Assumption 4.1(b)), and Sz ,(1) =
S$2(1) as n — oo gives, on the other hand,

n
hy by Zn0S2n(1) = hally "By Y Znk-18) 5 = Oaxy  asn— 00, (5.5)
k=1

Finally, the statement follows from (5.3)—(5.5).
Proof of Theorem 4.2. (a) Since Y, = AX + Z| with X,, and Y,, as given in (1.5), and

Zy = (Zn1, ..., Zny), we have
nh,,En—lgn(;{\,, —A) = (hnEJIZIXnEJ1)(n‘13;1XIXnZ;1)—1. (5.6)
Now

(VA S i e 4 &)
1 1
_ <sl,n<1>sz,n<1)T - / S1n(5—) dS2(5) T / S2.0(8)S2n(5) T ds)
0 0
1 1
= (csl(l)sz(l)T — C/ Si (s—)dSz(s)T,/ $>(s)S2(s) " ds) (5.7)
0 0
in RYX? x RV as n — 0o by Theorem 4.1. Finally, (5.6)~(5.7) yield the claim by the

continuous mapping theorem, since (4.1) holds.
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5.2. Proof of Theorem 3.1

It is well known that the stationary Ornstein—Uhlenbeck process Z given in (2.4) observed
at the time grid /,Z has the MA process representation

o
Z(khy) =Y e Mg, fork € Z,
j=0

where

khp
Enk = / e Akh=) BdL(s) forkeZ, neN. (5.8)
(k=1D)hy,

As already suggested in (5.1), as n — oo,
n o ) n
hndy) >V (khy) = <h,, > EeA’W) (a,,‘hln > En,k> + op(1).

The convergence of a, hln Y %i—1 &k is based on central limit results for arrays and the properties
of the sequence of i.i.d. random vectors (&, x)rez as presented in Appendix A.

Before we state the proof of Theorem 3.1, we present the analogous result for the state
process Z which is essential for the proof of Theorem 3.1.

Lemma 5.3. Let the assumptions of Theorem 3.1 hold. Then hnan_hln Y i1 Z(khy) =
A" 'BS;(1) asn — oo.

Proof. First, we define @, := anp,, Cp i := e Ak and (&:.1) as given in (5.8). Then

o0
Zyi = Z(khy) =) Cpjkni—j forkeZ neN.
j=0
We will show that Assumption 4.1(a)—(d) with e, ; := 0 are satisfied because then the result
follows from Theorem 4.1 (it does not matter that (4.1) is not satisfied for &, x = 0).
(a) Consider the 0 < o < 2 case. By Proposition A.2(a), (c), and (d), E(§,,0) = 0,4 if
a > 1, &, 0 symmetric for « = 1, and [36, Theorem 7.1], we have

[nt]
(&; > sn,k> = (BS1()=0 asn — ooinD([0, 1], RPY). (5.9)
k=1 120
Consider & = 2. Then Proposition A.1(c)—(g) and [22, Corollary 15.16] give (5.9).
(b) Since

- o o0

Zyi= Z( > eAhnl)sn,k_,- = (Lixa —e M) le M Z (khy),
j=0 N=j+1

the inequality
P(hullZnoll > x) < PRIATIZ©O)] > x) = g(x) forx =0

holds, where, for « < 2, the function g € R_, due to [28, Theorem 3.2], such that, by

Karamata’s theorem, foooxy_lg(x) dx <ocoforany 0 < y < «, and, for « = 2, we have
2[5° xg(x)dx = 8|ATIPE| Z(0)? < oo.
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(c) We have 32 klle Ak |1® < 0o forany & > 0, n € N, and limy— 00 1y Y g Cnk =
AL

Part (d) is obviously satisfied since &, x = 0.

Proof of Theorem 3.1. (a) Owing to Lemma 5.3, hna,, > i_; Z(kh,) = A~'BSi(1) as
n — oo. Hence, by (2.3) asn — oo,

n n o0
hnay) Y "V (khy) = hyay,) > EZ(kh,) = EA™'BSi(1) = (/ f(s) ds>S1(1).
k=1 k=1 0
(b) Define g(s) := e’ASBl(o,oo) (s). It follows from [13, Proposition 2.1] that

n
ay' Y Z(kh) = Sgn(1) asn — oo.
k=1

Thus, a, ' Y F_, V(kh) = ESg; = Sg.4(1) asn — oo.
5.3. Proof of Theorem 3.2

Again, for the proof of Theorem 3.2, we use the following similar result for the state
process Z.

Lemma 5.4. Let model (1.1)~(1.2) be given with V. = Z and A € RPIXV and let the
assumptions of Theorem 3.2 hold. Then A,, as given in (1.6) satisfies, as n — 00,

nhaay,) bu, (A, — A)

1 1 —1
:>A_IB<SI(1)SQ(1)T—/O Sl(s—)dSz(s)T)</0 Sz(s)Sz(s)Tds> )

. ~ P . Lo~ . .
In particular, A, — Aasn — ocoifa > B/(B+ 1), i.e. A, is a consistent estimator.

Proof. We use the same notation as in the proof of Lemma 5.3, only we define 5,1 = bup,
and e, x := Ly(kh,) — L2((k — 1)h,). Again, we will show that Assumption 4.1(a)—(d) are
satisfied because then the result follows from Theorem 4.2.

(@) If « < 2 due to the independence of (&, %) and (e, ), Proposition A.2 and [36,
Theorem 7.1], the limit result

Lnt] [nt]
(@ erb Yool
k=1 k=1 120
= (1), $2() Niz0  asn — oo inD([0, 1], RP4FY) (5.10)

holds; see also [29]. If @ = 2, (5.10) follows from Proposition A.1 and [22, Corollary 15.15].

Parts (b) and (c) are satisfied by the proof of Lemma 5.3.

(d) Part (i) follows from Proposition A.2(c) and Proposition A.1(e). Part (ii) follows from
Proposition A.2(e) and Proposition A.1(f). Only for « = 1 does it follow by symmetry. We
obtain (iii) by Proposition A.2(d) and Proposition A.l(d).

Let min(e, B) < 2. Thenusing B[ L2 (h,)||° < Clhf, % and (3.5) gives (iv.1). In the case of a
compound Poisson process, Lemma A.2 says that E|| L, (h;,) ||3 < Cyh,,, such that no additional
assumption is necessary.

Ifa = B = 2thenlimy,_ oo n(nhy) “2E|| Ly (hp)|1? = limy— o0 n(nhy) ~2h,E||L2(1)]|? = 0;
therefore, (iv.2) holds.

https://doi.org/10.1239/aap/1409319563 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1409319563

862 V. FASEN

Proof of Theorem 3.2. The proof follows the same lines as that of Theorem 3.1 using only
Lemma 5.4 and [13, Theorem 3.4].

5.4. Proof of Theorem 3.3

The main idea of the proof is to show that, as n — oo,

n o n
hnayy Y "V (khy)V (khy)T = EY e A <an,3n Zgn,kgnfk)e A i EThy, 4 op(1).

k=1 j=0 k=1

The convergence of a,, hz,, Y i &n, k‘;‘,I « follows by the limit results of [36, Theorem 7.1] for the
heavy-tailed case, and by the law of large numbers for arrays of independent random vectors
and the properties of (&, r)kez as given in Appendix A in the light-tailed case. In the same
spirit as before we start with the result for Z.

Lemma 5.5. Let the assumptions of Theorem 3.3 hold. Then, as n — oo,
hna, Z Z(khy)Z(khy) " = / e MBS, BSil1e A" ds.

Proof. A multivariate version of the second-order Beveridge—Nelson decomposition given
in [31, Equation (28)] gives the representation

_ — 1 1 2 2
Lk 2k = 3 e Mg (8T N 4 (B F >>+Z(F,§£r i)
j=0
3) 3) 3) 3)
+Z(Fnk Lr Fnk 1,— _Fnkr Fn,k,—r)’
where
00
1 _ AT
TS ) RTINS
Jj=0s=j+1
o0 T
2 —Ahyj T —A " hy(j
FR,= Y eMig gl et Ut
j=max(0 —r)
F(3) Z Z e—Ahnss 'gT _ATh)I(S+r)
n,k,r nk—jSn k—j—-r® ’
Jj=0s=max(j+1,—r)
Then

_ “ATh, i
ZZ(kh VZ(khy) | = Ze A’““(Z &1 k&, k> At g (Fyg = F)
k=1
2) (2)
+ Z Z(Fn k,r n,k, —r)

k=1r=1
3) 3 3 3)
+Z(F)1Or Fn,O Fn(rzr an—r)

= Jn,l + Jn2+ Ju3 + Jna. (5.11)
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Step 1. Let o € (0, 2), and assume that L is a compound Poisson process as given in (A.5)
with characteristic triplet (0,,, 0y xm, VL,). On the one hand, by Lemma 5.6 below we have,
fori =2,3,4,

Iyt Jni > Opaspa  asn — oo, (5.12)

On the other hand, by Proposition A.2(a), (c) and [36, Theorem 7.1], we have

n
Sy i=ay. Y &uxk = [BS1,BS|li asn— oc.
k=1

We denote by g, and g maps from Mgy pa(R) — M pax pa(R) with

00 o)

gn(C) =hy Y e Atmice Al and g(C) = / e AsCeA s gy, (5.13)
X 0
j=0

Since g, and g are continuous with lim,_, €,(C,) = g(C) for any sequence C,,C €
M pax pa(R) withlim,,, o0 ||C,, — C|| = 0, we can apply a generalized version of the continuous
mapping theorem (cf. [36, Theorem 3.1]) to obtain g,(S,) = g([BSi, BSi]1) asn — oo,
which means that, as n — oo,

oo
_ A _AT
hn“nhznfn,l = gn(Sp) = g([BS1, BSi]1) 2/0 e M[BS;, BS|lie™® *ds.  (5.14)

Then the result follows by (5.11)—(5.14).
Step 2. Let o € (0, 2), and let L be some Lévy process. We use the decompositions

L= L(l) + L(z) and &, = §( 5,5’212 as given in (A.3) and (A.4) such that

t t
Z(t) = / e A=) BaLW(s) + / e A=) BAL@ (s)
—0oQ

—00

=:Z1(t) + Zy(t) fort >0
and

D Z(khy)Z(khy) " =" Zi(kh) Zy (k) T+ Y Zi (k) Za (kha) "

k=1 k=1 k=1

n n
+ Y Zo(khy)Zi(khy) T+ Zo(khy) Zo (khy) T
k=1 k=1

=!1in,1 + In,2 + In,3 + In,4- (515)

Applying step 1 we obtain, as n — oo,
hna, Zzl(kh )Zl(kh,,)T:>/ e MBS, BSil1e A" ds. (5.16)

Furthermore, Holder’s inequality results in the decomposition

-2
hna,, max(|| 12, [ 1n,31)
1/2

n 1/2
< (hna;hianl(khn)nz) ( s lezz(khn)ll ) (5.17)
k=1
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of independent factors. Now we use the fact that L(ll) has representation (A.5) and we define

N(@) khy
L*6) = BIY_ Il &= / e M= dLx (),
k=1 (k=D (5.18)

t
Z*(t) ::f e M= qL*(s).

—00

Hence, [|BL{" (1) < L*(), 1}l < &F,. and [ Z1(1)]| < Z*(r). Then a consequence of
step 1 is

hna; Z||Zl(khn)||2 < hpa, Zz (khyp)? = _)\[S’ Sl asn — oo, (5.19)
k=1

where S'is an a-stable Lévy process. Sincelimy,—, o0 hpa,,; Zk 1 EllZ2(kh, )||? = 0, we obtain

1/2
( nlye Z||Zz(kh,,)|| > 50 asn— oo. (5.20)
k=1

Hence, (5.17)—(5. 20) give hna i, [ 1n 2]l 2 and hna i |1, 5]l 2 0asn — oo. It follows from

(5.20) that h anh [ 1n,4] L 0asn — oo as well. Finally, the result follows by (5.15) and
(5.16).

Step 3. Let « = 2. On the one hand, by Lemma 5.7 below we have, for i = 2,3, 4, as
n— 00,

) P
h"anh,, Jni = Opaxpd-

On the other hand, by Proposition A.1(g), as n — oo,
n
— P
Sui=ay. Y &k > BB =[BSi, BSi].

The same arguments as in step 1 complete the proof.

Lemma 5.6. Let the assumptions of Lemma 5.5 hold with o € (0, 2), and suppose that L1 is a
compound Poisson process as given in (A.5) with characteristic triplet (0, 0%, VL)

(a) F(l&z ,El,gandhnahF(l i>0pdxpdasn—>oo.
2 2
(®) hpa,, Zk D F,f,?r+Fn(’,g’_r)i>0depd asn — oo.
— 3
(C) h"anh,, r= I(F()

3 3 3 P
wor T F,f,&,,—F,f,,ir—F() ) = 0paxpd asn — oo.

n,n,—r

Proof. (a) We use the notation given in (5.18). Then

9]
1 — — — i — —
IFpoll < (L= e 2~ 3 e migr2 < (1 —e )~ 2%(0)%,
j=0

Hence, P(| Fy Il > a2, hy') < P(Z*(0)> > C1a2, ) = Oasn — oo.
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(b) The upper bound
n o n o o
2 - - _
S YL | =Y e e (Y, e t) 62
k=1 r=1 k=1 j=0 r=0

holds. Applying Lemma 5.1 (here we require that, for acompound Poisson process, E| & :,0 1% <
Cah, by Lemma A.2, which is used to show Lemma 5.1(a) for some 0 < § < 1, § < «, and
28 > «a) gives

n o0

n
STSTER L < ha(l = ey Tla 2 N ex 7 (k= Dhy)
k=1 r=1 k=1
50 asn— oo. (5.22)
On the other hand, if we defineW*(kh,) := Y oo, e_kh”’é‘:’kw then W*(kh,) = Z*(0) and
n o0 n
YSTED | = —e TS e Wk + Dhy). (5.23)
k=1r=1 k=1
Again, using Lemma 5.1 yields
n
ha(1 — e 2=l 2 N g W ((k + Dhy) > 0 asn — oo. (5.24)
k=1

Hence, (5.21)—(5.24) give the statement.
(c) We will show that, as n — 00,

) 00
-2 3) P -2 3) P
h”anh,, Z Fn‘O,r — Opdxpd and h"anh,, Z Fn,O,fr — Opdxpd'
r=1 r=1

Since > 72, Ff&r 2% F3), and Y, Fn(?&_r = Ff,z’fr, the proof will then be

finished. Again, we use the notation given in (5.18). For the first term, we derive the upper

bound
o0
3)
Z Fn,O,r
r=1

Applying, for0 < § <o, § <1,

o
< (L= MmN S Mmigx  Z*(—j — Dhy).
j=0

[e%e} S [e%e}
E((Z e Hhigy L ZH(—) - l)hn>) ) <Y e PMMIREEZ*(0)),
j=0 Jj=0

where we have used the independence of 5:7_ j and Z*((—j — 1)hy), and Lemma A.2 results in

o]

8
> Fio,

r=1

Wa 2R < C3an—hzn‘S — 0 asn — oo.

n“nh,
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For the second term, we have the upper bound

00 oo J
3 _ _ _ .
Z F,f’&_r S (1 —e 2)»/1,,) 1 Z Ze 2)\/111(]+1)§:Y7j$;:‘7j+re)uhnr
r=1 j=0r=1
o0 o0
+ (1 _ e—th,,)—l Z Z e—z)nh,lrs;lk’_jS’;k’_j-‘rre)nhnr
j=0 r=j+1
= In,l + In,2- (5.25)
Moreover,
L1 < (1 —e 2Mmy=l7%(0)? (5.26)
and
Iy = (1 — e 2my=le= M 7%(0) Z(0), (5.27)

where Z (0) is an independent copy of Z*(0). We conclude from (5.25)—(5.27) that, for any
€ >0,

P(hna;h’j

]

> Fuo

r=1

> e> < P(Z*(0)> + Z*(0)Z(0) > C4a?, ) = 0 asn — oo,

as required.

Lemma 5.7. Suppose that the assumptions of Lemma 5.5 hold with o = 2.
(a) Frflg 2 Fn(lrz and hnan_hz,, Frflg LN 0pdxpa asn — oo,

_ 2 ) P
() hnayt Yp_y S0 (F2) + FE ) 5 0paspa asn — 0.

n,k,r

_ 3 3 3 3 P
(c) hnanhi IC’)O=1(Fn(,(;,r + F,f,&_r - Fn(,zr - Fn(,,fﬁr) — 0pdxpd asn — oo.

Proof. (a) Rewrite

o0 oo
F(lg = Ze—Ahn(Hl)(Ze—Ath‘En &7 .e—ATh,lj>e—ATh,l(s+1)
n, —iSn,—j .
s=0 j=0

ity hnan_h%l Fn’0 = e A g,,(S,,)e_ATh" holds. If we are able to prove that S, LN 0,45 pa as

n — oo then, using a generalized continuous mapping theorem (the same arguments as in the

proof of Lemma 5.5), we can conclude that 4,4, hz,l Fn(lg 20 pdxpd as n — 00. Finally, due to
Proposition A.1(a),

With g, and ﬁ)as definedin (5.13) and S, := an_h2 ;io e‘Ah"jEn,_jE,;';je_AThﬂj, the equal-

o
-2 —2\hy j 2 -2
ElISll < ap Y e M E|&,0l* < Ciay, — 0 asn — oo,
j=0

P
and, hence, S;, — 0,4xpq as n — o0.
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(b) The representation

n oo n
_ 2 _ . _ AT .
hnayt > § F, =) e Ahnf(an,ﬁl > EnrZ((k — 1)hn>T)e A+ Dp,
Jj=0 k=1

k=1 r=1

holds. Using the same arguments as in (a), it is sufficient to prove that, as n — oo,

n
Ayt > ik Z(k = D) 5 0paspa.
k=1

However, this follows from Proposition A.1 and Lemma 5.1. Similarly,

"anh Z Z (2) - ZC—AThn/< -2 ZZC—Ah &, <E] k+r> AThnjhn

k=1 r=1 k=1r=1

and, hence, it is sufficient to show that

nh,, ZZ@ Al rs kSp, k+r _) 0[7d><[7d (5.28)

k=1r=1

We prove the convergence of (5.28) componentwise. The sequence of (I, m)-components
((e’Ah'lrén,kéJkH)(l,m))k,reN is uncorrelated, giving

((ZZe—”‘"’sn W& Hr) ) <G Y Y e PMIE|E o) < Canhy,
(,m)

k=1r=1 k=1r=1

Thus, (5.28) holds.
(c) Let us start with

3)
” nh ZFnOr
r=1

oo ]
_ Ze—Ahn(S+l)(an—h2n Ze—Ah,ljgn’_jZ((_j _ l)hn)Te—AThnj)C—AThn(Hz)hn_
s=0

J=0

As before, it is sufficient to show that

o0
-2 —Ahy,j ; T.—ATh,j P
e E e Mk, _Z(—j—Dhy)'e " — 0pixpd asn — 00,

which we prove componentwise using the uncorrelation of the sequence of the (/, m)-compon-
ents ((§,,—;Z((—j — l)hn)T)(l’m))jeN. For the (I, m)-component, we have

o) 2
—_— -_— i . —_ T i
a,,,,iE((Ze Anig, Z(=j—Dhy)Te ™™ ’W) )
j=0 (t.m)

o0
< ayt Y e IR, o P Z(0))?
j=0

< Csan_ht — 0 asn — oo.
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We now investigate

ZF% . ZZ Z efAhnsgn —/En e fAThn(sfr)
r=1

j=0r=1s=j+1

o0 o0 o
—Ah T —AThy,(s—
#3030 e e

j=0r=j+1 s=r
=iy 1+ 111,2-

Then
as T T
— Al (s+1 —Ahy, oA (j— —AThy(s+1
In ZZC o+ )<Z ]En— <Z£" —j+r€ G r)))e o+ ).
s=0 j=0 r=1
For the convergence h,,an_hzn I 20 pdx pd 88 B — 00, it is again sufficient to show that

1

Ze_‘\h”’f <Z£n _yu e A h”“) — 0paxpa asn — o0, (5.29)

u=0

which we will prove componentwise. By uncorrelation we obtain

00 2
_ i _AT
(Se i (Se o) )
j=0 (Em)
00 . j—1 - 2
— Zn«:i(e—"hnfgn,,- <Z§,I e hn“) > . (5.30)
j=0 u=0 (t,m)

Furthermore, by Proposition A.1(a) we obtain

Elle™Anig, _j|I* < Coe "I E||& ol* < Crhpe 2 (5.31)
and
. 2 Jj—1
e M < 0y Y e EIg, o] < Co. (5.32)
u=0

Hence, (5.30)—(5.32) and the independence of e Ahnj &, _jand Z] -0 EnT _u€ e A give

00 Jj—1 . 2 oo
—Ahy,j T —A'h —2\hy, j
E(Ze njgn,—j <Z gn,—ue nu> ) = Cthn Ze nJ =< Clly
j=0 u=0 (I,m)

j=0

which results in (5.29).
— P
Next we have to show that hnanhi In2 — 0pixpa as n — oo. Therefore, we use the
representation

oo o0 00 .
§ : —An § : 2 : —Ah T —A'h
= e 1ns< e "r§n,—j§n,—j+r)e nS

s=0 j=0r=j+1
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and prove that, as n — oo,

o o

—Ahpr o —Ahyj Ahue 6T

Ay, Z Z S T D DLl B ! AP
j=0 u=1

j=0r=j+1
s 0 (533)

By the uncorrelation of the components of ((e‘Ahﬂje_Ah"”En‘,jE,Iu)(l,m))j,ueN we obtain

similarly as above
(S eessl), )
(m)

<Cp Ze*m” Ze*”hﬂ"ﬂznsn,_ JIPEN €

j=0 u=0
< Ci.

Putting all these elements together we obtain (5.33) andhna;hi ) 20 pdxpd 88 1 —> 00.
Finally, we are able to prove the main statement in Theorem 3.3.

Proof of Theorem 3.3. (a) The observation equation (2.3) and Lemma 5.5 yield

hna,,; ZV(kk )V (khy) " =>/ Ec™MB[S;, $i11BTe A E  ds
k=1

Z/ FLS1, Silif(s) ds asn — oo.
0

(b) An application of [13, Proposition 2.1] gives, with g(s) = e’ASBl(o,oo) (s),

n
a;’? ZZ(kh)Z(kh)T = [Sg.n, Sgni asn — oo,
k=1
resulting in

n
ay? Y V(kh)V(kh)" = E[Sgn. Sgnl1ET = [ESg . ESgnli =[Sy Syl
k=1

Appendix A. Asymptotic behavior of stochastic integrals

In this appendix we present the tail behavior and extensions of Karamata’s theorem to
stochastic integrals of the form fo " f(s)dL(s) where h,, | 0 as n — oo. First, we start with
a driving Lévy process which has a finite second moment. In the subsequent subsection the
driving Lévy process has a regularly varying tail.

A.1. Finite second moments

Proposition A.1. Let (L(t));>0 be an R?-valued Lévy process with E|L(1)||> < oo and
E(L(HDL()") = X. Suppose that (hp),eN is a sequence of positive constants such that hy, | 0
and limy,—, oo nh, = 00. Moreover, let f: ]R — R"™*4 be q measurable and bounded function
with lim, o f(x) = f(0). Define &, = f() f(s)dL(s) forn € N. Finally, let § € (0, 2] and
x > 0.

(a) There exists a finite positive constant K such that h;'E||&,|> < K for alln € N. If
E(L(1)) = 0q then limy o0 by, 'E[1&[1* = E| £ (O)L(D)]*.

https://doi.org/10.1239/aap/1409319563 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1409319563

870 V. FASEN

(b) IfE|L(1)||* < 0o then there exists a finite positive constant K such that E||&,||* < Kh,
foralln e N.

(©) nP((nhy)"'%&, € ) = 0asn — oo on BER" \ {0,,)).
(d) Timy, 00 (k) " PEIEN 1y, 1= iime) = O-
(e) There exists a finite positive constant K such that
iy BN g, < ) < K foralln € N.

IFE(L(1)) = 0y then limy o0 by "E(& 171y, < vii) = EIF O LD
() Let E(L(1)) = 04. Then lim,,—, oo n(nhy) ™ PEE L g, < Jnima) = Omxm-
(g) Let (&, x)ken be an i.i.d. sequence with &, 4 &, forany n € N and E(L(1)) = 04.

Then .,

h) ™Y Bk = FOZFO)T asn — oo
k=1

Proof. (a) SuL)pose that E(L(1)) = 0;. Owing to Equation (2.10) of [25], the covariance
matrix of &, is f," F($)Zf(s)T ds. Hence, we obtain, as n — 00,

hn
E|&|* = /0 I diag(f ($)Zf(s) )II* ds

~ hy |l diag(f ()X (0) D
= B[ fO) LD, (A.D

where diag(B) denotes the vector containing the diagonal elements of B.

Suppose that E(L(1)) # 04. Then E|&,||> = Var(||&])) + ([ &,]))%. The proof of (a) then
follows from (A.1).

(b) Suppose that E(L(1)) = 04. The characteristic function of &(t) = fot f(s)dL(s) =:
EL(D), ..., En@) T is E@E©§0) = exp(—Ws,(©)) for ® € R™, where Ws,(0) =
fot W(OT f(s))ds (cf. [33, Proposition 2.6]). Hence, fork = 1,...,m and e; = (0, ..., 0, I,

0,...,00T e R™,
El& ()] = — (el §0)
d49k =0
2
=3 dlll Ber) d‘lf Ber)
- d29k o ¢ Or=0 d49k . ¢ 0r=0
td T ’ ' d T
=3 /(—\If(ée f(s))) ds) —/ (—\y(ee f(s))) ds
(0 dz@k k =0 0 d49k k =0
~3t2C2+tC3 ast — 0.
Finally,
m
Ell§]I* < Ca ) Ele(ha)l* < Cshy foralln € N. (A2)

k=1

Suppose that E(L(1)) # 0q. Then, by (A.2), E[|&,[* < SE||f," f(&)dAL(s)|* + Csh* <
Cyhy, where L(t) := L(t) — tEE(L(¢)) fort > 0.
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(c) In the following f* := sup,cp | f(s)|l. Let (yr, X1, vr) be the characteristic triplet
of (L(1));=0 and B¢~! = {x € R?: |x|| < 1} be the unit ball in RY. We factorize the Lévy
measure vz, into the two Lévy measures

v, (A) == vp(A\BYY) and wvp,(A):=vp(ANBYY) for A e BR?\ {04))

such that vi, = vg, +vr,. Then we can decompose (L(t));>o into two independent Lévy
processes,
Lt)=LY@)+LP@) forr >0, (A3)

where LD = (LM (t)):>0 has the characteristic triplet (04, 04x 4, vr,) and L® = @L® t))i=0
has the characteristic triplet (yr., X1, vr,). Then

hn hn
£ = / F(s)dLW(s) + / F&)dL@(s) = &V +£?, (A4)
0 0

and Eél) and E,Ez) are independent. Since the Lévy measure of LV is finite and L) is without
Gaussian part and drift, L") has the compound Poisson process representation

N@) N (hn)
LYWy =) J, t>0, and &Y= fT0k, (A5)
k=1 k=1

where (Jx)keN 1s a sequence of i.i.d. random vectors independent of the Poisson process

(N(1))r>0 with intensity A = le(Rd) and jump times (I'x)ren. Now, let B be a relatively
- N m . . . .

compact set in B(R" \ {0,,}) with w(dB) = 0 and yp = inf,cp ||x||, which is larger than 0.

Then

nhy /nh,
nP((nhn)_lmfn € B) < n]P’(”&ril)H > VBT) +nﬂp<”$r$2)” - VB . )

First, we will show that the first summand with 5,51) converges to 0, using the following
conclusions. On the one hand, for/ > 1,

PN(i) =1 _ s, O’

< CgP(N(1) =1). A.6
I o = (N =D (A.6)
On the other hand,
. —hpy _
OP(NGy) =) nll)ngoe A=A for/l =1,
lim ——M~ = Alpl-1 (A7)
n=>00 hn lim e =2 —0 forl > 2.
n—00 Al -

If U1 < U < -+ < U denotes the order statistic of / i.i.d. uniform random variables on
(0, 1) then

yB/1h s
nIP(ns,i“n > T) =n EP(

(see [34, Theorem 4.5.2]). On the one hand, by (A.6),

N()
nh nh
nﬂb(ns,i”n > YENTTn 2” ) < nhncgﬂb(f* Sl > B 2” ) ~0 asn— oo,

k=1

P(N(hp) =1)

I ——
Y FhU k| > %)
k=1
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since E((ZN(I) ||Jk||) ) < oo by [38, Corollary 25.8]. On the other hand, since the Lévy
measure of L@ has compact support, all moments of L® (1) are finite (cf. [38, Corollary 25.8]).
We conclude from (b) that

J/nh NCTTAN
e = T ) < (20

EIEP|* < Cron(nhy)2hy — 0 asn — oco.
(d) Note that, for any random variable X with E|X|> < oo, the limits limy y2P(1X| >
y) =0andlimy_, yz_‘SIE(IXI’Sl{\be}) = 0 (apply Holder inequality) hold. Then

n@hn) " PEAET Py )

N(1)

< Cu(nhn)(zs)/z]E<<f Z ||Jk||> Ty ||Jk||>Jer}>

— 0 asn — oo. (A.8)
Moreover, by Markov’s inequality,
—8/2 28 -1
n(nhy) E(1&,” | I{H&Ez)lbmx}) < Cip(nhy)™ — 0 asn — oo. (A.9)

Taking E||&,1° < (E|&,)1%)*/% < C13h2/? into account, the inequality

2
< Cran(hy) 320 h, (nhy) ™! = 0 asn — oo (A.10)

, nhyx _ nhyx
n(nhy) 5/2E||s,52>||819<||£,5”|| > T) + n(nhn) 5/2E||s,5”||519(||5,52>|| > —)

is valid. Finally, applying (A.8)—(A.10) yields n(nh,) "*/*E(||&,[°1;, £l i) — Oasn —
Q.
(f) Since E(§,,) = 0, an application of (d) results in

Jim n(un) ™ PIE G g, < )| = Jim ) ™2 IE G L, i)l = O-
() [18, Theorem 3.1] and lim,_ &, E(gngT) = lim,— o0 1, ‘fo "FOEf(s) ds =
SOZFO)T gives (nhy) ™" Y4, Ensk), — FOZFO) asn — oo.

A.2. Infinite second moments

Here we present some asymptotic results for the integral if L(1) € R_,(an, n), o € (0,2).

Proposition A.2. Let (L(t));>0 be an R?-valued Lévy process with L(1) € R_q(an, ), 0 <
o < 2. Suppose that (hy)yeN is a sequence of positive constants such that h,, | 0 and
lim,_,oonh, = oo. Seta; = aj; fort = 0. Let f : R — R™*4 be qa measurable and
bounded function with lim,_,¢ f(x) = f(0). Define &, = fo " f(s)dL(s) forn € N.

(@) nP(a,, & €)= po fO)TI() on BR" \ {0,)).

(b) There exists a finite positive constant K such that

lim nP(||& | > ann,x) = Kx™% forx > 0.
n—oQ
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(c) Let either § > 2 or 6 > o, and let (L(t));>0 be a compound Poisson process. Then, for
any x > 0, there exists a finite positive constant K such that

na B(1& 2 1g, 1, <) < Ksx*™ foralln € N.
(d) Let§ € (0, ). Then, for any x > 0, there exists a finite positive constant Ks such that
na;h‘snE(HEn||81{H§n‘|>anhnx}) < Ksx?™® foralln € N.

(e) Suppose thatoa # 1 and E(L(1)) =04 if 1 < o < 2. Then for any x > 0, there exists a
finite positive constant K such that

na;h]”||E(§n1{”§”||5anhnx})|| < Kx"""®" forailn e N.

The proof of Proposition A.2 uses the next two lemmas, which can be derived using arguments
similar to those given in Section A.1.

Lemma A.1. Let (L(t));>0 be an R?-valued Lévy process with E||L(1)|?> < oo, let (ar)r>0
be an increasing sequence of positive constants in R1/q, 0 < o < 2, and let (hy)neN be a
sequence of positive constants such that hy, |, 0 asn — oo and limy,_, oo nh, = 0. Moreover,
let f: R — R™%4d be q measurable and bounded Sfunction with lim,_,q f(x) = f(0). Define
& = Oh" f(s)dL(s) forn € N. Finally, let (0 — 1)1 < 6 < 2.

(a) lim,_ 00 nP(an_hln &, € B) = 0 for any relatively compact set B € B8R" \ {0 ).
(b) Timy— 00 nay, BUEN 11t 1>y, x)) = 0 for x > 0.

LemmaA.2. Let L = (Z,ivz(tl) Ji)i=0 be an R?-valued compound Poisson process, and let
f: R — R"™4 be a measurable and bounded function with lim,_o f(x) = f(0). Define
& = fo" f(s)dL1(s) forn € N. Then, forany 0 < 8 < 1 with E||L(1)||® < oo, there exists a
finite positive constant K such that

E[|&,]1° < Khy.

Note that, for an arbitrary driving Lévy process, the result is not valid, e.g. Brownian motion.
In general, we only have E||&,° < ChfZ 2,

Proof of Proposition A.2. (a) We use the decomposition &, = )‘;‘,51) + 5,52) as given in the
proof of Proposition A.1 and the notation there. Moreover, f(0)J; € R_,(a,, Ao
F(©0)~'(-)) due to [19, Lemma 2.1] and || J1|| € R—q(ayn) as well. First, we will show that E,Sl)
satisfies the statement. Now, let B be a relatively compact setin i)’(@m \ {0,,}) with u(0B) =0
and yp = infy¢p ||x||, which is larger than 0. We define

00 1
nP(a,;, &1 € B) = ZnIP’<anh‘,, DU Ji € B)P(N(hm =1)
=1

k=1
o
=Y ar,. (A.11)
=1

Furthermore, (A.6) gives, for any [ > 1,

l
0<ay, =< mm(a;hﬁ, £ > VB)IP’(N(D =10 = b},
k=1
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and, for some finite constants C», C3, C4 > 0,
lim b, = Colf**yg“P(N(1) = D),
n—oo
00 N(D)
. . —1 -1 —
nll)IIgOZb;l =C3 nlggonhm(anhn Z 1Tl > f* VB) = Caf* oy,
=1 k=1
where we have used the fact that Y%, | Jx]| and Y0 || Ji|| are in R_q(a,) by [36, The-

orem 6.1 and Proposition 7.4] and [19, Lemma 2.1], respectively. Since (A.7), (A.11), and
lim,— o0 f(h,U1,1) = f(0), P-almost surely yield
lim ayy = lim nhyPla,, fO)J1 € B)=po f0)(B),

and, moreover, (A.7) results in lim,,_, 5o alf! ; = 0 forl > 2, we conclude from Pratt’s theorem
(see [32]) that

o
nlingonP(a;hag,E]) €B) = lznlingoa:’l =uo f(0O)"1(B). (A.12)
=1

Furthermore, the Lévy measure of L® has compact support. Thus, it follows from [38, Corol-
lary 25.8] that all moments of || L (1)| exist. The statement then follows from Lemma A.1(a),
(A.4), and (A.12).

Part (b) follows from (a) and [35, Proposition 3.12].

(c) Step 1. Let (L(t));>0 be a compound Poisson process as given in (A.5), let f(s) =
Iixa1[0,00)(s), and let § > o (if 6 > 2 then, in particular, § > «). Keep in mind that
L(1) € R_q(ay, n) and J; € R_y(ay, n/A) by [19, Lemma 2.1]. Then

EL AP L () <, <)

D (PAR TR
00 [
+ Zh,ﬁE(
=2 1

Z Jk
k=

By [36, Theorem 6.1 and Proposition 7.4] and ||Z§(:1 Jill € R_y(ay), it follows from Kara-

mata’s theorem that, for any / > 1,

P(N(h) =1)
hi

s P(N (hy) = 1)

1{“22:1 Jk”f”nhnx}) hn (AIS)

S
_ S—a
Lyst Jk|sanhnx}> =1Csx™". (A.14)

i
Z Jx
k=1

As in (a), we apply Pratt’s theorem such that (A.7), (A.13), and (A.14) result in

. -8
ll)ngo ”hnanh,, E <

n

. -5 K} §—
Jdim na,p BOLL o) 11 L) <, x)) = ACsx “.

Step 2. Let (L(t));>0 be the compound Poisson process given in (A.5), let f be arbitrary,
and let § > «. Since

N(hn)

Bl > v) < P(f* S gl > y) forany y > 0

k=1
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and L*(r) := f* Z,]{V:(? || Jk || for ¢ > O is a compound Poisson process with L*(1) € R_q(ay),
we have

nay E(1&1° 18, 1<a,, 1)
< nxP(L*(hn) > apn,x) + nay, BL* () 115, <aysx)-
which converges to Cex%~2 due to (b) and step 1. 0 o

Step 3. Let (L(t)):>0 be aLévy process, let f be arbitraryand § > 2,andlet&, =&, + &,
as given in (A.4). Furthermore, let € > 0. Then the decomposition

) ) -4 8
16y, BUEN" L8, 1 <aun, 1) = 165, EUEN" 118, 1 <am, 1 Liyg < (eer))
16t &1 18, 10,111 )

=lin,1 + In,2

(&N 1> anny (x-+e))

holds. Furthermore,

Y (Hys
Iny = na,, 2°E(I&,"| 1{||§,5‘>n5anh,,(x+e)})

(2) s
n

22 B | —2—
+n2°Q2x +¢€) (‘an(2x+e)

L ||§an<2x+e)})

< nay, PE(1E,"1'1 ) +nCra, EIEP?

(16 | <ann, (x+€))

— Cg(x+€)’™% asn— oo

by step 2 and Proposition A.1(a). In the last inequality we required that § > 2. Moreover,
applying (b) and Proposition A.1(a) results in

Lo < nPUIEP | > ann, ©OPUIEN | > ann, (x + €))
< Coe hyay nP(IED | > an, (x + €)),

which tends to 0 as n — o0. Thus, (c¢) follows.
(d) Follows with Karamata’s and Pratt’s theorem and similar arguments as in (c).
(e) Step 1. Let 1 < a < 2. Then E(§,) = 0,,. Hence,

nay, 1EE (g, j<am, )| = 1, 1EEL{E, |>a, )]l
< nay, BUE )18, 1>, x)-

such that we can apply (d).
Step 2. Leta € (0, 1). Again, we use the decomposition &, = 5,51) + &
Thus,

2 given in (A.4).

EE (g, 1 <anm,+) = BE 11,12 x) + EE g, 1<am,x) = Tn1 + 2.
On the one hand, let, for some € > 0,
Anhy, (X+€) 00 |
L1l < [/ +/ ]P(Ms,,( N>y, &l < apn,x)dy = Ly 11 + In1 2.
0 a

nhp (x+e€)

Then

Luia <E(ED1 ).

(€ <dpiy, (x+€))
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Hence, by (c) and Proposition A.1(a)

: -1 l—«
hmsupnanhnl,,)],] <Cpizx %
n—0oo

Furthermore,
L2 < PUELV > ann, (x + €)EIED I,

such that, by (b) and Proposition A.1(a),

lim sup nan_hln In12=0.
n—oo

To conclude, na,, hln I,1=<C 14x'=% for all n € N. On the other hand, we have
2]l < IE(ED — EEP N, 150,20 | + TEEE e, 1 <au, )|
) @) ®)
B b 1 g, /20 T EUET N g2, 020 + 2IEGE D
= lyo1+ 122+ 123

IA

Then, by (b), Proposition A.1(a), and the facts that |[E(&*)|| < Cishy and « € (0, 1),

nay, o = ay, EIEP [nPOED] > awm,x/2) - 0 asn — oo,

na,:hlnln,2,3 < Clﬁnhna;hln — 0 asn— oo.
Finally, by Markov’s inequality,
nx

o0

—1 _ —1 2) -2

na hnln,Z,Z = +na h"f P(l|§,” Il > y)dy < Cinhya hy
" WPNED | > anpyx/2) " Sawr "

—- 0 asn— oo;

thus, lim,, s 5o na;hl I, =0.
n
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